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Abstract: In this study, we establish a regular criterion for the 2D compressible micropolar viscous
fluids with vacuum that is independent of the velocity of rotation of the microscopic particles.
Specifically, we show that if the density verifies |||l ~.r..~) < 0, then the strong solution will exist
globally on R? x (0, T). Consequently, we generalize the results of Zhong (Discrete Contin. Dyn. Syst.
Ser. B, 25 (2020), no. 12, 4603—4615) to the compressible case. In particular, we don’t need the
additional compatibility condition.
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1. Introduction

The 2D micropolar equations are a special case of the 3D micropolar equations as follows:

p; +div(pu) =0,
(ou), + div(pu ® u) + VP(p) = (u + K)Au + (u + A — k)Vdivu + 2«V*w, (L.1)
(ow); + div(ou @ w) + 4kw = u'Aw + 2kV X u,

where p = p(xy, X2, 1), u = (u1(xy1, X2, 1), ur(x1, x2,1),0), w = w(0, 0, ws(x1, x2,1)) and P(p) denote the
density, velocity, microrotational velocity, and pressure, respectively. The pressure P(p) = p* where
v > 1 is the specific heat ratio. The parameter x > 0 is the dynamics micro-rotation viscosity. The
viscous constants u, A, k, p’ satisfy the physical hypothesis: ¢ > 0, u” > 0 and u + 1 — x > 0. Here, and
in what follows, V* = (0,,-0,),V X u = duy — duy, V:w = (0w, —0;w). In this paper, we consider
an initial value problem of system (1.1) with the initial data:

(o, u, w)(x,0) = (09, g, wg) X € Rz, (o, u,w)(x,t) = (0,0,0) as|x] = oo, > 0. (1.2)
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The micropolar fluids are non-Newtonian fluids with nonsymmetric stress tensors (called polar
fluids), which were first established by Eringen [3] in the 1960s. To put our results, let’s introduce some
results on the topics of well-posedness for the multidimensional micropolar fluids. For incompressible
case, the authors [8, 10-12] proved a blowup criterion, and the local and global existence of strong
solutions for the whole plane and initial boundary value problem. For the compressible case, provied
that initial energy is suitably small, the existence of global strong/classical solutions can be found
in [4, 13]. Recently, Huang et al. [5] investigated compressible micropolar fluids on a time-dependent
domain with slip boundary conditions, which contains local strong and global weak solutions. On the
other hand, some blowup criteria of the strong solutions for the 3D case are proven in [1,2]. However,
the regularity and uniqueness of the weak solution to the micropolar model for large initial data are
still open and challenge problems even in the two-dimensional case. Thus, it is important to study the
possible mechanism of blow-up to the compressible micropolar model in R?. Motivated by [9, 11], we
will establish a blowup criterion of the compressible micropolar model (1.1) in terms of the L;°LY norm
of p for the 2D case; this gives the first blowup criterion for strong solutions of the 2D compressible
micropolar with a vacuum.

2. Main result and the proof

Denote % £ (e + |x[?)!/? log' "™ (e + |x|?), with 175 > 0.
The local well-posedness result to (1.1)—(1.2) can be similarly obtained by [7] as follows.

Proposition 2.1. Suppose that the initial data (pg, pouo, Powo) satisfy

p0 >0, ¥pge L'nH' n W™, Vu, e L2,
Wo € Hl, \/ﬁoWo S L2, \/,5()1/[0 S Lz, (21)

with g > 2 and a > 1. Then there exist Ty, N > 0, such that the problem (1.1)—(1.2) has a unique strong
solution (p, u, w) on R? x (0, Ty] satisfying

peC(0,Tol; L' n H' n W),

#p e L®0,To; L' N H' n W),

vou, Vu, Vit Jpu, € L=(0, To; L?),

Vow, VitJpw, € L¥(0,To; L), w € L¥(0,To; H') (2.2)
Vu, Vw € L0, To: H') N L' (0, To; W),

ViVu, VtVw € L*(0, Ty; Wh9),

\/;\//_)ut, \/;\/ﬁwh \/;V’flt’ \/ZWI € LZ(RZ x (0, Ty)),

and {
inf f p(x, t)dx > - f po(x, Hdx. 2.3)
0<i<To Jp,, 4 Jg2

Our main result of this paper is stated as the following theorem:

Theorem 2.1. Suppose that the initial data (pg, pouo, Powo) verifies

0020, X¥poe L' N H' " W™, Vuy € L*,wy € H', \jpowo € L?*, potto € L?,
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with g > 2 and a > 1. Let (p,u,w) be a strong solution to the Cauchy problem (1.1)—(1.2). If
0 < T* < oo is the maximal time of existence, then

TILTITI llollz=.7:1) = 0. (2.4)

Remark 2.1. Chen [2] established a Serrin’s blowup criterion for 3D compressible micropolar fluids,
1.e.,

Tli_g,l*(”p”Lm(O,T;L“) + [ Voullso.r:2r) = o0, (2.5)

where r and s satisfy % + % < 1,3 < r < oco. Itis clear that the blowup criterion in (2.4) for compressible
micropolar fluids is weaker than the one in (2.5). Especially, we also notice that (2.4) is no additional
growth condition on the micro-rotational velocity and linear velocity. On the other hand, we also
extend the incompressible case in Zhong [11] to the compressible case.

Now, we introduce the viscous flux of the compressible micropolar equations as follows, F :=
Qu + divu — P(p), V; :=V X u, V, := V+w, which implies

AF = dlv(pu), (/J + K)AVI = VJ'(,DM - 2KV2), ,Ll’AVZ - 4KV2 = VL(pW - 2KV1).

Similar to [2], we give the estimates of the effective viscous flux below.

Lemma 2.1. Denote it = u, + u - Vu, w = w, + u - Vw. Let (p, u, w) be a strong solution of (1.1)—(1.2).
Then for p > 2 there exists a positive constant C depending only on p, u, A, k and i’ such that

IVEllLr + IVVillee +1IVVallee < Cllodllr + liowller + IVulley + VWL + [Iwllze), (2.6)
1F e, + IVillr + 1Valler < Clllpille + llwllz + [Vadlyz + [Vwllzz + llwllzz)'
(IVullzz + [9wllzz + IP().2)7, 2.7)
IVallr + VWil < C(lloillz + llowllz + 1Vall2 + 1Vl + wilz2)'

(Va2 + 19wz + 1P@12)7 + CIPOlr- (2.8)

Now we shall prove Theorem 2.1 by contradiction arguments. So, we assume that the opposite
holds, i.e.,

T11_>HT1 llollzs©.:) £ Mo < 0. (2.9)

To begin with, we have the following basic energy estimate:

T
sup (1Pl + 11 VoullZ + 1l Vowllz.) +f (IVully, + il )dt < C. (2.10)
0

0<t<T

Lemma 2.2. Under the condition (2.9), it holds that for0 <t < T*

T
sup (IIVull}, + [wll,) +f (I Vpully, + Il Vowliz,)dr < C. (2.11)
0

0<t<T
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Proof. Multiplying (1.1), and (1.1); by i and w respectively, then integrating the resulting equations
by parts over R?, we obtain after adding them together that

f (pli) + plw*)dx = - f it - VP(p)dx + u f i Audx + (u + Q) f i - Vdivudx — « f it - rot(rotu)dx

8
+u fv‘vAwdx — 4wavi/dx + ZKIVJ'W - idx + 2Kfr0tmi/dx =: Z I.

i=1

(2.12)

Similar to the estimates of [9], [;(i = 1,...,6) can be given as

6

; I < % f (P(p)divu - ’§‘|vu|2 - %wwﬁ - 'Liz/l(divu)z - g|rotu|2 - 2K|W|2) dx
+ CUIVWIR, + IVull}; + w35,
and that
I; + Iy = 2« f(wrotut + wyrotu)dx + 2« f(Vlw -(u-Vu) +rotu - (u-Vw))dx = 2/((% fwrotudx,

where we have used the fact that

2k f(Vlw ~(u-Vu) +rotu - (u- Vw))dx
= 2Kf(u181u182w + Up0ru1 Oyw — U 01U O\ W — U DrU Oy W)d X
+ 2Kf(u181u261w + Up0 U Orw — U Oru1 O\ W — UrOput1 O w)d X
= 2Kf(u181u102w — Up0rurO1W + Ur 01U Do W — U Dru Oy w)dx
= —2Kf(81u162u1w + ulaélulw)dx + 2Kf((91u2(92u2w + uzafzugw)dx

- 2Kf(81u282u2w + uzaﬁluzw)dx + 2Kf(61u182u1w + ulafzulw)dx
=0.

Now, putting /; into (2.12), by taking advantage of (2.8), (2.9), Holder’s and Young inequalities, we
are led to

B'(1) + f(plb'tlz + plP)dx < C(IVullz, + 1IVwIiZ,) + CUIVullys + IVwll3s) + Cliwlly,

1
<5 Vol + Vw7 + CAIVully, + wll, + 1), (2.13)

where

U+
2

A ’ K .
B(t) := SVl + Eldival, + S19wiE, + Sirotu = 2, - f divuP(p)dx

AIMS Mathematics Volume 9, Issue 9, 25956-25965.



25960

+A4 . ! K
> fz‘nvuniz + “Tndwuniz + %nwn; + Slrotu = 2wl - C.
Then, using (2.10) and Gronwall’s inequality leads to (2.11), the conclusion follows. O

Lemma 2.3. Under the condition (2.9), it holds that

T
sup #(|| Vpoidl7, + [ vowllr,) + f (AIVirll7, + tlwll2,)dr < C. (2.14)
0

0<t<T

Proof. Operating i j[% + div(u-)] and W[a% + div(u-)] to (1.1), and (1.1); respectively, summing up and
integrating by parts over R?, one has

Ld (o o
> f(plul + phi|*)dx
=(u+«k) faj[Au,j + div(uAu;)ldx + p’ IW[AW, + div(uAw)]dx
+ U+ A—-«) lej[a,(?jdivu + div(uddivu)]dx — fuj[ath(p) + div(0;P(p)u)ldx

+ 2Kfuj[Vlwt + 0;(u;V*w)ldx + 2« fW[V X u; + 0;(u;V X u)ldx

;
— 4k f Wiw, + div(uw)]dx =: Z J. (2.15)
i=1
By virtue of estimates in [9], one can similarly give J;(i = 1,...,4) as follows

4 ’
Ji < f (= Vil = (A + p)(divi)* = €IV x i - %Nwﬁ) + C(IVullty + 1IVwilk, + [Iwll?)
=1

1

and
Js :2KfW(VXI;t)dX—2Kf(u'VW(VXH)+M'Vit-VJ'W)dx
<2 f W(V X it)dx + gnvuniz + ClIVull;, + Cliwllys,
Jo = 2KfW(V X it)dx — 2Kf(u “Vu - (VW) + u - V(Y X u))dx
=2k f w(V X )dx,
J; = -4k f W|>dx + 4Kf(u1vi/61w + Uy WOHW + UWOIW + WOy W)dx
= —4k f Wi2dx + 4Kf(u1vi/81w + UpWOLW — U DWW — 1Oy wW)dx

- 4Kf(wwazu2 + wwduy)dx

< —4Kflwl2dx + 8lWwlI7, + ClIVullys + Cliwll;

[4°
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where we have used the following facts that
2/<f(u-VW'(qu)+u-Vl}t~VLw)dx
= 2Kf(u1(91u261w + Ur0111,0;W — U102l W — U ait1 O w)dx
+ 2k f (101110, + U Oait1 Orw — U010\ W — Ur D101 W)d X
= 2Kf(u281u262w — Uy 05,01 w)dx + 2Kf(u181u182w — w1051, 01w)dx
=2k f (01u0q1,w + uﬁ%luzw — O 011w — uzaﬂugw)dx
+ 2Kf(alulazu1w + 1105, i w — Ohu, 01ty w — w0, it w)dx
=2k f (01uz04201,w — D01 itaw)dx + 2k f (01u10201w — Oy 011ty w)dx
< 2k f |Vu|| Vi |w|dx,
2Kf(u Vu -V + u - Vw(V X u))dx
= 2Kf(u161u182w + UpOrut1 W — U 01U O\ W — UrOru 01 W)d X
+ 2Kf(u1(91u281w + U0 Uy DrW — U1 Ox1 O\ W — UrOptt Oy W)d X
= 2Kf(u161u162w — u1Oru 0 W)dx + 2Kf(u261u262vi/ — UpOrur 01 W)dx
= 2Kf((91u1(92ulw + u16%1u1W — 0 u 1 Oru W — ulafzulvi/)dx
+ 2k f (01u02up W + uzagluzw — 01Uy 01 W — uz(')%zuzvi/)dx =0.

Then, inserting J;(i = 1,...,7) into (2.15), and choosing ¢ small enough, leads to

d ’
= f (plie? + phf?)dx + g‘nvuniz + %uvwn; + 26|l

< CUIVpully, + IVpwll7.) + ClIVullz, + CIVwIZ, + Clwli2 Vw7, + C,

(2.16)

where we have used (2.8), and (2.9). Then, multiplying (2.28) by ¢, and integrating resultant over

(0,T), we deduce (2.14) from (2.16), (2.10), (2.11) and Gronwall’s inequality.

Lemma 2.4. Under the condition (2.9), it holds that

T
sup (llollainwia + HIVullgn + HIVWlgn) + f (IVulla + IV°wlio)dr < C.
0

0<t<T

O

(2.17)
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Proof. First, |[Vp|(g > 2) satisfies

%IIVPIIM < C(1 +[IVull)IIVpllze + CIIVullLa
< C( + IVulle)lIVpllzs + Cllpillzs + ClIVWLa, (2.18)
where we used the fact that
IV2ulle < C(llptdle + IV Pllze + IVWllo),  IVWllze < C(llowllze + [IWllze + [Vl o), (2.19)
which follows from the standard L”-estimate for the following elliptic systems:
(u + K)Au + (u + A — k)Vdivu = pit + VP(p) — 2kV*w, ' Aw — dkw = pw — 2V X u.

Next, it follows from the Gargliardo—Nirenberg inequality and Lemma 2.1 that
q q

divallzs + [IVilles < ClIFillzs + ClIPlizs + ClIVills < C(g) + C@IVFIS + C@IVVill5 ™

L4

< C(g) + C(q)(llpil s + [Vwl|o) 7D (2.20)

By using the Beale-Kato-Majda type inequality (cf. [6]), and (2.19), we are led to

IVull < C(lldivalls + IVillzs) log(e + [IV2ullz) + Cl[Vull2 + C
< C(1 + ||pillze + [[VWllze) log(e + |IVpl|zr). (2.21)

Next, by taking advantage of Holder’s and Gagliardo—Nirenberg inequalities, (2.11) and (2.12) that

T T g+l
f loitllodt < f (I1Vpill,; + Al Vil )dt
0 0

Prg?-2g-2

T
< Cf (II Npully, + Vi, + 1 @i + l)dt <C, (2.22)
0

and

2—

T 5 5 T RN 4 r $ 0, a4
f (IVullze + IVwliz,)dt < Cf VWl LIV, * de + Cf IVull L IIV7ull,, " dt
0 0 0

T
S Cf (w22 + Wiz, + IVull2, + lloally,)dr < C, (2.23)
0
which along with Gronwall’s inequality, (2.23) and (2.19) that
T g+l g+l
sup [[Vplls < C, f (IV2ullg +IV°wllo + IVully, + dIVwliz,)dr < C. (2.24)
0<t<T 0

Finally, taking ¢ = 2 in (2.18), one gets from (2.11), (2.21), (2.24), and Gronwall’s inequality that
sup [|Vpoll2 < C. (2.25)

0<t<T

The standard L?-estimate for the elliptic systems, (2.10), (2.12), (2.14) lead to

212 20112 112 12 2 2 2
sup (ZIV-ully, + dIV°wlil.) < C sup «(llpil;> + llowll + IVPIL + IVull, + [Iwll,) < C.
0<t<T 0<t<T

From which, by virtue of (2.24) and (2.25), the conclusion follows. O
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With the aid of (2.17), the following x-weighted estimate of p(x, #) can be found in [9, Lemma 3.7].

Lemma 2.5. Under the condition (2.9), it holds that fora > 1, g>2and 0 < T < T7,

sup [|¥pllzinmawie < C. (2.26)
0<i<T

Lemma 2.6. Under the condition (2.9), it holds that forO < T < T",

T
sup (Il vioudll7. + Il vowill.) +f (AIVill7, + AIVwill7,)dt < C. (2.27)
0

0<t<T
Proof. It follows from (2.19), Holder’s and Young’s inequalites that

1d

5 f(/?|uz|2 + plw Pdx + f[(/x + )|V > + 1 [Vwi*ldx + (u + A — k) f(divu,)zdx + 4Kf|w,|2dx

< 4k f lw,*dx + & f Vi’ dx + C f (Pldivu| + |V P|lulDIdividdx + ClIVull2 |l vioudll:

+ ClIVWll2ll Vil 31l Viowillzs + Cll Vioullsll Vowll sV will 2 + CIV W2l Vioul sVl ]| viowl s
1
+ Cllo*ully ol Vowill s 1V wllz2 + Cll Vpul s IV Wil [V will 2 + Cll vipull ol Vioud Va2

1
+ Cll Voullsll Voudl 1V ull2, + Clioull? Il Voudl IV ull 2 + Cll voullr IV ull 11Vl 2
<4lwll?, + IVl + SUIVul2, + IVwillZ,) + COIVZull7, + IIV2wI,)

+ CI Vot + 11vpwilzs) + CIIE“ull® o, oIl 1% Vpll7, +C
La~

< Awil2, + klIVully, + SI(Vur, w2, + ClI(Vpur, Vews, Vi, Npw)llz, + C, (2.28)

where we have used the following fact that for any o € (0, 1], and any s > 2, see [9, (3.72)],

3a o _oa __oa
07Vl s < Cllo® | g llo® X5 || e lva™# | e < CUI Vvl + IVVI122).

Then, multiplying (2.28) by ¢ and choosing ¢ small enough, we obtain (2.27) after using Gronwall’s
inequality, (2.11), and (2.14). The conclusion follows. O

Proof of Theorem 2.1. Similar to [12], by taking advantage of the estimates in Lemmas 2.2-2.6, we
can define (o, u, w)(x, T*) £ lim,_,7-(p, u, w)(x, t) as a new initial data, which starts from 7*. In view of
the local well-posedness presented in Proposition 2.1, we can extend the local strong solution beyond
T*, which contradicts the definition of 7*. Thus, we complete the proof of Theorem 2.1. O

3. Conclusions

In this work, we show that if the density verifies ||pl|z~(.7:2~) < 0, then the strong solution of the 2D
compressible micropolar viscous fluids with vacuum will exist globally on R? x (0, 7). Consequently,
we generalize the results of Zhong (Discrete Contin. Dyn. Syst. Ser. B, 25 (2020), no. 12, 4603—4615)

to the compressible case. In particular, we don’t need the additional compatibility condition.

AIMS Mathematics Volume 9, Issue 9, 25956-25965.



25964

Author contributions

Dayong Huang: Responsible for the review and editing of the manuscript, as well as the supervision

of the research project; Guoliang Hou: Responsible for visualization and preparation of the original
draft of the manuscript. All authors have read and approved the final version of the manuscript for
publication.

Conflict of interest

The authors declare that they have no competing interests.

References

1.

10.

M. Chen, Blowup criterion for viscous, compressible micropolarfluids with vacuum, Nonlinear
Anal. Real World Appl., 13 (2012), 850-859. https://doi.org/10.1016/j.nonrwa.2011.08.021

M. Chen, B. Huang, J. Zhang, Blowup criterion for the three-dimensional equations of
compressible viscous micropolar fluids with vacuum, Nonlinear Anal., 79 (2013), 1-11.
https://doi.org/10.1016/j.na.2012.10.013

A. C. Eringen, Theory of micropolar fluids, J. Math. Mech. 16 (1966), 1-18. Available from:
https://www. jstor.org/stable/24901466

X. Hou, H. Peng, Global existence for a class large solution to the three-dimensional
micropolar fluid equations with vacuum, J. Math. Anal. Appl., 498 (2021), 124931.
https://doi.org/10.1016/j.jmaa.2021.124931

B. Huang, S. Necasov4, L. Zhang, On the compressible micropolar fluids in a time-dependent
domain, Ann. Mat. Pura Appl., 201 (2022), 2733-2795. https://doi.org/10.1007/s10231-022-
01218-6

T. Kato, Remarks on the Euler and Navier-Stokes equations in R?, Proc. Symp. Pure Math., 45
(1986), 1-7. https://doi.org/10.1090/pspum/045.2/843590

J. Li, Z. Liang, On local classical solutions to the Cauchy problem of the two-dimensional
barotropic compressible Navier-Stokes equations with vacuum, J. Math. Pures Appl., 102 (2014)
640-671. https://doi.org/10.1016/j.matpur.2014.02.001

L. Liu, X. Zhong, Global existence and exponential decay of strong solutions for 2D
nonhomogeneous micropolar fluids with density-dependent viscosity, J. Math. Phys., 62 (2021),
061508. https://doi.org/10.1063/5.0055689

T. Wang, A regularity criterion of strong solutions to the 2D compressible
magnetohydrodynamic equations, Nonlinear Anal. Real World Appl., 31 (2016), 100-118.
https://doi.org/10.1016/j.nonrwa.2016.01.011

G. Wu, X. Zhong, Global strong solution and exponential decay of 3D nonhomogeneous
asymmetric fluid equations with vacuum, Acta Math. Sci. Ser. B (Engl. Ed.), 41 (2021), 1428—
1444. https://doi.org/10.1007/s10473-021-0503-8

AIMS Mathematics Volume 9, Issue 9, 25956-25965.


http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2011.08.021
http://dx.doi.org/https://doi.org/10.1016/j.na.2012.10.013
https://www.jstor.org/stable/24901466
http://dx.doi.org/https://doi.org/10.1016/j.jmaa.2021.124931
http://dx.doi.org/https://doi.org/10.1007/s10231-022-01218-6
http://dx.doi.org/https://doi.org/10.1007/s10231-022-01218-6
http://dx.doi.org/https://doi.org/10.1090/pspum/045.2/843590
http://dx.doi.org/https://doi.org/10.1016/j.matpur.2014.02.001
http://dx.doi.org/https://doi.org/10.1063/5.0055689
http://dx.doi.org/https://doi.org/10.1016/j.nonrwa.2016.01.011
http://dx.doi.org/https://doi.org/10.1007/s10473-021-0503-8

25965

11. X. Zhong, Strong solutions to the Cauchy problem of two-dimensional nonhomogeneous
micropolar fluid equations with nonnegative density, Dyn. Partial Differ. Equ., 18 (2021), 49-69.
https://dx.doi.org/10.4310/DPDE.2021.v18.n1.a4

12. X. Zhong, A blow-up criterion of strong solutions to two-dimensional nonhomogeneous micropolar
fluid equations with vacuum, Discrete Contin. Dyn. Syst. Ser. B, 25 (2020), 4603—4615.
https://doi.org/10.3934/dcdsb.2020115

13.C. Zhu, Q. Tao, Global classical solutions to the compressible micropolar viscous
fluids with large oscillations and vacuum, Math. Method. Appl. Sci., 46 (2023), 28-53.
https://doi.org/10.1002/mma.8490

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 9, Issue 9, 25956-25965.


http://dx.doi.org/https://dx.doi.org/10.4310/DPDE.2021.v18.n1.a4
http://dx.doi.org/https://doi.org/10.3934/dcdsb.2020115
http://dx.doi.org/https://doi.org/10.1002/mma.8490
http://creativecommons.org/licenses/by/4.0

	Introduction
	Main result and the proof
	Conclusions

