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1. Introduction

The starting point of research on hyperspaces was by Riemann [1] in 1868. Then, Vietories [2, 3]
studied it extensively (see [4—12] for further research). Recently, Macias and Nadler [13] obtained
continua where the one-fold hyperspace is a cone.

The notion of soft sets was proposed by Molodtsov [14] in 1999. Shabir and Naz [15] applied
topology and investigated separation axioms in a soft topological space. Nazmul and Samanta [16]
defined soft metrics and discussed their basic properties. Bayramov and Aras [17] introduced the new
concepts of separation axioms in a soft topological space and dealt with their properties (see [18-20]
for further research). Baek et al. [21] defined separation axioms in an interval-valued soft topological
space, studied their properties, and obtained some relationships among them (see [22,23]). Zorlutuna
et al. [24] investigated compactness in a soft topological space as well as basic properties related to
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soft topology (see [25-27] for further research). Bayramov and Gunduz [28] discussed soft local
compactness in a soft topological space.

In 2015, Akdag and Erol [29] initially proposed the notion of soft Vietoris topologies of soft
topological spaces and gave the relationship between Vietoris continuity of soft multifunction and
continuity of soft mapping (see [30]). Shakir [31], unlike Akdag and Erol, defined Vietoies soft
hyperspace and studied some basic properties. Demir [32] dealt with the axiom of countabilty in
Vietoies soft hyperspace in the sense of Akdag and Erol. Ozkan [33] obtained some properties of the
continuity of soft multifunction proposed by Akdag and Erol. Recently, Baek et al. [34] obtained
some basic properties for soft hyperspaces and discussed relationships between separation axioms in a
soft topological space and its soft hyperspace.

The relationships between compactness, local compactness, and separability between a classical
topological space and its hyperspace have been studied by many researchers. So, we believe that
research into soft settings is necessary. The purpose of our research is to discuss more diverse
relationships in soft topological space and soft hyperspace. To accomplish this, our research is
conducted as follows. First, we study the compactness relationships in soft topological space and its
soft hyperspaces. Next, we discuss the local compactness relationships. Finally, we deal with the
separability and the axiom of countability relationships.

2. Preliminaries

In this section, we recall the basic concepts and results needed for the next sections. Throughout
this paper, let X denote a non-empty universe set, E a set of parameters, and 2% the power set of X.

Definition 2.1 ( [14,35]). Let E € 2. Then an F is called a soft set over X, if Fy : E — 2¥isa
mapping such that F-(e) = 0 for each e ¢ E'. In this case, E is called the support of Fy.
For each e € E', F(e) may be considered as the set of e-approximate elements of the soft set F.

Definition 2.2 ( [36,37]). A soft set Fpr over X is called:

(i) a null soft set or a relative null soft set (with respect to E'), denoted by 0, if Fy-(e) = 0 for each
ec E',

(i) an absolute soft set or a relative whole soft set (with respect to E), denoted by X, if F-(e) = X
foreache € E'.

The empty [resp. whole] soft set over X with respect to E, denoted by Qg [resp. Xg], is a soft set
over X defined by, for each e € E,

0g(e) = 0 [resp. Xg(e) = X].

We will denote the set of all soft sets over X having all the subsets of E as the supports by S (X),
while the set of all soft sets over X having E itself as the support by S g(X) (see [36, 37] for the
definitions of the inclusion, the equality, the complement, the intersection, and the union on §S (X)).
Also, operations on S S £(X) can be defined similarly to those on S S (X).

Definition 2.3 ( [15]). Let A, B € SS £(X). Then the difference of A and B, denoted by A \ B, is a soft
set over X defined by:
(A\ B)(e) = A(e) \ B(e) foreach e € E.
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Definition 2.4 ( [15]). Let A € SSg(X) and x € X. Then we say that x belongs to A, denoted by x € A,
if x € A(e) foreach e € E.

Definition 2.5 ( [15]). Let x € X, Y be a nonempty subset of X and A € S g(X).

(1) A soft set x, over X is defined by x,(e) = {x} for each e € E. In this case, x, is called a singleton
soft set of X.

(i1) A soft set Y over X is defined by Yg(e) = Y foreach e € E.

Definition 2.6 ([16,38,39]). Let A € SS g(X). Then
(i) A is called a soft point in X with the value x € X and the support e € E or a soft element, denoted
by e, if foreach f € E,
{x} iff=e
e(f) =
0 otherwise.
(i1) we say that e_belongs to A, denoted by e_€ A, if e (e) = {x} C A(e).
We will denote the set of all soft points over X with respect to E by S Pg(X).

Definition 2.7 ([16]). Lete , f € SPp(X). Then we say that e, and f, are equal, denoted by e, = f,,
ife=fande.(e) = f(f) 1.e, x=y.

It is obvious that e (e) # f,(f) if and only if x # y ore # f.
Result 2.8 (Proposition 3.5, [16]). For each A € SSp(X), A =, ca €,

Result 2.9 (Proposition 3.6, [16]). Let A, B € SSg(X). Then A C B if and only if e, € B for each
e. € Aandthus A = Bifandonly ife. € A & e € B.

Result 2.10 (Proposition 3.7, [16]). Let A, B € SSg(X) and e, € S Pp(X). Then
(1)e € Aifandonly ife_ ¢ A,
(2)e, € AUBifandonlyife € Aore_ € B,
(3)e., € ANBifandonlyife € Aande, € B.

Definition 2.11 ( [15]). Let 7 € SSg(X). Then 7 is called a soft topology on X, if it satisfies the
following conditions:

(1) Og, Xg €,

(i) ANnBertforany A, BerT,

(iii) Ujes A; € 7 for each (A))e; C 7, where J denotes an index set.

The triple (X, 7, E) is called a soft topological space over X. Each member of 7 is called a soft open
set in X and a soft set A over X is called a closed soft set in X, if A° € T, where A€ is a soft set over X
defined by: A(e) = X — A(e) foreach e € E.

It is obvious that {0z, Xg} [resp. SSg(X)] is a soft topology on X. In this case, {Qg, Xg} [resp.
S S g(X)] is called the soft indiscrete [resp. discrete] topology on X and the triple (X, {Qg, Xg}, E) [resp.
(X, S S e(X), E)] is called a soft indiscrete [resp. discrete] space.

Result 2.12 (Proposition 5, [15]). Let (X, T, E) be a soft topological space. Then the collection of
subsets of X,
7. ={A(e) €2 : A€t} foreache € E,

is a topology on X.
In this case, 7, is called the fopology on X induced by E.
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Definition 2.13 ( [35]). Let (X, 7, E) be a soft topological space and_ A € §S g(X). Then the soft interior
and the soft closure of A, denoted by Sint(A) or A° and Scl(A) or A, are soft sets over X, respectively,
defined as follows:

Sint(A) = U{U et:UCA}, Scl(A) = ﬂ{F €1°:ACF)

Result 2.14 (Theorems 8 and 11, [35]). Let (X, 7, E) be a soft topological space and A, B € S S g(X).
Then the following hold:

(1) Scl(A) = Sint(A°),

3) Sint(Sint(A)) = Sint(A), Scl(Scl(A)) = Scl(A),

(3) if A C B, then Sint(A) C Sint(B), Scl(A) C Scl(B),

4) Sint(A) N Sint(B) = Sint(AN B), Scl(A) N Scl(B) C Scl(AN B),

(5) Sint(A) U Sint(B) C Sint(AU B), Scl(A) U Scl(B) = Scl(A U B).

Definition 2.15 ( [39]). Let (X, 7, E) be a soft topological space, e, € S Pp(X), and A € §§ g(X). Then
A is called a soft neighborhood (briefly, soft nbd) of e, if there is U € 7 such thate, € U C A, i.e., e,
is a soft interior point of A. The set of all soft nbds of e, will be denoted by N(e,), i.e.,

N(e)=1{A € SSe(X) : thereis U € T suchthate,_ € U C A}.
In particular, the family of all soft open nbds of e , denoted by SN (e,),
SN(e)={Uect:e €U},

will be called the system of soft open neighborhoods of e_.

Result 2.16 ( [39]). Let (X, 7, E) be a soft topological space, e € S Pp(X), and A, B € §S g(X). Then
the following hold:

(1)ifAeSN(e), thene, € A,

(2)ifA, Be SN(e,), then AN B e SN(e,),

(3)ifA € SN(e,)and A C B, then B € SN(e)),

(4) if A € SN(e,), then there is U € SN(f,) such that A € SN(e,) for each f, € S Pp(X) such that
/el

(5) A € Tt if and only if A contains a soft nbd of each of its points.

Definition 2.17 (Proposition 3, [40]). Let (X, 1, E) be a soft topological space, e, € S Pg(X), and A,
B € SSE(X). Then e, is called a soft limit point of A, if U N (A \ {e,}) # Og. The set of all soft limit

x

points of A is called the derived soft set over X and will be denoted by Sd(A).

Result 2.18 (Theorems 13 and 15, [35]). Let (X, 7, E) be a soft topological space and A, B € §S g(X).
Then the following hold:

(H)AUSdA) =Scl(A),

(2) Sd(A) c Scl(A),

(3)if A C B, then Sd(A) c Sd(B),

4)Sd(AnB) c Sd(A)NSd(B),

(5) Sd(AU B) =Sd(A) U Sd(B),

(6) A e t°ifand only if Sd(A) C A.
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Definition 2.19 ( [17]). A soft topological space (X, 7, E) is called a:

(i) soft To-space, if for any e, f, € S Pe(X) withe_ # f, there are U € SN(e,), V € SN(f,) such
that eithere, € U, f ¢ Uor f, € V,Vex ¢V,

(ii) soft Ti-space, if for any e, f, € S Pp(X) with e # f,, there are U € SN(e,), V € SN(,) such
thate, e U, f ¢ Uand f eV, e ¢V, |

(iii) soft T»-space, if for any e, f, € S Pg(X) withe_# f,, there are U € SN(e,), V € SN(f,) such
thate, € U, f e Vand U NV = 0,

(iv) soft regular space, if for each A € 7 with e ¢ A, thereare U, V € tsuchthate € U, ACV
and U NV =0,

(v) soft Ts-space, if it is both a soft regular and a soft T;-space.

From Remarks 4.1-4.3 in [17], the following implication holds:
soft Ty = soft Ty = soft T, = soft T, = softT. (2.1)

Result 2.20 (Theorems 4.1 and 4.4, [17]). Let (X, 7, E) be a soft topological space. Then

(1) X is a soft T-space if and only if e, € ¢ for each e_ € S Pg(X),

(2) X is a soft Ts-space if and only if for each e, € U € 7, thereis V € T such thate_ € V C Scl(V) C
U.

Result 2.21 (Proposition 4.1 and Theorem 4.5, [17]). Let (X, 1, E) be a soft topological space. If X is
a soft T;-space, then (X, 1,) is a T;-space for each e € E, where i € {0, 1,2, 3}.

Definition 2.22 ( [15]). A soft topological space (X, 7, E) is called a:

(i) soft normal space, if for any A, B € 7° with AN B = (g, there is U, V € T such that A c U,
BcV,andUNV =0,

(i) soft T4-space, if it is both a soft normal space and a soft T;-space.

Result 2.23 (Theorem 4.6, [17]). Let (X, 1, E) be a soft topological space. Then X is a soft Ty4-space if
and only if for each A € T and each U € Tt with A C U, there is V € T suchthatAcV c Scl(V) c U.

Result 2.24 (Proposition 4.1, Theorem 4.5, [17]). Let (X, 1, E) be a soft topological space. If X is a soft
T;-space, then (X, 7,) is a T;-space for each i € {0, 1,2,3} and each e € E. However, we can see that
(X, 7, E) is a soft T4-space but (X, 7,) is not a T4-space for each e € E (see Remark 5(2) and Example
10in [15]).

Definition 2.25 ( [38]). Let (X, 7, E) be a soft topological space and 8 C 7. Then g is called a soft base
for 7, if every member of 7 can be expressed as the union of some members of .

Notation 2.26 ( [34]). Let (X, 7, E) be a soft topological space and A € S S g(X). Then
(i)Zf:{FETC:Fi(Z)E},
(i) 22 = {F € 2X : F C A},
(iii) 2% = {F(e) € 7° : F # 0} for each e € E,
(iv) 2% = {F(e) € 2¥ : F(e) C A(e)} foreach e € E.

Result 2.27 (Proposition 3.10, [34]). Let (X, 1, E) be a soft topological space and Bs, a family of the
form (Uy,U,,--- ,U,) such that U; € T for eachi =1, 2, --- ,n, where
Uy, Uy, ---,U,) ={F € 22( F C U U, FNU; # 0 foreachiec{l,2,---,n}}.

i=1
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Then By, is a soft base for some topology T, on 22( . In fact,
Tsy={0g}U{U € SSp(X): U = UBfor some B C Bg,}.

In this case, T, is called the soft Vietories (finite) topology on 2¥. The pair (2X,T,) is called a
soft hyperspace with soft Vietories topology (briefly, soft hyperspace).

Result 2.28 (See Corollary 3.11, [34]). Let (X, 7, E) be a soft topological space and B, . a family of the
form (U,(e), Uy, -+, Uy(e)) such that Ui(e) € T, foreachi=1, 2, --- ,nand each e € E. Then B, is
a base for some topology T, . on 25‘ . In fact,

Toe =10} U{U €2°: U = | B for some B c B,,).

In this case, 7, is called the Vietories (finite) topology on 2* for e € E. The pair (2%, 7,..) is called
a hyperspace with Vietories topology (briefly, hyperspace) for e € E.

Notation 2.29 ( [34]). Let (X, 7, E) be a soft topological space and e € E. Then

1) SF,.(X)={F € 22( : F has at most n soft points},

(1) SF(X) ={F € 22‘ : F is finite}, where F is finite if and only if F(e) is finite for each e € X,

(i) SK(X) = {F € 25 : F is soft compact}, where the concept of soft compacteness is given in
Definition 3.4,

(iv) SC(X) = {F € 2? : F is soft connected}, where the notion of soft connectedness is given
in [41],

(V) SCk(X) = SK(X)n S C(X),

(Vi) Fre(X) = {F(e) € 25( : F(e) has at most n elements},

(vii) Fo(X) = {F(e) € 2% : F(e) is finite},

(viii) K (X) = {F(e) € 25‘ : F(e) is compact},

(ix) C.(X) = {F(e) € 25( : F(e) is connected},

(x) Ck,(X) = Ko(X) N Co(X).

The topology on SK(X) [resp. SF (X), ST .(X), SC(X), and SCg(X)] is the subspace topology
induced by T,. Also, the topology on K, (X) [resp. F.(X), Fn.(X), C.(X), and Cg,(X)] is the subspace
topology induced by 7, .. Moreover, S¥ (X) [resp. S¥ ,(X) and S Cx(X)] is a subspace of SK(X) and
Fe(X) [resp. Fr.(X) and Cg,(X)] is a subspace of K, (X).

3. Compactness and local compactness in soft hyperspaces

First of all, we recall the concept of soft compact sets, some of their results and an example. Next,
we study some relationships between compactness in a soft topological space and its soft hyperspace.
Finally, we discuss various relationships between local compactness in a soft topological space and its
soft hyperspace.

Result 3.1 (Proposition 3.13, [38]). Let (X, 1, E) be a soft topological space and 8 C 1. Then (8 is a soft
base for T if and only if for each A € T and each e_ € A, there is B € 8 such thate_ € B C A.

Result 3.2 (Proposition 3.14, [38]). Let 8 C SSg(X). Then ( is a soft base for a soft topology on X if
and only if it satisfies the following conditions:
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(1) 0g € B,

(2) Xe =UB , ,

(3) if By, B, € 3, then there is § C B such that By N B, = U@, i.e., if By, B, € fand e_€ B; N By,
then B € B such thate_€ B C B; N B,.

Definition 3.3 ( [24,42]). Let (X, 7, E) be a soft topological space, ¥ a family of soft sets over X, and
A € SSg(X). Then W is called a:

(i) soft cover of A,if A c |J VW,

(ii) soft open cover of A, if it is a soft cover of A and ¥ C 7.

If ¥ is a soft cover of A and Q C ¥ is a soft cover of A, then Q is called a soft subcover of V.

Definition 3.4 ( [24,42]). Let (X, 7, E) be a soft topological space, ¥ a family of soft sets over X, and
A € SSg(X). Then

(i) we say that ¥ has the finite intersection property, if () Q # O for each finite Q C ¥,

(1) X 1s said to be soft compact, if each soft open cover of Xy has a finite soft subcover of X,

(ii1) A is said to be a soft compact set in X, if each soft open cover of A has a finite soft subcover of
A.

Result 3.5 (Theorem 2.23, [43]). Every soft closed set in a soft compact space (X,7,E) is a soft
compact set in X.

Result 3.6 (Theorem 4.9, [44]). Let (X, 1, E) be a soft T>-space and A € S S (X). If A is a soft compact
setin X, then A € 7°.

Result 3.7 (Theorem 4.10, [44]). Every soft compact T>-space is soft regular.
Result 3.8 (Theorem 4.12, [44]). Every soft compact T>-space is soft normal.

Example 3.9 (See Examples 2.13 and 2.20, [43]). Let X = [0,1) and E = {ey,--- ,k} be the set of
parameters. For each n € N \ {0, 1}, consider the soft set A,, over X defined by, for eachi € {1,--- ,k},

1
Ay(e) =[0,1--).
n
Let 7 = {0g, [0, D} Unano.1) An-
Then (X, 7, E) is a soft topological space but is not soft compact.

Definition 3.10. A soft topological space (X, T, E) is said to be soft countably compact, it every
countable soft open cover of X has a finite subcover.

It is obvious that every soft compact space is soft countably compact.

Theorem 3.11. A soft topological space (X,t,E) is soft countably compact if and only if every
countable family of soft closed sets in X with the finite intersection property has a nonempty
intersection.

Proof. Suppose X is soft countably compact and let Q = {A, € 7° : @ € A} be a countable family
of soft closed sets in X with the finite intersection property. Assume that (),cp Ay = 0f and let
Q° ={Af € 7 : @ € A}. Then we have

|Jas = (ﬂ AQ)C = 05 = Xg.

aeN acA
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Thus Q€ is a soft open cover of X. Since X is soft countably compact, there are {a,--- ,a,} C A
such that {AS : i =1, ---, n} C Q°is acover of X. So Xy = UL A, = (N A) . Hence
=, Aa, = Op. This is a contradiction. Therefore (7, Aq, # 0.

Conversely, suppose the necessary condition holds and assume that X is not soft countably compact.
Then there is a countable soft open cover Q = {A, € 7 : @ € A} of X such that Q does not have a
finite subcover. Note that Q° = {A{, € 7° : @ € A} is a family of soft closed sets in X. Let I" be a finite
subset of A. Since Q does not have a finite subcover, (N,er AS = (Uper Aa)” # Op. Thus Q° has the
finite intersection property. So (,cp AS # 0. Since Q is a soft open cover of X,

ﬂA; - (U AQ)C = XS = 0p.

aeA aeA
This is a contradiction. Hence X is soft countably compact. O

Definition 3.12. A soft topological space (X, 7, E) has the Bolzano-Weierstrass property, if every
infinite soft set over X has a soft limit point.

It is well-known (Theorem F.6 in [45]) that every infinite set contains a countably infinite set. Then
we have the following.

Lemma 3.13. Every soft infinite set over X contains a soft countably infinite set over X.
Proposition 3.14. Every soft countably compact T\-space has the Bolzano-Weierstrass property.

Proof. Let (X, 7, E) be a soft countably compact T;-space and A a soft infinite set over X. Then by
Lemma 3.13, there is a soft countably infinite set B = (J,an €,,, Over X such that B C A. We may
assume that if m # n € N, then em,, * en, - Assume that B has no soft limit point and let C,, = (J{e; €
B :i>n}foreachn € N. Since Xis Ty, C,, € t° foreachn € N and {C,, € ™ : n € N} has the
finite intersection property. Then by Theorem 3.11, (", C, # 0. On the other hand, if e, € B, then

e, ¢ Cis+1. Thus ek, ¢ Moy Cn. So Ny, C,, = Og. This is a contradiction. Hence B has a soft limit
point. Since B C A, A has a soft limit point. Therefore X has the Bolzano-Weierstrass property. O

Lemma 3.15. Let (X, 1, E) be a soft T-space, A € SSg(X), and e, € Sd(A). Then N contains an
infinite number of distinct soft points in A for each N € N(e).

Proof. Assume that the necessary condition does not hold. Then there is U € SN(e,) such that U
contains only a finite number of soft points €1, > s en, of A distinct from e . Since X is T}, there
is U; € SN(e,) such that e;, ¢ U;foreachi € {l1,---,n}. Thus U N (N%, U;) € SN(e,) and [U N
(N, U)INA\{e} = 0g. So e, ¢ Sd(A). This is a contradiction. Hence the necessary condition
holds. O

Theorem 3.16. Let (X, 1, E) be a soft Ty-space. Then X is soft countably compact if and only if it has
the Bolzano-Weierstrass property.

Proof. Suppose X is soft countably compact. Then by Proposition 3.14, X has the Bolzano-Weierstrass

property.
Conversely, suppose X has the Bolzano-Weierstrass property and assume that X is not soft countably
compact. Then there is a countable soft open cover Q = {U, € 7 : n € N} of X having no finite subcover.
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Let C, = (i, U{ for each n € N. Then clearly, 0y # C, € 7° for each n € N. Let us take en, € C, for
eachn e Nandlet A = |J,a Uy

Case 1: Suppose A is finite. Then there is e, € A such thate, = ¢, for an infinite number of n € N.
Thus e_ € C, for each n € N. Since Q covers X, this is a contradiction.

Case 2: Suppose A is infinite. Then by the hypothesis, there is e, € S Pr(X) such that e, € Sd(A).
Since X is Ty, by Lemma 3.15, N contains an infinite number of soft points of A for each N € SN(e ).
Thus e, € Sd(A,) for each n € N, where A, = (J{e; € A : i > n}. Moreover, A, C C, and C,, € 7° for
eachn € N. Soe_€ C, for each n € N. Since Q covers X, this 1s a contradiction. Hence X is soft
countably compact. O

Theorem 3.17. Let (X, 7, E) be a soft T -space. Then X is soft compact if and only if 22( is compact.

Proof. Suppose X is soft compact. Then it is proved for 22( to be compact by using either Theorem 5.6
in [46] or Theorem 4.25 in [45].

Conversely, suppose 22‘ is compact and let Q = (U,)qer be a soft open cover, i.e., yer Ue = XE.
Then clearly, ((Xg,Ug,))eer 1S an open cover of 2? . Thus there is a finite subcover
(X, Up), - (Xg, Up}, e, 25 = UL (X, Uy). Let e, € Xg. Since X is soft Ty, e, € 7°. Then
e € 22‘. Thus there is i € {1,---,n} such that e, € (Xg,U;), ie., e, € U;. Soe, € ., U, ie.,
Xg c UL, U;. Hence {Uy, - - - , U,} is a finite soft subcover of Xg. Therefore X is soft compact. O

Corollary 3.18 (Theorem 4.2, [47]). Let (X, 7, E) be a soft T,-space and e € E. Then (X, t,) is compact
if and only if 2* is compact.
Theorem 3.19. Let (X, 1, E) be a soft topological space. Then X is soft compact T, if and only if 22( is

compact Ty.

Proof. The proof follows from Theorem 3.17, Result 3.7, and Proposition 4.10 (1) in [34]. |

Corollary 3.20 (Theorem 4.9.6, [47]). Let (X, 1, E) be a soft T -space and e € E. Then (X,7,) is
compact T, if and only if 25( is compact T.

Theorem 3.21. Let (X, 1, E) be a soft topological space. Then X is soft compact T, if and only if
SK(X) is compact T>.

Proof. Suppose X is soft compact T,. Since X is soft T,, by Theorem 4.6 in [34], SK(X) is T,. By
the hypothesis an Theorem 3.19, 22,‘ is compact. Since SK(X) is a subspace of 22‘ , SK(X) is compact.
Thus SK(X) is compact T».

Conversely, suppose SK(X) is compact T,. Then clearly, S¥(X) is compact T,. Thus X is soft
compact T,. |

Corollary 3.22 (Theorem 4.9.12, [47]). Let (X, 7, E) be a soft topological space and e € E. Then
(X,7,) is compact T, if and only if K.(X) is compact T,.
The following is an immediate consequence of Theorem 3.21.

Corollary 3.23. Let (X, 7, E) be a soft topological space. Then the following are equivalent:
(1) X is soft compact T,
(2) SK(X) is compact T,
(3) SCx(X) is compact T,
(4) F.(X) is compact T, for each n € N.
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From Corollary 3.22, we have the following.

Corollary 3.24. Let (X, 7, E) be a soft topological space and e € E. Then the following statements are
equivalent:

(1) (X,t,) is compact T,

(2) K.(X) is compact T,

(3) Ck,(X) is compact T,

(4) Fro(X) is compact T, for each n € N.

Theorem 3.25. Let (X, 7, E) be a soft topological space. Then X is soft compact T, if and only if S C(X)
is compact T,.

Proof. Suppose X is soft compact T,. By Result 3.8, X is soft normal. Then by Theorem 4.23 in [34],
S C(X) is closed in 22( . By Theorem 3.19, 22( is compact T,. Thus S C(X) is compact T,.

Conversely, suppose S C(X) is compact T,. Then clearly, S¥(X) is a closed subspace of S C(X).
Thus SF1(X) is compact T,. Thus X is soft compact T,. By Lemma 4.5 in [34], X is homeomorphic
to S¥1(X). So X is soft compact T,. |

Corollary 3.26 (See Proposition 3.1, [47]). Let (X, 1, E) be a soft topological space and e € E. Then
(X, t,) is compact T, if and only if C,(X) is compact T,.

Theorem 3.27. Let (X, 7, E) be a soft topological space. Then the following are equivalent:
(1) X is soft compact T,
2) 22‘ is compact T,
(3) SC(X) is compact T,.

Proof. The proof follows from Theorems 3.19 and 3.25. O

Corollary 3.28 (See Corollary 3.1.1, [47]). Let (X, 7, E) be a soft topological space and e € E. Then
the following statements are equivalent:

(1) (X, 7)) is compact T,

2) 25‘ is compact T,

(3) C.(X) is compact T,.

Remark 3.29. It is obvious that if X is soft compact T, then 22‘ = SK(X) and SC(X) = SCk(X).

Definition 3.30. A soft topological space (X, 7, E) is said to be:

(1) soft locally compact at e € S P(X), if there is a U € 1 and a soft compact set K in X such that
e €U CK,

(11) soft locally compact, if it is soft locally compact at e_ for each e_ € § Pg(X).

Remark 3.31. See Example 3.5 in [28].

Theorem 3.32. Let (X, 7, E) be a soft T,-space and e, € S Pr(X). Then X is soft locally compact at e,
if and only if for each 'V € N(e ), there is a U € 1 and a soft compact set K in X such thate. € U C'V
and U c K c Scl(U).
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Proof. Suppose X is soft locally compact at e and let V € N(e,). Then there is a W € 7 and a soft
compact set C in X such thate, €e W Cc C.Let U = VN W and K = Scl(U). Then clearly,e. € U € T
andU c K Cc Scl(U).Since U c W, K = Scl(U) c Scl(W). Since X is soft T, and C is a soft compact
setin X, by Result 3.6, C € 7°. Since W c C, Scl(W) c C. Thus K C Scl(W) c C. So by Result 3.5, K
is soft compact in X.

The proof of the sufficient condition is straightforward. O

Theorem 3.33 (See Definition 3.4 in [28]). Let (X, 1, E) be a soft T,-space and e, € S Pp(X). Then X
is soft locally compact at e_ if and only if there is U € N(e_) such that S cl(U) is soft compact in X.

Proof. X is soft locally compact at e,. Then there is a U € 7 and a soft compact set K in X such
that e, € U C K. Since X is soft T, and K is a soft compact set in X, by Result 3.6, K € 7¢. Thus
Scl(U) C K. So by Result 3.5, Scl(U) is soft compact in X. Hence the necessary condition holds.

The proof of the sufficient condition is straightforward. O

The following is an immediate consequence Definition 3.30 and Theorem 3.33.

Corollary 3.34. A soft T,-space (X, 7, E) is soft locally compact if and only if for each e_ € S Pg(X)
and each 'V € N(e ), thereis a U € N(e ) such that Scl(U) C V and S cl(U) is soft compact in X.

Lemma 3.35. If (X, 1, E) is a soft locally compact T,-space and (U, - -- , U,) is a basic open set in Zif,
then cl{Uy,--- , U,)) is compact in 22‘ if and only if Scl(U) = Ui, S cl(U,) is soft compact in X.

Proof. Suppose S cl(U) is soft compact in X. Then by Theorem 3.17, 25©) = (S cl(U)) is compact in
22‘ . On the other hand, by Proposition 3.22 (2) in [34], we have

cl{Uy, -+, Up)) =(Scl(Uy), -+ ,Scl(Uy,)) c{SclU)).

Thus cI(Uy, - -+, Uy,)) is compact in 2.
The proof of the necessary condition is similar to one of Xie’s theorems in [48]. O

Theorem 3.36. Let (X,7,E) be a soft locally compact T,-space. Then A € 22( has a compact
neighborhood in 22( if and only if A is soft compact in X.

Proof. Suppose A is soft compact in X. Then by the hypothesis and Theorem 3.12 in [28], there is U €
7 suchthat A C U and Scl(U) is soft compact in X. Thus by Theorem 3.17, 25¢Y) = (Scl(U)) is
compact in 2¥. On the other hand, by Proposition 3.22 (2) in [34], 259 = (S cl(U)) = cl((U)). Since
X is soft T, and A is soft compact in X, by Result 3.6, A € 7. Since A C U, A € 259", S0 251V js a
compact neighborhood of A.

The proof of the converse follows from Lemma 3.35. O

Corollary 3.37 (See Theorem 4.3.2, [47]). Let (X, 1, E) be a soft locally compact T,-space and e € E.
Then A(e) € 25‘ has a compact neighborhood in 23‘ if and only if A(e) is soft compact in (X, T,).

Theorem 3.38. Let (X, 1, E) be a soft Ty-space. Then 2? is locally compact at each F € SK(X) if and
only if X is a soft locally compact space.
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Proof. Suppose 22‘ is locally compact at each F € SK(X) and let e, € S Pg(X). Since X is soft T},
e € 22‘ . Then clearly, {e } € SK(X). Thus by the hypothesis and Theorem 3.33, there is (U) € N(e,)
such that cI((U)) = (Scl(U)) = 23V is compact in 2¥. So by Theorem 3.17, Scl(U) is soft compact
at e . Hence X is a soft locally compact space.

The proof of the converse follows from Theorem 3.36. O

Corollary 3.39 (See Theorem 4.4.1, [47]). Let (X,1,E) be a soft T\-space and e € E. Then 25‘ is
locally compact at each F € K, (X) if and only if (X, 1,) is locally compact.

Proposition 3.40. If (X, 1, E) is a soft locally compact space, then SK(X) is open in 2?.

Proof. Suppose X is soft locally compact and let F € SK(X). Then by Theorem 3.33, there is U € 7
such that F C U and S cl(U) is soft compact in X. Thus K C Scl(U) for each K € (U). Since Scl(U)
is soft compact, K is soft compact. So (U) ¢ SK(X). Hence SK(X) is open in 22( . O

Corollary 3.41 (See Theorem 4.4.2, [47]). Let (X, 7, E) be a soft topological space and e € E. If (X, T,)
is locally compact, then K, (X) is open in 25(.

Theorem 3.42. (X, 7, E) is a soft locally compact T»-space if and only if SK(X) is locally compact T,.

Proof. Suppose X is locally compact T,. Then by Theorem 3.10 in [28], X is soft regular. Thus by
Proposition 4.10 (1) in [34], 22‘ is T,. Since X is soft locally compact, by Proposition 3.40, SK(X) is
open in 2¥. So by Theorem 3.38, each F € SK(X) has a compact neighborhood contained in SK(X).
Hence SK(X) is locally compact T».

Conversely, suppose SK(X) is locally compact T, and let e, € S Pg(X). Then clearly, {e } € SK(X).
Thus by the hypothesis, there is a neighborhood U of {e } in SK(X) such that c/(U) is compact in
SK(X). By Proposition 3.25 (1) in [34], U = | JU € 7. Since U € SK(SK(X)), by Proposition 3.32
(2)in [34], U cl(U) € SK(X), i.e., | cl(U) is soft compact in X. It is obvious thate, € U C Scl(U) C
U cl(U). So X is soft locally compact at e , i.e., X is soft locally compact. Since S¥; ¢ SK(X) and
SK(X)is T, SFis T,. By Lemma 4.5 in [34], S, is homeomorphic to X. Hence X is T,. Therefore

X is locally compact T,. O

Corollary 3.43. Let (X, 1, E) be a soft T,-space and e € E. Then (X, 1,) is locally compact T, if and
only if 25( is locally compact T,.

Proposition 3.44. If (X, 7, E) is soft locally compact, then S Cg(X) is open in S C(X).

Proof. Suppose X is soft locally compact and let F € S Cx(X). Let {U,,---,U,} C 7 such that S cl(U;)
is soft compact in X foreachi € {1,--- ,n}and F € (Uy,--- ,U,) N SC(X). Let A € (Uy,---,U,) N
SC(X). Then clearly, A ¢ ., U; ¢ UL, Scl(U;). Since Scl(U;) is soft compact in X for each i €
{1,---,n}, UL, Scl(U,) is soft compact in X. Thus A is soft compact in X, i.e., A € SCg(X). So
Uy, -+, U,y NSC(X) € SCk(X). Hence S Cg(X) is open in S C(X). m|

Corollary 3.45 (See Proposition 1.5, [49]). Let (X, 7, E) be a soft topological space and e € E. If
(X, 7,) is locally compact, then Ck (X) is open in C,(X).

Theorem 3.46. Let (X, 7, E) be a soft T,-space and e, € S Pg(X). Then the following are equivalent:
(1) X is soft locally compact at e,
(2) 22‘ is locally compact at {e },
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(3) SK(X) is locally compact at {e },
(4) S Cx(X) is locally compact at {e_},
(5) SC(X) is locally compact at {e_}.

Proof. (1)=(2) Suppose X is soft locally compact at e, and let (U) be a basic open set in 22,( such that
{e.} € (U). Then clearly, e, € U € 1. By the hypothesis and Corollary 3.34, there is V € 7 such that
Scl(V)is soft compactin X and e, € V C Scl(V) C U. Thus {e } € (V) C (Scl(V)) = cl(KV)) c (U).
Since (Scl(V))y = 259 and Scl(V) is soft compact in X, 23V is compact in 2X. So (Scl(V)) is
compact in 2. Hence 2% is locally compact at {e_}.

(2)=(3) Suppose the condition (2) holds and let (U) N SK(X) be a basic open set in SK(X) such
that {e } € (U) N SK(X). Then clearly, {e .} € (U). Since 22( is locally compact at {e_}, there is an

open set U such that cl/(U) is compact in 22‘ and {e } € U C cl(U) c (U). Now let V € 7 such that
{e.} € (V) c U. Then

le.} (V) c(Scl(V)) C cl(U) c {U) and (Scl(V)) is compact in 22_(.
Thus (Scl(V)) = 2gCl(V) = SK(Scl(V)). So (Scl(V))y n SK(X) =(Scl(V)). Hence
fe.} e (V)NSKX) c(Scl(V)) NnSK(X) =(Scl(V)) c(U) N SK(X).

Therefore SK(X) is locally compact at {e_}.

(3)=(1) Suppose the condition (3) holds and let U € 7 such that e, € U. Then clearly, {e } €
(U) N SK(X). Thus by the hypothesis, there is a basic open set U in SK(X) such that c/(U) N SK(X)
is compact in SK(X) and {e.} € U C cl(U) N SK(X) c (U) N SK(X). Now let V € 7 such that
e} e (VNSKX) c U c c(U)NSKX) c (UyNSK(X). Thene, e VC | {F et : F e
c(U)SK(X)} c U. Since cl(U) N SK(X) is compact in SK(X), by Proposition 3.32 (2) in [34],
UNF € 7 F € cl(U)SK(X)} is soft compact in X. Thus Scl(V) is soft compactin X ande_€ V C
Scl(V) c U. So X is soft locally compact at e .

(1)=(4) Suppose X is soft locally compact at e_ and let (U) NS Cx(X) be a basic open setin S Cx(X)
such that {e } € (U) N S Ck(X). Then clearly, e, € U € 7. By the hypothesis and Corollary 3.34, there
i1s V € 7 such that S cl(V) is soft compactin X and e, € V C Scl(V) c U. Thus we have

{e} e(V)NSCk(X) C(Scl(V))yNSCx(X) C(U)NSCk(X).

Since Scl(V) is soft compact in X, by Theorem 3.17, 25¢V) is compact in 2¥. Since S Cx(Scl(V)) C
25V) 'S Cx(S cl(V)) is compact in 2¥. Since S cl(V) is a soft compact T,-subspace of X, by Proposition
423 in [34], SCk(S cl(V)) is closed in 22‘. Since (V) N SCx(X) € SCx(Scl(V)) c S Cg(X), we have
Ly s (V) NS Cr(X)) = cl{V) N S Cx(X)) NS Cx(X)

= cl((V) NS Ck(X))

C SCk(Scl(V)),
where ¢l , denotes the closure in the subspace S Cx(X). So ¢!
S Ck(X). Hence S Ck(X) is locally compact at {e_}.

(4)=(1) Suppose S Ck(X) is locally compact at {e } and let U € 7 such that e € U. Then {e } €

(U) N S Cg(X). By the hypothesis, there is a basic open set U in S Cx(X) such that c/(U) N S Cx(X) is

compact in SCg(X) and {e } € U C cl(U) N SCk(X) C (U) N SCk(X). Let V € 7 such that

(V) N SCk(X)) is compact in

SCr(X)

le} e(V)NSCx(X) cU Ccl(U)NSCk(X) c(U)NSCg(X).

AIMS Mathematics Volume 10, Issue 1, 72-96.



85

Thene e VC | {F et : F € cl(U)nNSCk(X)} c U. Since cl(U) N S Cg(X) is compact in S Cx(X),
by Proposition 3.32 (2) in [34], ({F € 7° : F € cl(U) N S Ck(X)} is soft compact in X. Thus Scl(V) is
soft compactin X and e, € V C Scl(V) C U. So X is soft locally compact at e, .

(1)=(5) Suppose X is soft locally compact at e, and let (U) NS C(X) be a basic open set in S C(X)
such that {e } € (U) N SC(X). Then clearly, e € U € 7. By the hypothesis and Corollary 3.34, there is
V € 7 such that S cl(V) is soft compactin X and e, € V C Scl(V) c U. Thus we have

e} e(V)NSCX) c(Scl(V))NnSCX) c(U)ynSCX).

Since Scl(V) is soft compact in X, by Theorem 3.17, 259 is compact in 2¥. Since SC(Scl(V)) C
25V) S C(S cl(V)) is compact in 2X. Since S cl(V) is a soft compact T,-subspace of X, by Proposition
4.231in [34], SC(S cl(V)) is closed in 22‘. Since (V) NSC(X) c SC(Scl(V)) c SC(X), we have
Ly, (V) NS C(X)) = cl(V) N SC(X) N SC(X)

= cl{(V)yNSC(X))

Cc SC(Scl(V)),
where cl;,, denotes the closure in the subspace S C(X). So cl
Hence S C(X) is locally compact at {e_}.

(5)=(1) Suppose S C(X) is locally compact at {e_}. Then there is a basic open set U in S C(X) such

that {e } € U and cl,,(U) = cl(U) N SC(X) is compact in S C(X). Let V € 7 such thate, € V and

x

{e.} e(V)NSC(X) c U. Itis clear that SF ;(X) is closed in 22‘ and S8F (X) c SC(X). Then we get

(V)yNSC(X)) is compact in S Cg(X).

sCx)

iy SF1(V) = c(SF (V) N SC(X) = cl(SF (V).
Since SF (V) c (V)N SC(X), we have
cl(SF (V) = clyo e SF1(V) C clyoy U = cl(U) NS C(X).

Since ¢l (U) is compact in SC(X), cl(SF(V)) is compact in SC(X). On the other hand,
cl(SF (V) = SF(Scl(V)) and SF(Scl(V)) is homeomorphic to Scl(V). Thus Scl(V) is soft
compact in X. So X is soft locally compact at e_. m|

Corollary 3.47 (See Propoisition 2.6, [49]). Let (X, 1, E) be a soft T>-space, e € E, and x € X. Then
the following are equivalent:

(1) (X, 7,) is soft locally compact at x,

(2) 25( is locally compact at {x},

(3) K.(X) is locally compact at {x},

(4) Ck,(X) is locally compact at {x},

(5) C.(X) is locally compact at {x}.

Theorem 3.48. Let (X, 7, E) be a soft Tr-space and e, € S Pg(X). Then X is soft locally compact at e
if and only if ST (X) is locally compact at {e } for each n € N.

Proof. Suppose X is soft locally compact at e, and let U be a basic open set in SF ,(X) such that
{e.} € U. Then there is U € 7 such that {e } € (U) N SF ,(X) € U. Thus by the hypothesis, there is

V ersuchthate €V, Scl(V)is soft compactin X and Scl(V) c U. So (Scl(V)) N SF ,(X) is compact
in 8F,(X) and (Scl(V)) N SF (X)) c (U) N SF ,(X). Hence SF ,(X) is locally compact at {e_}.
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Conversely, suppose S¥ ,(X) is locally compact at {e } foreachn € Nandlet U € tsuchthate € U.
Then clearly, {e } € (U) N SF ,(X). Thus by the hypothesis, there is a basic open set U in SF ,(X)
such that c/(U) N SF ,(X) is compact in SF ,(X) and {e } € U C cl(U) N SF (X)) c (U) N SF ,(X).
Let V € Tt such that {e } € (V) NSF,(X) € U C cl(U) N SF (X) € (U)NSF,(X). Then clearly,
VcU{F et : FecU)nSF . (X))} Since cl(U) N SF ,(X) is compact in SF ,(X), by Proposition
332 (2)in [34], {F € t° : F € cl(U) n SF ,(X)} is soft compact in X. Thus Scl(V) is soft compact
inXande €V CScl(V) C U. So X is soft locally compact at e, . m]

Corollary 3.49. Let (X, 7, E) be a soft T,-space, e € E, and x € X. Then (X, 1,) is locally compact at x
if and only if F,..(X) is locally compact at {x} for each n € N.

Lemma 3.50. Let (X, 1, E) be a soft locally compact T)-space and F € S Cx(X). If (Uy,---,U,) is a
basic open set in 2? containing F, then there is a soft compact set M in X such that F C Sint(M) C
M c U, U;. Furthermore, there is a basic open set (Wy,--- ,W,) in 22( such that S cl(W;) is soft
compact in X foreachie{l,--- , myand F € (Wy,--- ,W,,) Ccl(Wy,--- ,W,)) C(Uy,---,Up).

Proof. Suppose (Uy,---, Un) is a basic open set in 22‘ containing F. Then clearly, F N U; # O, so
that e; € U, for each i € {1,---,n}. Since X is soft locally compact, X is soft locally compact at e;

for each i € {1,---,n}. Thus there sV, €T such thate; €V, ,Scl(V,, ) is soft compact in X, and
Ve, c U, for eachz e{l,---,n}.Let Q be the collection of all suclh Ve, Slnce F € SCk(X), F is a soft
compact set in X. Moreover, Q covers F. So there is a finite subcollectlon {Ve| S, V%k} of Q such

that F ¢ UL, V,, . Now let f; € F 0 Uj for each i € {1,-- ,n} and M = (szl V., ) (UL vy ).

Then M is soft compact in X and F c Sint(M) ¢ M c |Ji, U;. Furthermore, by Proposition 3.22 (2)
in [34],

Fe(Ve o VeV oo Vi, )
C Cl(< el 2 Vekxk’ Vflyl o Vf"yn >)
= (s cl(v% o Sel(Ve, ). Sel(Vy, ).+ . Scl(Vy, )
(U, ,Up). D

Corollary 3.51 (See Lemma 1.7 (), [49]). Let (X, 7,E) be a soft T,-space and e € E. If (X,7,) is
locally compact, F € Cg,(X), and (U,,---,U,) is a basic open set in 25( containing F, then there
is a compact set M in (X,7,) such that F C int(M) ¢ M c U, U;. Furthermore, there is a basic
open set (Wy,--- ,W,,) in 2§ such that cl(W;) is compact in (X,7,) for each i € {1,--- ,m} and F €
Wi, s W) C Wy, -+, W) (UL -+, Up).

Theorem 3.52. Let (X, 7, E) be a soft T>-space. Then the following are equivalent:
(1) X is soft locally compact,
(2) SK(X) is locally compact,
(3) SCk(X) is locally compact.

Proof. (1)=(2) Suppose X is soft locally compact and let F' € SK(X). Then clearly, F is soft compact
in X. By the hypothesis, there is U € 7 such that F C U and scl(U) is soft compact in X. Thus
F € (U) N SK(X). Note that A is soft compact in X for each A € (U). So (U) c SK(X). On the other
hand, cl((U)) = (Scl(U)) = 25D Since S cl(U) is soft compact in X, by Theorem 3.17, (Scl(U)) is
compact in SK(X). So SK(X) is locally compact at F. Hence SK(X) is locally compact.
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(2)=(1) Suppose SK(X) is locally compact and let e € S Pg(X). By the hypothesis, SK(X) is
locally compact at {e }. Then there is a basic open set U in SK(X) such that {e } € U and cl/(U) is
compact in SK(X). Since U is open in SK(X), by Proposition 3.25 (1) in [34], U = | JU € 7. Since
cl(U) is compact in SK(X), cl(U) € SK(SK(X)). Thus by Proposition 3.32 (2) in [34], U cl(U) €
SK(X). SoU c Scl(U) c |Jcl(U). Hence X is soft locally compact at e . Therefore X is soft locally
compact.

(1)=(3) Suppose X is soft locally compact and let F' € S Cg(X). Let (Uy,---,U,) N SCx(X) be a
basic open set in S Cx(X) containing F. Then by Lemma 3.50, there is a basic open set (W, -+, W,,)
in 22‘ such that Scl(W;) is soft compact in X for each i € {1,---,m} and
FeW, - W, Ccl(Wy,--- ;W) C(Uy,---,U,). Thus we have

FeW, - ,W,)NSCx(X) Ccl(Wy,--- ,W,)NSCg(X)
c Uy, -, Uy NSCg(X).
Let M = U, Scl(W,). Since S cl(W;) is soft compact in X for each i € {1,---,m}, M is soft compact
in X. Then by Theorem 3.25, S C(M) is compact in 22(. Since (W, ,W,) N SCx(X) c SC(M) and
SC(M) is closed in 2¥, we have

Wy, - W) NSCk(X)) € SC(M) C SCk(X)).

Thus we get
Clye oy (W, -+, W) 1 S C(X))

=cl((Wy,--- , W,y N SCk(X)) N SCg(X)

=cl((Wy, -+ ,W,) NS Cg(X)).
So clSCK(X)((Wl, -, W) N SCk(X)) is compact in S Cg(X). Hence S Ck(X) is locally compact at F.
Therefore S Cx(X) is locally compact.

(3)=(1) Suppose S Ck(X) is locally compact and let e, € S P(X). Let U € 7 such thate_ € U. Then

clearly, {e } € Zf and {e } € (U) N SCk(X). By the hypothesis, S Cx(X) is locally compact at {e_ }.
Thus there is a basic open set U in S Cg(X) such that c/(U) is compact in SCk(X) and {e } € U C

x

c(U)NSCx(X) c(U)NSCk(X). Let V € T such that {e } € (V) N SCk(X) € U. Then we have
ecevel Juc| JiFer: Fect)nscyx).

By Proposition 3.32 (2) in [34], {F € 7° : F € cl(U) N S Ck(X)} is soft compact in X. Thus Scl(V) is
soft compact in X. So X is soft locally compact at e . Hence X is soft locally compact. O

Corollary 3.53 (See Proposition 3.3, [49]). Let (X, 7, E) be a soft T,-space and e € E. Then the
following are equivalent:

(1) (X, t,) is locally compact,

(2) K.(X) is locally compact,

(3) Ck,(X) is locally compact.

Theorem 3.54. Let (X, 7, E) be a soft T,-space. Then X is soft locally compact if and only if ST ,(X)
is locally compact for each n € N.

Proof. Suppose X is soft locally compact and let F € S7 ,(X). Then clearly, F is soft compact in X. By
the hypothesis, there is U € 7 such that F C U and scl(U) is soft compact in X. Thus F' € (U)NSF ,(X).
On the other hand, cI((U)) = (Scl(U)) = 23V Since scl(U) is soft compact in X, by Theorem 3.17,
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(Scl(U)) is compact in 22‘. Moreover, clg. . (U) N SF(X) € (Scl(U)). Thus cly, ,(U)NSF,.(X)

is compact in F € SF ,(X). So SF ,(X) is locally compact at F. Hence S¥ ,(X) is locally compact.
Conversely, suppose SF ,(X) is locally compact. It is obvious that S |(X) is closed in SF ,(X).

Then 87 1(X) is locally compact. On the other hand, X is homeomorphic to S¥ {(X). Thus X is soft

locally compact. O

Corollary 3.55. Let (X, 1, E) be a soft T>-space and e € E. Then (X, 7,) is locally compact if and only
if Fne(X) is locally compact for each n € N.

4. Axioms of countability in soft hyperspaces

First, we discuss some of the axioms of countability and separability in soft topological spaces.
Next, we study some relationships for axioms of countability and separability in a soft topological
space and its soft hyperspace.

Definition 4.1 ( [50]). Let B(R) be the collection of all non-empty bounded subsets of R. Then a
mapping A : E — B(R) is called a soft real set. For each r € R, r, is called a soft real number of R,
denoted by 7, and e, is called a soft real point of R, denoted by 7.

Definition 4.2 (See [51]). Let r, s € R. Then the order < between soft real numbers 7 and s is defined
by:

(1) r <sifandonly if r < s, i.e., r(e) <g s(e) foreach e € E,

(i) 7 < s if and only if r <y s, i.e., 7(e) <g s(e) foreache € E,
where <z and < denote the usual order on R.

By using soft real numbers, we define soft real intervals of R.

Definition 4.3. Leta, b € Rg such that a < b. Then

(iv) (Soft half-real line) (a, ) = {x € R : x < a},

[a,0) ={xeRp:x<al

Lemma 4.4. Let o [resp. B] be the collection of all soft-real lines [resp. soft half-open intervals] of
the forms (a, o) and (—oo,E) [resp. [a, E)]. Then o [resp. B] is a soft subbase [resp. base] for the soft
topology 7 [resp. T,] on R.

In this case, 7 is called the soft usual topology [resp. soft lower-limit topology] on R. The triple
(R, 7, E) [resp. (R, 7,, E)] is called a soft real space [resp. soft lower-limit real space].

Proof. The proof follows from the definition of a soft subbase and Proposition 3.14 in [38]. m|

Definition 4.5 ( [16]). A € SSg(X) is said to be countable [resp. finite], if A(e) is countable [resp.
finite] for each e € E.
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Definition 4.6. Let (X, 7, E) be a soft topological space and e, € S Pp(X). Then 5, C 7 is called a soft
local base at e_, provided that the following conditions hold: '

() B €p, impliese, € B,

(i1) e, € U € 7 implies there is B € B, such that B C U.

Itis clear that B, = SN(e,).

Definition 4.7 (See [52,53]). Let (X, 7, E) be a soft topological space. Then we say that

(1) X is first countable or satisfies the first axiom of countability, if there is a countable soft local
base at e, for each e, € S Pg(X),

(i1) X is second countable or satisfies the second axiom of countability, if there is a countable soft
base for 7.

Example 4.8. (1) Let (R, 7, E) be a soft real space and 5 = {—(%, %) : n € N}. Then we can easily check
that 8 = SN(0). Thus (R, 7, E) is first countable.

(2) (See Proposition 4.1, [52]) Let (R,7,E) be a soft real space and
B = {(a, Z_J) . a, b € R are rational}. Then clearly, 8 is a countable base for 7. Thus (R, 7, E) is second
countable.

(3) Consider the soft topological space (R, 7,, E) and assume that it is first countable, i.e., there is
a soft local base § = {B, € 7, : n € N} at x € Rg. Let y € R such that x # y. Then clearly, x # y and
R\ {y} € N(x). Thus there is n € N such thaty ¢ B,. So (8 = {x}. On the other hand, we have

R\{(H =R\ |B, = J®R\By.

neN neN

Since R \ B, is finite for each n € N, (J,w(R \ B,) is countable. Hence R \ {x} is countable. This is
a contradiction. Therefore (R, 7 - E) 1s not first countable.

Proposition 4.9 (See Proposition 4.2, [52]; Theorem 4, [53]). Every second countable soft topological
space is first countable.

Proof. Let (X, 7, E) be a soft topological space and suppose X is second countable. Then there is a
countable soft base 8 for 7. Let e, € S Pp(X). Since | JB = Xg, e, € JB. LetB, ={Be€ SSp(X) :e, €
B € B}. Since § C 7,8, = SN(e,). Then B,_is a countable soft neighborhood base at e,. Thus X is first
countable. O

Remark 4.10. The converse of Proposition 4.9 is not true in general (see Example 4.11).

Example 4.11. Let (R, 7,, E) be a soft lower-limit real space. Then it is first countable but not second
countable.

Definition 4.12 (See [53]). Let (X, 7, E) be a soft topological space and A € S S g(X).
(i) A is called a soft dense set in X, if Scl(A) = X.
(i1) X is said to be soft separable, if there is a countable soft dense set in X.

Theorem 4.13. Let (X, 7, E) be a soft T\-space. Then X is first countable if and only if S (X) is first
countable.
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Proof. Suppose X is first countable and let e; € S Pg(X) foreachi € {1,---,n}, F = J, e;_. Since
Xis Ty, e, € 7¢. Then F € SF (X). Since X is first countable, there is a countable soft local base
Bi = SN(e;,) for each i € {1,--- ,n}. Let B be the collection of all open sets in SF(X) of the form
(By,--+ , B,y N SF(X), where B; € B; for each i € {1,--- ,n}. Then clearly, B is countable. We will
prove that 8 is a base at F. Let (Uy,--- , U,,) N S¥ (X) be an open neighborhood of F. Then clearly,
F €Uy, ,Uy). Thus F C ., U;. Since e, € F foreachi e {1,--- ,n}, e, € UL, U for each
i €{l,---,n}, ie., thereis j € {1,---,m} such that ¢; € U; for each i € {1,---,n}. So we choose
B; € B; such that B; C ﬂ’}zl{Uj Lei, € U,}. Hence we have

Fe(By, - ,B)ynNnSTFX) c Uy, ,Uy) NSF(X).

It follows that 8 is a countable local base at F. Therefore SF (X) is first countable.
Conversely, suppose SF (X) is first countable. By Lemma 4.5 in [34], X is soft homeomorphic to
SF1(X) € SF(X). Then X is first countable. O

We obtain the following consequences from Theorem 4.13.

Corollary 4.14. Let (X, 1, E) be a soft Ti-space. Then X is first countable if and only if SF ,(X) is first
countable for each n € N.

Corollary 4.15. Let (X, 7, E) be a soft Ti-space and e € E. Then (X, 1,) is first countable if and only if
F.(X) is first countable.

Corollary 4.16. Let (X, 7, E) be a soft Ti-space and e € E. Then (X, 1,) is first countable if and only if
Fue(X) is first countable for each n € N.

It is well-known that first countability and second countability are topological properties. Then we
have:

Proposition 4.17. Let (X, 1, E) be a soft topological space. If 22( is first [resp. second] countable, then
each one of the subspaces of 22( is first [resp. second] countable.

Corollary 4.18. Let (X, 1, E) be a soft T\-space and e € E. If 2§ is first [resp. second] countable, then
each one of the subspaces of 23( is first [resp. second] countable.

Theorem 4.19. Let (X, 1, E) be a soft T -space. Then X is second countable if and only if SK(X) is
second countable.

Proof. Suppose X is second countable. Then there is a countable soft base 5 = {U,, € 7 : n € N} for 7,.
Let U = {(Uy,,- -+ , Uy, )y NSK(X) : Uy, € B}. Then U is a countable base for SK(X). Thus SK(X) is
second countable.

Suppose SK(X) is second countable. Then clearly, S¥(X) is second countable. By Lemma 4.5
in [34], X is soft homeomorphic to SF {(X) ¢ SK(X). Thus X is second countable. |

Corollary 4.20 (See Proposition 4.5.2, [47]). Let (X, 1, E) be a soft T\-space and e € E. Then (X,t,)
is second countable if and only if K (X) is second countable.

Corollary 4.21. Let (X, 7, E) be a soft T\-space. Then the following are equivalent:
(1) X is second countable,
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(2) 8T .(X) is second countable for each n € N,
(3) SF (X) is second countable,

(4) Cx(X) is second countable,

(5) SK(X) is second countable.

Proof. 1t is clear that S¥,(X) ¢ SF(X) ¢ SK(X) and Cg(X) c SK(X). By Lemma 4.5 in [34], X
is soft homeomorphic to S¥1(X). Then X is second countable if and only if each of S¥ ,(X), S¥ (X),
and Cg(X) as a subspace is second countable. O

Corollary 4.22. Let (X, 7, E) be a soft T -space and e € E. Then the following are equivalent:
(1) (X, 7,) is second countable,
(2) Fre(X) is second countable for each n € N,
(3) F.(X) is second countable,
(4) Cg (X) is second countable,
(5) K.(X) is second countable.

Lemma 4.23. Let (X, 1, E) be a soft topological space, B a soft base for v such that O ¢ B, and
D € SSg(X). Then D is soft dense in X if and only if D N\ B # Qg for each 'V € §5.

Proof. Suppose D is soft dense in X and assume that there is B € 8 such that DN B = (¢. Then clearly,
D c B° and B¢ € 7°. Thus Scl(D) c B¢. So Scl(D) # Xg. This is a contradiction. Hence the necessary
condition holds.

Conversely, suppose the necessary condition holds, and let e, € S Pg(X) and N € SN(e,). Then
there is B € S such thate, € B C N. Since BN D # 0g, NN D # Q. Thus by Theorem 3.3 in [17],
e € Scl(D). So Xg C Scl(D), 1.e., Scl(D) = Xg. Hence D is soft dense in X. O

Theorem 4.24. Let (X, 7, E) be a soft Ti-space. Then X is soft separable if and only if 22‘ is separable.

Proof. Suppose X is soft separable. Then there is a countable soft dense set D in X, i.e., Scl(D) = Xg
and D(e) is countable for each e € E. Let D = {A € SSg(X) : A C D is finite}. Then clearly, D
is countable. Moreover, D C Zif since X is T;. Let (U,---,U,) be a basic open set in 22‘ . Since
Scl(D) = Xg and U; € tforeachi € {1,--- ,n}, there is ¢; € S Pp(X) such that e; € D N U, for each
ief{l,---,n}. Since X is soft Ty, F = ., e, €T Thus F € 22(. Furthermore, Fc D,Fc UL, U
and FNU; # Og foreachie {l,--- ,n}.So F e DN{U,,---,U,),1.e., DN{Uy,---,U,) # 0. Hence
2% is separable.

Conversely, suppose 22‘ is separable. Then a countable dense subset D = {A, : n € N} of 22‘ . For
eachn € N, let us take ¢, € A, and let D = | J,en €, . Let U € 7. Then clearly, (U) is a basic open
set in 2¥. Since D is dense in 2¥, D N (U) # 0. Thus there is n € N such that A, € D N (U). So
e., €DNU, i.e.,, DN U # 0g. So by Lemma 4.23, D is a countable soft dense set in X. Hence X is
soft separable. O

Corollary 4.25 (Proposition 4.5.1, [47]). Let (X, 7, E) be a soft T\-space and e € E. Then (X,7,) is
separable if and only if 25‘ is separable.

Theorem 4.26. Let (X, 7, E) be a soft T\-space. Then X is soft separable if and only if SK(X) is
separable.
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Proof. Suppose X is soft separable. Then there is a countable soft dense set D in X. Let D = {A €
SSe(X): A C Dis finite}. Then D is countable. Let U = (U, --- , U,) N SK(X), where (Uy,--- ,U,)
is a basic open set in 22‘. Since D is soft dense in X and U; € 7 for each i € {1,---,n}, by Lemma
423, DN U; # Og for each i € {1,--- ,n}. Let us choose e; € DN U, for each i € {1,---,n} and
F =, e;_. Since X is soft T;, F C D. Moreover, F C U?:llUi. Then Fe DN U,ie, DNU # 0.
Thus D is dense in SK(X). So SK(X) is separable.

Conversely, suppose SK(X) is separable. Then there is a countable dense subset D = {A, : n €
N} of SK(X). Let us take e, € A, for each n € N and let D = J,aye,, - Then clearly, D is
a soft countable set in X. Let U be a nonempty basic open set in X. Since D is dense in SK(X),
DNKUYNSK(X)) # 0. Thus there is n € N such that A, € DN ((U) N SK(X)),ie.,A, € DNU).
Soe, €A,NU, i.e., DN U # Og. Hence D is a soft dense set in X. Therefore X is soft separable. O

Corollary 4.27. Let (X, 1, E) be a soft T\-space and e € E. Then (X, 7,) is separable if and only if
K.(X) is separable.

Proposition 4.28. Let (X, 1, E) be a soft T -space. If S C(X) [resp. S Cx(X)] is separable, then X is soft
separable.

Proof. Suppose S C(X) is separable. Then there is a countable dense subset D = {A, : n € N} of
S C(X). Letus choose e, € A, foreach n € Nand let D = |,y €, - Since X is soft Ty, D € 7° and D
is countable. Let U be a nonempty soft basic open set X. Then clearly, (U) is a basic open set in 22‘ .
Thus (U) N S C(X) is a basic open set in S C(X). Since D is dense in S C(X), DN ((U) N SC(X)) # 0.
So there is n € N such that A, € DN (U) N SC(X)),ie.,A, € DN(U).Hencee, €A,cCUie.,D
is soft dense in X. Therefore X is soft separable.

The proof of the second part is similar. O

Corollary 4.29. Let (X, 7, E) be a soft Ti-space and e € E. If C,(X) [resp. Ck, (X)] is separable, then
X is soft separable.

5. Discussion

In this paper, we discussed various compactness, local compactness, separability, and countability
relationships in a soft topological space and its soft hyperspace.

6. Conclusions

We obtained some compactness relationships in a soft topological space and its soft hyperspace.
Also, we discussed various local compactness relationships in a soft topological space and its soft
hyperspace. Also, we studied some separability and axiom of countability relationships in a soft
topological space and its soft hyperspace. Furthermore, it was found that the properties obtained from
Sections 3 and 4 were almost similar to the classical case.

In the future, we would like to find connectedness relationships, local connectedness relationships
and local connected Klein relationships in a soft topological space and its soft hyperspace. Also, we
will study metrization relationships in a soft topological space and its soft hyperspace. Moreover,
according to the reviewers’ suggestions, we expect to be able to conduct more enriched research by
referring to references [54-58], etc.

AIMS Mathematics Volume 10, Issue 1, 72-96.



93

Author contributions

Conceptualization, K. Hur; Methodology, J. I. Baek and G. Senel; Validation, S. H. Han and M.
Cheong; Formal analysis research, J. I. Baek, G. Senel, and K. Hur; Writing—original draft, J.I.Baek
and M.Cheong; Writing—review and editing, G. Senel, K. Hur. and S. H. Han; Project administration,
G. Senel and K. Hur; Funding acquisition, G. Senel. All authors have read and agreed to the published
version of the manuscript.

Use of Generative-Al tools declaration
The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

The authors would like to thank the reviewers for their thoughtful and kind comments and
suggestions. Also, they would like to thank Wonkwang University for its support in 2024.

Conflict of interest

The authors declare that they have no conflicts of interest.

References

1. B.Riemann, Uber die Hypothesen, welche der Geometrie zu Grunde liegen, In: Abhandlungen der
Koniglichen Gesellschaft der Wissenschaften in Gottingen, 13 (1868), 133—150.

2. L. Vietoris, Bereiche zweiter Ordnung, Monatsh. f. Mathematik und Physik, 32 (1922), 258-280.
https://doi.org/10.1007/BF01696886

3. L. Vietoris, Kontinua zweiter Ordnung, Monatsh. f. Mathematik und Physik, 33 (1923), 49-62.
https://doi.org/10.1007/BF01705590

4. J. L. Kelley, Hyperspaces of a continuum, 7. Am. Math. Soc., 52 (1942), 23-36.
https://doi.org/10.2307/1990151

5. J. T. Goodykoontz Jr., Connectedness im kleinen and local connectedness in 2¥ and C(X), Pacific
J. Math., 53 (1974), 387-397.

6. S. B. Nadler, Hyperspaces of sets: A text with research questions (monographs and textbooks in
pure and applied mathematics) 1Ed., M. Dekker, 1978.

7. C.J.Rhee, K. Hur, Noncontractible hyperspace without Ri-continua, Topol. Proc., 18 (1993), 245—
261.

8. K. Hur, J. R. Moon, C. J. Rhee, Local connectedness in Fell topology, J. Korean Math. Soc., 36
(1999), 1047-1059.

9. B. S. Baek, K. Hur, S. W. Lee, C. J. Rhee, Hemicompactness and hemiconnectedness of
hyperspaces, Bull. Korean Math. Soc., 37 (2000), 171-179.

AIMS Mathematics Volume 10, Issue 1, 72-96.


https://dx.doi.org/https://doi.org/10.1007/BF01696886
https://dx.doi.org/https://doi.org/10.1007/BF01705590
https://dx.doi.org/https://doi.org/10.2307/1990151

94

10

11.

12.

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

. C. Costantini, S. Levi, J. Pelant, Compactness and local compactness in hyperspaces, Topol. Appl.,
123 (2002), 573—-608. https://doi.org/10.1016/S0166-8641(01)00222-X

P. Pellicer-Covarrubias, The hyperspaces K(X), Rocky Mountain J. Math., 35 (2005), 655-674.
https://doi.org/10.1216/rmjm/1181069752

J. G. Anaya, E. Castaneda-Alvarado, J. A. Martinez-Cortez, On the hyperspace C,(X)/C,x(X),
Comment. Math. Univ. Carolin., 62 (2021), 201-224.

S. Macias, S. B. Nadler Jr., Continua whose hyperspace of subcontinua is infinite dimensional and a
cone, Extracta Mathematicae, 38 (2023), 205-219. https://doi.org/10.17398/2605-5686.38.2.205

D. Molodtsov, Soft set theory—First results, Comput. Math. Appl., 37 (1999), 19-31.
https://doi.org/10.1016/S0898-1221(99)00056-5

M. Shabir, M. Naz, On soft topological spaces, Comput. Math. Appl., 61 (2011), 1786—1799.
https://doi.org/10.1016/j.camwa.2011.02.006

S. Das, S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform. 6 (2013), 77-94.

S. Bayramov, C. G. Aras, A new approach to separability and compactness in soft topological
spaces, TWMS J. Pure Appl. Math., 9 (2018), 82-93.

M. E. El-Shafei, M. Abo-Elhamayel, T. M. Al-shami, Partial soft separation axioms and soft
compact spaces, Filomat, 32 (2018), 4755-4771.

T. M. Al-Shami, M. E. El-Shafe, Partial belong relation on soft separation axioms and
decision-making problem, two birds with one stone, Soft Comput., 24 (2020), 5377-5387.
https://doi.org/10.1007/s00500-019-04295-7

T. M. Al-Shami, On soft separation axioms and their applications on decision-making problem,
Math. Probl. Eng., 2021 (2021), 8876978. https://doi.org/10.1155/2021/8876978

J. 1. Baek, S. Jafari, S. H. Han, G. Senel, K. Hur, Separation axioms in interval-
valued soft topological spaces, Ann. Fuzzy Math. Inform., 28 (2024), 195-222.
https://doi.org/10.30948/afmi.2024.28.2.195

J. G. Lee, G. Senel, Y. B. Jun, F. Abbas, K. Hur, Topological structures via interval-valued soft
sets, Ann. Fuzzy Math. Inform., 22 (2021), 133-169. https://doi.org/10.30948/afmi.2021.22.2.133

J. I. Baek, T. M. Al-shami, S. Jafari, M. Cheong, K. Hur, New interval-valued soft separation
axioms, Axioms, 13 (2024), 493. https://doi.org/10.3390/axioms 13070493

I. Zorlutuna, M. Akdag, W. K. Min, S. Atmaca, Remarks on soft topological spaces, Ann. Fuzzy
Math. Inform., 3 (2012), 171-185.

L. Fu, H. Fu, Soft compactness and soft topological separate axioms, Int. J. Comput. Technol., 15
(2016), 6702-6710.

S. A. Ghour, Z. A. Ameen, Maximal soft compact and maximal soft connected topologies, Appl.
Comput. Intell. Soft Comput., 2022 (2022), 9860015. https://doi.org/10.1155/2022/9860015

S. Roy, M. Chiney, S. K. Samanta, On compactness and connectedness in redefined soft topological
spaces, Int. J. Pure Appl. Math., 120 (2018), 1505-1528.

S. Bayramov, C. Gunduz, Soft locally compact spaces and soft paracompact spaces, J. Math. Syst.
Sci., 3 (2013), 122-130.

AIMS Mathematics Volume 10, Issue 1, 72-96.


https://dx.doi.org/https://doi.org/10.1016/S0166-8641(01)00222-X
https://dx.doi.org/https://doi.org/10.1216/rmjm/1181069752
https://dx.doi.org/https://doi.org/10.17398/2605-5686.38.2.205
https://dx.doi.org/https://doi.org/10.1016/S0898-1221(99)00056-5
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.02.006
https://dx.doi.org/https://doi.org/10.1007/s00500-019-04295-7
https://dx.doi.org/https://doi.org/10.1155/2021/8876978
https://dx.doi.org/https://doi.org/10.30948/afmi.2024.28.2.195
https://dx.doi.org/https://doi.org/10.30948/afmi.2021.22.2.133
https://dx.doi.org/https://doi.org/10.3390/axioms13070493
https://dx.doi.org/https://doi.org/10.1155/2022/9860015

95

29
30
31

32.

33.
34.

35.

36.

37.

38.

39.
40.

41.

42.

43.
44.

45.

46.

47.
48.

49.

50

. M. Akdag, F. Erol, On hyperspaces of Soft sets, J. New Theory, 7 (2015), 86-97.
. M. Akdag, F. Erol, Remarks on hyperspaces of soft sets, J. Adv. Stud. Topol., 7 (2016), 1-11.

. Q. R. Shakir, On Vietoris soft topology I, J. Sci. Res., 8 (2016), 13—19. https://doi.org/10.3329/jsr.
v8i1.23440

I. Demir, An approach to the concept of soft Vietories topology, Int. J. Anal. Appl., 12 (2016),
198-206.

A. Ozkan, Decomposition of hyper spaces of soft sets, J. Inst. Sci. Tech., 7 (2017), 251-257.

J. 1. Baek, G. Senel, S. H. Han, M. Cheong, K. Hur, Soft hyperspaces, Ann. Fuzzy Math. Inform.,
28 (2024), 129-153. https://doi.org/10.30948/afmi.2024.28.2.129

N. Cagman, S. Karatas, S. Enginoglu, Soft topology, Comput. Math. Appl., 62 (2011), 351-358.
https://doi.org/10.1016/j.camwa.2011.05.016

P. K. Maji, R. Biswas, A. R. Roy, Soft set theory, Comput. Math. Appl., 45 (2003), 555-562.
https://doi.org/10.1016/S0898-1221(03)00016-6

M. L. Ali, F. Feng, X. Liu, W. K. Min, M. Shabir, On some new operations in soft set theory,
Comput. Math. Appl., 57 (2009), 1547-1553. https://doi.org/10.1016/j.camwa.2008.11.009

S. Nazmul, S. K. Samanta, Neighborhood properties of soft topological spaces, Ann. Fuzzy Math.
Inform., 6 (2013), 1-15.

S. Enginoglu, N. Cagman, S. Karatas, T. Aydin, On soft topology, ECJSE, 2 (2015), 23-38.

B. Ahmad, S. Hussain, On some structures of soft topology, Ahmad Hussain Math. Sci., 6 (2012),
64.

F. Lin, Soft connected spaces and soft paracompact spaces, Int. Scholarly Sci. Res. Innov., 7 (2013),
277-282.

A. Aygiinoglu, H. Aygiin, Some notes on soft topological spaces, Neural. Comput. Appl., 21 (2012),
113-119. https://doi.org/10.1007/s00521-011-0722-3

S. Atmaca, Compactification of soft topological spaces, J. New Theory, 12 (2016), 23-28.

S. Goldara, S. Ray, A study of soft topological axioms and soft compactness by using soft elements,
J. New Result. Sci. (JNRS), 8 (2019), 53-66.

C. W. Patty, Foundations of topology ((prindle, weber, and schmidt series in advanced
mathematics)), 1Eds., Boston: PWS Publishing Company, 1993.

J. L. Kelley, General topology, New York: D. Van Nostrand Company, Inc., 1955. Available from:
https://archive.org/details/General TopologyJohnL.Kelley.

E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc., 71 (1951), 152—182.

L. Xie, Some results of the local compactness for hyperspaces, Acta Math. Sinica, 26 (1983), 650—
656. (In Chinese)

J. Goodykoontz, Jr., C. J. Rhee, Local properties of hyperspaces, Topol. Proc., 23 (1998), 183-200.
Available from: https://topology.nipissingu.ca/tp/reprints/v23/tp23113.pdf.

. S. Das, S. K. Samanta, Soft real sets, soft real numbers and their properties, J. Fuzzy Math., 20
(2012), 551-576.

AIMS Mathematics Volume 10, Issue 1, 72-96.


https://doi.org/10.3329/jsr.v8i1.23440
https://doi.org/10.3329/jsr.v8i1.23440
https://dx.doi.org/https://doi.org/10.30948/afmi.2024.28.2.129
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2011.05.016
https://dx.doi.org/https://doi.org/10.1016/S0898-1221(03)00016-6
https://dx.doi.org/https://doi.org/10.1016/j.camwa.2008.11.009
https://dx.doi.org/https://doi.org/10.1007/s00521-011-0722-3

96

51

52.

53.

54.

55.

56.

57.

58.

@ AIMS Press

. S. Das, S. K. Samanta, Soft metric, Ann. Fuzzy Math. Inform., 6 (2013), 77-94. Availale
from: http://www.afmi.or.kr/papers/2013/Vol-06_No-01/AFMI-6-1(1-226)/AFMI-6-1(77-94)-]J-
120715R1.pdf.

L. Fu, S. Li, Countability of soft topological space, J. Adv. Math. Comput. Sci., 33 (2019), 1-11.
https://doi.org/10.9734/jamcs/2019/v331630198

I. Altintas, K. Taskoprii, B. Selvi, Countable and separable elementary soft topological space,
Math. Meth. Appl. Sci., 44 (2021), 7811-7819. https://doi.org/10.1002/mma.6976

G. Di. Maio, L. D. R. Kocinac, Some covering properties of hyperspaces, Topol. Appl., 155 (2008),
1959-1969. https://doi.org/10.1016/j.topol.2007.05.025

T. M. Al-Shami, A. Mhemdi, R. Abu-Gdairi, M. E. El-Shafei, Compactness and connectedness
via the class of soft somewhat open sets, AIMS Mathematics, 8 (2023), 815-840.
https://doi.org/10.3934/math.2023040

T. M. Al-Shami, L. D. R. Kocinac, Almost soft Menger and weakly soft Menger spaces, Appl.
Comput. Math., 21 (2022), 35-51.

Z. A. Ameen, B. A. Asaad, T. M. Al-Ahami, Soft somewhat continuous and soft somewhat open
functions, TWMS J. App. Eng. Math., 13 (2023), 792-806.

T. M. Al-Shami, A. Mhemdi, On soft parametric somewhat-open sets and applications via soft
topologies, Heliyon, 9 (2023), e21472. https://doi.org/10.1016/j.heliyon.2023.e21472

©2025 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 10, Issue 1, 72-96.


https://dx.doi.org/https://doi.org/10.9734/jamcs/2019/v33i630198
https://dx.doi.org/https://doi.org/10.1002/mma.6976
https://dx.doi.org/https://doi.org/10.1016/j.topol.2007.05.025
https://dx.doi.org/https://doi.org/10.3934/math.2023040
https://dx.doi.org/https://doi.org/10.1016/j.heliyon.2023.e21472
https://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Compactness and local compactness in soft hyperspaces
	Axioms of countability in soft hyperspaces
	Discussion
	Conclusions

