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1. Introduction

Partial differential equations are closely related to many physical problems in real life. For example,
the ninth-order linear or non-linear boundary value problems are related to the laminar viscous flow in
a semi-porous channel or the hydro-magnetic stability, and the telegraph equations are related to the
vibrations within objects or the propagation of waves. There are also many different types of partial
differential equations in engineering and other applied sciences. Zhang et al. [1] discussed cubic
spline solutions of ninth-order linear and non-linear boundary value problems using a cubic B-spline.
Shah et al. [2] proposed a new and efficient operational matrix method for solving time-fractional
telegraph equations with Dirichlet boundary conditions. Nisar et al. [3] proposed a hybrid mesh free
framework based on Padé approximation in order to solve the numerical solutions of nonlinear partial
differential equations. There are also many different types of partial differential equations in chemistry,
engineering, and other applied sciences. There have been many successful conclusions about these
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partial differential equations.
Complex partial differential equations of analytic functions also have a wide range of applications.

Bi-analytic functions, the generalizations of analytic functions, have important applications in
elasticity. In 1961, Sander [4] studied the properties of pairs of functions {u(x, y), v(x, y)} with binary
real variables (x, y), which satisfy the system of partial differential equations: ∂u

∂x −
∂v
∂y = θ,

∂u
∂y +

∂v
∂x = ω,

(k + 1) ∂θ
∂x +

∂ω
∂y = 0, (k + 1)∂θ

∂y −
∂ω
∂x = 0,

for the real constant k(k , −1), where θ(x, y) and ω(x, y) are continuously differentiable functions of x
and y. Sander provided the definition of bi-analytic functions of type k, which are of great significance
for studying some physical problems for k > 0, and extended some properties of analytic functions to
bi-analytic functions.

In 1965, Lin and Wu [5] introduced the function class that is more extensive than Sander’s function
class, i.e., bi-analytic functions of the type (λ, k) which are defined by the system of equations: 1

k
∂u
∂x −

∂v
∂y = θ,

∂u
∂y +

1
k
∂v
∂x = ω,

k ∂θ
∂x + λ

∂ω
∂y = 0, k ∂θ

∂y − λ
∂ω
∂x = 0,

where θ(x, y) and ω(x, y) are continuously differentiable functions of x and y, and λ, k are real constants
with λ , 0, 1, k2, and 0 < k < 1. The complex form of the system is

k + 1
2

∂ f
∂z̄
−

k − 1
2

∂ f
∂z
=
λ − k

4λ
φ(z) +

λ + k
4λ

φ(z),

in which φ(z) = kϑ − iλω is analytic and is called the associate function of f (z) = u + iv. In [5],
the general expression and the properties of bi-analytic functions of the type (λ, k) were researched in
detail.

Hua et al. [6] introduced a mechanical interpretation for bi-analytic functions and promoted the
corresponding function theory. Thereafter, bi-analytic functions aroused widespread attention from
many scholars [7–9]. In 1994, Kumar [10] discussed a broader class of functions, i.e., bi-polyanalytic
functions, and investigated several Riemann-Hilbert problems for systems of n-order partial differential
equations applying polyanalytic functions [11] and bi-polyanalytic functions on the unit disk. In
2005, Kumar and Prakash [12] investigated Dirichlet problems for the Poisson equation and some
boundary value problems for bi-polyanalytic functions on the unit disk. They obtained the explicit
representations of the solutions and the corresponding solvable conditions. In 2006, Begehr and
Kumar [13] discussed some complex partial differential equations of higher order. Some boundary
value problems for bi-polyanalytic functions were solved on different conditions on the unit disk.

In recent years, some other boundary value problems for bi-analytic functions were solved [14–17].
With the gradual improvements of the theory for bi-analytic functions and polyanalytic functions [18–
21] in the complex plane, some scholars attempted to generalize the relevant achievements to spaces
of several complex variables [22,23].

In this paper, based on the work of the former researchers, we study a class of Schwarz problems
for polyanalytic functions on the bicylinder. Then, from the perspective of series and applying the
particular solution to the Schwarz problem for polyanalytic functions, we discuss a Dirichlet problem
for bi-polyanalytic functions on the bicylinder.
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In the following, let the bicylinder D2 = D1 × D2 = {(z1, z2) : |z1| < 1, |z2| < 1}, and let ∂0D2 denote
the characteristic boundary of D2. Let C(G) represent the set of continuous functions within G.

2. The Schwarz problem

To get the main results, we need to discuss the following Schwarz problem.
Theorem 2.1. Let gµν ∈ C(∂0D2;R) for 1 ≤ µ, ν ≤ m − 1 (m ≥ 2), and let

ϕ̃(z) =
+∞∑

m1,m2=0

m−1∑
ṽ1=µ

m−1∑
ṽ2=ν

z̄̃v1
1 z̄̃v2

2

ṽ1!̃v2!
um−ṽ1,m−ṽ2

m1,m2
zm1

1 zm2
2 , (2.1)

where

um−ṽ1,m−ṽ2
m1,m2

=



1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−ν−1∑
l2=0

g(µ+l1)(ν+l2)(ζ)
l1!l2!

Ã
dζ1dζ2

ζ1ζ2
, {̃v1=µ

ṽ2=ν
,

1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−1−̃v2∑
l2=0

g(µ+l1)(̃v2+l2)(ζ)
l1!l2!

B̃
∣∣∣∣
v2=̃v2−ν

dζ1dζ2

ζ1ζ2
, { ṽ1=µ

ν<̃v2≤m−1,

1
(2πi)2

∫
∂0D2

m−1−̃v1∑
l1=0

m−ν−1∑
l2=0

g(̃v1+l1)(ν+l2)(ζ)
l1!l2!

C̃
∣∣∣∣
v1=̃v1−µ

dζ1dζ2

ζ1ζ2
, {µ<̃v1≤m−1

ṽ2=ν
,

1
(2πi)2

∫
∂0D2

m−1−̃v1∑
l1=0

m−1−̃v2∑
l2=0

g(̃v1+l1)(̃v2+l2)(ζ)
l1!l2!

D̃
∣∣∣∣v1=̃v1−µ
v2=̃v2−ν

dζ1dζ2

ζ1ζ2
, {µ<̃v1≤m−1

ν<̃v2≤m−1,

(2.2)

and 

Ã = 2
[ m1∑

j1=0

m2∑
j2=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 Cm2−j2

l2
(−ζ2−ζ̄2)l2−m2+j2 ζ̄

j2
2

+ D21|v1=0

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 +D31|v2=0

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

]
− (D11D12 + D22D23 + D32D33)|v1=v2=0

+2(−ζ1−ζ̄1)l1
[ m2∑

j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2 ζ̄

m1
1 +B21D31−

D23+B22

2
B21

]∣∣∣∣
v2=0

+ 2(−ζ2−ζ̄2)l2
[ m1∑

j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 ζ̄

m2
2 +D21C21−

D11+C22

2
C21

]∣∣∣∣
v1=0

+ 2(ζ̄1
m1C21+B21ζ̄2

m2
− B21C21)(−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2 ,

B̃ = 2
{[ m1∑

j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 − (−ζ1−ζ̄1)l1 ζ̄m1

1

] m2∑
j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2

+ D21|v1=0

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

− B21D31

}
− (D11D12 + D22|v1=0D23 + D32D33 − B21D23 − B21B22),

AIMS Mathematics Volume 9, Issue 9, 25908–25933.



25911



C̃ = 2
{ m1∑

j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1

[ m2∑
j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2 − (−ζ2−ζ̄2)l2 ζ̄m2

2

]
+ D21

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31|v2=0

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

− D21C21

}
− (D11D12 + D22D23 + D32D33|v2=0 − D11C21 −C22C21),

D̃ = 2
[ m1∑

j1=0

m2∑
j2=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 Cm2−j2

l2
(−ζ2−ζ̄2)l2−m2+j2 ζ̄

j2
2

+ D21

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

]
− (D11D12 + D22D23 + D32D33),

in which

D11 =

{
Cm1

l1
(−ζ1−ζ̄1)l1−m1 , 0 ≤ m1 ≤ l1,

0, m1 > l1,
D12 =

{
Cm2

l2
(−ζ2−ζ̄2)l2−m2 , 0 ≤ m2 ≤ l2,

0, m2 > l2,

D21 =

{
0, 0 ≤ m1 < l1,

(−1)l1+v1 ζ̄m1−l1
1 ,m1 ≥ l1,

D22 =

{
(−1)m1+v1 ,m1 = l1,

0, m1 , l1,

D23 =

{
Cm2

l2
(−ζ2 − ζ̄2)l2−m2 , 0 ≤ m2 ≤ l2,

0, m2 > l2,
D31 =

{
0, 0 ≤ m2 < l2,

(−1)l2+v2 ζ̄m2−l2
2 ,m2 ≥ l2,

D32 =

{
Cm1

l1
(−ζ1 − ζ̄1)l1−m1 , 0 ≤ m1 ≤ l1,

0, m1 > l1,
D33 =

{
(−1)m2+v2,m2 = l2,

0, m2 , l2,

and

C21 =

{
0, m2 ≥ 1,
1, m2 = 0,

C22 =

{
(−1)m1+v1 , m1 = l1,

0, m1 , l1,

B21 =

{
0, m1 ≥ 1,
1, m1 = 0,

B22 =

{
(−1)m2+v2 , m2 = l2,

0, m2 , l2.

Then, ϕ̃(z) satisfies

ℜ∂
µ
z̄1
∂νz̄2
ϕ̃(z)=gµν(z) (z ∈ ∂0D2), ℑ∂µz̄1

∂νz̄2
ϕ̃(0, z2)=0=ℑ∂µz̄1

∂νz̄2
ϕ̃(z1, 0) (z1∈D1, z2∈D2).

Proof: 1) Let

ϕ̃(z) =
m−1∑
ṽ1=µ

m−1∑
ṽ2=ν

z̄̃v1
1 z̄̃v2

2

ṽ1!̃v2!
uṽ1ṽ2(z), (2.3)
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in which

uṽ1ṽ2(z) =



1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−ν−1∑
l2=0

g(µ+l1)(ν+l2)(ζ)
l1!l2!

(A1−A2−A3+A4)
dζ1dζ2

ζ1ζ2
, {̃v1=µ

ṽ2=ν
,

1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−1−̃v2∑
l2=0

g(µ+l1)(̃v2+l2)(ζ)
l1!l2!

(B1−B2)
∣∣∣∣
v2=̃v2−ν

dζ1dζ2

ζ1ζ2
, { ṽ1=µ

ν<̃v2≤m−1,

1
(2πi)2

∫
∂0D2

m−1−̃v1∑
l1=0

m−ν−1∑
l2=0

g(̃v1+l1)(ν+l2)(ζ)
l1!l2!

(C1−C2)
∣∣∣∣
v1=̃v1−µ

dζ1dζ2

ζ1ζ2
, {µ<̃v1≤m−1

ṽ2=ν
,

1
(2πi)2

∫
∂0D2

m−1−̃v1∑
l1=0

m−1−̃v2∑
l2=0

g(̃v1+l1)(̃v2+l2)(ζ)
l1!l2!

D
∣∣∣∣v1=̃v1−µ
v2=̃v2−ν

dζ1dζ2

ζ1ζ2
, {µ<̃v1≤m−1

ν<̃v2≤m−1,

(2.4)

is analytic on D2, and



A1 = [(z1−ζ1−ζ̄1)l1(z2−ζ2−ζ̄2)l2+(−z1)l1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2]
[

2ζ1ζ2
(ζ1−z1)(ζ2−z2)−1

]
,

A2 = (−ζ1−ζ̄1)l1
{
(z2−ζ2−ζ̄2)l2[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)−1] + (−z2)l2[ 2ζ2
ζ2−z2
−1]
}
,

A3 = (−ζ2−ζ̄2)l2
{
(z1−ζ1−ζ̄1)l2[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)−1] + (−z1)l1[ 2ζ1
ζ1−z1
−1]
}
,

A4 = (−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2[ 2ζ1
ζ1−z1
+

2ζ2
ζ2−z2
−2],

B1 = [(z1−ζ1−ζ̄1)l1(z2−ζ2−ζ̄2)l2+(−z1)l1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2(−1)v2]
·
[

2ζ1ζ2
(ζ1−z1)(ζ2−z2)−1

]
,

B2 = (−ζ1−ζ̄1)l1
{
(z2−ζ2−ζ̄2)l2[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)−1] + (−z2)l2(−1)v2[ 2ζ2
ζ2−z2
−1]
}
,

C1 = [(z1−ζ1−ζ̄1)l1(z2−ζ2−ζ̄2)l2+(−z1)l1(−1)v1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2]
·
[

2ζ1ζ2
(ζ1−z1)(ζ2−z2)−1

]
,

C2 = (−ζ2−ζ̄2)l2
{
(z1−ζ1−ζ̄1)l2[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)−1] + (−z1)l1(−1)v1[ 2ζ1
ζ1−z1
−1]
}
,

D = [(z1−ζ1−ζ̄1)l1(z2−ζ2−ζ̄2)l2+(−z1)l1(−1)v1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2(−1)v2]
·
[

2ζ1ζ2
(ζ1−z1)(ζ2−z2)−1

]
.

In the following, we will show that ϕ̃(z) satisfies

ℜ∂
µ
z̄1
∂νz̄2
ϕ̃(z)=gµν(z) (z ∈ ∂0D2), ℑ∂µz̄1

∂νz̄2
ϕ̃(0, z2)=0=ℑ∂µz̄1

∂νz̄2
ϕ̃(z1, 0) (z1∈D1, z2∈D2).

By (2.3), we get that

∂
µ
z̄1
∂νz̄2
ϕ̃(z)=

m−1∑
ṽ1=µ

m−1∑
ṽ2=ν

z̄̃v1−µ
1 z̄̃v2−ν

2

(̃v1 − µ)!(̃v2 − ν)!
uṽ1ṽ2(z)

=

m−1−µ∑
v1=0

m−1−ν∑
v2=0

z̄v1
1 z̄v2

2

v1!v2!
u(v1+µ)(v2+ν)(z),

(2.5)
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where

u(v1+µ)(v2+ν) =



1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−ν−1∑
l2=0

g(µ+l1)(ν+l2)(ζ)
l1!l2!

(A1−A2−A3+A4)
dζ1dζ2

ζ1ζ2
, {v1=0

v2=0,

1
(2πi)2

∫
∂0D2

m−µ−1∑
l1=0

m−1−v2−ν∑
l2=0

g(µ+l1)(v2+ν+l2)(ζ)
l1!l2!

(B1−B2)
dζ1dζ2

ζ1ζ2
, { v1=0

0<v2≤m−1−ν,

1
(2πi)2

∫
∂0D2

m−1−v1−µ∑
l1=0

m−ν−1∑
l2=0

g(v1+µ+l1)(ν+l2)(ζ)
l1!l2!

(C1−C2)
dζ1dζ2

ζ1ζ2
, {0<v1≤m−1−µ

v2=0 ,

1
(2πi)2

∫
∂0D2

m−1−v1−µ∑
l1=0

m−1−v2−ν∑
l2=0

g(v1+µ+l1)(v2+ν+l2)(ζ)
l1!l2!

D
dζ1dζ2

ζ1ζ2
, {0<v1≤m−1−µ

0<v2≤m−1−ν.

Therefore, for 1 ≤ k1, k2 ≤ m − 1,

∂m−k1
z̄1

∂m−k2
z̄2

ϕ̃(z)=
k1−1∑
v1=0

k2−1∑
v2=0

z̄v1
1 z̄v2

2

v1!v2!
u(v1+m−k1)(v2+m−k2)(z), (2.6)

in which

u(v1+m−k1)(v2+m−k2) =



∫
∂0D2

k1−1∑
l1=0

k2−1∑
l2=0

g(m−k1+l1)(m−k1+l2)(ζ)
(2πi)2l1!l2!

(A1−A2−A3+A4)
dζ1dζ2

ζ1ζ2
, {v1=0

v2=0,∫
∂0D2

k1−1∑
l1=0

k2−1−v2∑
l2=0

g(m−k1+l1)(m−k2+v2+l2)(ζ)
(2πi)2l1!l2!

(B1−B2)
dζ1dζ2

ζ1ζ2
, { v1=0

0<v2≤k2−1,∫
∂0D2

k1−1−v1∑
l1=0

k2−1∑
l2=0

g(m−k1+v1+l1)(m−k2+l2)(ζ)
(2πi)2l1!l2!

(C1−C2)
dζ1dζ2

ζ1ζ2
, {0<v1≤k1−1

v2=0 ,∫
∂0D2

k1−1−v1∑
l1=0

k2−1−v2∑
l2=0

g(m−k1+v1+l1)(m−k2+v2+l2)(ζ)
(2πi)2l1!l2!

D
dζ1dζ2

ζ1ζ2
, {0<v1≤k1−1

0<v2≤k2−1.

Let

ϕ1(z) =
z̄v1

1 z̄v2
2

v1!v2!
1

(2πi)2

∫
∂0D2

k1−1−v1∑
l1=0

k2−1−v2∑
l2=0

g(m−k1+v1+l1)(m−k2+v2+l2)(ζ)
l1!l2!

dζ1dζ2

ζ1ζ2
.

For 1 ≤ k1, k2 ≤ m − 1, (2.6) follows that

∂m−k1
z̄1

∂m−k2
z̄2

ϕ̃(z) =
0∑

v1=0

0∑
v2=0

ϕ1(z)(A1−A2−A3+A4) +
0∑

v1=0

k2−1∑
v2=1

ϕ1(z)(B1−B2)

+

k1−1∑
v1=1

0∑
v2=0

ϕ1(z)(C1−C2) +
k1−1∑
v1=1

k2−1∑
v2=1

ϕ1(z)D

=

k1−1∑
v1=0

k2−1∑
v2=0

ϕ1(z)D −
0∑

v1=0

k2−1∑
v2=0

ϕ1(z)B2 −

k1−1∑
v1=0

0∑
v2=0

ϕ1(z)C2 +

0∑
v1,v2=0

ϕ1(z)A4

=
1

(2πi)2

∫
∂0D2

k1−1∑
v1=0

k1−1−v1∑
l1=0

k2−1∑
v2=0

k2−1−v2∑
l2=0

z̄v1
1 z̄v2

2

v1!v2!
g(m−k1+v1+l1)(m−k2+v2+l2)(ζ)

l1!l2!
[(z1−ζ1−ζ̄1)l1(z2−ζ2
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−ζ̄2)l2+(−z1)l1(−1)v1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2(−1)v2]
[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]dζ
ζ

−
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
v2=0

k2−1−v2∑
l2=0

z̄v2
2

v2!
g(m−k1+λ1)(m−k2+v2+l2)(ζ)

λ1!l2!
(−ζ1−ζ̄1)λ1

·
{
(z2−ζ2−ζ̄2)l2[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z2)l2(−1)v2[

2ζ2

ζ2 − z2
−1]
}dζ1dζ2

ζ1ζ2

−
1

(2πi)2

∫
∂0D2

k1−1∑
v1=0

k1−1−v1∑
l1=0

k2−1∑
λ2=0

z̄v1
1

v1!
g(m−k1+v1+l1)(m−k2+λ2)(ζ)

l1!λ2!
(−ζ2−ζ̄2)λ2

·
{
(z1−ζ1−ζ̄1)l1[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z1)l1(−1)v1[

2ζ1

ζ1 − z1
−1]
}dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2[
2ζ1

ζ1−z1
+

2ζ2

ζ2−z2
−2]

dζ
ζ

=
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

λ1∑
v1=0

λ2∑
v2=0

z̄v1
1 z̄v2

2

λ1!λ2!
Cv1
λ1
Cv2
λ2

g(m−k1+λ1)(m−k2+λ2)[(z1−ζ1−ζ̄1)λ1−v1(z2−ζ2−ζ̄2)λ2−v2

+(−z1)λ1−v1(−1)v1(z2−ζ2−ζ̄2)λ2−v2+(z1−ζ1−ζ̄1)λ1−v1(−z2)λ2−v2(−1)v2]
[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]dζ
ζ

−
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

(−ζ1−ζ̄1)λ1

λ1!λ2!

λ2∑
v2=0

Cv2
λ2

z̄v2
2 g(m−k1+λ1)(m−k2+λ2)(ζ)

·
{
(z2−ζ2−ζ̄2)λ2−v2[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z2)λ2−v2(−1)v2[

2ζ2

ζ2 − z2
−1]
}dζ1dζ2

ζ1ζ2

−
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

(−ζ2−ζ̄2)λ2

λ1!λ2!

λ1∑
v1=0

Cv1
λ1

z̄v1
1 g(m−k1+λ1)(m−k2+λ2)(ζ)

·
{
(z1−ζ1−ζ̄1)λ1−v1[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z1)λ1−v1(−1)v1[

2ζ1

ζ1 − z1
−1]
}dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2[
2ζ1

ζ1−z1
+

2ζ2

ζ2−z2
−2]

dζ1dζ2

ζ1ζ2

=
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

1
λ1!λ2!

{ λ1∑
v1=0

Cv1
λ1

(z1−ζ1−ζ̄1)λ1−v1 z̄v1
1

λ2∑
v2=0

Cv2
λ2

(z2−ζ2−ζ̄2)λ2−v2 z̄v2
2

−(−ζ1−ζ̄1)λ1

λ2∑
v2=0

Cv2
λ2

(z2−ζ2−ζ̄2)λ2−v2 z̄v2
2+

λ1∑
v1=0

Cv1
λ1

(−z1)λ1−v1(−z̄1)v1

λ2∑
v2=0

Cv2
λ2

(z2−ζ2−ζ̄2)λ2−v2 z̄v2
2

−

λ1∑
v1=0

Cv1
λ1

(z1−ζ1−ζ̄1)λ1−v1 z̄v1
1 (−ζ2−ζ̄2)λ2+

λ1∑
v1=0

Cv1
λ1

(z1−ζ1−ζ̄1)λ1−v1z̄v1
1

λ2∑
v2=0

Cv2
λ2

(−z2)λ2−v2(−z̄2)v2
}

· g(m−k1+λ1)(m−k2+λ2)(ζ)
[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]dζ1dζ2

ζ1ζ2

−
1

(2πi)2

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
λ1!λ2!

{
(−ζ1−ζ̄1)λ1

λ2∑
v2=0

Cv2
λ2

(−z2)λ2−v2(−z̄2)v2[
2ζ2

ζ2−z2
−1]
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+

λ1∑
v1=0

Cv1
λ1

(−z1)λ1−v1(−̄z1)v1(−ζ2−ζ̄2)λ2[
2ζ1

ζ1−z1
−1]−(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2[

2ζ1

ζ1−z1
+

2ζ2

ζ2−z2
−2]
}dζ
ζ

=

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)

(2πi)2λ1!λ2!

{
(z1+z̄1−ζ1−ζ̄1)λ1(z2+z̄2−ζ2−ζ̄2)λ2−[(−ζ1−ζ̄1)λ1−(−z1−z̄1)λ1]

· (z2+z̄2−ζ2−ζ̄2)λ2 − (z1+z̄1−ζ1−ζ̄1)λ1[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2]
}[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)

(2πi)2λ1!λ2!
(−ζ1−ζ̄1)λ1[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2][

2ζ2

ζ2−z2
−1]

dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)

(2πi)2λ1!λ2!
[(−ζ1−ζ̄1)λ1−(−z1−z̄1)λ1](−ζ2−ζ̄2)λ2[

2ζ1

ζ1−z1
−1]

dζ1dζ2

ζ1ζ2
.

(2.7)

Applying the properties of the Cauchy kernels on D2 and D, for z ∈ ∂0D2, (2.7) leads to

ℜ∂m−k1
z̄1

∂m−k2
z̄2

ϕ̃(z)

=

k1−1∑
λ1=0

k2−1∑
λ2=0

{g(m−k1+λ1)(m−k2+λ2)(ζ)
λ1!λ2!

[
(z1+z̄1−ζ1−ζ̄1)λ1(z2+z̄2−ζ2−ζ̄2)λ2−[(−ζ1−ζ̄1)λ1

−(−z1−z̄1)λ1](z2+z̄2−ζ2−ζ̄2)λ2 − (z1+z̄1−ζ1−ζ̄1)λ1[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2]
]}∣∣∣∣ζ1=z1

ζ2=z2

+

∫
∂D1

k1−1∑
λ1=0

k2−1∑
λ2=0

(−ζ1−ζ̄1)λ1

2πλ1!λ2!
{g(m−k1+λ1)(m−k2+λ2)(ζ)[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2]}|ζ2=z2

dζ1

iζ1

+

∫
∂D2

k1−1∑
λ1=0

k2−1∑
λ2=0

(−ζ2−ζ̄2)λ2

2πλ1!λ2!
{g(m−k1+λ1)(m−k2+λ2)(ζ)[(−ζ1−ζ̄1)λ1−(−z1−z̄1)λ1]}|ζ1=z1

dζ2

iζ2

= g(m−k1)(m−k2)(z),

which meansℜ∂µz̄1
∂νz̄2
ϕ̃(z) = gµν(z) for z ∈ ∂0D2.

In addition, by (2.7), we get that

ℑ∂m−k1
z̄1

∂m−k2
z̄2

ϕ̃(0, z2)

=ℑ
{∫

∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

[
(−ζ1−ζ̄1)λ1(z2+z̄2−ζ2−ζ̄2)λ2−(−ζ1−ζ̄1)λ1

· (z2+z̄2−ζ2−ζ̄2)λ2 − (−ζ1−ζ̄1)λ1[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2]
]( 2ζ2

ζ2−z2
−1
)dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1[(−ζ2−ζ̄2)λ2−(−z2−z̄2)λ2][
2ζ2

ζ2−z2
−1]

dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2
dζ1dζ2

ζ1ζ2

}
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= ℑ
{ ∫

∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2
dζ1dζ2

ζ1ζ2

}
= 0.

Similarly, we have that

ℑ∂m−k1
z̄1

∂m−k2
z̄2

ϕ̃(z1, 0)

=ℑ
{∫

∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

[
(z1+z̄1−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2−[(−ζ1−ζ̄1)λ1

− (−z1−z̄1)λ1](−ζ2−ζ̄2)λ2 − (z1+z̄1−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2
]( 2ζ1

ζ1−z1
−1
)dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2
dζ1dζ2

ζ1ζ2

+

∫
∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

[(−ζ1−ζ̄1)λ1−(−z1−z̄1)λ1](−ζ2−ζ̄2)λ2[
2ζ1

ζ1−z1
−1]

dζ
ζ

}
=ℑ
{ ∫

∂0D2

k1−1∑
λ1=0

k2−1∑
λ2=0

g(m−k1+λ1)(m−k2+λ2)(ζ)
(2πi)2λ1!λ2!

(−ζ1−ζ̄1)λ1(−ζ2−ζ̄2)λ2
dζ1dζ2

ζ1ζ2

}
= 0.

Therefore,
ℑ∂

µ
z̄1
∂νz̄2
ϕ̃(0, z2) = 0 = ℑ∂µz̄1

∂νz̄2
ϕ̃(z1, 0).

2) In the expression of uṽ1ṽ2(z) determined by (2.4),

D = [(z1−ζ1−ζ̄1)l1(z2−ζ2−ζ̄2)l2+(−z1)l1(−1)v1(z2−ζ2−ζ̄2)l2+(z1−ζ1−ζ̄1)l1(−z2)l2(−1)v2]

·
[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]

=
[ l1∑

p1=0

Cp1
l1

zp1
1 (−ζ1−ζ̄1)l1−p1

l2∑
q1=0

Cq1
l2

zq1
2 (−ζ2−ζ̄2)l2−q1+(−z1)l1(−1)v1

l2∑
q1=0

Cq1
l2

zq1
2 (−ζ2−ζ̄2)l2−q1

+

l1∑
p1=0

Cp1
l1

zp1
1 (−ζ1−ζ̄1)l1−p1(−z2)l2(−1)v2

][
2
∞∑

j1=0

z j1
1

ζ
j1
1

∞∑
j2=0

z j2
2

ζ
j2
2

−1
]
.

(2.8)

Moreover, we have that
l1∑

p1=0

Cp1
l1

zp1
1 (−ζ1−ζ̄1)l1−p1

l2∑
q1=0

Cq1
l2

zq1
2 (−ζ2−ζ̄2)l2−q1

[
2
+∞∑
j1=0

z j1
1

ζ
j1
1

∞∑
j2=0

z j2
2

ζ
j2
2

−1
]

= 2
l1∑

p1=0

+∞∑
j1=0

Cp1
l1

(−ζ1−ζ̄1)l1−p1 ζ̄
j1
1 zp1+ j1

1

l2∑
q1=0

+∞∑
j2=0

Cq1
l2

(−ζ2−ζ̄2)l2−q1 ζ̄
j2
2 zq1+ j2

2

−

l1∑
p1=0

l2∑
q1=0

Cp1
l1

Cq1
l2

(−ζ1−ζ̄1)l1−p1(−ζ2−ζ̄2)l2−q1zp1
1 zq1

2
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= 2
+∞∑
j1=0

l1+ j1∑
m1= j1

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1 zm1

1

+∞∑
j2=0

l2+ j2∑
m2= j2

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 zm2

2

−

l1∑
m1=0

l2∑
m2=0

Cm1
l1

Cm2
l2

(−ζ1−ζ̄1)l1−m1(−ζ2−ζ̄2)l2−m2zm1
1 zm2

2

= 2
+∞∑

m1=0

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1 zm1

1

+∞∑
m2=0

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 zm2

2

−

l1∑
m1=0

l2∑
m2=0

Cm1
l1

Cm2
l2

(−ζ1−ζ̄1)l1−m1(−ζ2−ζ̄2)l2−m2zm1
1 zm2

2

=

+∞∑
m1,m2=0

[
2

m1∑
j1=0

m2∑
j2=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 Cm2−j2

l2
(−ζ2−ζ̄2)l2−m2+j2 ζ̄

j2
2 −D11D12

]
zm1

1 zm2
2 , (2.9)

in which

D11 =

{
Cm1

l1
(−ζ1−ζ̄1)l1−m1 , 0 ≤ m1 ≤ l1,

0, m1 > l1,
D12 =

{
Cm2

l2
(−ζ2−ζ̄2)l2−m2 , 0 ≤ m2 ≤ l2,

0, m2 > l2,

and

(−z1)l1(−1)v1

l2∑
q1=0

Cq1
l2

zq1
2 (−ζ2−ζ̄2)l2−q1

[
2
∞∑

j1=0

z j1
1

ζ
j1
1

+∞∑
j2=0

z j2
2

ζ
j2
2

−1
]

= 2
+∞∑
j1=0

(−1)l1+v1 ζ̄
j1
1 zl1+ j1

1

+∞∑
j2=0

l2∑
q1=0

Cq1
l2

(−ζ2−ζ̄2)l2−q1 ζ̄
j2
2 zq1+ j2

2

− zl1
1 (−1)l1+v1

l2∑
q1=0

Cq1
l2

(−ζ2−ζ̄2)l2−q1zq1
2

= 2
+∞∑

m1=l1

(−1)l1+v1 ζ̄m1−l1
1 zm1

1

+∞∑
m2=0

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 zm2

2

−

l2∑
m2=0

(−1)l1+v1Cm2
l2

(−ζ2−ζ̄2)l2−m2zl1
1 zm2

2

=

+∞∑
m1,m2=0

[
2D21

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 − D22D23

]
zm1

1 zm2
2 ,

(2.10)

where

D21 =

{
0, 0 ≤ m1 < l1,

(−1)l1+v1ζ̄m1−l1
1 ,m1 ≥ l1,

D22 =

{
(−1)m1+v1,m1 = l1,

0, m1 , l1,
D23 =

{
Cm2

l2
(−ζ2−ζ̄2)l2−m2 , 0 ≤ m2≤ l2,

0, m2 > l2.
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Similarly, we get that

l1∑
p1=0

Cp1
l1

zp1
1 (−ζ1−ζ̄1)l1−p1(−z2)l2(−1)v2

[
2
∞∑

j1=0

z j1
1

ζ
j1
1

+∞∑
j2=0

z j2
2

ζ
j2
2

−1
]

=

+∞∑
m1,m2=0

[
2D31

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1 − D32D33

]
zm1

1 zm2
2 ,

(2.11)

in which

D31 =

{
0, 0 ≤ m2 < l2,

(−1)l2+v2ζ̄m2−l2
2 ,m2 ≥ l2,

D32 =

{
Cm1

l1
(−ζ1−ζ̄1)l1−m1, 0≤ m1≤ l1,

0, m1 > l1,
D33 =

{
(−1)m2+v2,m2 = l2,

0, m2 , l2.

Plugging (2.9)–(2.11) into (2.8) gives that

D = 2
+∞∑

m1,m2=0

{[ m1∑
j1=0

m2∑
j2=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 Cm2−j2

l2
(−ζ2−ζ̄2)l2−m2+j2 ζ̄

j2
2

+ D21

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

]
−

1
2

(D11D12 + D22D23 + D32D33)
}
zm1

1 zm2
2 .

(2.12)

In addition, as the result of

(z1−ζ1−ζ̄1)l2
[ 2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1
]
+ (−z1)l1(−1)v1

[ 2ζ1

ζ1 − z1
−1
]

=

l1∑
p1=0

Cp1
l1

zp1
1 (−ζ1−ζ̄1)l1−p1

[
2
+∞∑
j1=0

z j1
1

ζ
j1
1

+∞∑
j2=0

z j2
2

ζ
j2
2

− 1
]
+ zl1

1 (−1)l1+v1
(
2
+∞∑
j1=0

z j1
1

ζ
j1
1

− 1
)

= 2
+∞∑

m1=0

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1 zm1

1

+∞∑
m2=0

ζ̄m2
2 zm2

2 −

l1∑
p1=0

Cp1
l1

(−ζ1−ζ̄1)l1−p1zp1
1

+ 2
+∞∑

m1=l1

(−1)l1+v1 ζ̄m1−l1
1 zm1

1 − (−1)l1+v1zl1
1

= 2
+∞∑

m1,m2=0

[ m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1 ζ̄

m2
2 + D21C21 −

1
2

(D11 +C22)C21

]
zm1

1 zm2
2 ,

in which

C21 =

{
0, m2 ≥ 1,
1, m2 = 0,

C22 =

{
(−1)m1+v1 , m1 = l1,

0, m1 , l1,

we have that

C2 = (−ζ2−ζ̄2)l2
{
(z1−ζ1−ζ̄1)l2[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z1)l1(−1)v1[

2ζ1

ζ1 − z1
−1]
}

=2(−ζ2−ζ̄2)l2
+∞∑

m1,m2=0

[ m1∑
j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 ζ̄

m2
2 +D21C21−

D11+C22

2
C21

]
zm1

1 zm2
2 ,

(2.13)
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which follows that

C1 −C2 = D|v2=0 −C2

= 2
+∞∑

m1,m2=0

{ m1∑
j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1

[ m2∑
j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2 − (−ζ2−ζ̄2)l2 ζ̄m2

2

]
+ D21

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31|v2=0

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

− D21C21 −
1
2

(D11D12 + D22D23 + D32D33|v2=0 − D11C21 −C22C21)
}
zm1

1 zm2
2 .

(2.14)

Similarly, we have that

B2 = (−ζ1−ζ̄1)l1
{
(z2−ζ2−ζ̄2)l2[

2ζ1ζ2

(ζ1−z1)(ζ2−z2)
−1] + (−z2)l2(−1)v2[

2ζ2

ζ2 − z2
−1]
}

=2(−ζ1−ζ̄1)l1
+∞∑

m1,m2=0

[ m2∑
j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2 ζ̄

m1
1 +B21D31−

D23+B22

2
B21

]
zm1

1 zm2
2 ,

(2.15)

and

B1 − B2 = D|v1=0 − B2

= 2
+∞∑

m1,m2=0

{[ m1∑
j1=0

Cm1−j1
l1

(−ζ1−ζ̄1)l1−m1+j1 ζ̄
j1
1 − (−ζ1−ζ̄1)l1 ζ̄m1

1

] m2∑
j2=0

Cm2−j2
l2

(−ζ2−ζ̄2)l2−m2+j2 ζ̄
j2
2

+ D21|v1=0

m2∑
j2=0

Cm2− j2
l2

(−ζ2−ζ̄2)l2−m2+ j2 ζ̄
j2
2 + D31

m1∑
j1=0

Cm1− j1
l1

(−ζ1−ζ̄1)l1−m1+ j1 ζ̄
j1
1

− B21D31 −
1
2

(D11D12 + D22|v1=0D23 + D32D33 − B21D23 − B21B22)
}
zm1

1 zm2
2 ,

(2.16)

in which

B21 =

{
0, m1 ≥ 1,
1, m1 = 0,

B22 =

{
(−1)m2+v2 , m2 = l2,

0, m2 , l2.

Therefore,

A1 − A2 − A3 + A4 = D|v1=v2=0 − B2|v2=0 −C2|v1=0 + A4

= D|v1=v2=0 − B2|v2=0 −C2|v1=0

+ 2
+∞∑

m1,m2=0

(ζ̄1
m1C21+B21ζ̄2

m2
− B21C21)(−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2zm1

1 zm2
2

(2.17)
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as the result of

A4 = (−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2
[ 2ζ1

ζ1 − z1
+

2ζ2

ζ2 − z2
−2
]

= 2(−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2
[ +∞∑

j1=0

z j1
1

ζ
j1
1

+

+∞∑
j2=0

z j2
2

ζ
j2
2

−1
]

= 2(−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2
[ +∞∑

m1=0

ζ̄1
m1zm1

1

+∞∑
m2=0

C21zm2
2 +

+∞∑
m1=0

B21zm1
1

+∞∑
m2=0

ζ̄2
m2zm2

2

−

+∞∑
m1=0

B21zm1
1

+∞∑
m2=0

C21zm2
2

]
= 2(−ζ1−ζ̄1)l1(−ζ2−ζ̄2)l2

+∞∑
m1,m2=0

(ζ̄1
m1C21+B21ζ̄2

m2
− B21C21)zm1

1 zm2
2 .

On the other hand, due to the analyticity of the function uṽ1ṽ2(z), it can be expressed as

uṽ1ṽ2(z) =
+∞∑

m1,m2=0

um−ṽ1,m−ṽ2
m1,m2

zm1
1 zm2

2 , µ ≤ ṽ1 ≤ m − 1, ν ≤ ṽ2 ≤ m − 1. (2.18)

Plugging (2.12), (2.14), (2.16), and (2.17) into (2.4), and considering the Eq (2.18), we get (2.2).
Moreover, (2.18) and (2.3) lead to (2.1). Therefore, from the result in the first part (1), it can be
concluded that ϕ̃(z) determined by (2.1) satisfies

ℜ∂
µ
z̄1
∂νz̄2
ϕ̃(z)=gµν(z) (z∈∂0D2), ℑ∂µz̄1

∂νz̄2
ϕ̃(0, z2)=0=ℑ∂µz̄1

∂νz̄2
ϕ̃(z1, 0) (z1∈D1, z2∈D2).

3. The Dirichlet problem

Theorem 3.1. Let φ ∈ C(∂0D2;C), λ ∈ R \ {−1, 0, 1}, and let gµν ∈ C(∂0D2;R) for 1 ≤ µ, ν ≤ m − 1
(m ≥ 2). Then, the problem

∂z̄1∂z̄2 f (z) =
λ − 1

4λ
ϕ(z) +

λ + 1
4λ

ϕ̄(z), ∂m
z̄1
∂m

z̄2
ϕ(z) = 0 (z ∈ D2)

with the conditions

f (z) = φ(z), ℜ∂µz̄1
∂νz̄2
ϕ(z) = gµν(z) (z ∈ ∂0D2), ℑ∂µz̄1

∂νz̄2
ϕ(0, z2) = 0 = ℑ∂µz̄1

∂νz̄2
ϕ(z1, 0)

is solvable and the solution is

f (z) =
λ − 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

zm1
1 zm2

2 z̄1z̄2+

+∞∑
m1,m2=0

m−1∑
v1=µ

m−1∑
v2=ν

um−v1,m−v2
m1,m2 zm1

1 zm2
2 · z̄

v1+1
1 z̄v2+1

2

(v1 + 1)!(v2 + 1)!

]
+
λ + 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

z̄m1+1
1

m1 + 1
z̄m2+1

2

m2 + 1
+

+∞∑
m1,m2=0

m−1∑
v1=µ

m−1∑
v2=ν

zv1
1 zv2

2

v1!v2!

· um−v1,m−v2
m1,m2

z̄m1+1
1

m1 + 1
z̄m2+1

2

m2 + 1

]
+

+∞∑
m1,m2=0

bm1,m2z
m1
1 zm2

2 ,
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where um−v1,m−v2
m1,m2 is determined by (2.2) (in which ṽ1 and ṽ2 are replaced by v1 and v2, respectively), and

u0,0
m1,m2 , bm1,m2 are determined by the following:

(i) for 1 ≤ m1 ≤ m − 1 and 1 ≤ m2 ≤ m − 1,

u0,0
m1,m2

= (m1 + 1)(m2 + 1)
{ λ

λ+1
1
π2

∫ 2π

0
e−it1(m1+1)

∫ 2π

0
e−it2(m2+1)φ(eit1,eit2)dt2dt1

−
λ − 1
λ + 1

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−m1−v1),(m−m2−v2)

(m − v1 + 1)!(m − v2 + 1)!

−

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(m+m1−v1),(m+m2−v2)

(m + m1 − v1 + 1)(m + m2 − v2 + 1)

}
;

(3.1)

(ii) for m1 ≥ 1 and m2 ≥ 1,

u0,0
0,0 =

λ + 1
(2π)2

∫ 2π

0
e−it1

∫ 2π

0
e−it2φ(eit1 , eit2)dt2dt1 −

λ − 1
(2π)2

∫ 2π

0
eit1

∫ 2π

0
eit2φ(eit1 , eit2)dt2dt1

−

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2)

(m − v1 + 1)!(m − v2 + 1)!
,

(3.2)

u0,0
0,m2
=

4λ
λ − 1

1
(2π)2

∫ 2π

0
eit1

∫ 2π

0
eit2(1−m2)φ(eit1, eit2)dt2dt1−

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2+m2)

(m−v1+1)!(m−v2+1)!

−
λ + 1
λ − 1



m−µ∑
v1=1

m−ν∑
v2=1

1
(m−v1+1)!(m−v2)!

uv1,v2
(m−v1),(m−v2−m2)

m − v2 − m2 + 1
, 1≤m2≤ν,

m−µ∑
v1=1

m−m2∑
v2=1

1
(m−v1+1)!(m−v2)!

uv1,v2
(m−v1),(m−v2−m2)

m − v2 − m2 + 1
, ν<m2≤m−1,

0, m2 > m − 1,

(3.3)

u0,0
m1,0
=

4λ
λ − 1

1
(2π)2

∫ 2π

0
ei(1−m1)t1

∫ 2π

0
eit2φ(eit1, eit2)dt2dt1−

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1+m1),(m−v2)

(m−v1+1)!(m−v2+1)!

−
λ + 1
λ − 1



m−µ∑
v1=1

m−ν∑
v2=1

1
(m−v1)!(m−v2+1)!

uv1,v2
(m−v1−m1,(m−v2))

m − v1 − m1 + 1
, 1≤m1≤µ,

m−m1∑
v1=1

m−ν∑
v2=1

1
(m−v1)!(m−v2+1)!

uv1,v2
(m−v1−m1,(m−v2))

m − v1 − m1 + 1
, µ<m1≤m−1,

0, m1 > m − 1;

(3.4)

(iii) with u0,0
1,1 being determined by (3.1),

b0,0 =
1

(2π)2

∫ 2π

0

∫ 2π

0
φ(eit1 , eit2)dt2dt1 −

λ − 1
4λ

[
u0,0

1,1 +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1+1),(m−v2+1)

(m − v1 + 1)!(m − v2 + 1)!

]
−
λ + 1

4λ

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(m−v1−1),(m−v2−1)

(m − v1)(m − v2)
;

(3.5)
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(iv) for {m1≥m
m2≥m or {1≤m1≤m−1

m2≥m or { m1≥m
1≤m2≤m−1,

u0,0
m1,m2

=
4λ
λ + 1

(m1 + 1)(m2 + 1)
(2π)2

∫ 2π

0
e−i(m1+1)t1

∫ 2π

0
e−i(m2+1)t2φ(eit1 , eit2)dt2dt1

−

m−µ∑
v1=1

m−ν∑
v2=1

(m1 + 1)(m2 + 1)
(m − v1)!(m − v2)!

uv1,v2
(m−v1+m1),(m−v2+m2)

(m − v1 + m1 + 1)(m − v2 + m2 + 1)
;

(3.6)

(v) for m1, m2 ≥ 1,

bm1,m2 =
1

(2π)2

∫ 2π

0
e−im1t1

∫ 2π

0
e−im2t2φ(eit1 , eit2)dt2dt1

−
λ − 1

4λ

[
u0,0

(m1+1),(m2+1) +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m1+m−v1+1),(m2+m−v2+1)

(m − v1 + 1)!(m − v2 + 1)!

]

−
λ+1
4λ


m−1−m1∑
v1=1

m−1−m2∑
v2=1

1
(m−v1)!(m−v2)!

uv1,v2
(m−1−m1−v1),(m−1−m2−v2)

(m−v1−m1)(m−v2−m2)
, 1≤m1,m2<m−1,

0, m1,m2 ≥ m − 1,

(3.7)

bm1,0 =
1

(2π)2

∫ 2π

0

∫ 2π

0
e−im1t1φ(eit1 , eit2)dt2dt1

−
λ − 1

4λ

[
u0,0

(m1+1),1 +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m1+m−v1+1),(m−v2+1)

(m − v1 + 1)!(m − v2 + 1)!

]

−
λ+1
4λ


m−1−m1∑
v1=1

m−ν∑
v2=1

1
(m−v1)!(m−v2)!

uv1,v2
(m−1−m1−v1),(m−1−v2)

(m−v1−m1)(m−v2)
, 1≤m1<m−1,

0, m1 ≥ m − 1,

(3.8)

b0,m2 =
1

(2π)2

∫ 2π

0

∫ 2π

0
e−im2t2φ(eit1 , eit2)dt2dt1

−
λ − 1

4λ

[
u0,0

1,(m2+1) +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1+1),(m2+m−v2+1)

(m − v1 + 1)!(m − v2 + 1)!

]

−
λ+1
4λ


m−µ∑
v1=1

m−1−m2∑
v2=1

1
(m−v1)!(m−v2)!

uv1,v2
(m−1−v1),(m−1−m2−v2)

(m−v1)(m−v2−m2)
, 1≤m2<m−1,

0, m2 ≥ m − 1,

(3.9)

in which u0,0
(m1+1),(m2+1), u0,0

(m1+1),1, and u0,0
1,(m2+1) are determined by (3.6).

Proof: 1) By Theorem 2.1,

ϕ(z) =
+∞∑

m1,m2=0

m−1∑
v1=µ

m−1∑
v2=ν

z̄v1
1 z̄v2

2

v1!v2!
um−v1,m−v2

m1,m2
zm1

1 zm2
2 + u0(z),
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where um−v1,m−v2
m1,m2 is determined by (2.2) (in which ṽ1 and ṽ2 are replaced by v1 and v2, respectively), and

u0(z) is analytic on D2. Thus, u0(z) can be represented as

u0(z) =
+∞∑

m1,m2=0

u0,0
m1,m2

zm1
1 zm2

2 ,

in which u0,0
m1,m2 is to be determined.

Let

ϕ1(z) = u0(z)z̄1z̄2 +

m−1∑
v1=µ

m−1∑
v2=ν

uv1v2(z)
(v1 + 1)!(v2 + 1)!

z̄v1+1
1 z̄v2+1

2 ,

where

uv1,v2(z) =
+∞∑

m1,m2=0

um−v1,m−v2
m1,m2

zm1
1 zm2

2 , µ ≤ v1 ≤ m − 1, ν ≤ v2 ≤ m − 1.

Thus, ∂z̄1∂z̄2ϕ1(z) = ϕ(z). Let

ũ0(z) =
+∞∑

m1,m2=0

u0,0
m1,m2

zm1+1
1

m1 + 1
zm2+1

2

m2 + 1
,

and let

ũv1,v2(z) =
+∞∑

m1,m2=0

um−v1,m−v2
m1,m2

zm1+1
1

m1 + 1
zm2+1

2

m2 + 1
, µ ≤ v1 ≤ m − 1, ν ≤ v2 ≤ m − 1.

Then, we get that ∂z1∂z2 ũ0(z) = u0(z) and ∂z1∂z2 ũv1,v2(z) = uv1,v2(z). Let

ϕ2(z) = ũ0(z) +
m−1∑
v1=µ

m−1∑
v2=ν

z̄v1
1 z̄v2

2

v1!v2!
ũv1v2(z),

which follows that

∂z̄1∂z̄2ϕ2(z) = ∂z1∂z2ϕ2 = ∂z1∂z2 ũ0(z) +
m−1∑
v1=µ

m−1∑
v2=ν

z̄v1
1 z̄v2

2

v1!v2!
∂z1∂z2 ũv1v2(z)

= u0(z) +
m−1∑
v1=µ

m−1∑
v2=ν

z̄v1
1 z̄v2

2

v1!v2!
uv1v2(z) = ϕ(z).

Therefore,

∂z̄1∂z̄2

[λ − 1
4λ

ϕ1(z) +
λ + 1

4λ
ϕ2(z)
]
=
λ − 1

4λ
ϕ(z) +

λ + 1
4λ

ϕ̄(z),

which means that
λ − 1

4λ
ϕ1(z) +

λ + 1
4λ

ϕ2(z)

is a special solution to

∂z̄1∂z̄2 f (z) =
λ − 1

4λ
ϕ(z) +

λ + 1
4λ

ϕ̄(z).
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So, the solution of the problem is

f (z) =
[λ − 1

4λ
ϕ1(z) +

λ + 1
4λ

ϕ2(z)
]
+ ψ(z)

=
λ − 1

4λ

[
u0(z)z̄1z̄2 +

m−1∑
v1=µ

m−1∑
v2=ν

uv1v2(z)
(v1 + 1)!(v2 + 1)!

z̄v1+1
1 z̄v2+1

2

]
+
λ + 1

4λ

[
ũ0(z) +

m−1∑
v1=µ

m−1∑
v2=ν

zv1
1 zv2

2

v1!v2!
ũv1v2(z)

]
+ ψ(z)

=
λ − 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

zm1
1 zm2

2 z̄1z̄2+

+∞∑
m1,m2=0

m−1∑
v1=µ

m−1∑
v2=ν

um−v1,m−v2
m1,m2 zm1

1 zm2
2 · z̄

v1+1
1 z̄v2+1

2

(v1 + 1)!(v2 + 1)!

]
+
λ + 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

z̄m1+1
1

m1 + 1
z̄m2+1

2

m2 + 1
+

+∞∑
m1,m2=0

m−1∑
v1=µ

m−1∑
v2=ν

zv1
1 zv2

2

v1!v2!

· um−v1,m−v2
m1,m2

z̄m1+1
1

m1 + 1
z̄m2+1

2

m2 + 1

]
+

+∞∑
m1,m2=0

bm1,m2z
m1
1 zm2

2 ,

(3.10)

where ψ(z) =
∑+∞

m1,m2=0 bm1,m2z
m1
1 zm2

2 is analytic on D2, and u0,0
m1,m2 and bm1,m2 are to be determined.

2) In this part, we seek the expressions of u0,0
m1,m2 and bm1,m2 .

For z ∈ ∂0D2, let z1 = eit1 and z2 = eit2 (t1, t2 ∈ [0, 2π]). Then, we get that

φ(eit1 , eit2) = f (eit1 , eit2) =
λ − 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

ei(m1−1)t1ei(m2−1)t2

+

+∞∑
m1,m2=0

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

uṽ1,ṽ2
m1,m2 · e

it1(m1−m+ṽ1−1)eit2(m2−m+ṽ2−1)

(m − ṽ1 + 1)!(m − ṽ2 + 1)!

]
+
λ + 1

4λ

[ +∞∑
m1,m2=0

u0,0
m1,m2

e−it1(m1+1)

m1 + 1
e−it2(m2+1)

m2 + 1

+

+∞∑
m1,m2=0

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

e−it1(m1+1−m+ṽ1)e−it2(m2+1−m+ṽ2)

(m − ṽ1)!(m − ṽ2)!
uṽ1,ṽ2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2e
im1t1eim2t2

=
λ − 1

4λ

[ 0∑
m1=0

+∞∑
m2=0

u0,0
0,m2

e−it1ei(m2−1)t2 +

+∞∑
m1=1

0∑
m2=0

u0,0
m1,0

ei(m1−1)t1e−it2

+

+∞∑
m1,m2=1

u0,0
m1,m2

ei(m1−1)t1ei(m2−1)t2

+

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

m−ṽ1∑
m1=0

m−ṽ2∑
m2=0

uṽ1,ṽ2
m1,m2e

it1(m1−(m−ṽ1+1))eit2(m2−(m−ṽ2+1))

(m − ṽ1 + 1)!(m − ṽ2 + 1)!
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+

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

+∞∑
m1,m2=0

uṽ1,ṽ2
(m1+(m−ṽ1+1)),(m2+(m−ṽ2+1))e

im1t1eim2t2

(m − ṽ1 + 1)!(m − ṽ2 + 1)!

+

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

m−ṽ1∑
m1=0

+∞∑
m2=0

uṽ1,ṽ2
m1,(m2+(m−ṽ2+1))e

it1(m1−(m−ṽ1+1))eim2t2

(m − ṽ1 + 1)!(m − ṽ2 + 1)!

+

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

+∞∑
m1=0

m−ṽ2∑
m2=0

uṽ1,ṽ2
(m1+(m−ṽ1+1)),m2

eim1t1eit2(m2−(m−ṽ2+1))

(m − ṽ1 + 1)!(m − ṽ2 + 1)!

]
+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

e−it1m1

m1

e−it2m2

m2

+

+∞∑
m1,m2=0

m−µ∑
ṽ1=1

m−ν∑
ṽ2=1

e−it1(m1+1−m+ṽ1)e−it2(m2+1−m+ṽ2)

(m − ṽ1)!(m − ṽ2)!
uṽ1,ṽ2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2e
im1t1eim2t2 .

(3.11)

(i) In the case of 0 ≤ r1, r2 ≤ m − 2, multiplying both sides of the Eq (3.11) by eit1(m−r1)eit2(m−r2), and
then integrating with respect to t1, t2 ∈ [0, 2π] yields that

1
(2π)2

∫ 2π

0
eit1(m−r1)

[ ∫ 2π

0
eit2(m−r2)φ(eit1 , eit2)dt2

]
dt1

=
λ − 1

4λ

[ +∞∑
m2=0

u0,0
0,m2

1
2π

∫ 2π

0
eit1(m−r1−1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−1+m−r2)dt2

+

+∞∑
m1=1

u0,0
m1,0

1
2π

∫ 2π

0
eit1(m1−1+m−r1)dt1 ·

1
2π

∫ 2π

0
eit2(−1+m−r2)dt2

+

+∞∑
m1,m2=1

u0,0
m1,m2

1
2π

∫ 2π

0
eit1(m1−1+m−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−1+m−r2)dt2

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

m−v2∑
m2=0

uv1,v2
m1,m2

1
2π

∫ 2π

0
eit1(m1+v1−1−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+v2−1−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1,m2=0

uv1,v2
(m1+(m−v1+1)),(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+m−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+m−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

+∞∑
m2=0

uv1,v2
m1,(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+v1−1−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+m−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1=0

m−v2∑
m2=0

uv1,v2
(m1+(m−v1+1)),m2

1
2π

∫ 2π

0
eit1(m1+m−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+v2−1−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

m1m2

1
2π

∫ 2π

0
eit1(m−r1−m1)dt1 ·

1
2π

∫ 2π

0
eit2(m−r2−m2)dt2

AIMS Mathematics Volume 9, Issue 9, 25908–25933.



25926

+

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
eit1(m−r1−(m1+1−m+v1))dt1 ·

1
2π

∫ 2π

0
eit2(m−r2−(m2+1−m+v2))dt2

(m − v1)!(m − v2)!

·
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2

1
2π

∫ 2π

0
eit1(m1+m−r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+m−r2)dt2

=
λ − 1

4λ

[ m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(1+r1−v1),(1+r2−v2)

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ u0,0
(m−r1−1),(m−r2−1)

(m − r1)(m − r2)
+

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(2m−r1−1−v1),(2m−r2−1−v2)

(2m−r1−v1)(2m−r2−v2)

]
,

and the last equation is due to

1
2π

∫ 2π

0
eimtdt =

{
0, m , 0 (m ∈ Z),
1, m = 0.

Therefore,

u0,0
(m−r1−1),(m−r2−1)= (m−r1)(m−r2)

{ 4λ
λ+1

1
(2π)2

∫ 2π

0
e−it1(m−r1)

∫ 2π

0
e−it2(m−r2)φ(eit1,eit2)dt2dt1

−
λ − 1
λ + 1

[ m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(1+r1−v1),(1+r2−v2)

(m − v1 + 1)!(m − v2 + 1)!

]
−

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(2m−r1−1−v1),(2m−r2−1−v2)

(2m − r1 − v1)(2m − r2 − v2)

}
,

which leads to (3.1) for 1 ≤ m1, m2 ≤ m − 1.
(ii) Multiplying both sides of the Eq (3.11) by eit1eit2 , and then integrating with respect to t1, t2 ∈

[0, 2π] yields that

1
(2π)2

∫ 2π

0
eit1
[ ∫ 2π

0
eit2φ(eit1 , eit2)dt2

]
dt1

=
λ − 1

4λ

[ +∞∑
m2=0

u0,0
0,m2

1
2π

∫ 2π

0
eim2t2dt2 +

+∞∑
m1=1

u0,0
m1,0

1
2π

∫ 2π

0
eim1t1dt1

+

+∞∑
m1,m2=1

u0,0
m1,m2

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
eim2t2dt2

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

m−v2∑
m2=0

uv1,v2
m1,m2

1
2π

∫ 2π

0
eit1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−m+v2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1,m2=0

uv1,v2
(m1+(m−v1+1)),(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

+∞∑
m2=0

uv1,v2
m1,(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1)dt2

(m − v1 + 1)!(m − v2 + 1)!
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+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1=0

m−v2∑
m2=0

uv1,v2
(m1+(m−v1+1)),m2

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−m+v2)dt2

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

m1m2

1
2π

∫ 2π

0
eit1(1−m1)dt1 ·

1
2π

∫ 2π

0
eit2(1−m2)dt2

+

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
e−it1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
e−it2(m2−m+v2)dt2

(m − v1)!(m − v2)!

·
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1)dt2

=
λ − 1

4λ

[
u0,0

0,0 +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2)

(m − v1 + 1)!(m − v2 + 1)!

]
+
λ + 1

4λ

[
u0,0

0,0 +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2)

(m − v1 + 1)!(m − v2 + 1)!

]
,

which leads to (3.2).
Additionally, for r2 ≥ 1, multiplying both sides of the Eq (3.11) by eit1ei(1−r2)t2 , and then integrating

with respect to t1, t2 ∈ [0, 2π] yields that

1
(2π)2

∫ 2π

0
eit1
[ ∫ 2π

0
eit2(1−r2)φ(eit1 , eit2)dt2

]
dt1

=
λ − 1

4λ

[ +∞∑
m2=0

u0,0
0,m2

1
2π

∫ 2π

0
eit2(m2−r2)dt2 +

+∞∑
m1=1

u0,0
m1,0

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
e−ir2t2dt2

+

+∞∑
m1,m2=1

u0,0
m1,m2

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
eit2(m2−r2)dt2

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

m−v2∑
m2=0

uv1,v2
m1,m2

1
2π

∫ 2π

0
eit1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−m+v2−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1,m2=0

uv1,v2
(m1+(m−v1+1)),(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

+∞∑
m2=0

uv1,v2
m1,(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1=0

m−v2∑
m2=0

uv1,v2
(m1+(m−v1+1)),m2

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−m+v2−r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

m1m2

1
2π

∫ 2π

0
eit1(1−m1)dt1 ·

1
2π

∫ 2π

0
eit2(1−r2−m2)dt2
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+

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
e−it1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
e−it2(m2−m+v2+r2)dt2

(m − v1)!(m − v2)!

·
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2

1
2π

∫ 2π

0
eit1(m1+1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+1−r2)dt2

=
λ − 1

4λ

[
u0,0

0,r2
+

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2+r2)

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ



m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1 + 1)!(m − v2)!

uv1,v2
(m−v1),(m−v2−r2)

m − v2 − r2 + 1
, 1 ≤ r2 ≤ ν,

m−µ∑
v1=1

m−r2∑
v2=1

1
(m − v1 + 1)!(m − v2)!

uv1,v2
(m−v1),(m−v2−r2)

m − v2 − r2 + 1
, ν < r2 ≤ m − 1,

0, r2 > m − 1,

and the last equation is due to

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
e−it1(m1−m+v1)dt1 ·

1
2π

∫ 2π

0
e−it2(m2−m+v2+r2)dt2

(m − v1)!(m − v2)!
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

=



m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1 + 1)!(m − v2)!

uv1,v2
(m−v1),(m−v2−r2)

m − v2 − r2 + 1
, 1 ≤ r2 ≤ ν,

m−µ∑
v1=1

m−r2∑
v2=1

1
(m − v1 + 1)!(m − v2)!

uv1,v2
(m−v1),(m−v2−r2)

m − v2 − r2 + 1
, ν < r2 ≤ m − 1,

0, r2 > m − 1.

Therefore, for r2 ≥ 1,

u0,0
0,r2
=

4λ
λ − 1

1
(2π)2

∫ 2π

0
eit1

∫ 2π

0
eit2(1−r2)φ(eit1 , eit2)dt2dt1−

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1),(m−v2+r2)

(m−v1+1)!(m−v2+1)!

−
λ + 1
λ − 1



m−µ∑
v1=1

m−ν∑
v2=1

1
(m−v1+1)!(m−v2)!

uv1,v2
(m−v1),(m−v2−r2)

m−v2−r2+1
, 1 ≤ r2 ≤ ν,

m−µ∑
v1=1

m−r2∑
v2=1

1
(m−v1+1)!(m−v2)!

uv1,v2
(m−v1),(m−v2−r2)

m − v2 − r2 + 1
, ν < r2 ≤ m − 1,

0, r2 > m − 1.

(3.12)

For r1 ≥ 1, multiplying both sides of the equation (3.11) by ei(1−r1)t1eit2 and then integrating with respect

AIMS Mathematics Volume 9, Issue 9, 25908–25933.



25929

to t1, t2 ∈ [0, 2π], similar to (3.12), yields that

u0,0
r1,0
=

4λ
λ − 1

1
(2π)2

∫ 2π

0
ei(1−r1)t1

∫ 2π

0
eit2φ(eit1 , eit2)dt2dt1−

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1+r1),(m−v2)

(m−v1+1)!(m−v2+1)!

−
λ + 1
λ − 1



m−µ∑
v1=1

m−ν∑
v2=1

1
(m−v1)!(m−v2+1)!

uv1,v2
(m−v1−r1,(m−v2))

m − v1 − r1 + 1
, 1≤r1≤µ,

m−r1∑
v1=1

m−ν∑
v2=1

1
(m−v1)!(m−v2+1)!

uv1,v2
(m−v1−r1,(m−v2))

m − v1 − r1 + 1
, µ<r1≤m−1,

0, r1 > m − 1.

(3.13)

(iii) In addition, integrating both sides of the Eq (3.11) with respect to t1, t2 ∈ [0, 2π] yields that

1
(2π)2

∫ 2π

0

∫ 2π

0
φ(eit1 , eit2)dt2dt1

=
λ − 1

4λ

[ +∞∑
m2=0

u0,0
0,m2

1
2π

∫ 2π

0
eit1dt1 ·

1
2π

∫ 2π

0
eit2(m2−1)dt2

+

+∞∑
m1=1

u0,0
m1,0

1
2π

∫ 2π

0
eit1(m1−1)dt1 ·

1
2π

∫ 2π

0
e−it2dt2

+

+∞∑
m1,m2=1

u0,0
m1,m2

1
2π

∫ 2π

0
eit1(m1−1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−1)dt2

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

m−v2∑
m2=0

uv1,v2
m1,m2

1
2π

∫ 2π

0
eit1(m1+v1−1−m)dt1 ·

1
2π

∫ 2π

0
eit2(m2+v2−1−m)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1,m2=0

uv1,v2
(m1+(m−v1+1)),(m2+(m−v2+1))

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
eim2t2dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

+∞∑
m2=0

uv1,v2
m1,(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+v1−1−m)dt1 ·

1
2π

∫ 2π

0
eim2t2dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1=0

m−v2∑
m2=0

uv1,v2
(m1+(m−v1+1)),m2

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
eit2(m2+v2−1−m)dt2

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

m1m2

1
2π

∫ 2π

0
e−im1t1dt1 ·

1
2π

∫ 2π

0
e−im2t2dt2

+

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
e−it1(m1+1−m+v1)dt1 ·

1
2π

∫ 2π

0
e−it2(m2+1−m+v2)dt2

(m − v1)!(m − v2)!

·
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2

1
2π

∫ 2π

0
eim1t1dt1 ·

1
2π

∫ 2π

0
eim2t2dt2
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=
λ − 1

4λ

[
u0,0

1,1 +

m−µ∑
v1=1

m−ν∑
v2=1

uv1,v2
(m−v1+1),(m−v2+1)

(m − v1 + 1)!(m − v2 + 1)!

]
+
λ + 1

4λ

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(m−v1−1),(m−v2−1)

(m − v1)(m − v2)
+ b0,0,

which follows (3.5), where u0,0
1,1 is determined by (3.1).

(iv) In the case of r1, r2 ≥ m + 1, multiplying both sides of the Eq (3.11) by eir1t1eir2t2 , and then
integrating with respect to t1, t2 ∈ [0, 2π] yields that

1
(2π)2

∫ 2π

0
eir1t1
[ ∫ 2π

0
eir2t2φ(eit1 , eit2)dt2

]
dt1

=
λ − 1

4λ

[ +∞∑
m2=0

u0,0
0,m2

1
2π

∫ 2π

0
eit1(r1−1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−1+r2)dt2

+

+∞∑
m1=1

u0,0
m1,0

1
2π

∫ 2π

0
eit1(m1−1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(−1+r2)dt2

+

+∞∑
m1,m2=1

u0,0
m1,m2

1
2π

∫ 2π

0
eit1(m1−1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−1+r2)dt2

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

m−v2∑
m2=0

uv1,v2
m1,m2

1
2π

∫ 2π

0
eit1(m1−(m−v1+1)+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−(m−v2+1)+r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1,m2=0

uv1,v2
(m1+(m−v1+1)),(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

m−v1∑
m1=0

+∞∑
m2=0

uv1,v2
m1,(m2+(m−v2+1))

1
2π

∫ 2π

0
eit1(m1−(m−v1+1)+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

+

m−µ∑
v1=1

m−ν∑
v2=1

+∞∑
m1=0

m−v2∑
m2=0

uv1,v2
(m1+(m−v1+1)),m2

1
2π

∫ 2π

0
eit1(m1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2−(m−v2+1)+r2)dt2

(m − v1 + 1)!(m − v2 + 1)!

]

+
λ + 1

4λ

[ +∞∑
m1,m2=1

u0,0
(m1−1),(m2−1)

m1m2

1
2π

∫ 2π

0
eit1(−m1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(−m2+r2)dt2

+

+∞∑
m1,m2=0

m−µ∑
v1=1

m−ν∑
v2=1

1
2π

∫ 2π

0
e−it1(m1+1−m+v1−r1)dt1 ·

1
2π

∫ 2π

0
e−it2(m2+1−m+v2−r2)dt2

(m − v1)!(m − v2)!

·
uv1,v2

m1,m2

(m1 + 1)(m2 + 1)

]
+

+∞∑
m1,m2=0

bm1,m2

1
2π

∫ 2π

0
eit1(m1+r1)dt1 ·

1
2π

∫ 2π

0
eit2(m2+r2)dt2

=
λ + 1

4λ

[u0,0
(r1−1),(r2−1)

r1r2
+

m−µ∑
v1=1

m−ν∑
v2=1

1
(m − v1)!(m − v2)!

uv1,v2
(m−v1+r1−1),(m−v2+r2−1)

(m − v1 + r1)(m − v2 + r2)

]
.
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Therefore,

u0,0
r1,r2
=

4λ
λ + 1

(r1 + 1)(r2 + 1)
(2π)2

∫ 2π

0
e−i(r1+1)t1

∫ 2π

0
e−i(r2+1)t2φ(eit1 , eit2)dt2dt1

−

m−µ∑
v1=1

m−ν∑
v2=1

(r1 + 1)(r2 + 1)
(m − v1)!(m − v2)!

uv1,v2
(m−v1+r1),(m−v2+r2)

(m − v1 + r1 + 1)(m − v2 + r2 + 1)
,

(3.14)

for r1, r2 ≥ m.

Similarly, in the case of r1 ≥ m + 1 and 0 ≤ r2 ≤ m − 2, multiplying both sides of the Eq (3.11) by
eir1t1eit2(m−r2), and then integrating with respect to t1, t2 ∈ [0, 2π] yields that u0,0

r1,r2 (r1 ≥ m, 1 ≤ r2 ≤ m−1)
has the same representation as (3.14). In the case of 0 ≤ r1 ≤ m − 2 and r2 ≥ m + 1, multiplying both
sides of the Eq (3.11) by eit1(m−r1)eir2t2 , and then integrating with respect to t1, t2 ∈ [0, 2π] yields that
u0,0

r1,r2 (1 ≤ r1 ≤ m − 1, r2 ≥ m) has the same representation as (3.14).

(v) Similarly, for r1, r2 ≥ 1, multiplying both sides of the Eq (3.11) by e−ir1t1e−ir2t2 , and then
integrating with respect to t1, t2 ∈ [0, 2π], we can get the expression of br1r2 which leads to (3.7).
For r1 ≥ 1, multiplying both sides of the Eq (3.11) by e−ir1t1 , and then integrating with respect to
t1, t2 ∈ [0, 2π] yields the expression of br10 which leads to (3.8). For r2 ≥ 1, we can get b0r2 which leads
to (3.9).
Remark 3.2. The results obtained in this article extend the existing conclusions about ployanalytic
functions and bi-ployanalytic functions. On this basis, we can study other partial differential
equation problems. For example, it would be interesting to discuss whether bi-polyanalytic or even
ployanalytical function solutions exist for some nonlocal integrable partial differential equations (see,
e.g., [24]), which need to explore the solutions to the corresponding Riemann-Hilbert problems.
Additionally, the non-existence of solutions to Cauchy problems on the real line for first-order nonlocal
differential equations (see, e.g., [25]) indicates that we can attempt to discuss the generalizations of
analytical solutions for partial differential equation problems.

4. Conclusions

With the help of the series expansion of polyanalytic functions, and applying the properties of
Cauchy kernels on the bicylinder and the unit disk, we first discuss a class of Schwarz problems
with the conditions concerning the real and imaginary parts of high-order partial differentiation for
polyanalytic functions on the bicylinder. On this basis, we investigate a type of boundary value
problem for bi-polyanalytic functions with Dirichlet boundary conditions on the bicylinder. From the
perspective of series, we obtain the specific representation of the solution to the Dirichlet problem. The
method used in this article, with the help of series expansion, is different from the previous methods
for solving boundary value problems. It is a very effective method and can be used to solve other
types of problems regarding complex partial differential equations of bi-polyanalytic functions in high-
dimensional complex spaces. The conclusions of this article also lay a necessary foundation for further
research on polyanalytic and bi-polyanalytic functions.
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approach for numerical treatment of nonlinear partial differential equations, Alex. Eng. J., 60
(2021), 4411–4421. https://doi.org/10.1016/j.aej.2021.03.030

4. J. Sander, Viscous fluids elasticity and function theory, Trans. Amer. Math. Soc., 98 (1961), 85–147.

5. W. Lin, T.-C. Woo, On the bi-analytic functions of type (λ, k), Acta Scientiarum Naturalium
Universitatis Sunyantseni, 1 (1965), 1–19.

6. L. Hua, W. J. Lin, C. Q. Wu, Second order systems of partial differential equations in the plane,
London-Boston: Pitman Advanced Publishing Program, 1985.

7. R. P. Gilbert, W. Lin, Function theoretic solutions to problems of orthotropic elasticity, J. Elasticity,
15 (1985), 143–154. https://doi.org/10.1007/BF00041989

8. L. I. Chibrikova, W. Lin, Applications of symmetry methods in basic problems of orthotropic,
Appl. Anal., 73 (1999), 19–43. https://doi.org/10.1080/00036819908840761

9. Y. Z. Xu, Riemann problem and inverse Riemann problem of (λ, 1) bi-analytic functions, Complex
Var. Elliptic, 52 (2007), 853–864. http://doi.org/10.1080/17476930701483809

10. A. Kumar, Riemann hilbert problem for a class of nth order systems, Complex Variables Theory
and Application, 25 (1994), 11–22. https://doi.org/10.1080/17476939408814726

AIMS Mathematics Volume 9, Issue 9, 25908–25933.

https://dx.doi.org/https://doi.org/10.1016/j.aej.2022.05.003
https://dx.doi.org/https://doi.org/10.1016/j.rinp.2021.104123
https://dx.doi.org/https://doi.org/10.1016/j.aej.2021.03.030
https://dx.doi.org/https://doi.org/10.1007/BF00041989
https://dx.doi.org/https://doi.org/10.1080/00036819908840761
https://dx.doi.org/http://doi.org/10.1080/17476930701483809
https://dx.doi.org/https://doi.org/10.1080/17476939408814726


25933

11. M. B. Balk, Polyanalytic functions, Berlin: Akademie Verlag, 1991.

12. A. Kumar, R. Prakash, Boundary value problems for the Poisson equation and bi-
analytic functions, Complex Variables Theory and Application, 50 (2005), 597–609.
http://doi.org/10.1080/02781070500086958

13. H. Begehr, A. Kumar, Boundary value problems for bi-polyanalytic functions, Appl. Anal., 85
(2006), 1045–1077. https://doi.org/10.1080/00036810600835110

14. H. Begehr, A. Chaudhary, A. Kumar. Bi-polyanalytic functions on the upper half plane, Complex
Var. Elliptic, 55 (2010), 305–316. https://doi.org/10.1080/17476930902755716

15. J. Lin, Y. Z. Xu, H. Li, Decoupling of the quasistatic system of thermoelasticity with Riemann
problems on the bounded simply connected domain, Math. Method. Appl. Sci., 41 (2018), 1377–
1387. https://doi.org/10.1002/mma.4669

16. J. Lin, Y. Z. Xu, Riemann problem of (λ, k) bi-analytic functions, Appl. Anal., 101 (2022), 3804–
3815. https://doi.org/10.1080/00036811.2021.1987417

17. J. Lin, A class of inverse boundary value problems for (λ, 1) bi-analytic functions, Wuhan Univ. J.
Nat. Sci., 28 (2023), 185–191. https://doi.org/10.1051/wujns/2023283185

18. N. Vasilevski, On polyanalytic functions in several complex variables, Complex Anal. Oper.
Theory, 17 (2023), 80. https://doi.org/10.1007/s11785-023-01386-0
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