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1. Introduction

Fractional differential equations (FDEs) extend the concept of classical integer-order differential
equations to non-integer orders, providing a powerful framework for modeling complex systems
exhibiting memory and hereditary properties. The origins of fractional calculus can be traced back
to the late of 17th century when Gottfried Wilhelm Leibniz and Guillaume de L’Hôpital exchanged
letters discussing the possibility of derivatives of non-integer order. Over the centuries, the theory of
fractional calculus has been developed and formalized by mathematicians such as Joseph Liouville,
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Bernhard Riemann, Hermann Weyl, and Marcel Riesz, among others.
In the modern era, fractional calculus has found applications in various scientific and engineering

disciplines. Unlike classical differential equations, FDEs are capable of capturing the dynamics of
processes that exhibit anomalous diffusion, non-local behavior, and long-range temporal correlations.
This makes them particularly suitable for modeling phenomena in fields such as physics, control theory,
biology, finance, and engineering; see the monographs [1–6].

The mathematical foundation of FDEs involves several definitions of fractional derivatives and
integrals, each suited for different types of problems. The most commonly used definitions include
the Riemann-Liouville, Caputo, and Hadamard fractional derivatives. These derivatives are integral
operators that generalize the concept of differentiation to fractional orders, providing a flexible tool
for describing the evolution of systems over time. Within this framework, several types of fractional
derivatives have been developed, each tailored to capture different aspects of these systems. Among
these, the Hilfer-Hadamard fractional derivative is a new fractional derivative introduced in 2012
by M. D. Qasim [7]. It has emerged as a notable concept, blending the features of the Hilfer and
Hadamard fractional derivatives. The unique combination of Hilfer and Hadamard characteristics
makes it particularly versatile for a wide range of applications. As research in this area continues
to evolve, the Hilfer-Hadamard fractional derivative is expected to play an increasingly important role
in the mathematical modeling of complex systems.

The study of existence and uniqueness of solutions to FDEs is crucial, as it ensures that the
models are mathematically well-posed and their solutions are reliable for practical applications.
These properties are typically established using fixed point theorems, which are foundational tools
in functional analysis; see the monographs [8–10]. The stability analysis of FDEs is essential to
understand how solutions behave under small perturbations, which is crucial for the robustness of
models in real-world applications. Various concepts of stability have been developed, each suited to
different types of perturbations and scenarios. In the context of FDEs, concepts such as Lyapunov
stability, asymptotic stability, Mittag-Leffler stability, Ulam-Hyers stability, and Ulam-Hyers-Rassias
stability are commonly used, see [11–17] and references cited therein.

The research since 2017 has focused on exploring the theoretical properties of the Hilfer-Hadamard
fractional derivative and its applications to differential equations. The study of the existence and
uniqueness of solutions to differential equations involving this derivative has been a vibrant area of
investigation. Researchers have also examined the stability of such systems, employing various fixed
point theorems and stability concepts, including Ulam-Hyers stability, Ulam-Hyers-Rassias stability,
and their generalizations. For more detailed discussions, see [18–21].

Research on sequential fractional differential equations (FDEs) with boundary value problems has
made significant progress, primarily focusing on single sequential FDEs with various types of boundary
conditions regarding the existence and uniqueness of solutions. Notable examples can be found in the
monographs [22–26]. These studies utilize a range of mathematical techniques and contribute to a
broader understanding of the applications of fractional calculus in various fields, including physics,
engineering, and applied mathematics.

Among the various applications of FDEs, coupled systems involving sequential fractional
differential equations with boundary value problems have also garnered significant attention due to their
ability to describe complex interactions between multiple components or variables within a system.
Recent results on this topic are limited and include the following.
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In 2018, Zada et al. [27] studied the nonlinear sequential coupled system of Caputo fractional
differential equations with Riemann-Liouville fractional integral boundary conditions of the form

(cDq + kcDq−1)x(t) = f (t, x(t), y(t)), t ∈ [0,T ], 2 < q ≤ 3,
(cDp + kcDp−1)y(t) = g(t, x(t), y(t)), t ∈ [0,T ], 2 < p ≤ 3,

x(0) = 0, x(T ) =
n∑

i=1

αiIρiy(ηi),

y(0) = 0, y(T ) =
m∑

j=1

β jIγ jy(θ j),

where cD(.) denotes the caputo fractional derivatives of order p and q, I(.) denotes the Riemann-
Liouville fractional integral of order ρi and γ j > 0, ηi, θ j ∈ (0,T ), k ∈ R+, f , g : [0,T ] × R2 → R, and
αi, β j ∈ R, i = 1, 2, . . . , n, j = 1, 2, . . . ,m are real constants such that

n∑
i=1

αiη
ρi+1
i

Γ(ρi + 2)
.

m∑
j=1

β jθ
γ j+1
j

Γ(γ j + 2)
, T 2.

The authors in this paper demonstrated the existence of solutions by applying the Leray-Schauder
alternative criterion, while uniqueness is established using the Banach fixed point theorem. They also
presented the Ulam-Hyers stability of the mentioned system.

A few years later, in 2022, Zada and Yar [28] studied the existence, uniqueness, and Ulam-Hyers
stability of a sequential coupled system of Hadamard fractional differential equations with nonlocal
Hadamard fractional integral boundary conditions as follows:

(Dq + kDq−1)u(t) = f (t, u(t), v(t)), k > 0, 1 < q ≤ 2, t ∈ (1, e),
(Dp + kDp−1)v(t) = g(t, u(t), v(t)), k > 0, 1 < p ≤ 2, t ∈ (1, e),

u(1) = 0,
m∑

i=1

λiIαiu(ηi) =
n∑

j=1

µ j(Iβ ju(e) − Iβ ju(ξ j)),

v(1) = 0,
m∑

i=1

ρiIγiv(θi) =
n∑

j=1

κ j(Iδ jv(e) − Iδ jv(ζ j)),

where D(.) denotes Hadamard fractional derivative of order p and q, f , g : [1, e] × R2 → R are
continuous functions, ηi, θi, ξ j, ζ j ∈ (1, e), λi, ρi, µ j, κ j ∈ R, i = 1, 2, . . . ,m, j = 1, 2, . . . , n, and I(ϕ)

is the Hadamard fractional integral of order ϕ > 0, ϕ = αi, γi, β j, δ j, i = 1, 2, . . . ,m, j = 1, 2, . . . , n.
The existence of solutions was derived from Leray-Schauder’s alternative, whereas the uniqueness was
established by the Banach fixed point theorem.

In the same year, Agarwal et al. [29] studied the existence and Ulam-Hyers stability results for a
fully coupled system of nonlinear sequential Hilfer fractional differential equations of the form(HDα1,β1 − σ1HDα1−1,β1)x(t) = f1(t, x(t), y(t)), t ∈ [a, b], a ≥ 0,

(HDα2,β2 − σ2HDα2−1,β2)y(t) = f2(t, x(t), y(t)), t ∈ [a, b],
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subject to integro-multistrip-multipoint boundary conditions

x(k)(a) = y(k)(a) = 0, k = 0, 1, 2, . . . , n − 2,∫ b

a
x(s)ds =

p∑
i=2

λi−1

∫ ηi

ηi−1

y(s)ds +
q∑

j=1

µ jy(ϱ j),∫ b

a
y(s)ds =

p∑
i=2

λi−1

∫ ηi

ηi−1

x(s)ds +
q∑

j=1

µ jx(ϱ j),

where HDαi,βi is the Hilfer fractional derivative operator of order αi, n − 1 < αi ≤ n, n ≥ 3, and
type βi, 0 ≤ βi ≤ 1, i = 1, 2, and fi : [a, b] × R × R → R (i = 1, 2) are continuous functions,
a < η1 < η2 < · · · < ηp < ϱ1 < ϱ2 < · · · < ϱq < b, λi−1, µ j > 0, i = 2, 3, . . . , p, j = 1, 2, . . . , q
with p, q ∈ N, and σ1, σ2 > 0. The authors applied the standard fixed point theorems due to Banach
and Krasnoselskii, as well as the Leray-Schauder nonlinear alternative, to establish the existence and
uniqueness of the solution. The paper also included a study of Ulam-Hyers stability for the given
problem.

Very recently, in 2024, Sompong et al. [30] changed a coupled system of sequential Hilfer
fractional differential equations from the aforementioned paper to a coupled system of sequential
Hilfer-Hadamard fractional differential equations(HDα1,β1

1+ + k1 HDα1−1,β1
1+ )u(t) = f (t, u(t), v(t)), 1 < α1 ≤ 2, t ∈ [1, e],

(HDα2,β2
1+ + k2 HDα2−1,β2

1+ )v(t) = g(t, u(t), v(t)), 1 < α2 ≤ 2, t ∈ [1, e],

with four-point coupled boundary conditions

u(1) = 0, u(e) = λv(θ), 1 < θ < e,

v(1) = 0, v(e) = µu(η), 1 < η < e,

where HDαi,βi
1+ denotes the Hilfer-Hadamard fractional derivatives of order αi ∈ (1, 2] and type βi ∈ [0, 1]

for i ∈ {1, 2}, k1, k2 ∈ R
+, f , g : [1, e] ×R ×R→ R are given continuous functions, and λ and µ are real

constants.
Motivated by the research going on in this direction, in the present paper we extend the results

of [30] to a coupled system of sequential Hilfer-Hadamard fractional differential equations(HDα1,β1
1+ + k1HDα1−1,β1

1+ )u(t) = f (t, u(t), v(t)), t ∈ [1, e],
(HDα2,β2

1+ + k2HDα2−1,β2
1+ )v(t) = g(t, u(t), v(t)), t ∈ [1, e],

(1.1)

with multi-point Riemann-Liouville fractional integral boundary conditions

u(1) = 0, u(e) =
n∑

i=1

λiI
δi
1+v(θi) =

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1v(s)ds,

v(1) = 0, v(e) =
n∑

j=1

µ jI
σ j

1+u(η j) =
n∑

j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1u(s)ds,

(1.2)
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where HDαi,βi
1+ denotes the Hilfer-Hadamard fractional derivatives of order αi ∈ (1, 2] and type βi ∈ [0, 1]

for i ∈ {1, 2}, k1, k2 ∈ R+, and f , g : [1, e] × R × R → R are given continuous functions. Iδi and Iσ j

are the Riemann-Liouville fractional integral of positive order θi and η j ∈ (1, e), and λi, µ j, 1 ≤ i, j ≤ n
are real constants. Note that the Hilfer-Hadamard fractional derivative is viewed as interpolating the
Hadamard fractional derivative and the Caputo-Hadamard fractional derivative. In this paper, we focus
on the special case of order αi ∈ (1, 2] as most applications involve derivatives of no more than second-
order. Another important highlight of this research are the boundary conditions of the problem, which
are multi-point Riemann-Liouville fractional integral boundary conditions that make it applicable to a
broader class of mathematical models.

Fractional differential equations continue to be a vibrant area of research, with ongoing
developments enhancing our understanding and expanding their applicability. This paper contributes
to this growing body of knowledge by addressing key aspects of existence, uniqueness, and stability
in the context of fractional integral boundary conditions. The existence and uniqueness of solutions
are established using fixed point theorems such as Krasnoselskii’s and the Banach fixed point
theorem. Ulam-Hyers, Ulam-Hyers-Rassias, generalized Ulam-Hyers, and generalized Ulam-Hyers-
Rassias stability are also discussed for the system of Hilfer-Hadamard sequential fractional differential
equations (1.1) with conditions (1.2). Illustrative examples are provided.

The remaining structure of this paper is as follows: In Section 2, we recall some definitions,
notations, and theorems needed for our proofs. The main results regarding existence and uniqueness
are presented in Section 3. The stability results in the sense of Ulam-Hyers, generalized Ulam-Hyers,
Ulam-Hyers-Rassias, and generalized Ulam-Hyers-Rassias are discussed in Section 4. Examples
illustrating the main results are provided in Section 5.

2. Preliminaries

In this section, we present some fundamental definitions and theorems. Let L1[a, b] be the Banach
space of an Lebesgue integrable function. We consider AC[a, b], the space of absolutely continuous
function on the interval [a, b], and ACn

δ[a, b] is the space of n-times δ−differentiable absolutely
continuous functions on the interval [a, b], as follows

AC[a, b] =
{

f : f (t) = c +
∫ t

a
φ(τ)dτ, c ∈ R, φ ∈ L1[a, b]

}
,

ACn
δ[a, b] =

{
f : [a, b]→ R : δ(n−1) f (t) ∈ AC[a, b]

}
,

where δ is the Euler operator t d
dt .

Definition 2.1. (The Riemann-Liouville fractional integral [2]) The Riemann-Liouville integral of
order α > 0 of a function f : [a,∞)→ R is defined as

Iαa+ f (t) :=
1
Γ (α)

∫ t

a
(t − τ)α−1 f (τ) dτ, t > a.

Definition 2.2. (Hadamard fractional integral [2]) The Hadamard fractional integral of order α ∈ R+
for a function f : [a,∞)→ R is defined as

HIαa+ f (t) =
1
Γ(α)

∫ t

a

(
log

t
τ

)α−1 f (τ)
τ

dτ, t > a,
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provided the integral exists, where log(.) = loge(.).

Definition 2.3. (Hadamard fractional derivative [2]) The Hadamard fractional derivative of order α >
0, applied to the function f : [a,∞)→ R, is defined as

HDαa+ f (t) = δn(HIn−α
a+ f (t)), n − 1 < α < n, n = [α] + 1,

where δn = (t d
dt )

n and [α] denotes the integer part of the real number α.

Definition 2.4. (Hilfer-Hadamard fractional derivative [20, 31]) Let n − 1 < α ≤ n, 0 ≤ β ≤ 1, and
f ∈ L1[a, b]. The Hilfer-Hadamard fractional derivative of order α and type β of f is defined as

(HDα,βa+ f )(t) = (HIβ(n−α)
a+ δn

HI(n−α)(1−β)
a+ f )(t)

= (HIβ(n−α)
a+ δn

HIn−γ
a+ f )(t)

= (HIβ(n−α)
a+ HDγa+ f )(t),

where HI(.)
a+ , γ = α+ nβ−αβ, and HD(.)

a+ are the Hadamard fractional integral and derivative defined by
Definitions 2.2 and 2.3, respectively.

The Hilfer-Hadamard fractional derivative may be viewed as interpolating the Hadamard fractional
derivative and the Caputo-Hadamard fractional derivative. Indeed, for β = 0, this derivative reduces
to the Hadamard fractional derivative, and when β = 1, we recover the Caputo-Hadamard fractional
derivative.

We use some theorems of the Hadamard fractional integral and Hilfer-Hadamard fractional
derivative by Kilbas [2].

Theorem 2.5. [2] Let α > 0, n = [α] + 1, and 0 < a < b < ∞. If f ∈ L1[a, b] and (HIn−α
a+ f )(t) ∈

ACn
δ[a, b], then

(HIαa+ HDαa+ f )(t) = f (t) −
n−1∑
j=0

(δ(n− j−1)(HIn−α
a+ f ))(a)

Γ(α − j)

(
log

t
a

)α− j−1

.

Theorem 2.6. [20] Let α > 0, 0 ≤ β ≤ 1, γ = α + nβ − αβ, n − 1 < γ ≤ n, n = [α] + 1, and
0 < a < b < ∞. If f ∈ L1[a, b] and (HIn−γ

a+ f )(t) ∈ ACn
δ[a, b], then

HIαa+ (HDα,βa+ f )(t) = HIγa+ (HDγa+ f )(t) = f (t) −
n−1∑
j=0

(δ(n− j−1)(HIn−γ
a+ f ))(a)

Γ(γ − j)

(
log

t
a

)γ− j−1

.

From this theorem, we notice that if β = 0, the formula reduces to the formula in the Theorem 2.5.
We will use the following well-known fixed point theorems in Banach space to prove the existence

and uniqueness of solutions for the coupled system of the sequential Hilfer-Hadamard fractional
differential problem.

Theorem 2.7. (Krasnoselskii’s fixed point theorem [32]) Let Y be a bounded, closed, convex, and
nonempty subset of a Banach space X. Let F1 and F2 be the operators satisfying the conditions: (i)
F1y1 + F2y2 ∈ Y whenever y1, y2 ∈ Y; (ii) F1 is compact and continuous; (iii) F2 is a contraction
mapping. Then, there exists y ∈ Y such that y = F1y + F2y.
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Theorem 2.8. (Banach fixed point theorem [33]) Let X be a Banach space, D ⊂ X, nonempty closed
subset, and F : D→ D a strict contraction, i.e., there exists k ∈ (0, 1) such that ∥F x − F y∥ ≤ k∥x − y∥
for all x, y ∈ D. Then, F has a fixed point in D.

In summary, Krasnoselskii’s fixed point theorem is a generalization of the Banach fixed point
theorem that allows for the sum of two operators, while Banach’s theorem is a special case that deals
with a single contraction mapping on a complete norm space.

In this paper, we also focus on the stability of the solution to the problem in the class defined by
system (1.1) and conditions (1.2), ensuring it stays continuous despite changes to the equation while
maintaining the boundary condition structure. We explore and analyze four types of Ulam stability:
Ulam-Hyers stability, generalized Ulam-Hyers stability, Ulam-Hyers-Rassias stability, and generalized
Ulam-Hyers-Rassias stability for the fractional differential problem (1.1)–(1.2).

Let ϵ1, ϵ2 > 0, α1, α2 ∈ (1, 2], β1, β2 ∈ [0, 1], f , g : [1, e] × R × R → R be continuous functions,
and φ1, φ2 : [1, e] → R+. We consider the system of fractional differential problem (1.1)–(1.2) and the
systems of inequalities|(HDα1,β1

1+ + k1HDα1−1,β1
1+ )x(t) − f (t, x(t), y(t))| ≤ ϵ1, t ∈ [1, e],

|(HDα2,β2
1+ + k2HDα2−1,β2

1+ )y(t) − g(t, x(t), y(t))| ≤ ϵ2,
(2.1)

|(HDα1,β1
1+ + k1HDα1−1,β1

1+ )x(t) − f (t, x(t), y(t))| ≤ φ1(t), t ∈ [1, e],
|(HDα2,β2

1+ + k2HDα2−1,β2
1+ )y(t) − g(t, x(t), y(t))| ≤ φ2(t),

(2.2)|(HDα1,β1
1+ + k1HDα1−1,β1

1+ )x(t) − f (t, x(t), y(t))| ≤ ϵ1φ1(t), t ∈ [1, e],
|(HDα2,β2

1+ + k2HDα2−1,β2
1+ )y(t) − g(t, x(t), y(t))| ≤ ϵ2φ2(t),

(2.3)

with multi-point Riemann-Liouville fractional integral boundary conditions

x(1) = 0, x(e) =
n∑

i=1

λiI
δi
1+y(θi) =

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1y(s)ds,

y(1) = 0, y(e) =
n∑

j=1

µ jI
σ j

1+ x(η j) =
n∑

j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1x(s)ds,

(2.4)

where θi, η j ∈ (1, e), and λi, µ j are real constant, for 1 ≤ i, j ≤ n.
In the following Ulam stability definitions, we denote Y = C1([1, e],R). For a vector v = (v1, v2) >

0, this means v1, v2 > 0.

Definition 2.9. (Ulam-Hyers stable [11]) Problem (1.1)–(1.2) is Ulam-Hyers stable, if there exists a
constant vector c f ,g = (c f , cg) > 0 such that, for each ϵ = (ϵ1, ϵ2) > 0 and for each solution (x, y) ∈ Y×Y
of inequalities (2.1) with (2.4), there exists a solution (u, v) ∈ Y × Y of problem (1.1)–(1.2) satisfying

∥(x, y) − (u, v)∥ ≤ c f ,gϵ
T, t ∈ [1, e].

Definition 2.10. (Generalized Ulam-Hyers stable [11]) Problem (1.1)–(1.2) is generalized Ulam-Hyers
stable, if there exists a continuous vector function θ f ,g : R+ × R+ → R+ with θ f ,g(0) = 0 such that, for
each solution (x, y) ∈ Y × Y of inequalities (2.1) with (2.4), there exists a solution (u, v) ∈ Y × Y of
problem (1.1)–(1.2) satisfying

∥(x, y) − (u, v)∥ ≤ θ f ,g(ϵ), t ∈ [1, e].
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Definition 2.11. (Ulam-Hyers-Rassias stable [11]) Problem (1.1)–(1.2) is Ulam-Hyer-Rassias stable
with respect to φ = (φ1, φ2) if there exists a constant vector c f ,g,φ = (c f ,φ1 , cg,φ2) > 0 such that for
each ϵ > 0 and for each solution (x, y) ∈ Y × Y of inequalities (2.3) with (2.4), there exists a solution
(u, v) ∈ Y × Y of problem (1.1)–(1.2) satisfying

∥(x, y) − (u, v)∥ ≤ ϵc f ,g,φ[φ(t)]T , t ∈ [1, e].

Definition 2.12. (Generalized Ulam-Hyers-Rassias stable [11]) Problem (1.1)–(1.2) is generalized
Ulam-Hyer-Rassias stable with respect to φ = (φ1, φ2) if there exists a constant vector c f ,g,φ =

(c f ,φ1 , cg,φ2) > 0 such that, for each solution (x, y) ∈ Y × Y of inequalities (2.2) with (2.4), there
exists a solution (u, v) ∈ Y × Y of problem (1.1)–(1.2) satisfying

∥(x, y) − (u, v)∥ ≤ c f ,g,φ[φ(t)]T , t ∈ [1, e].

In a word, the primary differences among the stability concepts lie in the types of perturbations and
the generality of the stability conditions: Ulam-Hyers stability addresses basic stability under small
perturbations, while Ulam-Hyers-Rassias stability extends this by allowing more flexible perturbations.
Generalized Ulam-Hyers stability broadens the application of Ulam-Hyers stability to various FDEs,
and generalized Ulam-Hyers-Rassias stability combines this generalization with flexible perturbations
for a more comprehensive analysis. These concepts are crucial for studying stability in various
mathematical models, particularly in fractional differential equations.

Remark 2.13. It is clear that (i) Definition 2.9 =⇒ Definition 2.10; (ii) Definition 2.11 =⇒

Definition 2.12; (iii) Definition 2.11 =⇒ Definition 2.9.

Remark 2.14. A function vector (x, y) ∈ Y × Y is a solution of inequalities (2.1) if and only if there
exists a function ν1, ν2 ∈ C([1, e],R) such that |ν1(t)| ≤ ϵ1, |ν2(t)| ≤ ϵ2, t ∈ [1, e], and(HDα1,β1

1+ + k1HDα1−1,β1
1+ )x(t) = f (t, x(t), y(t)) + ν1(t), t ∈ [1, e],

(HDα2,β2
1+ + k2HDα2−1,β2

1+ )y(t) = g(t, x(t), y(t)) + ν2(t).

One can make similar observations to Remark 2.14 for inequalities (2.2) and (2.3).

3. Existence and uniqueness results

We start by proving a basic lemma concerning a linear variant of boundary value problem (1.1)–
(1.2), which be used to transform boundary value problem (1.1)–(1.2) into an equivalent integral system
of equations.

3.1. An auxiliary lemma

Lemma 3.1. Let h1, h2 ∈ C([1, e],R) and ∆ = 1 − AB , 0, where

A =
n∑

i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1(log s)γ2−1ds and B =

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1(log s)γ1−1ds.
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Then, u, v ∈ C([1, e],R) are solutions of the Hilfer-Hadamard sequential fractional differential
equations {

(HDα1,β1
1+ + k1HDα1−1,β1

1+ )u(t) = h1(t), 1 < α1 ≤ 2, 0 ≤ β1 ≤ 1, t ∈ [1, e],
(HDα2,β2

1+ + k2HDα2−1,β2
1+ )v(t) = h2(t), 1 < α2 ≤ 2, 0 ≤ β2 ≤ 1, t ∈ [1, e],

(3.1)

supplemented with integral boundary conditions (1.2) if and only if

u(t) =
(log t)γ1−1

∆

{[
k1

∫ e

1

u(s)
s

ds −
1
Γ(α1)

∫ e

1

h1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr −
1
Γ(α2)

∫ s

1

h2(r)
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

v(s)
s

ds −
1
Γ(α2)

∫ e

1

h2(s)
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr −
1
Γ(α1)

∫ s

1

h1(r)
r

(
log

s
r

)α1−1

dr
)
ds
]}

− k1

∫ t

1

u(s)
s

ds +
1
Γ(α1)

∫ t

1

h1(s)
s

(
log

t
s

)α1−1

ds (3.2)

and

v(t) =
(log t)γ2−1

∆

{[
k2

∫ e

1

v(s)
s

ds −
1
Γ(α2)

∫ e

1

h2(s)
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr −
1
Γ(α1)

∫ s

1

h1(r)
r

(
log

s
r

)α1−1

dr
)
ds
]

+ B
[
k1

∫ e

1

u(s)
s

ds −
1
Γ(α1)

∫ e

1

h1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr −
1
Γ(α2)

∫ s

1

h2(r)
r

(
log

s
r

)α2−1

dr
)
ds
]}

− k2

∫ t

1

v(s)
s

ds +
1
Γ(α2)

∫ t

1

h2(s)
s

(
log

t
s

)α2−1

ds, (3.3)

where γi = αi + 2βi − αiβi for i ∈ {1, 2}.

Proof. Taking the Hadamard fractional integral of order α1 both sides of the first equation of (3.1), we
get

(HIα1
1+ HDα1,β1

1+ + k1HIα1
1+ HDα1−1,β1

1+ )u(t) = HIα1
1+h1(t).

By Theorem 2.6, we have

u(t) −
1∑

j=0

(δ(2− j−1)(HI2−γ1
1+ u))(1)

Γ(γ1 − j)
(log t)γ1− j−1 + k1HIα1

1+ HDα1−1,β1
1+ u(t) = HIα1

1+h1(t). (3.4)
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From Eq (3.4), by Definition 2.4 one has

u(t) −
(δHI2−γ1

1+ u)(1)
Γ(γ1)

(log t)γ1−1 −
(HI2−γ1

1+ u)(1)
Γ(γ1 − 1)

(log t)γ1−2 + k1HI1
1+(HIγ1−1

1+ HDγ1−1
1+ )u(t) = HIα1

1+h1(t), (3.5)

where γ1, γ2 ∈ (1, 2] for i ∈ {1, 2}. Then, by Theorem 2.5 we get

u(t) −
(δHI2−γ1

1+ u)(1)
Γ(γ1)

(log t)γ1−1 −
(HI2−γ1

1+ u)(1)
Γ(γ1 − 1)

(log t)γ1−2

+ k1HI1
1+

(
u(t) −

(HI2−γ1
1+ u)(1)
Γ(γ1 − 1)

(log t)γ1−2
)
= HIα1

1+h(t). (3.6)

Equation (3.6) can be written as

u(t) = c0(log t)γ1−1 + c1

(
(log t)γ1−2 + k1

∫ t

1

(log s)γ1−2

s
ds
)
− k1

∫ t

1

u(s)
s

ds

+
1
Γ(α)

∫ t

1

h1(s)
s

(
log

t
s

)α1−1
ds, (3.7)

where c0 and c1 are arbitrary constants. In a similar way, we obtain

v(t) = d0(log t)γ2−1 + d1

(
(log t)γ2−2 + k2

∫ t

1

(log s)γ2−2

s
ds
)
− k2

∫ t

1

v(s)
s

ds

+
1
Γ(α)

∫ t

1

h2(s)
s

(
log

t
s

)α2−1
ds, (3.8)

where d0 and d1 are arbitrary constants. Using the first boundary conditions of (1.2), u(1) = 0, and
v(1) = 0 together with Eqs (3.7) and (3.8), yield c1 = 0 and d1 = 0, respectively. Equations (3.7)
and (3.8) become

u(t) = c0(log t)γ1−1 − k1

∫ t

1

u(s)
s

ds +
1
Γ(α1)

∫ t

1

h1(s)
s

(
log

t
s

)α1−1

ds, (3.9)

and

v(t) = d0(log t)γ2−1 − k2

∫ t

1

v(s)
s

ds +
1
Γ(α2)

∫ t

1

h2(s)
s

(
log

t
s

)α2−1

ds. (3.10)

Next, the second boundary conditions of (1.2) together with Eqs (3.9) and (3.10) yield

c0 − k1

∫ e

1

u(s)
s

ds +
1
Γ(α1)

∫ e

1

h1(s)
s

(
log

e
s

)α1−1

ds

=

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
d0(log s)γ2−1 − k2

∫ s

1

v(r)
r

dr +
1
Γ(α2)

∫ s

1

h2(r)
r

(
log

s
r

)α2−1

dr
)
ds

and

d0 − k2

∫ e

1

v(s)
s

ds +
1
Γ(α2)

∫ e

1

h2(s)
s

(
log

e
s

)α2−1

ds

=

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
c0(log s)γ1−1 − k1

∫ s

1

u(r)
r

dr +
1
Γ(α1)

∫ s

1

h1(r)
r

(
log

s
r

)α1−1

dr
)
ds,
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respectively. Rearranging the above equations, we get the linear system of equations:

c0 − d0A = J1 and d0 − c0B = J2, (3.11)

where

J1 =k1

∫ e

1

u(s)
s

ds −
1
Γ(α1)

∫ e

1

h1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr −
1
Γ(α2)

∫ s

1

h2(r)
r

(
log

s
r

)α2−1

dr
)
ds,

J2 =k2

∫ e

1

v(s)
s

ds −
1
Γ(α2)

∫ e

1

h2(s)
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr −
1
Γ(α1)

∫ s

1

h1(r)
r

(
log

s
r

)α1−1

dr
)
ds.

Solving system (3.11), we obtain

c0 =
J1 + AJ2

∆
and d0 =

J2 + BJ1

∆
.

Substituting c0 and d0 back into Eqs (3.9) and (3.10), respectively, we get the integral equations (3.2)
and (3.3). The converse follows by direct computation. This completes the proof. □

Let us introduce the Banach space X = C([1, e],R) endowed with the norm defined by ∥u∥ :=
max
t∈[1,e]
|u (t)|. Thus, the product space X × X equipped with the norm ∥(u, v)∥ = ∥u∥ + ∥v∥ is a Banach

space. In view of Lemma 3.1, we define an operator F : X × X → X × X by

F (u, v)(t) = (F1(u, v)(t),F2(u, v)(t)), (3.12)

where

F1(u, v)(t)

=
(log t)γ1−1

∆

{[
k1

∫ e

1

u(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, u(s), v(s))
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, u(r), v(r))
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

v(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, u(s), v(s))
s

(
log

e
s

)α2−1

ds (3.13)

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, u(r), v(r))
r

(
log

s
r

)α1−1

dr
)
ds
]}

− k1

∫ t

1

u(s)
s

ds +
1
Γ(α1)

∫ t

1

f (s, u(s), v(s))
s

(
log

t
s

)α1−1

ds

and
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F2(u, v)(t)

=
(log t)γ2−1

∆

{[
k2

∫ e

1

v(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, u(s), v(s))
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, u(r), v(r))
r

(
log

s
r

)α1−1

dr
)
ds
]

+ B
[
k1

∫ e

1

u(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, u(s), v(s))
s

(
log

e
s

)α1−1

ds (3.14)

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, u(r), v(r))
r

(
log

s
r

)α2−1

dr
)
ds
]}

− k2

∫ t

1

v(s)
s

ds +
1
Γ(α2)

∫ t

1

g(s, u(s), v(s))
s

(
log

t
s

)α2−1

ds.

We use the following notations in the proofs:

ω =

n∑
i=1

|λi|
(θi − 1)δi

Γ(δi + 1)
, ω̄ =

n∑
j=1

|µ j|
(η j − 1)σ j

Γ(σ j + 1)
, M =

1
|∆|

[
1 + ωω̄ + |∆|

]
, W1 =

2 ω
|∆|
, W2 =

2 ω̄
|∆|
.

Note that A ≤ ω and B ≤ ω̄. The following hypotheses are required in the subsequent discussion :

(H1) Let f , g : [1, e] × R × R → R be continuous functions. Assume that there exist continuous
nonnegative functions ϑ ∈ C([1, e],R+) and χ ∈ C([1, e],R+) such that

| f (t, u(t), v(t))| ≤ ϑ(t) and |g(t, u(t), v(t))| ≤ χ(t),

for each t ∈ [1, e].
(H2) Assume that there exist positive constants L and L̄ such that, for all t ∈ [1, e] and ui, vi ∈ R,

i = 1, 2,

| f (t, u1, u2) − f (t, v1, v2)| ≤ L(|u1 − v1| + |u2 − v2|),
|g(t, u1, u2) − g(t, v1, v2)| ≤ L̄(|u1 − v1| + |u2 − v2|).

(H3) Assume that φ : [1, e] → R+ is an increasing continuous function and there exists λφ > 0 such
that

HIα1+φ(t) ≤ λφφ(t), t ∈ [1, e].

3.2. Existence result via Krasnoselskii’s fixed point theorem

In this subsection, we establish an existence result using Krasnoselskii’s fixed point theorem.

Theorem 3.2. Assume that (H1) holds. Then, the problem defined by Eqs (1.1) and (1.2) has at least
one solution on the interval [1, e], provided that

Π := k1(M +W2) + k2(M +W1) < 1. (3.15)
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Proof. By assumption (H1), we can fix

R ≥
∥ϑ∥

(
M +W2

)
Γ(α1 + 1)

+ ∥χ∥

(
M +W1

)
Γ(α2 + 1)

1 −
(
k1(M +W2) + k2(M +W1)

) ,
where ∥ϑ∥ = sup

t∈[1,e]
|ϑ(t)| and ∥χ∥ = sup

t∈[1,e]
|χ(t)|, and we consider BR = {(u, v) ∈ X × X : ∥(u, v)∥ ≤ R}.We

split the operator F : X × X → X × X defined by (3.12) as

(F1,F2) = (F11,F21) + (F12,F22),

where F11,F21,F12, and F22 are given by

F11(u, v)(t) =
(log t)γ1−1

∆

{[
k1

∫ e

1

u(s)
s

ds −
n∑

i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr
)
ds
]

+ A
[
k2

∫ e

1

v(s)
s

ds −
n∑

j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr
)
ds
]}
− k1

∫ t

1

u(s)
s

ds,

F21(u, v)(t) =
(log t)γ2−1

∆

{[
k2

∫ e

1

v(s)
s

ds −
n∑

j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

u(r)
r

dr
)
ds
]

+ B
[
k1

∫ e

1

u(s)
s

ds −
n∑

i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

v(r)
r

dr
)
ds
]}
− k2

∫ t

1

v(s)
s

ds,

F12(u, v)(t) =
(log t)γ1−1

∆

{[
−

1
Γ(α1)

∫ e

1

f (s, u(s), v(s))
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

( 1
Γ(α2)

∫ s

1

g(r, u(r), v(r))
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
−

1
Γ(α2)

∫ e

1

g(s, u(s), v(s))
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

( 1
Γ(α1)

∫ s

1

f (r, u(r), v(r))
r

(
log

s
r

)α1−1

dr
)
ds
]}

+
1
Γ(α1)

∫ t

1

f (s, u(s), v(s))
s

(
log

t
s

)α1−1

ds

and

F22(u, v)(t) =
(log t)γ2−1

∆

{[
−

1
Γ(α2)

∫ e

1

g(s, u(s), v(s))
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

( 1
Γ(α1)

∫ s

1

f (r, u(r), v(r))
r

(
log

s
r

)α1−1

dr
)
ds
]

+ B
[
−

1
Γ(α1)

∫ e

1

f (s, u(s), v(s))
s

(
log

e
s

)α1−1

ds
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+

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

( 1
Γ(α2)

∫ s

1

g(r, u(r), v(r))
r

(
log

s
r

)α2−1

dr
)
ds
]}

+
1
Γ(α2)

∫ t

1

g(s, u(s), v(s))
s

(
log

t
s

)α2−1

ds.

Step I: First, we show that (F11,F21)(u, v)+(F12,F22)(x, y) ∈ BR, whenever (u, v), (x, y) ∈ BR. Let (u, v)
and (x, y) ∈ BR. Then, for any t ∈ [1, e], we have

|F11(u, v)(t) + F12(x, y)(t)|

≤
1
|∆|

{[
k1

∫ e

1

|u(s)|
s

ds +
1
Γ(α1)

∫ e

1

| f (s, x(s), y(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|v(r)|
r

dr +
1
Γ(α2)

∫ s

1

|g(r,w(r), y(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

|v(s)|
s

ds +
1
Γ(α2)

∫ e

1

|g(s, x(s), y(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|u(r)|
r

dr +
1
Γ(α1)

∫ s

1

| f (r,w(r), y(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

|u(s)|
s

ds +
1
Γ(α1)

∫ t

1

| f (s, x(s), y(s))|
s

(log
t
s
)α1−1ds

≤
1
|∆|

{[
k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)
+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2∥v∥ log s +

∥χ∥(log s)α2

Γ(α2 + 1)

)
ds
]

+ ω
[
k2∥v∥ +

∥χ∥

Γ(α2 + 1)
+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1∥u∥ log s +

∥ϑ∥(log s)α1

Γ(α1 + 1)

)
ds
]}

+ k1∥u∥ log t +
∥ϑ∥(log t)α1

Γ(α1 + 1)

≤
1
|∆|

{[
k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)
+ ω
(
k2∥v∥ +

∥χ∥

Γ(α2 + 1)

)]
+ ω
[
k2∥v∥ +

∥χ∥

Γ(α2 + 1)
+ ω̄
(
k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)

)]}
+ k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)

=

(
∥u∥k1 +

∥ϑ∥

Γ(α1 + 1)

)
M +
(
∥v∥k2 +

∥χ∥

Γ(α2 + 1)

)
W1,

which, upon taking the norm for t ∈ [1, e], yields

∥F11(u, v) + F12(x, y)∥ ≤
(
k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)

)
M +
(
k2∥v∥ +

∥χ∥

Γ(α2 + 1)

)
W1.

By a similar method, it can be found that

∥F21(u, v) + F22(x, y)∥ ≤
(
k2∥v∥ +

∥χ∥

Γ(α2 + 1)

)
M +
(
k1∥u∥ +

∥ϑ∥

Γ(α1 + 1)

)
W2.

Hence,
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∥(F11,F21)(u, v) + (F12,F22)(x, y)∥ ≤ ∥F11(u, v) + F12(x, y)∥ + ∥F21(u, v) + F22(x, y)∥

≤ R
(
k1(M +W2) + k2(M +W1)

)
+ ∥ϑ∥

(
M +W2

)
Γ(α1 + 1)

+ ∥χ∥

(
M +W1

)
Γ(α2 + 1)

≤ R.

Therefore, (F11,F21)(u, v) + (F12,F22)(x, y) ∈ BR.

Step II: Next, we show that the operator (F11,F21) is a contraction. Let (u1, v1) and (u2, v2) ∈ X × X.
Then, for any t ∈ [1, e], we have

|F11(u2, v2)(t) − F11(u1, v1)(t)|

≤
1
|∆|

{[
k1

∫ e

1

|u2(s) − u1(s)|
s

ds +
n∑

i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|v2(r) − v1(r)|
r

dr
)
ds
]

+ A
[
k2

∫ e

1

|v2(s) − v1(s)|
s

ds +
n∑

j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|u2(r) − u1(r)|
r

dr
)
ds
]}

+ k1

∫ t

1

|u2(s) − u1(s)|
s

ds

≤
1
|∆|

{[
k1∥u2 − u1∥ + k2∥v2 − v1∥

n∑
i=1

|λi|
(θi − 1)δi

Γ(δi + 1)

]
+ ω
[
k2∥v2 − v1∥ + k1∥u2 − u1∥

n∑
j=1

|µ j|
(η j − 1)σ j

Γ(σ j + 1)

]}
+ k1∥u2 − u1∥

=k1M∥u2 − u1∥ + k2W1∥v2 − v1∥

≤(∥u2 − u1∥ + ∥v2 − v1∥)[k1M + k2W1],

which, upon taking the norm for t ∈ [1, e], yields

∥F11(u2, v2) − F11(u1, v1)∥ ≤ (∥u2 − u1∥ + ∥v2 − v1∥)[k1M + k2W1].

Similarly, one has

∥F21(u2, v2) − F21(u1, v1)∥ ≤ (∥u2 − u1∥ + ∥v2 − v1∥)[k2M + k1W2].

Hence,

∥(F11,F21)(u2, v2) − (F11,F21)(u1, v1)∥ =∥F11(u2, v2) − F11(u1, v1)∥ + ∥F21(u2, v2) − F21(u1, v1)∥
≤Π (∥u2 − u1∥ + ∥v2 − v1∥).

In view of (3.15), the operator (F11,F21) is a contraction.

Step III: Finally, we will show that the operator (F12,F22) is continuous and compact. First, we show
that the operator (F12,F22) is continuous. Let {(un, vn)} be a sequence such that (un, vn) → (u, v) in
X × X for any t ∈ [1, e]. Then, we have

|F12(un, vn)(t) − F12(u, v)(t)|

≤
1
|∆|

{[ 1
Γ(α1)

∫ e

1

| f (s, un(s), vn(s)) − f (s, u(s), v(s))|
s

(
log

e
s

)α1−1

ds
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+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

( 1
Γ(α2)

∫ s

1

|g(r, un(r), vn(r)) − g(r, u(r), v(r)|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[ 1
Γ(α2)

∫ e

1

|g(s, un(s), vn(s)) − g(s, u(s), v(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

( 1
Γ(α1)

∫ s

1

| f (r, un(r), vn(r)) − f (r, u(r), v(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]

+
1
Γ(α1)

∫ t

1

| f (s, un(s), vn(s)) − f (s, u(s), v(s))|
s

(
log

t
s

)α1−1

ds.

Since f and g are continuous, we get that

∥F12(un, vn) − F12(u, v)∥ → 0 as {(un, vn)} → (u, v). (3.16)

Similarly, we have

∥F22(un, vn) − F22(u, v)∥ → 0 as {(un, vn)} → (u, v). (3.17)

It follows from (3.16) and (3.17) that the operator (F12,F22) is continuous.
Next, we will show that (F12,F22) is compact by using Arzelá-Ascoli theorem. First, (F12,F22) is

uniformly bounded since

∥F12(u, v)∥ ≤
M

Γ(α1 + 1)
∥ϑ∥ +

W1

Γ(α2 + 1)
∥χ∥

and

∥F22(u, v)∥ ≤
M

Γ(α2 + 1)
∥χ∥ +

W2

Γ(α1 + 1)
∥ϑ∥.

Finally, we will show that (F12,F22) is equicontinuous. We define

sup
(t,u,v)∈[1,e]×BR×BR

| f (t, u, v)| = f̄ and sup
(t,u,v)∈[1,e]×BR×BR

|g(t, u, v)| = ḡ.

Letting t1, t2 ∈ [1, e] with t1 < t2, one has

|F12(u, v)(t2) − F12(u, v)(t1)|

≤

[
(log t2)γ1−1 − (log t1)γ1−1]

|∆|

{[ 1
Γ(α1)

∫ e

1

| f (s, u(s), v(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

( 1
Γ(α2)

∫ s

1

|g(r, u(r), v(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ ω
[ 1
Γ(α2)

∫ e

1

|g(s, u(s), v(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

( 1
Γ(α1)

∫ s

1

| f (r, u(r), v(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}
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+
1
Γ(α1)

[ ∫ t1

1

| f (s, u(s), v(s))|
s

((
log

t2

s

)α1−1

−

(
log

t1

s

)α1−1)
ds

+

∫ t2

t1

| f (s, u(s), v(s))|
s

(
log

t2

s

)α1−1

ds
]

≤
1
|∆|

{ f̄
Γ(α1 + 1)

[1 + ωω̄] +
ḡ

Γ(α2 + 1)
[2ω]
}[

(log t2)γ1−1 − (log t1)γ1−1
]

+
f̄

Γ(α1 + 1)

[
(log t2)α1 − (log t1)α1

]
. (3.18)

In the same way, we have

|F22(u, v)(t2) − F22(u, v)(t1)|

≤
1
|∆|

{ ḡ
Γ(α2 + 1)

[1 + ωω̄] +
f̄

Γ(α1 + 1)
[2ω̄]
}[

(log t2)γ2−1 − (log t1)γ2−1
]

+
ḡ

Γ(α2 + 1)

[
(log t2)α2 − (log t1)α2

]
. (3.19)

From (3.18) and (3.19), we get that

|F12(u, v)(t2) − F12(u, v)(t1)| → 0 and |F22(u, v)(t2) − F22(u, v)(t1)| → 0 as t2 → t1.

Thus, (F12,F22) is equicontinuous. By the Arzelá-Ascoli theorem, we get that (F12,F22) is compact on
BR.

Hence, all the conditions of Krasnoselskii’s fixed point theorem are satisfied, and therefore the
boundary value problem defined by Eq (1.1) with conditions (1.2) has at least one solution on the
interval [1, e]. □

3.3. Existence and uniqueness result via the Banach fixed point theorem

Next, we prove an existence and uniqueness result based on the Banach fixed point theorem.

Theorem 3.3. Assume that (H2) holds. Then, the boundary value problem defined by Eqs (1.1)
and (1.2) has a unique solution on the interval [1, e], provided that

Ξ := k1(M +W2) + k2(M +W1) +
L(M +W2)
Γ(α1 + 1)

+
L̄(M +W1)
Γ(α2 + 1)

< 1. (3.20)

Proof. We will use the Banach fixed point theorem to prove that F , defined by (3.12), has a unique
fixed point. Let us define

N1 := max
t∈[1,e]
| f (t, 0, 0)| < ∞ and N2 := max

t∈[1,e]
|g(t, 0, 0)| < ∞.

By hypothesis (H2), we get

| f (t, u(t), v(t))| ≤ | f (t, u(t), v(t)) − f (t, 0, 0)| + | f (t, 0, 0)| ≤ L(∥u∥ + ∥v∥) + N1 = L∥(u, v)∥ + N1

and

|g(t, u(t), v(t))| ≤ |g(t, u(t), v(t)) − g(t, 0, 0)| + |g(t, 0, 0)| ≤ L̄(∥u∥ + ∥v∥) + N2 = L̄∥(u, v)∥ + N2.
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We choose

R ≥

N1(M +W2)
Γ(α1 + 1)

+
N2(M +W1)
Γ(α2 + 1)

1 −
[
k1(M +W2) + k2(M +W1) +

L(M +W2)
Γ(α1 + 1)

+
L̄(M +W1)
Γ(α2 + 1)

] .
Step I: First, we show that F (BR) ⊂ BR, where BR = {(u, v) ∈ X × X : ∥(u, v)∥ ≤ R}. Let (u, v) ∈ BR.
For t ∈ [1, e], we have

|F1(u, v)(t)|

≤
1
|∆|

{[
k1

∫ e

1

|u(s)|
s

ds +
1
Γ(α1)

∫ e

1

| f (s, u(s), v(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|v(r)|
r

dr +
1
Γ(α2)

∫ s

1

|g(r, u(r), v(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

|v(s)|
s

ds +
1
Γ(α2)

∫ e

1

|g(s, u(s), v(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|u(r)|
r

dr +
1
Γ(α1)

∫ s

1

| f (r, u(r), v(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

|u(s)|
s

ds +
1
Γ(α1)

∫ t

1

| f (s, u(s), v(s))|
s

(
log

t
s

)α1−1

ds

≤
1
|∆|

{[
k1∥u∥

∫ e

1

ds
s
+

L(∥u∥ + ∥v∥) + N1

Γ(α1)

∫ e

1

(
log

e
s

)α1−1 ds
s

+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2∥v∥

∫ s

1

dr
r
+

L̄(∥u∥ + ∥v∥) + N2

Γ(α2)

∫ s

1

(
log

s
r

)α2−1 dr
r

)
ds
]

+ A
[
k2∥v∥

∫ e

1

ds
s
+

L̄(∥u∥ + ∥v∥) + N2

Γ(α2)

∫ e

1

(
log

e
s

)α2−1 ds
s

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1∥u∥

∫ s

1

dr
r
+

L(∥u∥ + ∥v∥) + N1

Γ(α1)

∫ s

1

(
log

s
r

)α1−1 dr
r

)
ds
]}

+ k1∥u∥
∫ t

1

ds
s
+

L(∥u∥ + ∥v∥) + N1

Γ(α1)

∫ t

1

(
log

t
s

)α1−1 ds
s

≤
1
|∆|

{[
k1R +

LR + N1

Γ(α1 + 1)
+

(
k2R +

L̄R + N2

Γ(α2 + 1)

) n∑
i=1

|λi|
(θi − 1)δi

Γ(δi + 1)

]
+ A
[
k2R +

L̄R + N2

Γ(α2 + 1)
+

(
k1R +

LR + N1

Γ(α1 + 1)

) n∑
j=1

|µ j|
(η j − 1)σ j

Γ(σ j + 1)

]}
+ k1R +

LR + N1

Γ(α1 + 1)

≤
1
|∆|

{[
k1R +

LR + N1

Γ(α1 + 1)
+ ω
(
k2R +

L̄R + N2

Γ(α2 + 1)

)]
+ ω
[
k2R +

L̄R + N2

Γ(α2 + 1)
+ ω̄
(
k1R +

LR + N1

Γ(α1 + 1)

)]}
+ k1R +

LR + N1

Γ(α1 + 1)

=
1
|∆|

(
k1R +

LR + N1

Γ(α1 + 1)

)
[1 + ωω̄ + |∆|] +

1
|∆|

(
k2R +

L̄R + N2

Γ(α2 + 1)

)
[2 ω]
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=k1MR + M
LR + N1

Γ(α1 + 1)
+ k2W1R +W1

L̄R + N2

Γ(α2 + 1)
.

Taking the norm for t ∈ [1, e] on the above inequality, we get

∥F1(u, v)∥ ≤ k1MR + k2W1R + M
LR + N1

Γ(α1 + 1)
+W1

L̄R + N2

Γ(α2 + 1)
.

Similarly, we obtain

∥F2(u, v)∥ ≤ k2MR + k1W2R + M
L̄R + N2

Γ(α2 + 1)
+W2

LR + N1

Γ(α1 + 1)
.

Hence, from (3.20), one gets

∥F (u, v)∥ =∥(F1(u, v),F2(u, v))∥ = ∥F1(u, v)∥ + ∥F2(u, v)∥

≤R
[
k1(M +W2) + k2(M +W1) +

L(M +W2)
Γ(α1 + 1)

+
L̄(M +W1)
Γ(α2 + 1)

]
+

N1(M +W2)
Γ(α1 + 1)

+
N2(M +W1)
Γ(α2 + 1)

=ΞR +
N1(M +W2)
Γ(α1 + 1)

+
N2(M +W1)
Γ(α2 + 1)

≤ R.

Therefore, F (BR) ⊂ BR.

Step II: We will show that the operator F is a contraction. Let (u2, v2), (u1, v1) ∈ X×X. Then, by (H2),
for any t ∈ [1, e], we have

|F1(u2, v2)(t) − F1(u1, v1)(t)|

≤
1
|∆|

{[
k1

∫ e

1

|u2(s) − u1(s)|
s

ds +
1
Γ(α1)

∫ e

1

| f (s, u2(s), v2(s)) − f (s, u1(s), v1(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

|λi|

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|v2(r) − v1(r)|
r

dr

+
1
Γ(α2)

∫ s

1

|g(r, u2(r), v2(r)) − g(r, u1(r), v1(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

|v2(s) − v1(s)|
s

ds +
1
Γ(α2)

∫ e

1

|g(s, u2(s), v2(s)) − g(s, u1(s), v1(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

|µ j|

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|u2(r) − u1(r)|
r

dr

+
1
Γ(α1)

∫ s

1

| f (r, u2(r), v2(r)) − f (r, u1(r), v1(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

|u2(s) − u1(s)|
s

ds +
1
Γ(α1)

∫ t

1

| f (s, u2(s), v2(s)) − f (s, u1(s), v1(s))|
s

(
log

t
s

)α1−1

ds

≤
1
|∆|

{[
k1∥u2 − u1∥ +

L(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α1 + 1)

+

(
k2∥v2 − v1∥ +

L̄(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α2 + 1)

)
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×

n∑
i=1

|λi|
(θi − 1)δi

Γ(δi + 1)

]
+ ω
[
k2∥v2 − v1∥ +

L̄(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α2 + 1)

+

(
k1∥u2 − u1∥

+
L(∥u2 − u1∥ + ∥v2 − v1∥)

Γ(α1 + 1)

) n∑
j=1

|µ j|
(η j − 1)σ j

Γ(σ j + 1)

]}
+ k1∥u2 − u1∥ +

L(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α1 + 1)

=M
(
k1∥u2 − u1∥ +

L(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α1 + 1)

)
+W1

(
k2∥v2 − v1∥ +

L̄(∥u2 − u1∥ + ∥v2 − v1∥)
Γ(α2 + 1)

)
≤

[
k1M +

ML
Γ(α1 + 1)

+ k2W1 +
W1L̄
Γ(α2 + 1)

]
(∥u2 − u1∥ + ∥v2 − v1∥)

which, upon taking the norm for t ∈ [1, e], yields

∥F1(u2, v2) − F1(u1, v1)∥ ≤
[
k1M + k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

]
(∥u2 − u1∥ + ∥v2 − v1∥). (3.21)

Similarly,

∥F2(u2, v2) − F2(u1, v1)∥ ≤
[
k2M + k1W2 +

ML̄
Γ(α2 + 1)

+
W2L
Γ(α1 + 1)

]
(∥u2 − u1∥ + ∥v2 − v1∥). (3.22)

It follows from (3.21) and (3.22) that

∥F (u2, v2) − F (u1, v1)∥ ≤ Ξ(∥u2 − u1∥ + ∥v2 − v1∥).

By (3.20), it shows that the operator F is a contraction. Therefore, the boundary value problem defined
by Eq (1.1) with conditions (1.2) has a unique solution on the interval [1, e]. □

4. Ulam stability results

Lastly, we study the Ulam-Hyers and Ulam-Hyers-Rassias stability of the coupled system of Hilfer-
Hadamard fractional differential equations (1.1) with the integral boundary conditions (1.2).

Theorem 4.1. If assumption (H2) and conditions (3.20) are satisfied, then the boundary value problem
defined by Eqs (1.1) and (1.2) is Ulam-Hyers stable, and hence generalized Ulam-Hyers stable.

Proof. Let ϵ = (ϵ1, ϵ2) > 0 be given. Assume (x, y) is a solution of the inequality (2.1) with the
boundary conditions (2.4). Then by Remark 2.14, there exist functions ν1, ν2 ∈ C1([1, e],R) such that
|ν1(t)| ≤ ϵ1, |ν2(t)| ≤ ϵ2, t ∈ [1, e], and

(HDα1,β1
1+ + k1HDα1−1,β1

1+ )x(t) = f (t, x(t), y(t)) + ν1(t), t ∈ [1, e],
(HDα2,β2

1+ + k2HDα2−1,β2
1+ )y(t) = g(t, x(t), y(t)) + ν2(t),

x(1) = 0, x(e) =
n∑

i=1

λiI
δi
1+y(θi) =

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1y(s)ds,

y(1) = 0, y(e) =
n∑

j=1

µ jI
σ j

1+ x(η j) =
n∑

j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1x(s)ds,

(4.1)
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where θi, η j ∈ (1, e). By Lemma 3.1, the solution of (4.1) can be written as

x(t) =
(log t)γ1−1

∆

{[
k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s)) + ν1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r)) + ν2(r)
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s)) + ν2(s)
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r)) + ν1(r)
r

(
log

s
r

)α1−1

dr
)
ds
]}

− k1

∫ t

1

x(s)
s

ds +
1
Γ(α1)

∫ t

1

f (s, x(s), y(s)) + ν1(s)
s

(
log

t
s

)α1−1

ds,

which can be rearranged as

x(t) −
(log t)γ1−1

∆

{[
k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s))
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r))
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s))
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r))
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

x(s)
s

ds −
1
Γ(α1)

∫ t

1

f (s, x(s), y(s))
s

(
log

t
s

)α1−1

ds

=
(log t)γ1−1

∆

{[
−

1
Γ(α1)

∫ e

1

ν1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
−

1
Γ(α2)

∫ s

1

ν2(r)
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
−

1
Γ(α2)

∫ e

1

ν2(s)
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
−

1
Γ(α1)

∫ s

1

ν1(r)
r

(
log

s
r

)α1−1

dr
)
ds
]}

+
1
Γ(α1)

∫ t

1

ν1(s)
s

(
log

t
s

)α1−1

ds.

Using |νi| ≤ ϵi, i = 1, 2, for any t ∈ [1, e], we have∣∣∣∣∣∣x(t) −
(log t)γ1−1

∆

{[
k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s))
s

(
log

e
s

)α1−1

ds
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−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r))
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s))
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r))
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

x(s)
s

ds −
1
Γ(α1)

∫ t

1

f (s, x(s), y(s))
s

(
log

t
s

)α1−1

ds

∣∣∣∣∣∣
≤
ϵ1M

Γ(α1 + 1)
+
ϵ2W1

Γ(α2 + 1)
.

By virtue of Theorem 3.3, we denote by (u, v) the unique solution of problem (1.1)–(1.2). Then we
have u(t) = F1(u, v)(t), where F1 is defined by (3.12). From the above inequality, it follows that

|x(t) − u(t)| = |x(t) − F1(u, v)(t)|

≤
ϵ1M

Γ(α1 + 1)
+
ϵ2W1

Γ(α2 + 1)
+

(log t)γ1−1

|∆|

{[
k1

∫ e

1

|x(s) − u(s)|
s

ds

+
1
Γ(α1)

∫ e

1

| f (s, x(s), y(s)) − f (s, u(s), v(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|y(r) − v(r)|
r

dr

+
1
Γ(α2)

∫ s

1

|g(r, x(r), y(r)) − g(r, u(r), v(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

|y(s) − v(s)|
s

ds +
1
Γ(α2)

∫ e

1

|g(s, x(s), y(s)) − g(s, u(s), v(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|x(r) − u(r)|
r

dr

+
1
Γ(α1)

∫ s

1

| f (r, x(r), y(r)) − f (r, u(r), v(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

|x(s) − u(s)|
s

ds +
1
Γ(α1)

∫ t

1

| f (s, x(s), y(s)) − f (s, x(s), y(s))|
s

(
log

t
s

)α1−1

ds.

It follows by assumption (H2) that

∥x − u∥ ≤
ϵ1M

Γ(α1 + 1)
+
ϵ2W1

Γ(α2 + 1)
+ ∥x − u∥

(
k1M +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
+ ∥y − v∥

(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
. (4.2)

Similarly, we have

y(t) =
(log t)γ2−1

∆

{[
k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s)) + ν2(s)
s

(
log

e
s

)α2−1

ds

AIMS Mathematics Volume 9, Issue 9, 25849–25878.



25871

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r)) + ν1(r)
r

(
log

s
r

)α1−1

dr
)
ds
]

+ B
[
k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s)) + ν1(s)
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r)) + ν2(r)
r

(
log

s
r

)α2−1

dr
)
ds
]}

− k2

∫ t

1

y(s)
s

ds +
1
Γ(α2)

∫ t

1

g(s, x(s), y(s)) + ν2(s)
s

(
log

t
s

)α2−1

ds.

We get that

∥y − v∥ ≤
ϵ1W2

Γ(α1 + 1)
+
ϵ2M

Γ(α2 + 1)
+ ∥x − u∥

(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)
+ ∥y − v∥

(
k2M +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)
. (4.3)

Solving inequalities (4.2) and (4.3) simultaneously for ∥x − u∥ and ∥y − v∥, we obtain

∥x − u∥ ≤
G1ϵ1 +G2ϵ2

D
and ∥y − v∥ ≤

B1ϵ1 + B2ϵ2
D

,

where

G1 =
1

Γ(α1 + 1)

[
M
(
1 − k2M −

W2L
Γ(α1 + 1)

−
ML̄

Γ(α2 + 1)

)
+W2

(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)]
,

G2 =
1

Γ(α2 + 1)

[
W1

(
1 − k2M −

W2L
Γ(α1 + 1)

−
ML̄

Γ(α2 + 1)

)
+ M
(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)]
,

B1 =
1

Γ(α1 + 1)

[
W2

(
1 − k1M −

ML
Γ(α1 + 1)

−
W1L̄
Γ(α2 + 1)

)
+ M
(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)]
,

B2 =
1

Γ(α2 + 1)

[
M
(
1 − k1M −

ML
Γ(α1 + 1)

−
W1L̄
Γ(α2 + 1)

)
+W1

(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)]
,

and

D =
(
1 − k1M −

ML
Γ(α1 + 1)

−
W1L̄
Γ(α2 + 1)

)(
1 − k2M −

W2L
Γ(α1 + 1)

−
ML̄

Γ(α2 + 1)

)
−

(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
.

In consequence, we get that

∥x − u∥ + ∥y − v∥ ≤
G1 + B1

D
ϵ1 +

G2 + B2

D
ϵ2.

By virtue of condition (3.20), we note that G1+B1
D > 0 and G2+B2

D > 0. Letting c f ,g = (c f , cg) :=(
G1+B1

D ,
G2+B2

D

)
> 0, for each ϵ = (ϵ1, ϵ2) > 0 we get that

∥(x, y) − (u, v)∥ = ∥x − u∥ + ∥y − v∥ ≤ c f ϵ1 + cgϵ2 = c f ,gϵ
T .

Hence problem (1.1)–(1.2) is Ulam-Hyers stable. Moreover, it is generalized Ulam-Hyers stable, as
∥v − u∥ ≤ θ f ,g(ϵ), with θ f ,g(ϵ) = c f ,gϵ

T, θ f ,g(0) = 0. This completes the proof. □
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Theorem 4.2. Assume that (H2) and conditions (3.20) hold, and that there exists a function φ =
(φ1, φ2), where φi ∈ C([1, e],R+) for i = 1, 2, satisfying (H3). Then, the problem defined by
Eqs (1.1) and (1.2) is Ulam-Hyers-Rassias stable, and hence generalized Ulam-Hyers-Rassias stable
with respect to φ.

Proof. Let ϵ = (ϵ1, ϵ2) > 0 and (x, y) be a solution of the inequality (2.2) with the boundary
conditions (2.4). By integration of (2.2) and using (H3), for any t ∈ [1, e], one has∣∣∣∣∣∣x(t) − c0(log t)γ1−1 − c1

(
(log t)γ1−2 + k

∫ t

1

(log s)γ−2

s
ds
)
+ k
∫ t

1

x(s)
s

ds

−
1
Γ(α)

∫ t

1

f (s, x(s), y(s))
s

(
log

t
s

)α−1
ds

∣∣∣∣∣∣ ≤ ϵHIα1+φ1(t) ≤ ϵλφ1φ1(t),

for all c0 =
(δH I2−γ1

1+
x)(1)

Γ(γ1) , c1 =
(H I2−γ1

1+
x)(1)

Γ(γ1−1) ∈ R. By virtue of the proof of Lemma 3.1, we will choose c0

and c1 such that x in the above inequality also satisfies boundary conditions (2.4) as follows that

c1 = 0 and c0 =
J1 + AJ2

∆
,

where A and ∆ are defined as in Lemma 3.1, and

J1 =k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s))
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r))
r

(
log

s
r

)α2−1

dr
)
ds,

J2 =k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s))
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r))
r

(
log

s
r

)α1−1

dr
)
ds.

Then we have the inequality∣∣∣∣∣∣x(t) −
(log t)γ1−1

∆

{[
k1

∫ e

1

x(s)
s

ds −
1
Γ(α1)

∫ e

1

f (s, x(s), y(s))
s

(
log

e
s

)α1−1

ds

−

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

y(r)
r

dr −
1
Γ(α2)

∫ s

1

g(r, x(r), y(r))
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

y(s)
s

ds −
1
Γ(α2)

∫ e

1

g(s, x(s), y(s))
s

(
log

e
s

)α2−1

ds

−

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

x(r)
r

dr −
1
Γ(α1)

∫ s

1

f (r, x(r), y(r))
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

x(s)
s

ds −
1
Γ(α1)

∫ t

1

f (s, x(s), y(s))
s

(
log

t
s

)α1−1

ds

∣∣∣∣∣∣
< ϵHIα1+φ1(t) ≤ ϵλφ1φ1(t), t ∈ [1, e].
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Now, by virtue of Theorem 3.3, we let (u, v) be the unique solution of problem (1.1)–(1.2). That is
defined as u(t) = F1(u, v)(t), where F1 is defined by (3.13). From the above inequality, the same
method as in the proof of Theorem 4.1, it follows that

|x(t) − u(t)| =|x(t) − F1(u, v)(t)| ≤ ϵλφ1φ1(t) +
(log t)γ1−1

|∆|

{[
k1

∫ e

1

|x(s) − u(s)|
s

ds

+
1
Γ(α1)

∫ e

1

| f (s, x(s), y(s)) − f (s, u(s), v(s))|
s

(
log

e
s

)α1−1

ds

+

n∑
i=1

λi

Γ(δi)

∫ θi

1
(θi − s)δi−1

(
k2

∫ s

1

|y(r) − v(r)|
r

dr

+
1
Γ(α2)

∫ s

1

|g(r, x(r), y(r)) − g(r, u(r), v(r))|
r

(
log

s
r

)α2−1

dr
)
ds
]

+ A
[
k2

∫ e

1

|y(s) − v(s)|
s

ds +
1
Γ(α2)

∫ e

1

|g(s, x(s), y(s)) − g(s, u(s), v(s))|
s

(
log

e
s

)α2−1

ds

+

n∑
j=1

µ j

Γ(σ j)

∫ η j

1
(η j − s)σ j−1

(
k1

∫ s

1

|x(r) − u(r)|
r

dr

+
1
Γ(α1)

∫ s

1

| f (r, x(r), y(r)) − f (r, u(r), v(r))|
r

(
log

s
r

)α1−1

dr
)
ds
]}

+ k1

∫ t

1

|x(s) − u(s)|
s

ds +
1
Γ(α1)

∫ t

1

| f (s, x(s), y(s)) − f (s, x(s), y(s))|
s

(
log

t
s

)α1−1

ds,

which implies that

∥x − u∥ ≤ϵλφ1φ1(t) + ∥x − u∥
(
k1M +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
+ ∥y − v∥

(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
.

Similarly, we get that

∥y − v∥ ≤ϵλφ2φ2(t) + ∥x − u∥
(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)
+ ∥y − v∥

(
k2M +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)
.

Solving the above two equations simultaneously for ∥x − u∥ and ∥y − v∥, and then setting D the same
as in Theorem 4.1, the preceding inequalities can be written as

∥x − u∥ ≤
ϵ(E1φ1(t) + E2φ2(t))

D
and ∥y − v∥ ≤

ϵ(Q1φ1(t) + Q2φ2(t))
D

,

where

E1 = λφ1

(
1 − k2M −

W2L
Γ(α1 + 1)

−
ML̄

Γ(α2 + 1)

)
, E2 = λφ2

(
k2W1 +

ML
Γ(α1 + 1)

+
W1L̄
Γ(α2 + 1)

)
,
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Q1 = λφ1

(
k1W2 +

W2L
Γ(α1 + 1)

+
ML̄

Γ(α2 + 1)

)
, Q2 = λφ2

(
1 − k1M −

ML
Γ(α1 + 1)

−
W1L̄
Γ(α2 + 1)

)
.

In consequence, by condition (3.15), we get

∥x − u∥ + ∥y − v∥ ≤ ϵ(c f ,φ1φ1(t) + cg,φ2φ2(t)).

Letting c f ,g,φ = (c f ,φ1 , cg,φ2) =
(

E1+Q1
D , E2+Q2

D

)
, for each ϵ > 1, we have

∥(x, y) − (u, v)∥ ≤ ϵc f ,g,φ[φ(t)]T .

Hence problem (1.1)–(1.2) is Ulam-Hyers-Rassias stable with respect to φ. Moreover, it is generalized
Ulam-Hyers-Rassias stable with respect to φ and if we take ϵ = 1, then ∥(x, y) − (u, v)∥ ≤ c f ,g,φ[φ(t)]T .
This completes the proof. □

5. Examples

In this section, we give two examples to illustrate our main results.

Example 5.1. Consider the following Hilfer-Hadamard problem:
(

H D
3
2 ,

1
4 +

8
70 H D

1
2 ,

1
4

)
u(t) =

arctan v(t)
1 + u2(t)

, t ∈ [1, e],(
H D

3
2 ,

3
4 +

1
31 H D

1
2 ,

3
4

)
v(t) =

et

2
(

sin u(t) + cos v(t)
)
,

u(1) = 0, u(e) = 3I
7
2 v
(4
3

)
+ 13I

5
2 v
(7
6

)
, v(1) = 0, v(e) =

1
10

I
7
4 u(2) + 7I

5
2 u
(5
3

)
.

(5.1)

Here, α1 =
3
2
, α2 =

3
2
, β1 =

1
4
, β2 =

3
4
, γ1 =

13
8
, γ2 =

15
8
, k1 =

8
70
, k2 =

1
31
, λ1 = 3, λ2 = 13,

δ1 =
7
2
, δ2 =

5
2
, θ1 =

4
3
, θ2 =

7
6
, µ1 =

1
10
, µ2 = 7, σ1 =

7
4
, σ2 =

5
2
, η1 = 2, and η2 =

5
3 . For each

t ∈ [1, e], there exists continuous nonnegative functions ϑ(t) =
π

2
and χ(t) = et such that

| f (t, u(t), v(t))| =
∣∣∣∣∣arctan v(t)

1 + u2(t)

∣∣∣∣∣ ≤ ϑ(t) and |g(t, u(t), v(t))| =
∣∣∣∣∣et

2
(

sin u(t) + cos v(t)
)∣∣∣∣∣ ≤ χ(t),

and (H1) is satisfied. Using the given data, we find that M = 2.0421, W1 = 0.0998, and W2 = 1.6545.
Therefore, we have

Π = k1(M +W2) + k2(M +W1) ≈ 0.4916 < 1.

Thus, all the conditions of Theorem 3.2 are satisfied. Therefore, the boundary value problem (5.1) has
at least one solution on the interval [1, e].

Example 5.2. Consider the following Hilfer-Hadamard problem:

(
H D

5
4 ,

1
2 +

4
55 H D

1
4 ,

1
2

)
u(t) =

|u(t)|
√

143 + t2(5 + |u(t)|)
+

1
100

(1 + log t)|v(t)|, t ∈ [1, e],(
H D

3
2 ,1 +

1
26 H D

1
2 ,1
)
v(t) =

|u(t)|
(4 + t)3(1 + |u(t)|)

+
sin v(t)
(5 + t)2 ,

u(1) = 0, u(e) =
5
9

I
5
2 v(2) + 6I

3
2 v
(3
2

)
, v(1) = 0, v(e) = 5I

19
7 u
(5
3

)
+

1
21

I
7
2 u
(3
2

)
.

(5.2)
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Here, α1 =
5
4
, α2 =

3
2
, β1 =

1
2
, β2 = 1, γ1 =

13
8
, γ2 = 2, k1 =

4
55
, k2 =

1
26
, λ1 =

5
9
, λ2 = 6,

δ1 =
5
2
, δ2 =

3
2
, θ1 = 2, θ2 =

3
2
, µ1 = 5, µ2 =

1
21
, σ1 =

19
7
, σ2 =

7
2
, η1 =

5
3

, and η2 =
3
2 . Consider

the functions

f (t, u, v) =
|u|

√
143 + t2(5 + |u|)

+
1

100
(1 + log t)|v| and g(t, u, v) =

|u|
(4 + t)3(1 + |u|)

+
sin v

(5 + t)2 .

We see that hypothesis (H2) holds, because, for any ui, vi ∈ R for i = 1, 2, one has

| f (t, u1, u2) − f (t, v1, v2)| ≤
1

50
(|u1 − v1| + |u2 − v2|)

and
|g(t, u1, u2) − g(t, v1, v2)| ≤

1
36

(|u1 − v1| + |u2 − v2|),

with L =
1

50
and L̄ =

1
36

. Using the given data, we find that M = 2.7575, W1 = 3.6622, and
W2 = 0.8156. Therefore, we have

Ξ =

[
k1(M +W2) + k2(M +W1) +

L(M +W2)
Γ(α1 + 1)

+
L̄(M +W1)
Γ(α2 + 1)

]
≈ 0.7040 < 1.

Thus, all the conditions of Theorem 3.3 are satisfied. Therefore, the problem defined by Eq (5.2)
has a unique solution on the interval [1, e]. Moreover, according to Theorem 4.1, boundary value
problem (5.2) is both Ulam-Hyers stable and generalized Ulam-Hyers stable. In addition, by virtue
of Theorem 4.2, if there exists a function φ = (φ1, φ2), where φi ∈ C([1, e],R+) for i = 1, 2,
satisfying (H3), then problem (5.2) is Ulam-Hyers-Rassias stable and generalized Ulam-Hyers-Rassias
stable on the interval [1, e] with respect to φ.

6. Conclusions

This paper presents existence and uniqueness results for a system of Hilfer-Hadamard sequential
fractional differential equations (1.1) with multi-point Riemann-Liouville fractional integral boundary
conditions (1.2). First by considering a linear variant of the given problem, we converted the nonlinear
problem into a fixed point problem. Once the fixed point operator was established, the existence
results were derived using Krasnoselskii’s fixed point theorem. The Banach fixed point theorem was
then applied to achieve the existence and uniqueness result.

Moreover, the sufficient conditions for the stability of the problem in the sense of Ulam-Hyers and
Ulam-Hyers-Rassias were determined. We found that if the problem has a unique solution according
to the assumptions of Theorem 3.3, it is also Ulam-Hyers stable and generalized Ulam-Hyers stable
on [1, e]. Furthermore, by adding one more condition for the function φ as (H3), we obtained Ulam-
Hyers-Rassias and generalized Ulam-Hyers-Rassias stability results with respect to the function φ.
Additionally, we provide two examples that illustrate the obtained results.

In summary, we obtained existence, uniqueness, and stability results for the coupled system
of Hilfer-Hadamard sequential fractional differential equations with multi-point fractional integral
boundary conditions, making it applicable to a broader class of mathematical models.
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