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Abstract: A class of Schwarz problems with the conditions concerning the real and imaginary parts of
high-order partial differentiations for polyanalytic functions was discussed first on the bicylinder. Then,
with the particular solution to the Schwarz problem for polyanalytic functions, a Dirichlet problem for
bi-polyanalytic functions was investigated on the bicylinder. From the perspective of series, the specific
representation of the solution was obtained. In this article, a novel and effective method for solving
boundary value problems, with the help of series expansion, was provided. This method can also be
used to solve other types of boundary value problems or complex partial differential equation problems
of other functions in high-dimensional complex spaces.
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1. Introduction

Partial differential equations are closely related to many physical problems in real life. For example,
the ninth-order linear or non-linear boundary value problems are related to the laminar viscous flow in
a semi-porous channel or the hydro-magnetic stability, and the telegraph equations are related to the
vibrations within objects or the propagation of waves. There are also many different types of partial
differential equations in engineering and other applied sciences. Zhang et al. [1] discussed cubic
spline solutions of ninth-order linear and non-linear boundary value problems using a cubic B-spline.
Shah et al. [2] proposed a new and eflicient operational matrix method for solving time-fractional
telegraph equations with Dirichlet boundary conditions. Nisar et al. [3] proposed a hybrid mesh free
framework based on Padé approximation in order to solve the numerical solutions of nonlinear partial
differential equations. There are also many different types of partial differential equations in chemistry,
engineering, and other applied sciences. There have been many successful conclusions about these
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partial differential equations.

Complex partial differential equations of analytic functions also have a wide range of applications.
Bi-analytic functions, the generalizations of analytic functions, have important applications in
elasticity. In 1961, Sander [4] studied the properties of pairs of functions {u(x,y), v(x,y)} with binary
real variables (x, y), which satisfy the system of partial differential equations:

ou o _ ou v _
{Ec_ﬁ_ya_g’a 6y+8x_w’ il il
0 w _ 90 _ dw _
(k+1)a+a—y—0, (k+1)(9y Ox —O,

for the real constant k(k # —1), where 6(x, y) and w(x, y) are continuously differentiable functions of x
and y. Sander provided the definition of bi-analytic functions of type k, which are of great significance
for studying some physical problems for k£ > 0, and extended some properties of analytic functions to
bi-analytic functions.

In 1965, Lin and Wu [5] introduced the function class that is more extensive than Sander’s function
class, i.e., bi-analytic functions of the type (4, k) which are defined by the system of equations:

Lou _ dv _ o , Loy _
{kax =0 5 timTw

Jile) dw _ 90 _ jow _
k(§+/la—y—0, kay 52 =0,

where 6(x, y) and w(x, y) are continuously differentiable functions of x and y, and A, k are real constants
with A # 0, 1,k% and 0 < k < 1. The complex form of the system is
k+10f k-10f A-k A+

[
o 2 8 aqg POF v

in which ¢(z) = ki — idw is analytic and is called the associate function of f(z) = u + iv. In [5],
the general expression and the properties of bi-analytic functions of the type (4, k) were researched in
detail.

Hua et al. [6] introduced a mechanical interpretation for bi-analytic functions and promoted the
corresponding function theory. Thereafter, bi-analytic functions aroused widespread attention from
many scholars [7-9]. In 1994, Kumar [10] discussed a broader class of functions, i.e., bi-polyanalytic
functions, and investigated several Riemann-Hilbert problems for systems of n-order partial differential
equations applying polyanalytic functions [11] and bi-polyanalytic functions on the unit disk. In
2005, Kumar and Prakash [12] investigated Dirichlet problems for the Poisson equation and some
boundary value problems for bi-polyanalytic functions on the unit disk. They obtained the explicit
representations of the solutions and the corresponding solvable conditions. In 2006, Begehr and
Kumar [13] discussed some complex partial differential equations of higher order. Some boundary
value problems for bi-polyanalytic functions were solved on different conditions on the unit disk.

In recent years, some other boundary value problems for bi-analytic functions were solved [14—17].
With the gradual improvements of the theory for bi-analytic functions and polyanalytic functions [18—
21] in the complex plane, some scholars attempted to generalize the relevant achievements to spaces
of several complex variables [22,23].

In this paper, based on the work of the former researchers, we study a class of Schwarz problems
for polyanalytic functions on the bicylinder. Then, from the perspective of series and applying the
particular solution to the Schwarz problem for polyanalytic functions, we discuss a Dirichlet problem
for bi-polyanalytic functions on the bicylinder.
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Dy X D, ={(z1,22) : lz1] < 1, |z2| < 1}, and let §,D? denote

In the following, let the bicylinder D? =
the characteristic boundary of D?. Let C(G) represent the set of continuous functions within G

2. The Schwarz problem
To get the main results, we need to discuss the following Schwarz problem
Theorem 2.1. Let g,, € C(9oD*;R) for 1 < p,v <m—1 (m > 2), and let
+oc0  m—1 m— ZVl_vz B I
= ) Z ZAV, T g 2.1)
my,ma=0v)=p v,
where 1
f & g<u+11>(v+lz>(§ ) ~d{1dds i
(271'1)2 60D l it l l] 'lg‘ {]42 T onEY
1 m—l—v
f % Z g(,u+11)(_2+lz)(§)B dgld{l { vi=p
_ _ (27-”)2 0D2 ll '12 V=T §1{2 > Ly<y<m-1°
uzl_,xz’m_vz = ml—T—vl m—_v—l (22)
f g(al+11)(v+lz)(§ ) E@+NO+R)16) = d( 1d§2 {N@SWH
(271'1)2 9002 ) L) = {14 ’ =y o
m—l—v m—l—v
f 1 ? g(71+11)(\72+lz)(§)D dfldfz {/,1<;\7] <m-1
(2m>2 aoDz 12 hib! na hg et

and
mi

ny
Z ZCWH—]]( év év )ll—m1+]|év{1 sz ]2(_4’« éu )lz—mzﬂzgjz
J1=0 j2=0
my ) mi
2 - 2 -
J1=0

+ Datly=0) Cr (6= 8)" 2L 4Ds1 =0y Cl T (L= 0

v =0

J2=0
(D11D12 + Dy Doz + D3y D33)l,, =v,-0
52 5m Dy3+ B
éz ’ 1 +leD31——2 le]

+2-0-20)"| Zcmﬂ% ~0b)E
—m D +C
22+D21C21—%C21]

v1=0

]2 =0

+ 24" ZC”“ H-g=) g

+2(5" C21+321§2 — By Co)(—=41—4)" (- 52—§2)12

- (-0 ZC’"T“({Z )
Jz =0

my

B 2 Zcml jl( é«l_gl)h—mﬁ]]{
+D21|v1 OZ}C‘m2 J2(—§2 é‘ )12 m2+J2§ +D31 Zcml ]1(_{ é« )11 m1+J1§

Jj2=0
- 321D31} — (D11D12 + Dyly =0D23 + D33 D33 — By Das — By By)
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_ ZC”“ (==L ZcmM({z—Zz)lfm*hZf—<iz—52>’252"2]

Jj1=0 J2=0
+ D2] Zcmz 12(_{2_ )12 mz+]2§ + D3]|v2 chml ]1(_{1 )l|—m1+]1§
Jj2=0 Jj1=0
- D21C21} — (D1iD12 + Dy Dy3 + D3y Dssly,=0 — D11C1 — C22Cay),
mp  mp
D 2 Z Zcml j1( { gl)ll—mlmé«chmz—Jz(_é«z_Zz)lz—MWZZéZ
J1= 0]2 0
+ Dy, Z sz 12(—52—52)12_”’2”2 + D3, Z le ]1(—{1—21)11_"”+j15{1]
J2=0 Jj1=0

— (D1D12 + Dy Dy3 + D3y Ds3),

in which
Cl' (=)™, 0<my <1y, Cr(L-0)" ™™, 0<my <y,
Dy, = Dy, =
0 m1>ll, O m2>12,
_ 0,0<m <1, _ (—1)’"'+V1,m1 =1,
D = { (—1)ll+v'ZTl_ll,m1 > 1y, D22 = { 0, my # 1y,
b CRCL=0)T0<m<h, L [0,0<m <D,
23 — 31 = (_1)12+V2Z’2112—12,m2 > b,

C
0, mp > 12,
C

m|( { é«l)ll—ml 0 <m < lla (_l)mzﬂfz’ m, = 12,
D33 =

D”:{o, my > 1, 0, my # b,
and
— 0’ my 2 17 _ (_1)m1+V1, mp = lla
Cﬂ‘{L my =0, sz‘{o, my # 1,

_ Oa my 2 19 _ (_l)m2+vz’ mp = lZa
BZ]‘{l =0 B”‘{o, my # by.

Then, g(z) satisfies

i1 22

R 0%, 0(2) =8w(2) (z € 0oD?), 380%4(0,22)=0=30. 0% (z1,0) (z1 €Dy, 2€Dy).

122

Proof: 1) Let
=V2
© 2.3)
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in which
m—#—l -1
g(p+11)(v+lz)(§) dgds, 5
A—A,—Az+A , (22
e faom 2y 2 qpr AT A AT B
me-l m—l—v2
Bu+1)Gr+1)(£) diid, | 52
-B Vi=H
(27”)2 L)DZ Z Z ll'l2 ( 1 2) Vo= §1§2 ’ {v<v2Sm—l’
MVIVZ(Z) = m—l—V1 m‘v_l 8 (év) df dé (2'4)
Si+L)(r+L)\S) 1462 <51 <ml
_C ) H Klzm_ ’
(27Tl)2 faolﬂ ; Z—;) Lh! ? =i $14 U5
f WH}I s g(71+11)672+12)(£) N dgddn {y<~71§m—1
(27”)2 90D* [0 12 Lh! LT vevasmol?
is analytic on D?, and
= (2= 4= o= (o= 0™+ 20 (o= (o= 1)+ (21— 4= 8)20)" )| i - 1
Az = (00" (-0 1 = zzﬁ‘é;zr” + (2 )’2[{‘22 1},
A3 = (o) -0 §1>12[@1_Z§(§;2)—1] + ()" A1),
Ay = (=i fl)_( 42_{2)12[{1(121 [2 =2l ]
= [(21= 4= 22— 6= 6) 1+ (2) (22— 6—5) 2 + (21— 1= 4D '(=22) 2 (-1)™2]
2414
'[(41 zl)l(zzz <) 1]’ ) )
By = (=i @20 0 gy — 11 + (=) (D2 2 - 1),
Ci = [~ 4~ 8 (22— 6—5) 1+ () (D) (22— - 6)? + (2= - 8)'(=22)"]
2014
'[(41 zl)lu,rzz <) 1]’ , )
C2 = (- 52—42)12{(21—41 A b ZSI(Z_ZZ) 1]+ (—Zl)?(—l)vl[ﬁ—_ﬂ},
= [(21= &= 8) (22— (o= 5) P+ (=) (1) (22— L~ 5) 2 + (21— 4= §)'(=2) (1) ]
2014
'[(zl—zl)lqzz—zz) B 1]'
In the following, we will show that a(z) satisfies
%5’21522¢(z)=gw(z) (z€ 00D2) 55” av ¢(0 22)=0= 53‘;1322¢(Z1,0) (z1€Dy,22€Dy).
By (2.3), we get that
m—1 m—1 —V]—/szz—v
o ;ZF TEEmTCATRE
(2.5)
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where
m—p—l -1
v déd _
2f 8<u+11>(‘ ”‘2)(4)(A1—A2—A3+A4) g 52, (=0
(27Tl) 80D21 ur l l].lz. (:142
lm——v—
f % o g(/1+11)(v2+v+lz)(§)(B _B )dgld{Z { vi=0
(2m)2 hop £ £ 11! VT g 0 Oy
Uy () = m=1—v1—u m=-]
l f ! 1g(V1+,U+ll)(V+lz)({) C, - Cz)d§1d§2 (O<vimiu
(27Tl)2 60 D? 1= 2: l]'lz' {1(2 =0
m-1 m-1-vrv
f Sl IZZ_ g(V1+/1+11)(V2+V+12)(§)Ddgldgz {0<V1Sm—l—ﬂ
(27rl)2 b £ L) (G 0O

Therefore, for 1 < kj,kh <m -1,

lkz 1 —V1—V2

ki gm—kr T
9% P (2) = ZZ UGy +m—kyY(vo+m—ky) (),

1=01=0 "
in which
f k1—1 krl g(m_k]+z])(m—k1+lz)(§) Ay A, A, +A4)d§1d§2 (=0
o 0,2 iy 1! T
f fiel kv, g(m—k.+l.)(m—kz+vz+12>(§)(Bl_Bz)dgldgz (, _n=0
u ) e et QiR LG | Osnskel
(v1-+m—kp)(v2-+m—ks) f kiﬂ "Zrl‘ Blm—ky+vi +1)m—kr+1)(£) (Cl_cz)déldé’z {O<ni=kid
90D 20 1,=0 2ri)2) 1! G182 Y
f it krim g(m—k1+v1+11)(m—k2+vZ+lz)(§)Dd§1d§2 {0k
90D*1720  1,=0 i) ! Og R
Let

ki—1=vy kp—1—vy

b1(0) = ZY?? 1 2f Z 8m—ky+v+1))m—ky+va+1)({) A1 d >
ol 2ri)* Jy,p2

= = Lb! L&
For 1 <ki,k, <m—1, (2.6) follows that

kp—1

3 (o) = Z Z DDA ~Ar—As+A) + Z S 61)E-B)

(2.6)

V= OVZ—O v1=0v=1
-1

+ Z Z H1R(C1—C) + Z RACL

vi=1v2=0 vi=11=1

-1 ko— 0 ky—

= Z Zrﬁl(z)D > Z $1()Bs - Z Z $1()Cy + Z $1(DAs

v1=0v,=0 v1=0v,=0 vi=0v,=0 vi,=0

lkl_l " kz VoG 212 Bty +vr-tom—trva+12) () N
OriR2 o1 | [(2={1={D) (22 =0
(27'[1) DZ 11 0 1o O 120 Vi V. 11.12.
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2N o N AV s 7D 2Ny o\ 12 2{142 _ d_§
1) +(=2)" () @=L )" + (= 4= 8) (=) (1) ][@l—zl)(g—@) 1 ;
L& lkz_l 2z g(m ky+A1)(m— k2+vz+lz)(§) -\
(zm)szzalz;)szo Z FNTA =&—4)
I 200 ! e 20 didd,
M-t &) [ —2 TENE 1
{(Zz &) [(51—Z1)(§2 22) I+ Ce) [§2— 22 ]} I4T4)
B 1 f klzwjklzlel kzz: 2" 8lm—kyvi+0)m- k2+/12)(§)( [-T0)"
QriP o b 4= ! 112, e
N 2080 ! e 241 didé,
. — —_ e =22 1 1 1 1
{(Zl -d) [(51—Z1)(§2—Z2) H e [§1—Z1 ]} I4T4)
kil k-l
VN k1) (m—ka+2) (L) , 20 d¢
faoD ;); R ORGSO 41_ e
ki-1 k1 A1 A —v1 —v2 B B
) W\LolDz Zozozozoﬁﬂ/l ! CLC 8 m-kesty m—trin) (21— (1= L) ™ (o= L= 50)
A1=02=0v=0vy=
_ Vi _1V1 oy V2 7 Yuvy_ Vo _1V\V2 251{2 _ d_{
+ (2 A o= L= L) e =8 ) T (=20 ) ][({1—21)(§z—Zz) 1 ;
1 NAvl e Zl)
Ly 208 Ay e 20 dédg
. _ _ 2—V2 —_1 e 2—V2 _1 2 _1
(e [@1 G 2
1 (Sh sl R O AR
_Wja;m;); 0! Z;)C Z)' 8m—ky+ 1) m—ka +12)(0)
A1—v §1§2 A1-v v 251 d§1d§2
. — _ 1 1 —_1 e 1 1 _1 1 _1
T o 7o M A L Pl ot v
kil k-1
N &k ) (m—kp+22)({) B 2Z 25, ,.d6dd
féDAZ;uZ: ripatay A e e
kil kol
(an)zﬂwz Z‘MZ:‘MM! ZC (@6 4“17“*“”2%(@ b)Y
~(~¢-4 Zc (=-0=0)2 2+ZC“( DENE zl)“Zc (-0 2y
v=0 vi=0 vp=0
A L
—ZCXII(Zl—évl—ZlYII_V'ZYI(—{z—szZ'F C (zi=&1- antat ZCVZ( —2) (- Zz)vz}
vi=0 vi=0 V=0
2014 dsdd,
© 8(m—ky1+A1)(m—ky+Ap -1
Sk sk M(O[@l—a)(fz—zz) ] 4T
O Gk ke (€ ) 2,
- G fa i ;MZO R (S8 w;)c (=) ) ]
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2 d
T Ak (& —2]}?5

(f 121 fz—Zz

+ZCV'( )" zovwz—gzr“
vi=0
ki—1 k-1

8 (mker+ ) (mkrtda) - Z = 7 \b 7\l 5 Yl
= LODZ AFOAFOW{(ZﬁZ]—&—{lY (2+2— L&) —[CO-L ) A —zZ)"]

_ W _ 7\, > b - b 2414 dédd.
(=L b — @G-8 o b)) ]}[ql—zl)l(;rm)_l] {1‘ 4,22 2.7)
kil kol
' N G m—ky+41 ) m—ko+2) e b d¢di,
faoD 2124 i, ! (=I5 A7) ][{2—Z2 1] 00
k.—l 1
g(m—k1+/11)(m—k2+/lz) . 2 24 d(ldfz
LOD 212 i, ] [4—4) 220 (L 52)(1 - —1] e

Applying the properties of the Cauchy kernels on D? and D, for z € dyD?, (2.7) leads to

R0 g(2)

S ©
= ) DT e 6 D) ot = - L) [ D)
=0 =0 12
(22" @2~ -0 — @2 G- 0 - 5) P ~(—22)"] ‘gl -
H=n
kil kol .
1 . (—51—401)(11 , déy
LDI 22 IS HEN @ty a0t ) (O — ) A= 2022) * Br=z 7,
kil 5o d
- ZZ(;;,{;Y, -ttt OLG=T) 5150 Dl 5
2 120120
= 8(m—kn)m—k2) (2
which means R (9;25&) = g,,(2) for z € ,D*.
In addition, by (2.7), we get that
3am—klam—k2$(0 Z )
NL s Blmkitd ) mkertr) ()
i+ o+ Z \ s _ 77 Yo (7 _ 7 YU
LOD /Z;);) QiR A [(—{1—51)(1 (02— L)~ C0=4)
2 déd
(=00 — (LT [Eo-8) )" ]]( £ )L
O 474!
kil kol
O X0 8k + ) 0m—k+2) () 1 by 28 dEdl
faOD ;MZ;) RIS NN (L= EH-5) -2 ]l Trts —-1] e
kil kol
\ 8m—ky+21)m—ky+12) (L) ,d&dd,
faoD ;MZO NI G O o Oy
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k 1—1 kz—l

8(m- k1+/11)(m—k2+/12)(§) > 3 zdfldfz
faob He Qm)ala! 00 () 0l }

Similarly, we have that

5317117 ¢(z24,0)
ki—1 k1

- S Z Zg(m*‘ﬂ_‘)(m*ﬁh)(g) [(Z1+Zl—§1—217“(—{2—52712— (4=t

doD? 120 1 (27Tl)2/11!/12!

( 2§1 _ 1)d{ld§2

- Carm M b)” - Gl el 02— 1)

kl—l k-1

g(m—k1+/ll)(m—k2+/12)(§) s s 5 d0dd
faoD 22 SN (=" o-0) 0k
kil kol
l 8(m- k1+/11)(m7k2+/12)(§) , df
fa . ;}; ern e A S GOl 41—1 -]
kil kol
] \ g(m—k|+/l1)(m—kz+/12)(§) .Y ,d¢ddn
faoz) 22 IS NN (L= Co-b) 00 }

Therefore,

39 02,6(0,2) = 0 = I8 &, ¢(z1,0).

71722

2) In the expression of uy;(z) determined by (2.4),

D = [(zi= =21 (22— &= 8) 2+ (=2) " (1) (22— L= 5) " + (21— 6= 1) '(—22)2(-1)2]
: [L _ 1]
(G1—21)((2—22)

Iy [ b

= [ DoCr=4=T) P Cl 0= T) 1+ (e (=) ) Ol (== 5)

=0 01=0 q1=0
I3 o j o ij

+ZC£‘Z’1’1( L= P (=20) (- 1)V2 ZT __1].
=0 08 =0 6

Moreover, we have that

+00 Jl (&)

chlzl (&-2)" p'ZC (Lo {2)qu Z ]]Z——l

p1=0 1=0 11041 Jj2=0
L +oo
_ 2 Z Z C (_{1 )l| -D1 {1Z1171+]1 Z Z C‘h(_{ g )12 q1 é/jz qi1+j2
p1=0j1=0 q1=0 jo=0

L b

= 2 2 O Lm0 P (e L)

p1=0¢1=0

(2.8)
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+oo l1+j1 +oo L+j2
— ZZ Z cm J1(_{1 é/ )11 m1+11§J1 Z Z sz Jz(_gz_{Z)lz—mzﬂzé/ézZ?z
J1=0mi=j J2=0ma=j,
L b
11— 1}
=D D ClCR D) T (e )
m1=0mp=0
+00  my +oo0  myp
—_ 2 Z Z le Jl(_é«l { )ll—m1+Jléle Z Z sz ]2(_{2_42)12—m2+]2§ézzg12
m;=0 j;1=0 mp=0 j>=0

A b

=2 2, O (D) T (L )

m1=0 mp=0
m;  mp B '
— Z 22 Zcrm—jl( o=-? )11—m|+]1gflcmrjz(_gz_gz)lmﬁjzév DIIDIZ]ZI IZ;’lZ’ (2.9)

my,my=0 j1=0 j2=0

in which

CI (=)™, 0<my <14, CI(Lr-0)P™™, 0<my <,
Dy = ! D, = 2
0, m > ll’

0, my > 12,
and
b B jl +00
(2" (=D" ) ClE (L= QI Z o Z
71=0 J1=0 j2=0
+oo +00
= 22(_1)11+V1§{|Z111+]I Z Z qu(_{z é«z)lz qléujz q+j2
J1=0 J2=0 1=0
( 1)l1+v1 ZC (_{2_{ )lz q1 q1
400 mp (2.10)
=2 Z( 1)11+v1 my—l m1 Z Zcmz ]2(_{2 ( )lz m2+12{22 my
mp= 11 my= 0]2 0
b
= DO (L=l
mp=0
+00
= Z 2D21 Zcmz 12(_52_ )lz—m2+12§ D22D23]ZTIZ’2’[2,
my,my=0 j2=0
where
b= {00Em el (U by CRCBLI0Sms
21 (_1)11+V1§i’l1—l: m > ll, 22 0, m, # ll’ h3 0’ my > lz'
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Similarly, we get that

I 0 ]1 +00 ]2
Dl (=E)" P () (=12 Z{h >
p1=0 J1=0 51 j»=0 2
oo - . | (2.11)
= > 2Dy D e =3 I - DDl
my,my=0 j1=0
in which
Da = 0, 0<my <bh, D Cl'(-5=8)"™™0< mi < 1, D = (=)™ my = 1,
TR iy 2 b, TP T 0, my > 1 P10, my # b
Plugging (2.9)—(2.11) into (2.8) gives that
my  mp
D= zz 1D D e a2 g Ol ()
my,my=0 j1=0 j>=0
my nm
Dy Y O (g )R 4 Dy Y O (42 g @12)
J2=0 J1=0
l mi_m
—§(D11D12 + Dy»Dy; + D32D33)}Z1 7,
In addition, as the result of
> 200 ; 24,
(1=G=00) 22— 1] + (—z) () -1
1=ém4 [(fl—Zl)(fz—Zz) ] 1 [§1 -2 ]
I8 +00 ]1 +00 +00 Zjl
1 1 11 ] l| % 1
=), o=t 2 ), JIZ——l H (2 Y - 1)
p1=0 J1=0 1/20 J1=0 51
+o00  my
=2 ) > G a=ny Ty Z %’th’% =2z
mp= 0]1 =0 my=0 p1=0
) ( 1)11+v1{m1 | ml ( 1)11+V1

=2 Z Z Cl M =4=2)" ™I R + Dy Coy — —<Dn +C)Can 157,

myp,mp=0 j1=0

_ Oa my > 1’ _ (_1)ml+VI7 my = ll’
Ca ‘{ 1 my =0, C”‘{o, m # 1,

in which

we have that

- - 2018, 20,
C — (—f e b _ 153 —_1 _ Iy _1 Vi —_1
> = L) @l b Pl s s U ) (D) ) -
- D +C '
=2~(r-0)" Z > e gz iz Dy Co =2 Cleyy

my,mp=0 j1=0
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which follows that
Ci—Cy=Dl,— -

) Z ZC’"‘ W Zy g[S O o B — (2]

my,my=0 j;=0 Jj2=0
) o (2.14)
+ D21 Z sz Jz(_gz_é/ )12 ma+jo J2 + D31|v2 OZ le Jl(‘{l_gl)ll_ml+Jl§{l
J2=0 Jj1=0
1 M| _m
=Dy Gy - §(D11D12 + D2 Doz + D3;Dssly,—0 — D11Coy — C22C21)}Z] 0.
Similarly, we have that
> = 2014, . 20,
By = (00" (@~ 8) [ = 1] + () () [—=—-1]
Bl GO SR Oy 7o : o] s
- m z i» 2j2 7m Dy+B my _m )
=2(-4-2)" Z Zc b &)L+ By Dyt = B |21
mymp=0 jr=0
and
By — By = Dly,=0 — B>
+00
) Z Zcml 11( é«l_é‘»l)ll—mwjlé‘«ljl _ (_{1_4‘«1)11 Z sz Jz(_gz_Zz)lz—leJrszéZ
my,m=0  j1=0 J2=0
. o . o (2.16)
+ Datly <o Z Cle (L) L) + Dy, Z A C O L
j2=0 j1=0
1 my_m
— By1Ds3; - §(D11D12 + Dly,=0D23 + D33 D33 — Bay Doz — 321322)}Z1 70,
in which
0’ m 2 17 (_1)m2+vz’ mp = 127
B = B =
2 { I, m=0, 7 {0, my # .
Therefore,
A=Ay — Az + Ay = DIy —v,—0 — Baly,—0 — Calyy=0 + Ay
= Dl =,=0 — Baly,=0 — Caly,=0
2.17)

+00
+2 Z (" Co+Bud™ = BnCo)(=0-0)" (= 0)" 2" 2"

my,my=0
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as the result of

20 25

§1—Zl H—2

=2(-6—4)" (=6 5)" Z‘X’ 7 Z.o——l

1101 Jj2=0

= 2(—51—Z1)11(—§2—Z2)12[ Z LM Z Cyzy + i By 7" i 5"

m1=0 mr=0 m1=0 mr=0

+00 +o00
Y

m;=0 mp=0

Ay = (~0-0)" (-0

_2]

+00
= 2(—51—51)11(—52—32)12 Z (g_lm]C21+Bgl{_2m2 - 321C21)Zr1n122n2.
mp,my=0
On the other hand, due to the analyticity of the function ug;(z), it can be expressed as

+00

Ui (2) = Z up AR p<vi<m-1,v<vn <m-1. (2.18)

my,mp=0

Plugging (2.12), (2.14), (2.16), and (2.17) into (2.4), and considering the Eq (2.18), we get (2.2).
Moreover, (2.18) and (2.3) lead to (2.1). Therefore, from the result in the first part (1), it can be
concluded that ¢(z) determined by (2.1) satisfies

R, 0%, $(2) = gu(2) (z€80D%), T 8%, $(0,2)=0=3, 82, 6(21,0) (21 € D1, 22€ D).

7122 71722 7122

3. The Dirichlet problem

Theorem 3.1. Let ¢ € C(9,D?*;C), 1 € R\ {~1,0, 1}, and let 8uw € C(0yD*;R) for 1 < u,v <m-—1
(m > 2). Then, the problem

A-
0,05, f(2) = —¢(z) —¢(z) 02 (z) =0 (z € D)

with the conditions
f(2) = ¢(z), R 0L $(2) = 80(2) (z € 3D?), T8 8¢(0,25) = 0 = 38 0% $(z1,0)

21722 7122 7122

is solvable and the solution is

+00 —1 m—1 m vi,m—vy _my _my =vi+1l=vr+1
T I EE D IPWIES eI
-, m1n12 ] 2 2122 | |
4 ol i o e v+ D!(vp + D!
1+ 1 +0o0 —my+1 —m2+1 m—1 m—1 _vi_w

W[ Z u%?”"znji+lm2+l Z ZZZ]'Z

my,my=0 my,mp=0vi=u va=v
—m+1 —mp+1 400
— 7 é
m—vi,m—vy 1 2 ] mp my
7 |+ E b mnZi ' 2
- m1+1m2+1 PRt 2 e

my,mpy=0
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where u,,, »;" ' is determined by (2.2) (in which v; and v; are replaced by v, and v,, respectively), and

UL 1o » b, m, are determined by the following:

(@) forl<m <m-1land1l<my <m-1,

1 27 . 2 ' . .
Uy = my + Domy + D2 — | &7 (’"”‘f e 2 (e e didy
0
m—pu V1,V2
_a-1 Z mZ‘: L m—my—v1).om=ma—v) a1
1+1 m—vi + DIm—v, + 1) G.D
vi=1 =1
m—y m—vy I/tvl’vz
_ Z Z (m+my—vy),(m+my—vy) }
vi=l vp=1 (m—vl)'(m—vz)’ (m+my—vi+Dm+m—vy+ 1)

(i) form; > 1 and m, > 1,

00 1+1 o o 112 t 1 o ltz ity it
Uy = (27r)2 (e, e)dtdt, — (2 )2 e (e, e")dtdt
m—yu m—vy MVI V2 (32)

(m=v1),(m—vz)

_Zz(m—vl +DIm—v+ DI

vi=1 =1
27 m—g m—y uvl,vz
g,?nz — 41 2f ltlf itr(1-mp) (eltl eltz)dtzdtl Z (m=v1),(m—vy+my)
’ -1 2n) e v (m—v1+l)!(m—vz+1)!
m—yu m—vy Vi,V2
1 u(m v1),(m-vy—my) 1<my<v.
m=vi+D!m=-v) ! m—-vy—my+1° = "7 (3.3)
/l+1 vi=1v=1
- m—y m—my 1 uvl,vz
A-1 (m=vy),(m=vy—my) v<my<m—1,
(m—=vi+Dm—v)!m—v, —my + 1
vi=1 v=1
, my>m-—1,
27 m—p m—v V1 V2
00 _ i1 ml)zl‘[ ity if ity (m—vl+m1)(m—V2)
u e (e, e")dndt —Z Z
mi,0 —1(27r)2f = 1v_l(m vi+D!m—-vy+1)!
m—yu m—vy I/tvl V2
(m—vi—my,(m—v2))
1 Sml <u,
Z Z (m— vl)'(m m+D!m—vi—m + 1’ K (3.4)
/l+1 vi=1w=1
- m—mj; m—v vy
A - 1 Z Z (m—vl—l’l’l],(m—vz)) : #<m1 Sm— 1,
(m— vl)‘(m w+D)Im—vy—m; +1
vi=1lvy=1
0, m>m-1;
(iii) with ") being determined by (3.1),
27 1 m—g m—v vl RV
ity ity - 0,0 (m—V1+1)(m—V2+l)
0,0 go(e’ e)dhdt, — [u + ]
2 )2f f 4/1 L1 v 1( m—vy+ Dlm—-vy+1)!

3.5
m—pg m—vy uvl,vz
(m=v1=1),(m-v2-1)

/l+IZZ —vi=1),m-va-1)
(m—vl)'(m—Vz)!(m—vl)(m—Vz)’

vi=1 =1
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. > 1 -1 2
(iv) for {5, or { Sﬁ;i% or {ls%s%—l’

40 (my+ D(my +1) [ _ fzﬂ . S
0,0 _ 1 2 —i(m1+ 1)ty —i(my+1)ty it it
u = e e (e, ei)dt,dt
me A6l Qay 0 0 56
m—u m— V1,2 .
_ Z E/ (my + 1)(my + 1) Uim—v,+m),(m=vs+my)
= (m—=v)!m—-v)!(m—=vi+m +1)m—-vy+my+1)
) formy, my > 1,
1 2 ) 27 ) ) )
b - f e—lmltl f e—lmztzgo(eltl’ enz)dtzdtl
2 Jy 0
m—g m—y Vl V2
A-1 0,0 (m1+m—v1+l) (my+m—-vy+1)
= T oo nimen 22 (m—vi+ Dlm— vy + 1)']
vi=11p=1 1 2 (37)
m=l-my m-1-my uvl,vz
A+1 Z Z 1 (m=l=my=v1),(m-l-mx-v2) 1<my, my<m—1
T | o e (vt (m=vi=m)(m—~vy-my)” ~ ’
0, my,my>=m-—1,
271 21
bml,O (2 )zf f ”’”“go(e’” eltz)dtzdtl
m—u m—vy Vl V2
_ Z Z (m1+m vi+1),(m—vy+1) ]
(m1+1) 1 _ | _ |
4/1 — m=-vi+Dlm—-vy+1)! (3.8)
m=l-my m I/tvl V2
52D T <y <m—1,
T | oo e im— vl)'(m Vo)l (m—vi—my)(m—v,)
0, m>m-1,
27 21
bO,mz (2 )2 f f tmztzgo(ezt] eztz)dtzdtl
m—g m—vy Vl V2
_ l/t " Z Z (m vi+1),(my+m—vo+1) ]
1 (m2+1) — | — |
4/1 o s (n’l V) + 1) (m V) + 1) (39)

mu m-l-my uvl V2
(m=1-vy),(m-1-ma—v,)
, 1<my<m—1,

M 22 vl)'(m o) (=) m—va—113)

V]lel

0, m=>=2m-1,

O 0,0 .
in which ”(m1+1) o1y Womy +1).17 and Uy (ys1y ATC determined by (3.6).

Proof: 1) By Theorem 2.1,
2 m—vi,m—vy _mj _my
7y'25° + up(2),

¢(Z): Z Z Vl!VQ!uml’mz
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AIMS Mathematics



25923

where u,,, »;" ' is determined by (2.2) (in which v; and v; are replaced by v, and v,, respectively), and

uy(z) is analytic on D?. Thus, uy(z) can be represented as

+00

0,0 my _m
up(z) = Z Ui 21 25 s
my,mp=0
in which 13, is to be determined.
Let
m—1 m—1 " (Z)
ViV —vi+1=vy+1
$1(2) = up(2)2122 + Z Z 7'z
| 11 2 ’
= (vi + D!y + 1!
where
+o00
Uy, 1, (2) = Z Uy " 2, u<vi<m—=1,v<vy,<m-1.
my,my=0

Thus, 8z,0:,¢1(2) = ¢(2). Let

+00 mi+1 my+1

Z Z
~ 0,0 1 2
@)= > W, ——

m1+1m2+1’

my,mp=0
and let
+00 m1+1 my+1
Uy, 0,(2) = Z um_vl’m_vz—zl “ u<vism-1l,v<v,<m-1
e Lt my+1my + 1’ - - T -

my,mpy=0

Then, we get that d,,0,,uo(z) = uo(z) and 0,,0,,u,, ,,(2) = u,,,,(2). Let

-1 —v1 —v2

@@z%@+z lﬂ]d@

which follows that

m—1 m—1 —vl—vz

Z
0402622) = 0,082 = 0,05, 0() + ) Y| j 1302 0501,(2)

VI=H V2=V
m—1 m—1
CEDII
VI=U V=V

uvle (2) = ¢(2).

—Vl —V2

Therefore, .
A A
L] = o0+ 0,

A-1
0z, 622[W¢1(Z) +

which means that 11
1 1(2) +

A+1
i1 $2(2)

is a special solution to

A—-1 A+1_
aﬁa@:4lww-;¢m
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So, the solution of the problem is

A-1 A+1
@ =[S 0@+ m6:0)] +42)

A- 1 = = (SRS ulez(Z) —vi+1=vy+1
=TI @aR ) ) e o

VI=H V2=V

m—1 m—1 v1vz

/1 + 1
@@+ > Z @] + 9@
VI=H V=Y !
+00 -1 m-1 m vi,m—vy _my _my =vi+l=1m+l1 (310)
E ‘[ S pne § § SR 50
- Uy myZ 2o 2122 ] )
44 ) =0 Il Sesy e (V] + 1).(\/2 + 1)
+/1+1|: i i Ziln+1 —m2+1 +oo  m—1 m-1 vl vz
e RID VDI I
’ |
41 my,my=0 my + 1m2 +1 my,my=0vi=u vp=v Vi V2
Zml+l —m2+1
m—vy,m—vy <1 Z my _ma
u — b, m 3, '2
. m; + 1m2 + 1 ML 2

my,my=0

where ¥(2) = X", -0 bm.my2y 25" is analytic on D?, and u;) ., and b, ., are to be determined.
2) In this part, we seek the expressions of umlm and by, -
For z € yD?, let z; = ¢™ and z, = €™ (11,1, € [0, 2x]). Then, we get that

+00
1 . )
it ithy _ it ith\ _ 0,0 im—=Dty i(my—1)tp
pleh o) = fleh, ¢y =T i ) s, e
my,mpy=0
m-p m-v V15V2 ztl(ml—m+17]—1)eit2(m2—m+v~2—l)

* Z ZZ MI8721'—V1+1)’(m—v2+1)'

my,mpy=0vi=1 =1

A+ 1[ +oo 5o e—ih (my+1) e—itz(m2+l)
—_— u >
4 Z "+ 1 my + 1
my,mp=0
m—p m—v —lt1(m1+1—m+v~|)e—ilz(m2+1—m+v~2) VI,V2

Uy m,
" Z 2. 2" T P a1

my,my=0vi=1v=1

+00
imity inmpty
+ E by, me™"e

my,mp=0
§ E u() —ll] z(mz 1§53 + § E t(m1 Dty —ztz
mz mla
m1=0 mp=0 my=1 my=0
§ t(ml—l)tl i(my—1)t
+ ml m2 e
my,mp=1

Moty mVE M=y VL ity (m—(n=+1) pita(ma—(m—73+1))

+ZZZ Z ml’l(ni;—v1+l)‘(m—vz+1)'

vi=1v=1 m;=0my=0
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m—y m—vy +00 uﬁﬂz eimltleimzl‘z
n Z (my+(m-vi+1)),(ma+(m—-v2+1))
—vi+ DIm—v; +1)!
Ak, (movit+ Dim=—v, +1)
M—pt m—y m—vi +oo ;,V1,V2 ity (my —(m=1+1) yimaty

N Z Z ml,(m2+(m172+l))e

Ll £d £ (m =+ Dlm = + D)

M= m—y +00 m—vy V12 imt eit2(m2—(m—v~2+l))

N Z Z ”<m1+<m—v7+~1>>,mz

(m—-vi+ DIm—-vy + 1)!

reo . , (3.11)
+ A+ 1[ Z o0 e ihm o=ty
42 Ui =1),0m-1) m n,
my,my=1
mpmzy —111(m1+1—m+171) —ity(ma+1—m+v>) Vi,v2
DI . o ___|
my,my=0vi=1v;=1 (m_ﬂ)‘(m_‘z)' (ml + 1)(m2+ 1)
+00
+ Z b eim1l‘|eimztz
my,my .
my,my=0

(i) In the case of 0 < ry, 7, < m — 2, multiplying both sides of the Eq (3.11) by e""=")¢i2m=r2) 'and
then integrating with respect to #;,#, € [0, 2r] yields that

1 27 ) 2 ) _ _
(27_{_)2 f eztl (m—rl)[ f €ltz(m_r2)gﬁ(€m , ettz )dtz]dtl
0 0

A=1p o0 1 f" ; 1 fzﬂ .
_ A (m-r1—1) ity(my—1+m—ry)
=— E u — el dty - — e dt,
42 [m2: 0 0.2 2 0 2w 0

27 1 27
. ity (my—1+m—ry) ity (—1+m—ry)
+Z m'OZJTf e dt 27T 4 dtZ

mp=1
27 1 27
j —14+m-ry) itr(my—1+m—ry)
+ Z u’ f ettl(m1 Dt - _f e dt
1,2
el 2n 2r Jo
m—y m—vy m—vy m—vy Vl V2 ttl(m1+v1—1—r1) s 2 ithr(my+vy—1-r7)
DIIIPR 1 s h ¢ “
o B flopyr M) (m—-v + 1)!(m—vz + 1)!
m—u m—v Vl V2 ltl(m1+m r) 1 ity(ma+m—ry)
N Z Z Z U oy +(m=vy +1)).my+(m— v2+l))27r 0 € dt;- f € dn
e Pl m-vi+DIm—-v, +1)!
m—y m—v m—vy +0o Vl V2 m(m]+v1 1-ry) L (2 ity(my+m—ry)
N Z Z Z] Z Upp, (ma+(m— vZ+1))2nfo dt; - nfo ¢ dn
vy Bov foomar o (m—v1 + Dl(m—vy, + 1)!
M—fl M=y +e0 m—vy 1 ,VI;V2 1 T ity (my+m—ry) 1 (27 ity(mp+vo—1—-ry)
" Z Z Z Z:z (my+(m=vi+1)),m 27Jo 6 dt mj(‘) € dlz]
s B flompr M) m—-vi+Dlm—-vy,+1)!
+oo 0,0 27 271
4 A+ 1[ Z U(m—1),my-1) if eitl(m—rl—ml)dtl . if eitg(m—rz—mz)dtz
41 oy iy 21 Jo 21 Jo
AIMS Mathematics
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m—pt m=v 1 itl(m_rl_(ml+l_m+vl))dtl . Lfzneitz(m—rz—(mﬁ1—m+v2))dt2

€
* Z ZZZ : (m—vl)!(;—ovz)!

my,my=0vi=1 =1

uz v’% +00 1 27 i ) 1 27 - )
1,1M2 i (my+m—r 11 (moy+m—r:
.(m+1)(m+1)]+ me"mﬂfel 1 1dt1.§fezz Ddt,
! 2 my,my=0 0 0
ane
_A-1 [ A mzv Ul —v)(14r2-v2) ]
42 m-vi+Dlm—-vy, +1)!
V1=1 V2= 1
— V1,V2

+/l+ 1[ <m ri—1),(m=ra—1) +rnzl*:mzj Uom=r—1-v)),@m=rs—1-v) ]

(m—ri)(m—ry) o s (m— Vl)'(m —v)! Cm—r1—v1)2m—ry—v,) ’

and the last equation is due to

N { 0, m#0(me),

2n 1, m=0.
Therefore,
27
0,0 _ _ _ —ity(m-ry) —ito(m—rp) i i
8ty == b [ oo [ il
m—p v1 V2
/l 1 Z mZi/ (1+r1—v1) (1+ry—vy) ]
A+ m—-vi+DIm—-vy +1)!
vi=1v=1
m—pu m—v thVz

Q2m-ri—1-v1),2m—-ry—1-v7) }

2.2, (m — vm(m — ) Qm =1 —v)Q2m—ry —vy))’

vi=l wm=1

which leads to (3.1) for 1 < m;, my, <m— 1.
(i) Multiplying both sides of the Eq (3.11) by e"e™, and then integrating with respect to #,,1, €
[0, 27r] yields that

1 2 2
it ity itl, ity dt dt
(Wfo ‘ [fo e glel et
-1 . 0,0 1 imyt, o imyt
41 [Zu&mzﬂf 2ty +Z m%f M dr,
mr=0

21 1 21
imt . imats
+ E m1 ’"22 e"dt _2711(; e""dt,

my,mp=1

Mo m=y m=yy m—vy | V1.2 f e m m+v1)dt f2” eitg(m2—m+vz)dt2
0 0

DIDIDIPIE (m—v1+1)!(m—nv2+1)!

vi=1va=1 m;=0 mp=0

m—y m— +00 ., V1,V2 ll (mp+1) 1 itr(my+1)
> me T N LA L
m—=vi+DIm—-v, +1)!

vi=1vy=1m,my=0

Mol M=y M=V 400 VI-V2 j(') ity (my— m+v1)dt f2”eit2(m2+l)dt2

" Z Z mi,(ma+(m—va+1)) 21 21 JO
m-=vi+Dlm—-vy+1)!
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MLm=y 400 m—vy  Vi:V2 1 ttl(m1+1)dt 1 2

" Z Z Z Z (m1+(m vi+1),my 27 Jo 0
m—-vi+Dlm—-vy +1)!

vi=1va=1 m;=0my=0

+00 OO

2,
+ A+ 1[ u(ml 1),(my—1) 1 11‘1(1 mi) g 1 " ifz(l—mz)d
_— _— e H e 1)
41 mymy 271' 27T

my,my=1

eil‘z (mz—m+V2)dt2

_ 2. _ 2 . _
m-u m—v lj(; e it1(my m+V|)dt1 . LJ(; e itr(mo m+v2)dl2

* Z ZZ% (m—vl)!(;:—vz)!

my,my=0vi=1 =

uvl V2 +00 21 1 27

mip,n ] ity(mp+1) ity(mp+1)
: + b M D - — f e Dp,
(my + D)(my + 1) o fo 27 Jo

mi,nmp=
m—p m—v V1,V2
_A-1 [ 00 Uin—v)),(m-v2) ]
4q 1700 (m=v;+Dm-vy+1)!
vi=l wm=1
_ m—um-v V1,V2

LA+ 1[ 00 Z Z Ui, m=v2) ]
40 U0 L L (m— vy + DIm — vy + DI

=1 v,=

which leads to (3.2).

Additionally, for r, > 1, multiplying both sides of the Eq (3.11) by e™1¢!!="2"2_and then integrating

with respect to #1, 1, € [0, 2n] yields that

1 27 . 27 .
(2 )2 f ell‘l [ f eltz(l—rz)‘p( zt1 ztz )dt ]dl]
4 0 0

/l _ 1 400 00 1 21 ( ) 2 ] 1 2 .
= — ”2 my=ra imit . —irt)
= ) [rg::o uO,mz o' f dt + g ml 02 f e dtl _271' fo‘ e dtz

mp=1
27 1 27
z : imity L ity(ma—r2)
+ Upn\ my e dth e dt,
2 27'( 0
my,mpy=1
_ 2 _ _
M—pt m=y m=vi m=vy  V1,v2 fo ztl(m1 m+v1)dt1 f elfz(mz m+vy rz)dtz

DI Z S (m—v1+1)!(m—v02+1)!

vi=1va=1 m;=0 mp=0

m—u m—vy Vl V2 ltl(m1+l)dt lf eltz(m2+l rz)dt

" Z Z Z (m1+(m vi+1)),(my+(m— v2+1))27r 0
m—-vi+Dlm—-vy,+1)!

vi=1 va=1m,mr=0

m—yu m—v m—vy|; +oo Vl V2 f tt| (my m+V|)dt 1 fzneitz(mzﬂ—rz)dtz
0 0

" Z Z Z Z e VZH))(Z’; —vi+ DIm-v, +”1)!

vi=1lvy=1 m;=0my=0

Mot m=y +00 m=vy  V1,V2 f ttl(m1+1)dt1 s f27r eitz(mz—m+vz—r2)dt2
0

" Z Z Z Z (my+(m—vi+1)),my n 2n JO
m—-vi+Dlm—-vy+1)!

vi=1va=1 m;=0 mp=0

+0o 00

2.
+ A+ 1[ u(ml Dom-n 1 lll(l m) 1 " in(1-ry-m) 4
e H e [5)
41 mn, 27 o

my,my=1
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mep ey L (P it mi=mev) gy, L [P pitammmva ) gy

* Z 2.2 = (m—vl)!(mo—vz)!

my,my=0vi=1wv=1

uV] ,V2 +00 1 2 1 o
mi,m . . _
. 1.1 ] " Z Boy oy — e+ Dy . itm+l=r) gy
(my + D(my + 1) 21 Jo 21 Jo
my,my=0
m—i m—vy Vl V2
_ l/t + Z Z (mfvl) (m—vy+ry) ]
0’2 m—-vi+Dlm—vy,+1)!
vi= ]V2 1
m—y m—vy u"l V2

ZZ (m—v1),(m—v2—r3) l<r<v,
11 Vllvz_l(m—v1+1)'(m—v2)'m—v2—r2+1
+

_ m—{L m—ry Vv,

u
41 ZZ (m—-vy),(m=v2-12) v<r<m-—l1,
(m—v1+1)'(m—v2)'m—v2—r2+1

vi=1 vp=1

0, r2>m—1,

and the last equation is due to

m—pt m—y 21 foz”e—itl(ml—mwl)dtl X ZL fo z”e—izz(mz—m+Vz+rz)dt2 I
T JT mi,my
DY S T—
=0 ool ol (m —v)l(m —v,)! (my + D)(my + 1)
m—pu m— V1,V2
— 1 u(m—vl),(m—vz—rz) ’ 1 < r < v,
4 1(m—vl +DIm—-v)!'m—-vo—r,+1
1= 2=
_ ) i, T
Z Z (m=vy),(m=v2—r) L v<m<m-—l1,
e (m—-v + 1)’(m—v2)'m—v2—r2+1
0, rn>m-—1.
Therefore, for r, > 1,
4/1 27r 2 m—y m—v v1 Vo
u0,0 - ll‘z(l rz) ll] ltz)dtzdll _Z Z (m—Vl) (m—v2+r2)
0 = A—1 (271)2 A A m=vi+Dlm=vy+1)!
1=
m—g m—vy uVI,VZ
Z Z (m—vl),(m—m—rz)’ l<rm<v
i 1(m v1+1)‘(m w)! m—vy—ry+1 (3.12)
1= 2=
— il m—y m—ry uVl,Vz
A-1 ZZ (m=vy),(m—v2—r2)
v<rn<m-1,
= (m— v1+1)'(m v)lm=-vy—r+1
0, m>m-1.

For r; > 1, multiplying both sides of the equation (3.11) by ¢! "1 ¢ and then integrating with respect
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to t1, 1, € [0, 2], similar to (3.12), yields that

4/1 1 2 2 m—pg m—v z1V2+ Y N

00 _ i(1-r)t (e | ¢ m—yi+71).(m—v,
un=————1 e e (e dt,dt —Z Z

n0 T (271)2f0 fo @ iz { L4 m=vi +D)lm=v, + )]

m—f m—v vI,V2
(m—vi—ri,(m—vy))
I1<r <y,
Z Z (m— vl)‘(m w+D)Im—-vi—-r +1° 1=H (3.13)
A1+1 | 7= 1wv=1
— — ! m-rp m—vy uvl “viva
A-1 ZZ (m=vi=ry.(m=,)) p<r <m—1,
e (m— vl)'(m w+D!m—-vi—r +1
1=1 m=

0, r>m-1.

(i11) In addition, integrating both sides of the Eq (3.11) with respect to 7, #, € [0, 2] yields that

27 21
a )zf f o(e™, e™)dtdt,
Vg
0,0 1 pd o ei2m=1)
=2 41 [Ezl%nnag dty - — dt,

mp=0

27 . 1 2 .
+ Z enm=yp . — e "2dt
“m 05 f " on 0 2

mp=1

21 . 1 21 _
+ Z eltl(ml_l)dt o €lt2(m2_l)dt
m] 2 27T : 27T 0 2

my,mp=1

M—pL M=y MoV m=vy V1,2 f lt1(1n1+V1 1- m)dt1 J‘Z” eitz(m2+v2—l—m)dt2
0 2 0

SMPWR

vi=1vo=1 m1=0 mr=0

m-vi+Dlm—-vy +1)!

27 - 27 -
m—y m—v Vl V2 1 imit e imyty
4 Z Z Z Wi, +(m=vy +1)) (ma+(m=va+1)) 22J0 € dn 271](‘) et

m—-vi+DIm-v, +1)!

vi=1vy=1m;,my=0

21 -
m—y m—y m—vy +0o Vl V2 1[1(m1+v1 1-m) 1 imyty 1
Z Z z :1 z : m1 (ma+(m— v2+1))27rf0 h nf() ¢ g

_ \(m — !
L = m—-vi+ DIm—-vy +1)!

2 .
m—y m—y 400 m—vy ,,V1,V2 lmltl L1 ity(my+vy—1-m)
N Z Z Z Z Ui, s mvy +1))m> 27 fo dn - 5; fo € dtZ]

v e S S m—-vi+Dlm—-vy,+1)!

+00 0,0

2. 2
ﬂ+1[ o1y, om-1y L 7 L (7 s
+ - e dt; - — e dty
41 mmy 2w Jy 21 Jo

my,mp=1

2 . 27 .
—u m—-v 1 —ity(my+1-m+vy) o1 —ity(my+1-m+vy)
PSS A e

(m —v)!(m —wvy)!

my,my=0vi=1 1=

V1,V2

27
umlmz impt 1 imyt
by Mgy . — Ty
(m1+1)(m2+1) Z b 22f ! 27rf0 ¢ b

my,my=0
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m—y m—v Vl V2

l/l + Z Z (m—V|+1)(m—v2+1) ]

L1 m-vi+ DIm—-—vy, +1)!

vi=1vy=1
m—pu V1,V2
/1 +1 0O Uin—v,=1),(m=v>-1)

T +boo,
o s (m— Vl)'(m —v)! (m —vy)(m —vy)

which follows (3.5), where u 1s determined by (3.1).
(iv) In the case of ry, 7, 2 m + 1, multiplying both sides of the Eq (3.11) by "¢, and then
integrating with respect to 1, t, € [0, 2x] yields that

1 27 ' 21 ) ' '
(271_)2 L etr1t1 [ fo elrztzsa(eltl , eltz )dtz]dtl
11— 1 +00 00 1 2 1) 1 27 )
- 0 = it (r1— dt, - — ltz(m2—1+r2)dt
42 [mzo Yom o fo ‘ ' on fo ‘ ?

21 1 21
ity (my—1+ry) . ity (=1412)
* Z u,, 027T f € dn ' ﬁ e dn,

mi=1
27 . 1 21 )
+ Z ml mz_ elt|(m1—1+r1)dt1 R eltz(m2—1+r2)dl_2
2 2 0
my,mpy=1
2 .
m—y m—y m—vy m—vy ,,V1,V2 ztl(ml (m—vi+1)+r) itr(my—(m—va+1)+ry)
U fo dty - f e dt,

DI e (m—v1+1)!(m—vzo+ !

vi=1 vo=1 m=0 mry=0

m—p m-v e ttl(m1+r1)dt lf ettz(mz+r2)dt

n Z Z Z (m1+(m vi+1)),(my+(m—vy+1)) 27r 0
m—-vi+Dlm—-vy,+1)!

vi=1 vo=1m;,mp=0

m—pu m—v m—v|, +oo Vl V2 f lt| (my—(m— v1+1)+r1)dt 1 fzneitz(m2+r2)dt2
0

* Z Z Z Z s szrl))zﬂ(m —vi+DIm—-v, + 1)!” :

vi=1lvy=1 m;=0my=0

m—gu m—y 400 m-— v2 Vi,V2 ll‘] (m1+r1)dt oneitz(mz—(m—V2+l)+r2)dt2

" Z Z Z Z (ml+(m vi+1)),mo 27r 0 27Jo
m—-=vi+ Dl(m—-vy,+1)!

vi=1 vo=1 m;=0 my=0

+00 0,0 21
A+1 u(ml 1),(mp—1) 1 ltl( miy+ry) 1 itr(=ma+r2)
+ — _ dt, - e dn,
41 mymy 2 2
my,my=1

m—u m—v 1 j(;zne—il‘l(ml+1—m+V1—r|)dt1 . LJg)2ﬂe—it2(m2+l—m+v2—r2)dt2

" Z I (m—vl)!(ij:—vz)!

my,my=0vi=1v=1

uVl V2 1 27
. mp,my Z b eitl (m|+r1)dt . _f itz(m2+r2)d
1 e 1)
(my + D(my + 1) war D f 21 Jo
m—pu V1,V2
_ A+ 1[ (n DICRINN Z mz*: Uin—vi+r-1),(m-va+rr-1) ]
42 rir — (m—vl)'(m—vz)'(m—vl +r)(m—=vy + 1)
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Therefore,

0o _ 41 (n+ D+ (7

27
e—l(r1+1)t1 f e—l(f2+1)fzg0(eit1 , eitz)dtzdtl
0

L IS R =S R
m—u m—v V1,V 314
- Zﬂ Z (rl hl 1)(1”2 + 1) u(rln—zvl+r1),(m—\/2+r2) ( )
m=v)!m-=v ) m=vi+r+Dm—-vy+rn+1)

for ri,rp > m.

Similarly, in the case of r; > m + 1 and 0 < r, < m — 2, multiplying both sides of the Eq (3.11) by
el e2m=r2) "and then integrating with respect to ¢, t, € [0, 2] yields that uy", (r; > m, 1 < r, < m—1)
has the same representation as (3.14). In the case of 0 < r; < m —2 and r, > m + 1, multiplying both
sides of the Eq (3.11) by e "¢ and then integrating with respect to t;,2, € [0, 2n] yields that
u(r);f),z (1 <rp <m-—1, r, > m) has the same representation as (3.14).

(v) Similarly, for r;,r, > 1, multiplying both sides of the Eq (3.11) by e™""¢™% and then
integrating with respect to #;,#, € [0,2x], we can get the expression of b,,,, which leads to (3.7).
For r; > 1, multiplying both sides of the Eq (3.11) by e™"1"t, and then integrating with respect to
t1, 1 € [0,27] yields the expression of b, o which leads to (3.8). For r, > 1, we can get by,, which leads
to (3.9).

Remark 3.2. The results obtained in this article extend the existing conclusions about ployanalytic
functions and bi-ployanalytic functions. On this basis, we can study other partial differential
equation problems. For example, it would be interesting to discuss whether bi-polyanalytic or even
ployanalytical function solutions exist for some nonlocal integrable partial differential equations (see,
e.g., [24]), which need to explore the solutions to the corresponding Riemann-Hilbert problems.
Additionally, the non-existence of solutions to Cauchy problems on the real line for first-order nonlocal
differential equations (see, e.g., [25]) indicates that we can attempt to discuss the generalizations of

analytical solutions for partial differential equation problems.

4. Conclusions

With the help of the series expansion of polyanalytic functions, and applying the properties of
Cauchy kernels on the bicylinder and the unit disk, we first discuss a class of Schwarz problems
with the conditions concerning the real and imaginary parts of high-order partial differentiation for
polyanalytic functions on the bicylinder. On this basis, we investigate a type of boundary value
problem for bi-polyanalytic functions with Dirichlet boundary conditions on the bicylinder. From the
perspective of series, we obtain the specific representation of the solution to the Dirichlet problem. The
method used in this article, with the help of series expansion, is different from the previous methods
for solving boundary value problems. It is a very effective method and can be used to solve other
types of problems regarding complex partial differential equations of bi-polyanalytic functions in high-
dimensional complex spaces. The conclusions of this article also lay a necessary foundation for further
research on polyanalytic and bi-polyanalytic functions.
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