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encompass and extend certain earlier results. Some comparative analysis between our new results 
and existing results is conducted through numerical experiments. Theoretical analysis and data 
calculations demonstrate that our results outperform those reported in other studies. 
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1. Introduction 

We represent nmC ×  as the collection of matrices composed of elements from the complex field, 

whereas nmR ×  represents the collection of matrices formed by elements from the real field. 

Let ( ) m n
ijg R ×= ∈G , if 0ijg ≥ , then G  is called a nonnegative matrix. If the strict inequality 
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is true, we say that G  is positive. The spectral radius ( )ρ G  is 

( ) {max :ρ λ λ≡G  is an eigenvalue of }G . 

If λ  is any eigenvalue of G , then ( )λ ρ≤ G ; moreover, there is at least one eigenvalue λ  for 

which ( )λ ρ= G . Let n nR ×∈G , for 2≥n , if no permutation matrix A  exists such that 

11 12

220
T W W

W
 

=  
 

A GA , 

then G  is irreducible, where ssR ×∈11W  and ( ) ( )
22

n s n sR − × −∈W . Otherwise, G  is reducible.  

The Schur product is an operation that is much simpler than matrix multiplication. For two 

matrices ( )ijg=G and ( )ijh=H with the same dimensions, the Schur product is represented as 

( )ij ijg h≡G H [1]. If 0≥G  and 0≥H , then so is G H . For 0>α , ( ) ( )ijgα α≡G  is called the 

α -th Schur power of 0≥G . The Schur product has extensive applications in various fields, such as 
trigonometric moments, integral equations, partial differential equations, probability theory, and 
combinatorial theory. 

Let 1 0≥G  and 2 0≥G . The investigation of the Schur product, particularly its spectral radius, 

has emerged as a prominent research area among scholars in recent years. Some conclusions 
concerning the upper bounds of the spectral radius have been given. In [1], the following classical 

result was given ( ) ( ) ( )1 2 1 2ρ ρ ρ≤G G G G . Fang [2] and Huang [3] provided improved results 

respectively. Subsequently, literatures [4,5] improved the results of literatures [2,3]. Next, the 
result [4] was improved in [6,7], and the result [5] was improved in [8]. Audenaert [9] gave a result 

on ( )1 2ρ G G , that is, ( ) ( )1 2 1 2ρ ρ≤G G G G . However, the authors above only gave some 

estimations of the upper bound for the spectral radius of the Schur product of two nonnegative 
matrices by using the Gersgorin theorem and Brauer theorem, and these results were not accurate 
enough. 

Huang [10] generalized the above result and gave the classic result

( ) ( )2 1 2n nρ ρ≤1G G G G G G   . Inspired by Reference [10], the authors of Reference [11] gave 

several better results on the upper bounds for the spectral radius of the Schur product of several 
nonnegative matrices, but the accuracy was not high. Therefore, it is particularly important to seek 
higher precision computational methods. 

Inspired by the existing research in [11], we continue our research in this specific field. We 

present four novel inequalities concerning the upper limit of ( )2 nρ 1G G G  . The obtained results 
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generalize some previous conclusions, and certain findings can be regarded as specific instances of 
the given results. The numerical results confirm the superior accuracy of the obtained results 
compared to some existing findings. 

2. Main conclusions 

First, some lemmas that we use in the proof of our conclusions are given. 

Lemma 2.1. [12] Let ( ) 0ijg= ≥G , and for any principal submatrix G  of G , it holds that  

( ) ( )ρ ρ≤G G . In particular, ( )
1,2, ,
max iii n

g ρ
=

≤ G


. 

Lemma 2.2. [2] Let 0≥G  and y  be a nonnegative nonzero vector. If y yλ≤G  for some R∈λ , 

then ( )ρ λ≤G . 

Lemma 2.3. [12] Let 0≥G  and suppose that G  is irreducible. Then 

(1) ( ) 0ρ >G ; 

(2) The eigenvalue ( )ρ G  is associated with the matrix G ; 

(3) There is a vector u  that is positive and satisfies ( )u uρ=G G . 

Lemma 2.4. [13] Let ( ) 0ijg= ≥G . Then 

( ) ( )
1 221max 4

2 ii jj ii jj il jml i m ji j
g g g g g gρ

≠ ≠≠

  ≤ + + − +    
∑ ∑G . 

Lemma 2.5. [14] If , , , 0q q qa b t >  and 0lκ >  satisfy 
1

=1
p

l
l
κ

=
∑ , then 

1 2

1 2

1 1 1

1 1 1 1

p

p
s s s s

q q q q q q
q q q q

a b t a b t
κ κ κ

κκ κ

= = = =

     
≤      
     

∑ ∑ ∑ ∑  . 

Lemma 2.6. [11] If 1 2, , , n n
n R ×∈E E E and 1 2, , , nF F F  are diagonal, then 

( ) ( )( )1
2 1 1 2 2 1n n n

−F F F E E E F F F    ( ) ( ) ( )1 1 1
1 1 1 2 2 2 n n n
− − −= F E F F E F F E F  . 

The main conclusions of the upper bounds on ( )1 2 nρ G G G   of this study are given below. 

For brevity, let ( )
1 1

t=B G , ( )
2 2

t=B G , , ( )t
n n=B G  in Theorems 2.1 and 2.2. 
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Theorem 2.1. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( )1 2 nρ G G G  ( )( ) ( )( ) ( )( ){ }1

1 21
max

tt t t
ii ii ii ii ii n iii n

a b a bτ ρ ρ ρ τ
≤ ≤

 ≤ + − − − B B B  .  (2.1) 

Proof. If 1 2 n=G G G G   is irreducible. We can see that 1 2, , , nG G G  are irreducible; thus, 1B ,

2B , , nB  are irreducible and nonnegative. According to Lemma 2.1, we have 

( )1 0t
iiaρ − >B ,  ( )2 0t

iibρ − >B ,   ,  ( ) 0t
n iiρ τ− >B ,   1,2, ,i n=  . 

By Lemma 2.3, positive column vectors can be found for ( )iδ=δ , ( )iϕ=φ ,  , ( )iς=ς , 
such that  

( ) ( ) ( )
1 1

t tρ=B δ B δ ,  ( ) ( ) ( )
2 2

t tρ=B φ B φ ,   ,  ( ) ( ) ( )t t
n nρ=B ς B ς ,    (2.2) 

where ( ) ( )t t
iδ=δ ,  ( ) ( )t t

iϕ=φ ,   ,  ( ) ( )t t
iς=ς . 

Hence, Eq (2.2) can be expressed as follows: 

( )1
t t t t t
ii i il l i

l i
a aδ δ ρ δ

≠

+ =∑ B ,       (2.3) 

( )2
t t t t t
ii i il l i

l i
b bϕ ϕ ρ ϕ

≠

+ =∑ B ,        (2.4) 

  

( ) .t t t t t
ii i il l n i

l i
τ ς τ ς ρ ς

≠

+ =∑ B
 
       (2.5) 

From (2.3)–(2.5), we have 

( )1
t t t t
il l ii i

l i
a aδ ρ δ

≠

 = − ∑ B , 

( )2
t t t t
il l ii i

l i
b bϕ ρ ϕ

≠

 = − ∑ B , 

  

( )t t t t
il l n ii i

l i
τ ς ρ τ ς

≠

 = − ∑ B . 

Let ( ) ( )i i i iu δ ϕ ς= =u   be a positive vector, For any i , by Lemma 2.5, we have 

( ) ii ii ii i il il il li
l i

a b u a b uτ τ
≠

= +∑Gu    

( )( ) ( )ii ii ii i il l il l il l
l i

a b u a bτ δ ϕ τ ς
≠

= +∑   
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1 1 1t t t
t t t t t t

ii ii ii i il l il l il l
l i l i l i

a b u a bτ δ ϕ τ ς
≠ ≠ ≠

     ≤ +      
     
∑ ∑ ∑   

( )( ) ( )( ) ( )( ) 1

1 2

tt t t
ii ii ii i ii ii n ii i i ia b u a bτ ρ ρ ρ τ δ ϕ ς = + − − − B B B   

( )( ) ( )( ) ( )( ) 1

1 2

tt t t
ii ii ii i ii ii n ii ia b u a b uτ ρ ρ ρ τ = + − − − B B B   

( )( ) ( )( ) ( )( ){ }1

1 2 .
tt t t

ii ii ii i ii ii n ii ia b u a b uτ ρ ρ ρ τ = + − − − B B B   

According to Lemma 2.2, this shows that  

( )1 2 nρ G G G  ( )( ) ( )( ) ( )( ){ }1

1 2

tt t t
ii ii ii i ii ii n ii ia b u a b uτ ρ ρ ρ τ = + − − − B B B  . 

If 1 2 nG G G   is reducible. We define a permutation matrix L  with 

12 23 1 1nl l l= = = = , 

the remaining 0ijl = . Let 0ε >  be any chosen real number. Then 1 ε+G L , 2 ε+G L ,  ,  

n ε+G L  are nonnegative irreducible. Now, we replace 1G , 2G , , nG  with 1 ε+G L , 2 ε+G L ,  , 
n ε+G L , and then, letting 0ε → , the conclusion still holds by continuity. 

If we suppose that 1t =  in (2.1), the following Corollary 2.1 is presented below. 

Corollary 2.1. [11] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( )1 2 nρ G G G   

( )( ) ( )( ) ( )( ){ }1 21
max ii ii ii ii ii n iii n

a b a bτ ρ ρ ρ τ
≤ ≤

≤ + − − −G G G  .    (2.6) 

Obviously, this conclusion is Theorem 2.1 in [11]. Let 1t = , 2n = ; then, the following 
Corollary 2.2 is obtained, which is Theorem 4 in [2]. 

Corollary 2.2. [2] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( )( ) ( )( ){ }1 2 1 21
max ii ii ii iii n

a b a bρ ρ ρ
≤ ≤

≤ + − −G G G G . 

We obtain Corollary 2.3 by setting 2t n= = . 

Corollary 2.3. [7] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( )( )( ) ( )( )( ) 1 2
2 22 2

1 2 1 21
max ii ii ii iii n

a b a bρ ρ ρ
≤ ≤

  ≤ + − −    
G G G G . 

Therefore, the results of the literature [2,7,11] are included in Theorem 2.1 of this paper. 
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Theorem 2.2. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( )1 2 nρ G G G   

( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
     

( )( ) ( )( ) ( )( )( 1 24 t t t
ii ii n iia bρ ρ ρ τ+ − − −B B B  

( )( ) ( )( ) ( )( ))
1 21

1 2

tt t t
jj jj n jja bρ ρ ρ τ

× − − −  
B B B .      (2.7) 

Proof. If 1 2 n=G G G G   is irreducible. Obviously, 1G , 2G , , nG  and 1B , 2B , , nB  are 

irreducible. According to Lemma 2.1, we have 

( )1 0t
iiaρ − >B ,  ( )2 0t

iibρ − >B ,   ,  ( ) 0t
n iiρ τ− >B ,   1,2, ,i n=  . 

By Lemma 2.3, positive column vectors can be found for ( )iδ=δ , ( )iϕ=φ ,  , ( )iς=ς  
such that 

( ) ( ) ( )
1 1

t tρ=B δ B δ ,  ( ) ( ) ( )
2 2

t tρ=B φ B φ ,   ,  ( ) ( ) ( )t t
n nρ=B ς B ς ,   (2.8) 

where ( ) ( )t t
iδ=δ ,  ( ) ( )t t

iϕ=φ ,   ,  ( ) ( )t t
iς=ς . 

Hence, Eq (2.8) can be expressed as follows: 

( )1
t t t t t
ii i il l i

l i
a aδ δ ρ δ

≠

+ =∑ B ,      (2.9) 

( )2
t t t t t
ii i il l i

l i
b bϕ ϕ ρ ϕ

≠

+ =∑ B ,       (2.10) 

  

( ) .t t t t t
ii i il l n i

l i
τ ς τ ς ρ ς

≠

+ =∑ B       (2.11) 

From (2.9)–(2.11), we have 

( )1

t t
til l
iit

l i i

a aδ ρ
δ≠

= −∑ B , 

( )2

t t
til l
iit

l i i

b bϕ ρ
ϕ≠

= −∑ B , 
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( )
t t

til l
n iit

l i i

τ ς ρ τ
ς≠

= −∑ B , 1,2, ,i n=  . 

Define the following nonsingular diagonal matrices: 

( )1 1 2diag , , nδ δ δ=C  ,  ( )2 1 2diag , , nϕ ϕ ϕ=C  ,   ,  ( )1 2diag , ,n nς ς ς=C  . 

Let  

( ) 1
1 1 1 1

ij j
ij

i

a
a

δ
δ

−  
′= = =  

 
P C G C , ( ) 1

2 2 2 2
ij j

ij
i

b
b

ϕ
ϕ

−  
′= = =  

 
P C G C ,  , 

( ) 1 ij j
n ij n n n

i

τ ς
τ

ς
−  

′= = =  
 

P C G C . 

Then 

( )1 2 ,n ijp= =P P P P 

 

where 

, ,

, .

ii ii ii

ij ij ij ij ij j ij j ij j

i i i

a b i j
p a b a b

i j

τ
τ δ ϕ τ ς

δ ϕ ς

=
′ ′ ′= =  ≠







 

Obviously, 1P , 2P , , nP  are irreducible nonnegative matrices. From Lemma 2.6, we have  

( ) ( ) ( )( )1
2 1 1 2 2 1n n nρ ρ − =  G C C C G G G C C C     

( ) ( ) ( )1 1 1
1 1 1 2 2 2 n n nρ − − − =  C G C C G C C G C  ( ).ρ= P  

In addition, from Lemma 2.5, we obtain 

il l il l il l
il il il il

l i l i l i i i i

a bp a b δ ϕ τ ςτ
δ ϕ ς≠ ≠ ≠

′ ′ ′= =∑ ∑ ∑ 
 

1 1 1t t tt t t t t t
il l il l il l

t t t
l i l i l ii i i

a bδ ϕ τ ς
δ ϕ ς≠ ≠ ≠

     
≤      
     
∑ ∑ ∑   

( )( ) ( )( ) ( )( ) 1

1 2 .
tt t k

ii ii n iia bρ ρ ρ τ ≤ − − − B B B     (2.12) 

Similarly, we obtain 
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( )( ) ( )( ) ( )( ) 1

1 2 .
tt t t

jm jj jj n jj
m j

p a bρ ρ ρ τ
≠

 ≤ − − − ∑ B B B      (2.13) 

According to Lemma 2.4 and inequalities (2.12)–(2.13), we obtain 

( )1 2 nρ G G G   

( )
1 2

21max 4
2 ii jj ii jj il jmi j l i m j

p p p p p p
≠

≠ ≠

   ≤ + + − +  
   

∑ ∑  

( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
     

( )( ) ( )( ) ( )( )( 1 24 t t t
ii ii n iia bρ ρ ρ τ+ − − −B B B  

( )( ) ( )( ) ( )( ))
1 21

1 2

tt t t
jj jj n jja bρ ρ ρ τ

× − − −  
B B B . 

If 1 2 nG G G   is reducible. The method of proof utilized is the same as that used in the 

previous Theorem 2.1. 

Remark 2.1. By employing the proof methodology introduced in (2.7), we give a novel 
demonstration of (2.1). By [12, Theorem 8.1.22], we obtain 

( ) ( ) ( )1 2

1 11 1

1

max max

max .

n

n n

il il il ili n i nl l

ii ii ii il il ili n l i

p a b

a b a b

ρ ρ ρ

τ

τ τ

≤ ≤ ≤ ≤
= =

≤ ≤
≠

= =

′ ′ ′≤ =

 ′ ′ ′= + 
 

∑ ∑

∑

G G G G P 



 
 

Thus, from (2.12), we have  

( )1 2 nρ G G G   

1
max ii ii ii il il ili n l i

a b a bτ τ
≤ ≤

≠

 ′ ′ ′≤ + 
 

∑   

( )( ) ( )( ) ( )( ){ }1

1 21
max

tt t t
ii ii ii ii ii n iii n

a b a bτ ρ ρ ρ τ
≤ ≤

 ≤ + − − − B B B  . 

Setting 1t =  in (2.7), Corollary 2.4 is presented below: 

Corollary 2.4. [11] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( )1 2 nρ G G G   
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( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
   

 
( )( ) ( )( ) ( )( )1 24 ii ii n iia bρ ρ ρ τ+ − − −G G G  

( )( ) ( )( ) ( )( ) }1 2

1 2jj jj n jja bρ ρ ρ τ × − − − G G G .     (2.14) 

This conclusion is Theorem 2.2 in [11]. Let 1t = , 2n = ; then, another Corollary 2.5 is 
obtained.  

Corollary 2.5. [4] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( ){ 2

1 2 1

1max
2 ii ii jj jj ii ii jj jji n

a b a b a b a bρ
≤ ≤

≤ + + −
G G  

( )( ) ( )( ) ( )( ) ( )( ) }1 2

1 2 1 24 ii ii jj jja b a bρ ρ ρ ρ + − − − − G G G G . 

This conclusion is Theorem 4 in [4]. We obtain Corollary 2.6 by setting 2t n= = . 

Corollary 2.6. [7] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( ){ 2

1 2 1

1max
2 ii ii jj jj ii ii jj jji n

a b a b a b a bρ
≤ ≤

≤ + + −
G G  

( )( )( ) ( )( )( ) ( )( )( ) ( )( )( )( )
1 21 2

2 2 2 22 2 2 2
1 2 1 24

ii jj jjiia b a bρ ρ ρ ρ
+ − − − −  

G G G G . 

Therefore, the results of [4,7,11] are included in Theorem 2.2. 

Remark 2.2. We compare the results obtained from Theorem 2.1 with the findings derived through 

Theorem 2.2. For i j≠ , we assume that 

( )( ) ( )( ) ( )( ) 1

1 2

tt t t
ii ii ii ii ii n iia b a bτ ρ ρ ρ τ + − − − B B B   

( )( ) ( )( ) ( )( ) 1

1 2 .
tt t t

jj jj jj jj jj n jja b a bτ ρ ρ ρ τ ≥ + − − − B B B      (2.15) 

From (2.15), we have 

( )( ) ( )( ) ( )( ) 1

1 2

tt t t
ii ii ii jj jj jj ii ii n iia b a b a bτ τ ρ ρ ρ τ − + − − − B B B    

( )( ) ( )( ) ( )( ) 1

1 2

tt t t
jj jj n jja bρ ρ ρ τ ≥ − − − B B B . 

Thus, we have  

( )2

ii ii ii jj jj jj ii ii ii jj jj jja b a b a b a bτ τ τ τ+ + −
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( )( ) ( )( ) ( )( )( 1 24 t t t
ii ii n iia bρ ρ ρ τ+ − − −B B B  

( )( ) ( )( ) ( )( ))
1 21

1 2

tt t t
jj jj n jja bρ ρ ρ τ × − − − 

B B B  

( )2

ii ii ii jj jj jj ii ii ii jj jj jja b a b a b a bτ τ τ τ≤ + + −
     

( )( ) ( )( ) ( )( )( )11 24
tt t t

ii ii n iia bρ ρ ρ τ+ − − −B B B  

( )( ) ( )((( 1 2
t

ii ii ii jj jj jj iia b a b aτ τ ρ ρ× − + −B B   

) ( )( )
1 211 t

t tt
ii n iib ρ τ

 − −   
B  

(ii ii ii jj jj jj ii ii ii jj jj jja b a b a b a bτ τ τ τ= + + −     

( )( ) ( )( ) ( )( )( ) )
1 221

1 22
tt t t

ii ii n iia bρ ρ ρ τ


+ − − − 


B B B  

2 ii ii iia b τ= + ( )( ) ( )( ) ( )( ) 1

1 22
tt t t

ii ii n iia bρ ρ ρ τ − − − B B B . 

That is, 

( )1 2 nρ G G G   

( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
     

( )( ) ( )( ) ( )( )( 1 24 t t t
ii ii n iia bρ ρ ρ τ+ − − −B B B  

( )( ) ( )( ) ( )( ))
1 21

1 1 1

tt t t
jj jj jja bρ ρ ρ τ

× − − −  
B B B  

( )( ) ( )( ) ( )( ){ }1

1 21

1max 2 2
2

tt t t
ii ii ii ii ii n iii n

a b a bτ ρ ρ ρ τ
≤ ≤

 ≤ + − − − B B B   

( )( ) ( )( ) ( )( ){ }1

1 21
max

tt t t
ii ii ii ii ii n iii n

a b a bτ ρ ρ ρ τ
≤ ≤

 ≤ + − − − B B B  . 

Hence, the conclusion drawn from Theorem 2.2 exceeds that of Theorem 2.1. 
We provide an illustration to further confirm the excellence of our findings. Consider four 

nonnegative matrices. 
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1

4 1 0 2
0 0.05 1 1
0 0 4 0.5
1 0.5 0 4

 
 
 =
 
 
 

G ,        2

1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 
 
 =
 
 
 

G , 

3

2 0 1 1
1 4 0.5 0.5
1 0 3 0.5

0.5 1 1 2

 
 
 =
 
 
 

G ,        4

2 0.5 0.5 0.5
1 1 1 1

0.5 0 2 0.5
0 1 1 2

 
 
 =
 
 
 

G .
 

By direct calculation, we have ( )( )2
1 18.0233ρ =G , ( )( )2

2 4ρ =G , ( )( )2
3 16.0292ρ =G , 

( )( )2
4 4.9132ρ =G . Let 1 2 3=A G G G  , 1 2 3 4=B G G G G   . Then 

( ) 12.0014ρ =Α  and ( ) 24.0001ρ =B . 

(1) According to inequalities (2.6) and (2.14), we get 

( ) 20.8846ρ ≤A  and ( ) 17.8268ρ ≤A . 

Setting 3n = , 2t = . From Theorems 2.1 and 2.2, we have 

 ( ) 18.5320ρ ≤A  and ( ) 17.7340ρ ≤A . 

(2) By inequalities (2.6) and (2.14), we obtain 

( ) 36.6608ρ ≤B  and ( ) 32.4451ρ ≤B . 

Setting 4n = , 2t = . From Theorems 2.1 and 2.2, we have 

( ) 30.2420ρ ≤B  and ( ) 28.1835ρ ≤B . 

Next, we present several other upper bounds of the spectral radius. For ( )1 0ija= ≥G , 

( )2 0ijb= ≥G ,  , ( ) 0n ijτ= ≥G , we write 

1 1 1= −M G D ,  2 2 2= −M G D ,   ,   n n n= −M G D , 

where ( )1 diag iia=D , ( )2 diag iib=D ,  , ( )diagn iiτ=D . Let 
1

1
1

−=GJ H M , 
2

1
2

−=GJ S M ,  , 

1
n n

−=GJ Z M  with ( )diag iih=H , ( )diag iis=S ,  , ( )diag iiz=Z , where 
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, 0
1, 0

ii ii
ii

ii

a a
h a

≠=  =
, 

, 0
1, 0

ii ii
ii

ii

b b
s b

≠=  =
,  , 

, 0
1, 0

ii ii
ii

ii
z

τ τ
τ
≠=  =

. 

Obviously, 
1GJ , 

2GJ ,  , 
nGJ  are nonnegative matrices. For simplicity, we set ( )

11
t= GV J , 

( )
22
t= GV J ,  , ( ).

n

t
n = GV J  

Theorem 2.3. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G ,  , ( ) 0n ijτ= ≥G . Then 

( ) ( ) ( ) ( ){ }1
1 2 1 21

max
t

n ii ii ii ii ii ii ni n
a b h s zρ τ ρ ρ ρ

≤ ≤
≤ +   G G G V V V     .  (2.16) 

Proof. If 1 2 n=G G G G   is irreducible. Obviously 1G , 2G , , nG  are irreducible, then 1V , 2V , 

 , nV  are nonnegative and irreducible. According to Lemma 2.3, positive column vectors can be 

found for ( )iξ=ξ ,  ( )iµ=μ ,   ,  ( )iω=ω , 1,2, ,i n=   such that  

( ) ( ) ( )
1 1

t tρ=V ξ V ξ ,  ( ) ( ) ( )
2 2

t tρ=V μ V μ ,   ,  ( ) ( ) ( )t t
n nρ=V ω V ω , 

where ( ) ( )t t
iξ=ξ ,  ( ) ( )t t

iµ=μ ,   ,  ( ) ( )t t
iω=ω . 

Therefore, we have 

( )1
t t t t
il l ii i

l i
a hξ ρ ξ

≠

=∑ V ,   

( )2
t t t t
il l ii i

l i
b sµ ρ µ

≠

=∑ V , 

  

( )t t t t
il l n ii i

l i
zτ ω ρ ω

≠

=∑ V . 

Let ( ) ( )i i i ix ξ µ ω= = =x ξ μ ω    be a positive vector. By Lemma 2.5, we have 

( ) ii ii ii i il il il li
l i

a b x a b xτ τ
≠

= +∑Gx    

( )( ) ( )ii ii ii i il l il l il l
l i

a b x a bτ ξ µ τ ω
≠

= +∑   

1 1 1t t t
t t t t t t

ii ii ii i il l il l il l
l i l i l i

a b x a bτ ξ µ τ ω
≠ ≠ ≠

     ≤ +      
     
∑ ∑ ∑   

( ) ( ) ( )1 1 1

1 2

t t tt t t t t t
ii ii ii i i ii i ii n i iia b x h s zτ ρ ξ ρ µ ρ ω     = +      V V V   
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( ) ( ) ( ){ }1
1 2 .

t
ii ii ii ii ii ii n ia b h s z xτ ρ ρ ρ= +   V V V    

Thus, according to Lemma 2.2, this shows that  

( ) ( ) ( ) ( ){ }1
1 2 1 21

max
t

n ii ii ii ii ii ii ni n
a b h s zρ τ ρ ρ ρ

≤ ≤
≤ +   G G G V V V     . 

Now, we consider that 1 2 nG G G   is reducible. The method of proof utilized is the same as 

that used in the previous Theorem 2.1. 
Setting 1t =  in [2.16], the following Corollary 2.7 is presented below: 

Corollary 2.7. [11] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( ) ( ) ( ) ( ){ }1 21 2 1
max

nn ii ii ii ii ii iii n
a b h s zρ τ ρ ρ ρ

≤ ≤
≤ + G G GG G G J J J     .   (2.17) 

This conclusion is Theorem 2.3 in [11]. Let 1t = , 2n = ; then, another Corollary 2.8 is 
obtained. 

Corollary 2.8. [3] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( ) ( ){ }1 21 2 1
max ii ii ii iii n

a b h sρ ρ ρ
≤ ≤

≤ + G GG G J J .      (2.18) 

This conclusion is given in Theorem 6 in [3]. We obtain Theorem 2.4 by setting 2t n= = . 

Theorem 2.4. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( )( ) ( )( ){ }1 2

1 2
2 2

1 2 1
max ii ii ii iii n

a b h sρ ρ ρ
≤ ≤

 ≤ +  G GG G J J .      (2.19) 

Remark 2.3. From [1, Lemma 5.7.8], we know that ( )( ) ( ) ααρ ρ≤   G G . Thus, we have 

( )( ) ( )( ) ( ) ( )1 2 1 2

1 2
2 2ρ ρ ρ ρ  ≤ G G G GJ J J J . 

This shows that 

( )( ) ( )( ){ }1 2

1 2
2 2

1
max ii ii ii iii n

a b h s ρ ρ
≤ ≤

 +  G GJ J ( ) ( ){ }1 21
max ii ii ii iii n

a b h s ρ ρ
≤ ≤

≤ + G GJ J .
 

Therefore, the result in (2.19) is superior to the result in (2.18).
 

Theorem 2.5. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 
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( ) ( ){ 2

1 2 1

1max
2n ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bρ τ τ τ τ
≤ ≤

≤ + + −
G G G     

 

( )( ) ( ) ( ) ( )( )
1 22

1 24
t

ii ii ii jj jj jj nh s z h s z ρ ρ ρ +  
V V V   . (2.20) 

Proof. If 1 2 n=G G G G   is irreducible. Obviously 1G , 2G , , nG  are irreducible, then 1V , 2V , 

 , nV  are nonnegative and irreducible. According to Lemma 2.3, positive column vectors can be 

found for ( )iξ=ξ ,  ( )iµ=μ ,   ,  ( )iω=ω , 1,2, ,i n=   such that  

( ) ( ) ( )
1 1

t tρ=V ξ V ξ ,  ( ) ( ) ( )
2 2

t tρ=V μ V μ ,   ,  ( ) ( ) ( )t t
n nρ=V ω V ω ,   (2.21) 

where ( ) ( )t t
iξ=ξ ,  ( ) ( )t t

iµ=μ ,   ,  ( ) ( )t t
iω=ω . 

Therefore, from (2.21), we have 

( )1

t t
til l
iit

l i i

a hξ ρ
ξ≠

=∑ V , 

( )2

t t
til l
iit

l i i

b sµ ρ
µ≠

=∑ V , 

  

( )
t t

til l
n iit

l i i

zτ ω ρ
ω≠

=∑ V , 1,2, ,i n=  . 

Now, the following nonsingular diagonal matrices are defined: 

( )1 1 2diag , , nξ ξ ξ=K  ,  ( )2 1 2diag , , nµ µ µ=K  ,   ,  ( )1 2diag , ,n nω ω ω=K  . 

Let  

( ) 1
1 1 1 1

ij j
ij

i

a
a

ξ
ξ

−  
′′= = =  

 
Q K G K , ( ) 1

2 2 2 2
ij j

ij
i

b
b

µ
µ

−  
′′= = =  

 
Q K G K ,  , 

( ) 1 ij j
n ij n n n

i

τ ω
τ

ω
−  

′′= = =  
 

Q K G K . 

Then 

( )1 2 ,n ijq= =Q Q Q Q 

 

where 
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, ,

, .

ii ii ii

ij ij ij ij ij j ij j ij j

i i i

a b j i
q a b a b

j i

τ
τ ξ µ τ ω

ξ µ ω

=
′′ ′′ ′′= =  ≠







 

Clearly, 1Q , 2Q , , nQ  are irreducible and nonnegative matrices. From Lemma 2.6, we have  

( )ρ =G ( ) ( )( )1
2 1 1 2 2 1n n nρ − 

 K K K G G G K K K     

( ) ( ) ( )1 1 1
1 1 1 2 2 2 n n nρ − − − =  K G K K G K K G K  ( ).ρ= Q  

In addition, from Lemma 2.5, we have 

il l il l il l
il il il il

l i l i l i i i i

a bq a b ξ µ τ ωτ
ξ µ ω≠ ≠ ≠

′′ ′′ ′′= =∑ ∑ ∑   

1 1 1t t tt t t t t t
il l il l il l

t t t
l i l i l ii i i

a bξ µ τ ω
ξ µ ω≠ ≠ ≠

     
≤      
     
∑ ∑ ∑  

 

( ) ( ) ( ) 1
1 2 .

t
ii ii ii nh s z ρ ρ ρ≤   V V V         (2.22) 

Similarly, we obtain 

jm jm jm jm
m j m j

q a b τ
≠ ≠

′′ ′′ ′′=∑ ∑  ( ) ( ) ( ) 1
1 2 .

t
jj jj jj nh s z ρ ρ ρ≤   V V V     (2.23) 

According to Lemma 2.4 and inequalities (2.22)–(2.23), we have 

( )1 2 nρ G G G   

( )
1 2

21max 4
2 ii jj ii jj il jmi j l i m j

q q q q q q
≠

≠ ≠

   ≤ + + − +  
   

∑ ∑  

( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
     

( )( ) ( ) ( ) ( )( )
1 22

1 24
t

ii ii ii jj jj jj nh s z h s z ρ ρ ρ +  
V V V   . 

If 1 2 nG G G   is reducible. The method of proof utilized is the same as that used in the 

previous Theorem 2.1. 

Remark 2.4. By employing the proof methodology introduced in [2.20], we present a novel 
demonstration of [2.16]. By [12, Theorem 8.1.22], we obtain 
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( ) ( ) ( )1 2

1 11 1

1

max max

max .

n

n n

il il il ili n i nl l

ii ii ii il il ili n l i

q a b

a b a b

ρ ρ ρ

τ

τ τ

≤ ≤ ≤ ≤
= =

≤ ≤
≠

= =

′′ ′′ ′′≤ =

 ′′ ′′ ′′= + 
 

∑ ∑

∑

G G G G Q 



 

 

Thus, from (2.22), we have  

( )1 2 nρ G G G   

1
max ii ii ii il il ili n l i

a b a bτ τ
≤ ≤

≠

 ′′ ′′ ′′≤ + 
 

∑   

( ) ( ) ( ){ }1
1 21

max
t

ii ii ii ii ii ii ni n
a b h s zτ ρ ρ ρ

≤ ≤
≤ +   V V V   . 

Setting 1t =  in [2.20], Corollary 2.9 is obtained as follows: 

Corollary 2.9. [11] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G , , ( ) 0n ijτ= ≥G . Then 

( ) ( ){ 2

1 2 1

1max
2n ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bρ τ τ τ τ
≤ ≤

≤ + + −
G G G     

 

( )( ) ( ) ( ) ( )( )1 2

1 22
4

nii ii ii jj jj jjh s z h s z ρ ρ ρ
+  

G G GJ J J   .  (2.24) 

This conclusion is Theorem 2.4 in [11]. Let 1t = , 2n = ; then, we obtain Corollary 2.10, which 
is Theorem 3 in [5]: 

Corollary 2.10. [5] Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( ) ( ) ( )1 2

1 22 2 2
1 2 1

1max 4
2 ii ii jj jj ii ii jj jj ii ii jj jji n

a b a b a b a b h s h sρ ρ ρ
≤ ≤

  ≤ + + − +    
G GG G J J . (2.25) 

We obtain Theorem 2.6 by setting 2t n= = . 

Theorem 2.6. Let ( )1 0ija= ≥G , ( )2 0ijb= ≥G . Then 

( ) ( ) ( )( ) ( )( )1 2

1 22 2 2
1 2 1

1max 4
2 ii ii jj jj ii ii jj jj ii ii jj jji n

a b a b a b a b h s h sρ ρ ρ
≤ ≤

  ≤ + + − +    
G GG G J J . (2.26) 

Remark 2.5. From [1, Lemma 5.7.8], we know that ( )( ) ( ) ααρ ρ≤   G G . Thus, we have 

( )( ) ( )( ) ( ) ( )1 2 1 2

2 2 2 2ρ ρ ρ ρ≤G G G GJ J J J . 
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Therefore, the result in (2.26) is superior to the result in (2.25).
 

Remark 2.6. We compare the results obtained from Theorem 2.3 with the findings derived through 

Theorem 2.5. For i j≠ , we assume that 

( ) ( ) ( ) 1
1 2

t
ii ii ii ii ii ii na b h s zτ ρ ρ ρ+   V V V    

( ) ( ) ( ) 1
1 2 .

t
jj jj jj jj jj jj na b h s zτ ρ ρ ρ≥ +   V V V         (2.27) 

The above inequality (2.27) is equivalent to 

( ) ( ) ( ) 1
1 2

t
ii ii ii jj jj jj ii ii ii na b a b h s zτ τ ρ ρ ρ− +   V V V   

 
( ) ( ) ( ) 1

1 2
t

jj jj jj nh s z ρ ρ ρ≥   V V V  . 

Thus, we have 

( )2

ii ii ii jj jj jja b n a b n−   

( )( ) ( ) ( ) ( ) 2
1 24

t
ii ii ii jj jj jj nh s z h s z ρ ρ ρ+   V V V  

 ( ) ( ) ( ) ( ) ( )2 22
1 24

t
ii ii ii jj jj jj ii ii ii na b a b h s zτ τ ρ ρ ρ≤ − +   V V V   

 ( ) ( ) ( ) ( ) ( )1
1 24

t
ii ii ii n ii ii ii jj jj jjh s z a b a bρ ρ ρ τ τ+ −  V V V   

 ( ) ( ) ( ) ( )( )
21

1 22 .
t

ii ii ii jj jj jj ii ii ii na b a b h s zτ τ ρ ρ ρ = − +
 

V V V       (2.28) 

From (2.20) and (2.28), we obtain 

( )1 2 nρ G G G 
 

( ){ 2

1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −
     

( )( ) ( ) ( ) ( )( )
1 22

1 24
t

ii ii ii jj jj jj nh s z h s z ρ ρ ρ +  
V V V    

({1

1max
2 ii ii ii jj jj jj ii ii ii jj jj jji n

a b a b a b a bτ τ τ τ
≤ ≤

≤ + + −   
 

( ) ( ) ( ) ( )( ) )
1 221

1 22
t

ii ii ii nh s z ρ ρ ρ
+  

V V V 

 ( ) ( ) ( ){ }1
1 21

max
t

ii ii ii ii ii ii ni n
a b h s zτ ρ ρ ρ

≤ ≤
= +   V V V   .

 Hence, the conclusion drawn from Theorem 2.5 exceeds that of Theorem 2.3. 



114 
 

AIMS Mathematics  Volume 10, Issue 1, 97–116. 

We provide an illustration to further confirm the excellence of our findings. Consider the 
following nonnegative matrices: 

1

4 1 1 1
2 5 1 1
0 2 4 1
1 1 1 4

 
 
 =
 
 
 

G ,   2

1 1 0 0
1 3 2 0
0 1 4 3
0 0 1 5

 
 
 =
 
 
 

G ,   3

1 0.5 2 0.5
0.5 1 0.5 0
0 0.5 1 0.5
0 1 0.5 1

 
 
 =
 
 
 

G , 

4

2 0 1 1
1 4 0.5 0.5
1 0 3 0.5

0.5 1 1 2

 
 
 =
 
 
 

G ,   5

2 0.5 0.5 0.5
1 1 1 1

0.5 0 2 0.5
0 1 1 2

 
 
 =
 
 
 

G ,   6

4 1 1 1
2 2 1 1
0 2 2 1
1 1 1 1

 
 
 =
 
 
 

G .
 

By direct calculation, we have 

( )1
0.7652ρ =GJ ,    ( )2

0.7489ρ =GJ ,   ( )3
1.3343ρ =GJ , 

( )4
0.8182ρ =GJ ,   ( )5

1.1218ρ =GJ ,   ( )6
1.7247ρ =GJ . 

( )( )1

2 0.2287ρ =GJ ,   ( )( )2

2 0.3795ρ =GJ ,   ( )( )3

2 0.9351ρ =GJ , 

( )( )4

2 0.3047ρ =GJ ,   ( )( )5

2 0.6263ρ =GJ ,   ( )( )6

2 1.1538ρ =GJ . 

( )1 2 20.7439ρ =G G , ( )1 2 3 20.1878ρ =G G G  ,  ( )1 2 6 192.0010ρ =G G G  . 

(1) From inequalities (2.18) and (2.25), we otain 

( )1 2 31.4611ρ ≤G G  and ( )1 2 28.4460ρ ≤G G . 

According to Theorems 2.4 and 2.6, we have  

( )1 2 25.8921ρ ≤G G  and ( )1 2 23.6368ρ ≤G G . 

(2) By inequalities (2.17) and (2.24), we obtain 

( )1 2 3 35.2926ρ ≤G G G   and ( )1 2 3 31.8240ρ ≤G G G  . 

Setting 3n = , 2t = . From Theorems 2.3 and 2.5, we have 

( )1 2 3 25.6977ρ ≤G G G   and ( )1 2 3 23.4746ρ ≤G G G  . 

(3) From inequalities (2.17) and (2.24), we obtain 

( )1 2 6 425.2143ρ ≤G G G   and ( )1 2 6 343.8788ρ ≤G G G  . 
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Setting 6n = , 2t = . From Theorems 2.3 and 2.5, we have 

( )1 2 6 217.6663ρ ≤G G G   and ( )1 2 6 197.3330ρ ≤G G G  . 

3. Conclusions 

In this article, we have introduced several new inequalities regarding the maximum values of 

( )1 2 nρ G G G  . These novel findings not only encompass and extend existing results but also 

offer improved accuracy. The results can be used as a useful supplement in the field of nonnegative 
matrix theory. 
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