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1. Introduction

It is known that in the algebra L(X) of bounded linear operators defined on an infinite-dimensional
complex Banach space X, there are several studies on the Weyl-type and Browder-type theorems; see,
for example, [2,4, 11, 13, 22, 29]; and from these studies several spectral properties are generated,
including those defined in [27], which are more than forty-four properties. These properties are
studied separately in search of new relationships or results between them, and new properties have been
created from them, which are versions generalized or modified. However, among these investigations,
the upper spectrum of semi-Fredholm has received little attention compared to the more common
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consideration of Weyl, Browder, or Drazin spectra.

These studies generate a theory that has several applications; for example, in a general context
see [18], or particularly in the field of physics, it is applied in electromagnetism, see [16], in the
field of artificial intelligence, it is applied from the point of view of statistical analysis of massive
data considering the normalized data as the spectrum of an operator, and also to make dimensionality
reduction, see [12,28].

On the other hand, in [8, 24-26], some of the relations involved with the upper semi-Fredholm
spectrum are studied, but they are not of Weyl type. Therefore, it is interesting to consider Weyl-type
relations to investigate and innovate the theory on this subject and thus explore new applications.

Considering the information provided above, we are motivated to make the following contributions
to the literature: In Section 2, we introduce the necessary preliminaries, and then in Section 3 until
Section 6, using classical techniques of local spectral theory, we define and study a Weyl-type property
that relates to the upper semi-Fredholm spectrum; we call it the property (wm). This new spectral
property for a linear operator state that “the upper semi-Fredholm spectrum subtracted from the
spectrum coincides with the eigenvalues of finite multiplicity that are isolated in the approximate point
spectrum.” From this property, we see different relationships that exist between spectra, including the
upper semi-Fredholm spectrum. This property generalizes the a-Weyl theorem in the sense that it
implies, but the converse is not true, which we will justify with an example. Also, in Section 3, we see
the necessary conditions that a linear operator in L(X) must have to verify the property (wrr), while in
Section 4, we see the sufficient conditions. In Section 5, we study the property (wsm) under the Riesz
functional calculus, and finally, in Section 6, we characterize it.

Our contributions may be useful for further studies; for example, it remains to study the property
(wm) under perturbations or for the tensor product of two operators verifying it, which is of interest
because it could correlate with the results obtained in [6, 10, 14,20,21]. The study is also pending for
conjugate operators, see [35], or for operators equivalent in norms, see [19].

2. Preliminaries

In this section, we give some terminologies and definitions to the development of results, and refer
to [2], for details about notations and terminologies.

For T € .Z(X), &(T) and B(T) represent the dimension of the kernel of T, ker(T), and the
codimension of the range of 7', T'(X), respectively.

An operator T € L(X) is upper semi-Fredholm, in notation T € ®,(X), if (T) < o and T(X)
is closed, or is lower semi-Fredholm, in notation T € ®_(X), if B(T) < oco. The class of Fredholm
operators is given by ®(X) := ®,(X) N ®_(X), and the class of semi-Fredholm operators is given by
dO+(X) := d,.(X) U D_(X). Now, if T € ®+(X), we define the index of T as ind (T) := &(T) — 3(T). It
is represented by the class of Weyl operators by the set

W(X) :={T € ®(X) : ind T = 0},
and the class of upper semi-Weyl operators by the set
W.(X):={T € ®,(X) :ind T < 0}.
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The ascent of an operator T € .ZZ(X) is defined as the smallest nonnegative integer p := p(T') such
that ker 77 = ker TP*!, and if it does not exist, we consider it as p(T) = co. Analogously, the descent
of T is defined as the smallest nonnegative integer g := §(T) such that T9(X) = T7+'(X), and if it does
not exist, we consider it as g(T) = oo.

The set represented by the class of Drazin invertible operators is

D(X) :={T € LX) : p(T).4(T) < oo},
and by the class of Left Drazin invertible operators is
D,(X)={Te€ [(X) : p(T) < oo and the set TP*1(X) is closed).
The class of Browder operators is the set denoted by
B(X) :={T € &(X) : p(T).4(T) < e}
and the class of upper semi-Browder operators is the set denoted by
B.(X) := (T € ®.(X) : p(T) < oo}.

For T € £(X) and a nonnegative integer n, we put by 77, the restriction of 7 on 7"(X), viewed as
a map of space 7"(X) in itself (where T1g; = T).

Now, T € [(X) is said to be semi-B-Fredholm (resp., B-Fredholm, upper semi-B-Fredholm) if for
some integer n > 0 the range 7"(X) is closed and T, is a semi-Fredholm operator (resp., Fredholm,
upper semi-Fredholm). If T is a semi-B-Fredholm operator, then its index is ind T = ind Tp,;. In this
way, T is said to be B-Weyl (respectively, upper semi-B-Weyl) if for some integer n > 0 the range T"(X)
is closed and T, is a Weyl operator (respectively, upper semi-Weyl).

An operator is called bounded below if it is injective with closed range. In addition, we point out
the following notations that will be used in this article. For T € L(X) the:

e Spectrum: o(T) := {¢ € C : ¥I — T is not invertible}.

e Approximate point spectrum: o,(7T) := {¢ € C : I — T is not bounded below}.
e Upper semi-Fredholm spectrum: 0,(T) :={y € C: Yl - T ¢ o, (X)).

e Weyl spectrum: 0,,(T) := {y € C: yI — T ¢ W(X)}.

e Upper semi-Weyl spectrum: 0,,(T) := {y € C: yl — T ¢ W (X)}.

e Upper semi B-Weyl spectrum: 0,,,(T) := {{ € C : I — T is not upper semi B-Weyl}.
Browder spectrum: 0,(T) := {¢ € C : ¢l — T ¢ B(X)}.

Upper semi-Browder spectrum: 0,,(T) := {y € C: yI — T ¢ B.(X)}.

Drazin invertible spectrum: o,(T) :={y € C: yI — T ¢ D(X)}.

Left Drazin invertible spectrum: 0,y(T) :={y € C: Yyl - T ¢ D, (X)}.
Resolvent: p(T) = C\ o(T).

Approximate point resolvent: p,(T) = C\ 0,(T).

e Upper semi-Fredholm resolvent: p,(T) = C\ 0,4(T).

e Dual operator, it is denoted by 7.
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Now, we give an important property in local spectral theory. The localized version of this property
has been introduced by Finch [15], and in the framework of Fredholm theory, this property has been
characterized in several ways; see Chapter 3 of [1].

It is said that an operator T € .ZZ(X) verifies the single-valued extension property at ¥, € C
(abbreviated, SVEP at ), if for every open disc Dy, € C centered at ¥, the only analytic function
f : Dy, — X which satisfies the equation

WI-T)f(W) =0 forally €Dy,

is the function f = 0 on Dy,. An operator T verifies the SVEP if T verifies the SVEP at every point
Y € C. Itis clear that T verifies the SVEP at every point of resolvent p(T') := C\ o(T"). Moreover, from
the identity theorem for analytic functions, it is easily seen that T verifies the SVEP at every point of
the boundary do(T') of the spectrum. In particular, 7 and T verify the SVEP at every isolated point of
the spectrum. We have

pWl —T) < co = T verifies the SVEP at ¢, 2.1

and dually,
gl —T) < oo = T~ verifies the SVEP at ¢, (2.2)

see [1, Theorem 3.8]. Furthermore, from the definition of localized SVEP is easily seen that
04(T) does not cluster at y = T verifies the SVEP at . (2.3)

Remark 2.1. All the implications (2.1)—(2.3) are equivalences whenever I — T is quasi-Fredholm,
see [3]. In particular, these equivalences hold whenever I — T is a semi-Fredholm operator.

Remark 2.2. [1] It is well known that for T € Z(X) are given:

P(T) < +00 = &(T) < B(T).

G(T) < +00 = a(T) > B(T).

P(T).4(T) < +00 = p(T) = §(T) = &(T) = B(T).

&(T) = B(T) and p(T) < +o0, or §(T) < +o0 = p(T) = §(T).

For the set of all isolated (resp., interior) points of K C C, we denote it as iso K (resp., Int(K)).
Now, for T € L(X), we take into account the following sets:

7(T) := oM\ op(T),  7UT) = 0u(T) \ Qu(T),
m(T) := o(T)\ 0a(T), 7uT) := 0u(T) \ 01a(T).
ENT) := {¢ €i500,(T) : 0 < c(yl — T) < o).
The quasi-nilpotent part of T € I(X ) is defined to be the set
Hy(T) = {x € X : lim,_,.||T"x]|'" = 0}.

The analytical core of T € IZ(X) is the set K(T') of all x € X such that there exists a sequence
(u,) C X and a constant ¢ > 0 verifying:

(1) x =uy, and Tu,,| = u, forevery n € Z;

(2) llunll < 6"||x]| for every n € Z,.
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Definition 2.3. An operator T € L(X) is said to satisfy:

(i) a-Weyl’s theorem if 0,(T) \ 0., (T) = EXT);
(i1) a-Browder’s theorem if 0,(T) \ 0,,(T) = 7r2(T).

3. The property (wn) and its effects

In this section, we introduce a new spectral property of Weyl type, denoted by (wr). In the study
of spectral properties, it is always interesting to check whether the spectrum of an operator coincides
with its approximate point spectrum. Since such equality allows us to obtain many results, we show
that we achieve it if the operator verifies the property (wm). Moreover, the upper semi-Fredholm
spectrum, upper semi-Weyl spectrum, upper semi-Browder spectrum, the Browder spectrum and the
Weyl spectrum of an operator are equal if the operator verifies the property (wrn). The property (wn) is
related to the theorems of a-Weyl and a-Browder, but they are not equivalent. On the other hand, the
necessary conditions have been taken to demonstrate that the spectrum of an operator is equal to its
upper semi-Fredholm spectrum. On the other hand, we have taken the necessary conditions to prove
that the spectrum of an operator is equal to its upper semi-Fredholm spectrum, since such equality does
not always occur, as shown in the following example.

Example 3.1. Let X = ¢*(N)) and T € £(X), given by
T(-xh X250 ) = (O’ X2, X3, .. )
Note that o(T') = {0, 1} and 0, ¢(T) = {1}, so that o(T') # 0,¢(T). Since, EXT) = {0} we have

o(T)\ 0, (T) = EXT).

We have already given before reference what the property (wr), follows using some sets we present
a more formal definition.

Definition 3.2. An operator T € L(X) verifies the property (wr) if
o)\ 0us(T) = E,(T).

In what follows, we will say that T € I(X) has (wm) to indicate that the operator T verifies the
property (wm).

Note that the operator in the previous example has (wm). We will see in Corollary 4.3 that several
classes of operators verify the property (wrm), in particular some operators of the class H(p), which is
defined as follows: T € £(X) is said to have the property H(p) if

Hywl —T)=Xker(ywIl —T)" forally eC,

for some p = p(¥) € N, see [23].
Several classes of linear operators maintain the equality o(T) = o,(T), while others do not. Under
the effects of the property (wr), the approximate point spectrum is equal to the spectrum.

Theorem 3.3. If T € L(X) has (wn), then o(T) = 04(T).
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Proof. Let y € o(T). Suppose that ¢ 0,(T), then ¢ € o(T)\0,¢(T) = 82(T). Hence ¢ € isoo,(T), a
contradiction, because ¥I — T 1is injective. Thus, ¥ € o,(T). Hence, o(T) C 0,(T). Reverse inclusion
always occurs. Therefore, o(T) = 0,(T). O.

The following theorem establishes the relationship of the property (wm) with a-Weyl’s theorem and
a-Browder’s theorem.

Theorem 3.4. Let T € .Z:(X) such that T has (wn), then:

(i) T satisfies a-Weyl’s theorem.
(ii) T satisfies a-Browder’s theorem.

Proof. (i) Assume that T has (wn). Since 0,(T) € o(T) and 0,(T) < ©0.,,(T), we have that
0a(T)\0wy(T) € EXT). On the other hand, let & € EX(T), so ¥ is an isolated point in the approximate
point spectrum. But ¢/ — T is upper semi-Fredholm with finite ascent. By [1, Theorem 3.4],
iﬁd(wl —T) < 0, so that I — T is upper semi-Weyl, then ¥ ¢ 0,,(T). Hence, ¥ € 0,(T)\0un(T).
Thus, EAT) € 0.(T)\0u(T). Therefore, T satisfies a-Weyl’s theorem.

(ii) It follows from [11, Corollary 3.5] and part (i). O.

The following example shows that the converse of the above theorem is not true.

Example 3.5. Let the operator T = 0 @ R, on *(N) @ £*(N), where 0 is zero operator, and R is the
right shift operator that verifies the SVEP, and so 0,,(R;) = 0,¢(R;) are defined by 0(xi, x2, x3,...) =
(0,0,0,...) and Ry(xy, x2, x3,...) = (0, x1, x,...), respectively. Since o(T) = D(0, 1) it is the closed
unit disc, 0,(T) = 0u(T) = 0w(T) = 04(T) = C(0,1) U {0}, (where C(0, 1) is the unit circle), and
EXNT) = 0, so T verifies both the a-Weyl and the a-Browder theorem but does not verify the property
(wm).

One of the main tasks of spectral theory is to investigate the equality between different spectra of a
linear operator. But little attention has been paid to including the upper semi-Fredholm spectrum.
However, the property (wm) helps that the upper semi-Fredholm spectrum can be related to other
spectra, and the following theorem points out the effects that derive from this property.

Theorem 3.6. Let T € L(X). If T has (wr), then 0u,s(T) = 0u(T) = 0u(T) = 05(T) = 0,(T).

Proof. Let s ¢ 0,4(T), we consider ¢ € o(T)\0,s(T) = ENT), so ¥ €130 04(T), whereby T verifies the
SVEP at ¢. Since I — T is upper semi Fredholm, p(¥I —T) < oo, so by [1, Theorem 3.4], ¥ ¢ 0,,,(T),
hence, 0,/(T) = 0w (T); also by Theorem 3.4 part (i1), 0,(T) = 0u(T). Thus, 0,/(T) = 0u(T) =
0u(T). On the other hand, by Theorem 3.3 and [9, Lemma 2.1], we obtain that 0,,(T") = 0,(T). Finally,
by Theorem 3.4 part (ii) and [29, Theorem 3.9], it turns out that 0,,(T) = 0,(T). O.

Corollary 3.7. Let T € L(X). If T has (wn), then for Y & 0,¢(T), T and T™ verify the SVEP at .

Under the effects of the property (wm), poles of 7', poles of T of finite rank, left poles of 7', and left
poles of T of finite rank, coincide with eigenvalues of 7" of finite multiplicity that are isolated points in
the approximate point spectrum.

Theorem 3.8. If T € L(X) has (wn), then ©(T) = 7%T) = (T = (T) = EXT).

Proof. By Theorem 3.3, it is clear that o(T") = 0,(T). Then, by [9, Lemma 2.1], we have that 0,(T") =
01(T) and 0,(T) = 0,,(T). Note that 04(T) C 0,(T). Butif ¢ ¢ 0,(T), so by [17, Proposition 50.2],
it turns out that ¢ € 82(T), whereby ¢ ¢ 0,¢(T), thus, by the Theorem 3.6, we obtain that y ¢ 0,(T),
then 0,(T) = 04(T). Therefore, n(T) = n°(T) = n,(T) = 7%T) = EXT). 0.
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4. Sufficient conditions implying the property (wr)

We have seen in the previous section the nature of an operator having (wr), so in this section, we
investigate some conditions to ensure that an operator has (w).

Remark 4.1. Let T € Z(X) and ¥ € 0,(T); if I — T is a semi-Fredholm operator and T verifies the
SVEP at i, then by Remark 2.1, we have € iso 0,(T).

If the polaroid operator T € L(X) verifies the SVEP and its spectrum is equal to the approximate
point spectrum, then T has (wr). In fact, if & € EX(T), then ¥ € is0,(T), but T is polaroid, whereby
pwl —T) =gl —T) < oo, as @l —T) < oo, we deduce that 82(T) C o(T) \ 0uf(T). The inverse
inclusion is followed by Remark 4.1 and the fact that 7 is a polaroid operator. Note by Theorem 3.6,
that 0,,,(T) = 0,,(T). Hence, a-Weyl’s and Weyl’s theorems are equivalent to 7'.

Thus, we have obtained the following theorem.

Theorem 4.2. Ifthe polaroid operator T € .Z:(X ) verifies the SVEP and o(T) = 0,(T), then T has (wr).
Corollary 4.3. The following class of operators have the property (wn).

(i) The bounded operators belonging to class H(p) such that o(T) = 0,(T).
(ii) Operators defined in a Hilbert space such that o(T) = 0,(T) and which are algebraically
paranormal, algebraically quasi-class A, or analytically paranormal operators.

Proof. All these classes of operators in (i) and (ii) are polaroid and verify the SVEP, see [4]. Since
o(T) = p,(T), it follows that by Theorem 4.2, the property (wr) is verified. O.

Example 4.4. Each convolution operator T, on L(G) is H(1), where L(G) is the group algebra of a
locally compact abelian group G. Also, we have that o(T,,) = 0,(T,); see [1, Corollary 5.88]. Therefore,
by Corollary 4.3, it turns out that 7}, has (wr).

The Fredholm theory, also known as local spectral theory, has been developed in relation to localized
SVEP. This theory illustrates how localized SVEP helps establish conditions for an operator to have
(wm).

Theorem 4.5. If T € [(X) verifies the SVEP at each & 0,4(T), o(T) = 0,(T), and iso o(T) = 0, then
o(T) = 0,¢(T). In particular, T has (wn).

Proof. Clearly o0,/(T) € o(T). On the other hand, let y € o(T), and suppose ¢ ¢ 0,¢(T), then T
verifies the SVEP , but I — T is upper semi-Fredholm, so by the Remark 4.1, ¢ € iso o(T), this is a
contradiction, for which ¢ € 0,(T). Hence o(T) = 0,4(T).

Note that EX(T) = O whenever iso 0,(T) = 0. Therefore, T has (wn). O.

Corollary 4.6. Let T € [(X). If T~ verifies the SVEP at each ¢ & 0;(T), o(T) = o(T), and
1500(T*) = 0, then T has (wn).

Proof. 'We have that 0,/(T*) = 0;/(T), o(T*) = 0s(T) = 0,(T"), and iso o(T*) = 0. So, as in
Theorem 4.5, it turns out that 7* has (wn). O.
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5. The property (wn) and the Riesz calculus

In this section, with the help of the Riesz functional calculus and through the property (wm), we
focus on enforcing that o,,,(f(T)) = f(0u(T)) with f € H(o(T)), where H(o(T)) is the set of all
analytic functions defined in an open neighborhood of o(T"). For f € H(o(T)), we define f(T) as in
the Riesz functional calculus. H;(o(T)) denotes the set of functions belonging to H(o(T')) that are
injective.

Note that by Theorem 2.40 of [1], if T € .Z:(X) verifies the SVEP, then f(T) verifies the SVEP,
analogous for 7" and f(7*). Note that by continuity of f it turns out that iso o(f(T)) = 0 if iso
o(T) = (. Therefore, by Theorem 4.5 and Corollary 4.6, we have the next corollary.

Corollary 5.1. Let T € £(X) and f € H(o(T)).

(i) If T verifies the SVEP, o(T) = 0,(T), and iso o(T) = 0, then f(T) has (wn).
(ii) If T* verifies the SVEP, o(T) = 0,(T), and iso o(T) = 0, then f(T*) has (wn).

The class of upper semi-Fredholm operators is a regularity, while the class of upper semi-Weyl

operators is not, i.e., it is not always true that 0,,,(f(T)) = f(0u(T)), for f € H(o(T)) and T € [(X).
With f € H;(o(T)), we find two conditions for f(T) has (wn).

Theorem 5.2. Let T € [(X) that has (wn) and f € Hj(o(T)). Then, f(T) has (wrn) if and only if
0w (f(T)) = f(0uw(T)).

Proof. (=) Since T and f(T) have (wn), it follows that 0, (T) = 0, (T) and 0,¢(f(T)) = 0uw.(f(T)).
Hence, by the regularity of the class of the upper semi-Fredholm operators, it is obtained that

O0u(f(T)) = f(0un(T)).
(e)Ify e 82(f(T)), then ¢ € 1s0 0,(f(T)) = iso f(0.(T)) and therefore 40 € o,(T) such that yy = f(60),
and by the continuity of f, 8 € is00,(T).

Note that h(w) := f(6)— f(u) is zero in u = 6, whereby h(u) := (0 —u)g(u), where g(u) is an analytic
function that does not vanish in o(T). Then, W(T) = (01 — T)g(T) = f(O) — f(T) = ¥l — f(T). But,
as g(T) is invertible, it follows that 6 € EX(T). Since T has (wn), 8 ¢ 0,/(T) and so ¢ ¢ f(0.(T)) =
0ur(f(T)), because f is one to one. Hence ¥ € o(f(T)) \ 0.s(f(T)). Thus, we deduce that

EXNF(T)) C o(f(T)) \ 0us(F(T)).

On the other hand, by hypothesis, Theorem 3.6, and regularity of the class of the semi-Browder
operators, we get that

Oun(f(T)) = f(0un(T)) = fl0ur(T)) = f(0s(T)) = 0us(f(T)) = 0(f(T)).

Hence o(f(T)) \ 0.¢(f(T)) € EX(f(T)). We conclude that f(T) has (wr). O.
A variant of Browder’s theorem is the property (bz), studied depth in [8], and is given for T € L(X)
if
Qa(T) \ Quf(T) = Qa(T) \ Qub(T)
Note that by Theorem 3.6 it follows that property (wm) implies property (bz). Among other things, for
all f € H(o(T)), it is obtained that if T has (wn), S0 0,,(f(T)) = f(0.,(T)), see [8, Corollary 3.8].
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Corollary 5.3. If T € .Z:(X) has (wn) and f € H(o(T)), then 0,,(f(T)) = f(0un(T)).

By Theorem 5.2, we have the following corollary. Particularly, this applies to all the operators
mentioned in Corollary 4.3.

Corollary 5.4. Let T € .Z:(X) which has (wrn), and f € H;(o(T)). Then, f(T) has (wn).
6. Characterizations of the property (wn)

In the following, we provide characterizations for the operators that satisfy the property (wm). We
begin by defining for 7" € L(X) the following set:

O(T) := (o(T) \ 0us(T)) U EXNT).

Then T has (wn) is equivalent to the elements of @(T) being poles of finite rank for 7', also for 7*;
additionally, there are other equivalences with topological aspects. This is confirmed by the following
results.

Theorem 6.1. Let T € L(X). Then the following statements are equivalent:

(i) T has (wn). .
(ii) T and T* verifies the SVEP for y € O(T).
(iii) If ¢ € O(T), then & 0y(T).

Proof. (i) = (ii). By Theorem 3.3 and hypothesis, we have 82(T) = G)(T). Ify e ®(T), then i € 1so
o(T), so by [1, Corollary 3.21] it turns out that 7 and 7" verify the SVEP at ¢ € @(T).

(ii) = (iii). If y € EXT), then 0 < a(YI — T) < o0, so adjoint is a semi-Fredholm operator, and by
hypothesis we have that g(yI — T) < oo, whereby Byl — T) < a(yI — T) < oo. Hence, if ¢ € o(T),
then I — T is semi-Fredholm. So that by Remark 2.1, p(yI — T) = g(yI — T) < oo, this implies that
BWI—T) = aWl —T) < co. Therefore, yI — T is Browder. i.e., ¥ ¢ 0,(T).

(iii) = (i) Lety € o(T)\ 0us(T), s0 Y € @(T), by hypothesis & 0,,(T), this implies that ¢ € EX(T),
we deduce that o(T') \ 0,¢(T) C SS(T). The reverse inclusion is clear. Therefore, T has (wr). O.

Corollary 6.2. If T € [(X) has (wm), then YV € @(T), the codimension of K(WI — T) is finite.

Proof. Let y € @(T), so by Theorem 6.1, p := p(yl —T) = gl — T) < +oo. This implies that
X =HyWI-TY®eKWI-T) = Nyl-T)Y®WI-T)"(X), see [2, Theorem 6.62]. Also, &(YI—-T) < +oo,
and so Byl — T) < +o0, hence Byl — T)? < +oo. Since K(WI — T) = (I — T)?(X), we obtain that
K@I — T) has a codimension that is finite. O.

For T € Z(X), define the set AY(T) = o(T)\0,s(T) and A™(T) = o(T)\0us(T). Since 0,¢(T) <
0u(T), A™(T) C AY(T). With this terminology, we have the following characterization with

topological aspects:

Theorem 6.3. For T € ﬁ(X), the following statements are equivalent:

(i) T has (wn).
(ii) Int(A(T)) = 0 and EXT) = »°(T).
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(iii) A"Y(T) C do(T) and EXNT) C CI(A/(T)).

Proof. (i) = (ii). Clearly Int(EX(T)) = 0, thus by hypothesis Int(A"/(T)) = 0. Also, by Theorem 3.8,
ENT) = n°(T).

(ii) = (i). Assume that Int(A“/(T)) = 0. By [7, Theorem 6] and [8, Theorem 3.5], we have
o(T) = 04(T) and 0,,¢(T') = 0,»(T). Note that by [9, Lemma 2.1], it turns out that 0,,(T) = 0,(T). Thus,
o(T\0uf(T) = 0(T)\0up(T) = 7UT) = n°%T) = EXT). Therefore, T has (wn).

(iii) = (i). Let y € AY(T), so by hypothesis ¢ € do(T), whereby T and T* verify the SVEP
at ¢, then by the Remark 2.1 ¢ ¢ 0,(T). Hence, ¢ € EXT). On the other hand, by hypothesis
ENT) € CIA"(T)) = A (T) U acc (A (T)), it turns out that EX(T) € A*/(T). Therefore, T has (wn).

(i) = (iii). By the Theorem 3.3, o(T) = 0,(T), and each isolated point is a boundary point, we get
that A (T) C 8o(T). Clearly, EXT) = A“(T) € CIA"/(T)). o.

Corollary 6.4. For T € L(X), the following statements are equivalent:

(i) T has (wn).

(ii) Int(@(T)) = 0 and EXT) = n°(T).
(iii) O(T) C do(T) and EX(T) € CI(AY(T)).
(vi) Int(A*/(T)) = 0 and EXT) = n°(T).

(v) AY(T) C do(T) and ENT) C CIAY (T)).

On the other hand, the fact that p,(T") is connected implies that o,(T) = o(T). Indeed, if p,(T) is
connected, then it has a unique component, says €2; since p(T") € p,(T), we have that p(T") C Q. Since
both 7" and T verify the SVEP at every point of p(T'), by [2, Corollary 2.125], it follows that both 7 and
T~ verify the SVEP at every point of Q. If ¢ ¢ 0,(T), then ¥ € Q, so both 7" and T* verify the SVEP at
¥, and as I —T is a semi-Fredholm operator, by Remark 2.1 it follows that p(yI-T) = gyl —-T) = 0,
and so ¢ ¢ o(T). Therefore, 0,(T) = o(T). Also, if p,s(T) is connected, then T verifies the SVEP for
all y € p,p(T), since p(T) C p,s(T). In this way, we conclude that 0,(T) = 0.,(T) = 0,(T). Hence,
o(T) \ 0up(T) € EXT). But if additionally EXT) € (T), then T has (wn).

Example 6.5. The Césaro operator is given by:

LY fw
CoHWY) = —
g vJo (1—p)
Where, H;(D) is the Hardy space, for 1 < p < oo. Note that C, verifies the property (bz), see [8,
Example 3.10]. Also, 0 # A“(C ») € Int(o(C)p)). Thus, (v) in Corollary 6.3 is not given. Therefore, the

operator C, does not have (w).

du, for all f € Hy(D) and ¢ € D.

Thus, it is clear that the converse of the following result does not hold.
Corollary 6.6. The property (wrn) implies the property (bz).
Another strong variant of classical Browder’s ;heorem and their generalized versions, which was
studied in [9], is the property (Vp), given for T € L(X) if
o(T) \ 0u(T) = n(T).

Clearly, by Theorem 3.8, if T has (wn), then T satisfies the property (Vi). In this case, for all
f € H(o(T)), we have that f(T) verifies the property (V), because T satisfies property (bz) and it is
always true that o,(f(T)) = f(04(T)). Note that the property (Vi) does not imply the property (bz).
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Example 6.7. The operators discussed in Example 4.4 verify the property (wm) and then verify
Corollary 6.3. Also, they verify the property (V;), and are polaroid, then by [9, Theorem 4.5], these
operators verify the property (Vg) defined in [27]. Then, every property mentioned in [27, Table 1],
which are more than forty-four properties, is verified equivalently for the operators discussed in
Example 4.4; see [27, Theorem 2.27].

7. Conclusions

e From Section 3, we obtain that if; o(T) # 0,(T), or 0,(T) # 0,,(T), or 0,(T) # 0,(T), or

04(T) # 014(T), or T does not verify a-Weyl’s theorem, then 7" does not have (w).

From Section 4, we obtain that the class of operators that are polaroid with SVEP and that their

spectrum coincides with their approximate point spectrum is numerous, and their elements verify

the property (wm).

e From Section 5, we see that f(T) has (wn), if f € H;(o(T)) and T has (wn). Also, the class of
upper semi-Weyl operators that verify the property (wrn) is a regularity, i.e., for f € H(o(T)), it
turns out that Quw(f(T)) = f(Quw(T))

e From Section 6, if Int(A“(T)) # 0, or Int(@(T)) # 0, then T does not have (wr).

e The study of property (wrm) under perturbations and tensor product is still pending.
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