AIMS Mathematics, 9(9): 25636-25645.
DOI: 10.3934/math.20241252
AIMS Mathematics Received: 11 July 2024

Revised: 23 August 2024

Accepted: 26 August 2024
https://www.aimspress.com/journal/Math Published: 4 September 2024

Research article

Flag-transitive non-symmetric 2-designs with 1 prime and exceptional
groups of Lie type

Yongli Zhang' and Jiaxin Shen**

! School of Mathematics and Systems Science, Guangdong Polytechnic Normal University,
Guangzhou 510665, China

2 School of Mathematics and Computational Science, Wuyi University, Jiangmen 529020, China

* Correspondence: Email: shenjiaxin1215@163.com.
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1. Introduction

A 2-(v,k, 1) design D is a pair (P, B), where P is a set of v points, and B is a set of k-subsets of
P called blocks, such that any 2 points are contained in exactly A blocks. A flag is a point-block pair
(a, B) with @ € B. The Fisher’s inequality in [8, 1.3.8] shows that the number of blocks is at least v.
Design D is said to be non-symmetric if v < b and non-trivial if 2 < k < v — 1. We always assume
D to be non-trivial and non-symmetric in this paper. An automorphism of 9 is a permutation of
that leaves 8 invariant. All automorphisms of the design O form a group called the full automorphism
group of D, denoted by Aut(D). Let G < Aut(D). The design D is called point (block, flag)-transitive
if G acts transitively on the set of points (blocks, flags) and point-primitive if G acts primitively on P,
that is, G does not preserve a partition of # in classes of size ¢ with 1 < ¢ < v.

For decades, works have been done on the classification of 2-designs admitting a transitive
automorphism group. In 1988, Buekenhout, Delandtsheer, and Doyen first proved in [5] that the
flag-transitive automorphism group of a 2-(v,k, 1) design must be of affine or almost simple type.
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Then, the classification of flag-transitive 2-(v, k, 1) designs was given in [6] by a six-person team,
except for the case of the one-dimensional affine type. In recent years, some researchers have focused
on into classifying 2-(v, k, 1) designs with general A admitting flag-transitive automorphism group,
such as [1, 3,12, 16,25-27]. Moreover, some of the works also considered classification of such
designs admitting automorphism groups in a weaker condition, namely, block-transitive rather than
flag-transitive [21-24].

The current paper tackles the 2-(v, k, 1) designs where A is a prime. In [25], Zhang and Chen
reduced the flag-transitive, point-primitive automorphism groups of such 2-designs either to the affine
type (with an elementary abelian p-group as socle) or to the almost simple type (with a nonabelian
simple socle). Hence, it is possible to classify such 2-designs based on the classification of simple
groups. The aim of this paper is to consider the case when the socle of the automorphism group G is
an exceptional simple group of Lie type. Note that groups G»(2), 2G,(3), 2B»(2), and 2F4(2) are not
simple, so they are not under consideration in this work. It is also worth noting that the symmetric 2-
designs with exceptional simple socle have been studied in [1,2,20]. The main result of the current
paper is the following:

Theorem 1.1. Let D be a non-symmetric 2-(v,k, 1) design with A prime and G a flag-transitive
automorphism group of D. If the socle T of G is an exceptional Lie type simple group in characteristic
D, then one of the following holds:

(1) T is ’B>(q) with g = 2*"*' > 2 and (v, k,A) = (¢*> + 1,q,q — 1), where g — 1 is a Mersenne prime;

(2) T is G2(q), and (v, k, A) = (@, %, q + 1) where g > 2 is even and q + 1 is a Fermat prime.

Remark 1.1. For the parameters in Theorem 1.1(1), the design D is described in [26]. For the
parameters in Theorem 1.1(2), the existence of such a design remains uncertain at this time.

2. Preliminaries

We begin with some well-established results about the parameters of 2-(v, k, ) designs and the
automorphism groups of them. For any point @, we denote by r the number of blocks that contain «,
as it is a constant.

Lemma 2.1. ([8]) For a 2-(v, k, ) design D, it is well known that

(1) bk =vr,
2) Av-=1)=rk-1),
3) w<r

Lemma 2.2. ([8, Section 1.2]) Assume that G is an automorphism group of D. Then the flag-
transitivity of G is equivalent to one of the following:

(1) G is point-transitive, and the point stabilizer G, is transitive on all blocks that contain «;
(2) G is block-transitive, and the block stabilizer G is transitive on the k points in block B.

Lemma 2.3. ([7]) Assume that G is a flag-transitive automorphism group of D, and T is the socle of
G. Then, we have

(1) r11G,l, where G, is the point-stabilizer of G;
(2) r| Ad;, where d; is any nontrivial subdegree of G.
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3. Proof of Theorem 1.1

Assume that A is a prime. Then either (4,7) = 1 or A | r. For the former case, by the results of [26],
we immediately obtain the following Lemma:

Lemma 3.1. Assume that G and D satisfy the hypothesis of Theorem 1.1. If (A,r) = 1, then T = ?B,(q)
withq = 2*"' > 8, and Dis a 2-(¢*+1, q, g—1) design with g—1 a Mersenne prime. In particular, 2n+1
is prime.

Therefore, we always assume A | r in the remaining content. Let ry = 5. We get the following from
Lemmas 2.1 and 2.3.

Lemma 3.2. Assume that D is a 2-(v,k, A) design where A is a prime divisor of r, and G is a flag-
transitive automorphism group of D. Then we have

(Hv< /lrg;
(2) ro divides the greatest common divisor of |G,|, v — 1 and all nontrivial subdegrees of G.

3.1. Parabolic maximal subgroups

Since G is point-primitive, the point stabilizer G, is a maximal subgroup of G. In this section, we
first deal with the case when G,, is a maximal parabolic subgroup of G.

Lemma 3.3. Assume that T = >B,(q) with g = 2***' > 2. Then G, cannot be the maximal parabolic
subgroup of G.

Proof. If G, is a maximal parabolic subgroup of G, we know that |G,| = fg*(g — 1) with f | 2n + 1)
from [19], and hence v = ¢*> + 1. Then, according to (1) and (2) in Lemma 2.1 and the fact A | r, we

) _ AP(P+D)
further getk — 1| g~ and b = Zc(kq—l)

w. All maximal subgroups of G can be read off from [19], and let M be any one of them with
Gp < M. The fact that |Gg| divides |[M| implies that M is the maximal parabolic subgroup of G, and
k(k — 1) divides Ag?. This forces k = A, for otherwise k(k — 1) | ¢*, which is a contradiction. It follows
that G is primitive on B, and so T’ is transitive on B. Namely, |Ts : T, p| = k for any pointy € B. On
the other hand, since M is parabolic, there exists a point « such that M = G,. Thatis to say, T < T,
and therefore T, 3 < T, for y € B. Since the stabilizer of any two points in *B,(q) is a cyclic group of
order g — 1 by [9, p.187], |T, | divides (g — 1). Also, |T : T, ,| divides bk by the flag-transitivity of G.
It follows that (k — 1) | A, which holds only when A = k = 2, for it has been proved that k = A above.
This is impossible as D is nontrivial. O

. Since G is flag-transitive, Lemma 2.2 implies that |G| = % =

Lemma 3.4. Assume that T = *G,(q) with g = 3*"*! > 3. Then G, cannot be the maximal parabolic
subgroup of G.

Proof. If G, is the maximal parabolic subgroup of G, then we know that |G,| = fq’(q — 1) with
f1@n+1)from[11],and sov = ¢* + 1. Similar as to Lemma 3.3, we have

-1 AP @+

b= k(k—1)  k(k—1)
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and k — 1 | ¢*. Let f; be a divisor of f such that |G : Ts| = f;. Then by the flag-transitivity of G, we
get
J(q = Dk(k - D

fid

Here, we also consider the maximal subgroups M of >G,(g) such that Tz < M. From [11], either M is
parabolic, or M = Z, X PS L,(q).

If M is a parabolic subgroup, then k(k — 1) | Ag>. Since k— 1 | ¢°, we have k | A and therefore A = k.
It follows that A — 1 | ¢° and A = 3™ + 1, which forces A = k = 2, for A is prime. However, now we
gethb=q* (g +1) > (;), which is obviously impossible. Hence, in the remaining part of the proof, we
assume that Tp < Z, X PS L,(q).

According to the list of the maximal subgroups of PSL,(q) in [4, Tables 8.1 and 8.2], Ty is
isomorphic to a subgroup of Z, X A4, Zr X Dys1, Zo X ([¢] : Z{%l) or Z, X PS Ly(go) with g}, = g = 3*"*".

75l =

Obviously, the former two cases are impossible as k — 1 | ¢°. Then, if Tz < Z, X ([q] : Z% ), we also
have A = k, a contradiction again. For the last case, the condition that |7'g| divides |[Z, X PS L,(go)| forces
qo = g, which implies that Ty is isomorphic to Z, X PS L,(q) or PS L,(q). Then, by |T : Tg| | b, we have
k(k—1) | g(g+ 1)A. This, together with k— 1 | g%, implies that k— 1 | g when A # 3, and k— 1 | 3¢ when

A = 3. Furthermore, the facts that q + 1 is the smallest degree of non-trivial action of PS L,(g) since ¢
Shk— 1)(!1 D _ q(q 1)

is an odd power of 3 and that |75 : T, | divides k imply k = g + 1. Hence, |T5| =
with a = 1 or 2 when T is Z, X PS L,(q) or PS L,(q), respectively. It follows that A | f when TB is
Zy X PS Ly(q), or A = 2 when T is PS L(q).

Let R be the Ree unital of order ¢ (which is a 2-(¢°> + 1,q + 1, 1) design). For the former case, let
o be the central involution of Z, X PS L,(g). It can be deduced from [15] that o fixes a block ¢ of R
pointwise and preserves a point-partition S, of R \ € into ¢> — g blocks, each of them invariant by o-.
Now, Z, X PS L,(q) induces PS L,(g) on S, U {¢}, and PS L,(g) preserves ¢ acting on this one in its
natural 2-transitive action of degree g+ 1. Further, PS L,(g) partitions S, into two orbits each of length
fT_q_ Thus, ¢ is the unique Z, X PS L,(g)-orbit of points of R of length ¢ + 1. Note that k = g + 1, which
means B = £. This means that |BS| = |(%| = ¢*(¢*> — g + 1) by [6], and so A = 1, which contradicts
with A being prime. For the latter case, the block stabilizer T, for the Ree unital is Z, X PS Lz(q) and
Z, fixed all points in £. However, since o’ C a’¢ and |a’| = || = ¢ + 1, we have o = a’¢. This
means that Z, fixed all points in B, and so Z, € Tz, an obvious contradiction. O

For the remaining possibility of 7" in 7, where

T = Fa(q),’ Da(q), G2(9), Fa(9), Eg(q), Ex(q), Es(q)),

we use the following Lemma from [14] to prove that G, cannot be the maximal parabolic subgroup.
Note that in the following we denote by n, the p-part of n and n,, the p’-part of n, i.e., n, = p’ where
p'Inbut p™*! { n,and n, = n/n,.

Lemma 3.5. ([14]) Assume that T is a simple group of Lie type in characteristic p and acts on the
set of cosets of a maximal parabolic subgroup. Then T has a unique subdegree which is a power of p
except when T is Ly(q), Q3 (q) (m is odd) or E¢(q).

Lemma 3.6. If T € T, then G, cannot be a parabolic subgroup of G.

AIMS Mathematics Volume 9, Issue 9, 25636-25645.



25640

Proof. By Lemma 3.5, for all cases where T € 7 \ {E4(g)}, there is a unique subdegree which is a
power of p. Then, Lemma 3.2 implies that r, divides [v— 1|,. Since we also have A divides |G,|, we can
easily check that ry is too small to satisfy the condition v < Arj. Therefore, we assume that T = Eg(q).
If G contains a graph automorphism, or G, N T is P, or P4, then there is also a unique subdegree that
is a power of p. However, ry is too small again. If G, N T is P; with type A;A4, we have 4 < q;%ll by
A11G,| and
b e (@ + D"+ D@ - D@+ D(g* +¢ + 1)
(@-1 '

Moreover, from [1, Proposition 6.3], we know that there exist two nontrivial subdegrees: ¢

q-1
5— 4— . . . . 5— ., .
2= 1 emma 3.2 then implies that r divides AgZ=-. However, the condition v < Ar? cannot be
@-1) p 9 0

satisfied again. If G, N T is P, with type Ds, then

@®+¢*+ D@ -1

5
-
134" and

b

q-—1
and there exist two nontrivial subdegrees (see [13]): q(q3zrql_)(1£’)8_l) and qs(q4(;1_)l()qs_1>. It follows that r |
Aq(g* + 1). This, together with A | |G,|, implies that 7> < A2¢*(¢* + 1)> < Av, which is contradictive

with Lemma 2.1. O

3.2. Non-parabolic maximal subgroups
In this section, we assume that G, is a non-parabolic maximal subgroup of G.
Lemma 3.7. Assume that G and D satisfy the hypothesis of Theorem 1.1. Then, |G| < |G,[>.

Proof. From Lemma 2.3, we know that r divides every nontrivial subdegree of G, and so r divides |G,|.
Since v < 7* by (3) of Lemma 2.1, it follows that |G| < |G, O
Lemma 3.7 implies that G, is a large maximal non-parabolic subgroup of G. The type of G, can be

read from [1, Table 2]. Note that Theorem 1.1(2) just corresponds to the non-parabolic case here, with
T = G»(q) and the type of G, being S L5(g).2.

Lemma 3.8. Assume that G and D satisfy the hypothesis of Theorem 1.1. If T = G,(q) and the type
of Gy is SL5(q).2 with € = +, then € = —, T is flag-transitive on D, and the parameters of D are
v,b,r,k,A) = (@,(g +1)(g® = 1), (g + D(g® + 1), %3,51 + 1), where g is even, and 1 = g+ 1 is a
Fermat prime.

Proof. It is obvious that |T,| = 2¢°(¢*> — 1)(¢” - €1), and hence v = 14(¢* + €1). We first deal with
the case when ¢ is even. Since G,(2) is not simple (G,(2) = PSU;(3) : 2), we assume that g > 2.
From [17, Section 3, Case 8], we know that r divides A(g> — €1). Then, the equality A(v — 1) = r(k— 1)
from Lemma 2.1 implies that there exists an odd integer ¢ dividing (¢°> — €1) such that

(q3 + €2) N _ /1((]3 - el).

2

Obviously, the fact that k < r implies ¢ < A. Moreover, by Lemma 2.1 we have

-1 AP -1 +€2) A4 (q° - 1)
o k(k—=1) 4k(k — 1) B 2kt

k=t 1 and r

b

(3.1)
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Note also that (2k,q> — €1) | 3t + €2, 2k, q¢* + 1) | t + €2, (k, %3) | £ + €1, and therefore (2k,q> — 1) |

(t + €2)(3t + €2). Since b is an integer, it follows from (3.1) that k | /lg(q3 — €l)(g® + €1). Hence, we
have

H(q® + €2
(‘ITG) 1A+ €2)t+ eD)(3t + €2). (3.2)
Since 3¢ + €2 < 5¢, it follows that ¢°> + €2 < 10A(t + €2)(t + €1) except when t = 1 and € = —. When

t # 1, the above together with r < A further implies that A cannot be a prime divisor of |Ou#(T)|, and
hence A divides |§ L(g).2|.

In the following, we prove that + = 1. Obviously, t # 2, for ¢ is odd. When ¢t > 3, we have
t<i(g*-el)and ¥ < Aby t(qgg—éz) <k<r< 1@3;—51). Now, assume that A | k. Then A divides (2¢°(¢*—
1)(q® — €1), 2k), and it follows that A | 4(¢ + €1)(t + €2)(3t + €2)>. Since %t < A, wehave A =3t + €2, or
e=+and A= 3’—;2 If A = 3t + 2¢, then k < r forces (t,4,¢) = (5,17,+), (5,13,-), (3,11,+), (3,7, -),
or (1,5,+). Note that £k | A(t + €2)(t + €1)(3t + €2), and we check each case and know that it is
impossible. If 1 = % then we get (¢, 1) = (4,7), which can be ruled out similarly. Hence, A { k, and
it follows (3.2) that > g. On the other hand, since |T : Tp| | b, there exists an integer f; dividing f
such that fi|T : Tg| = b and
2fig°(¢* = Dk

At '
Since A t kand A >t > g > 2, Ais adivisor of f;, (g — 1), g+ 1, 0or g, and so 1 < g + 1. Since
g<t< %/1, we get a contradiction. Therefore, = 1 as we claim.

Letz = 1. Then, £ = (¢’ — €l), and k = @ + 1 with g even. If € = +, then r = A(¢°> — 1), and
k = Lf. Since b is an integer, we get that g° + 4 divides A¢°(¢® — 1). It follows that ¢° + 4 | 602,
and so A divides ¢ + 4, which is impossible as A is a prime divisor of 2¢*(¢*> — 1)(¢> — 1). We now

assume that € = —. Then, k = "—; and b = A(g® — 1), and r = A(¢g*> + 1) for ¢ > 4. Moreover, in
figb(g*-1)
1

75| =

this case |Tp| = and we further find that 7’3 is contained in a maximal parabolic subgroup
M = ¢° : GLy(q) of G»(q). Since G is flag-transitive, Lemma 2.2 implies that |S Us(g).2 : T, | divides
A(g® + 1). Using the maximal subgroup list for S Us(g) provided in [4, Tables 8.5 and 8.6], we get that
T, is isomorphic to a subgroup of My = ¢ : Cpo_1.2. If To 5 = My or 1 4 ¢* — 1, then T, 5 contains a
cyclic group of order ¢* — 1, which contradicts T, 3 < T < ¢° : GLy(q). Hence, |M : T, 3| = A divides
g* — 1. This also implies that T is flag-transitive, and so |T : M||M : Tg| = A(g® — 1). It follows that
IM : Tg| = |GLy(q) : Tg N GLy(q)| = A(g — 1), which gives |Tg N GLy(q)| = q@. Then, using the
list of maximal subgroups of S L(2, g) provided in [4, Tables 8.1 and 8.2], we get that 4 ¥ ¢ — 1, and
so A | g + 1, which further implies that 4 = ¢ + 1. This is to say, if such design exists, then the design
parameters tuple is (v, b, r, k, 1) = (@, (g+ 1@ -1),(g+ D(g>+ 1), %, g+1),where A =g+ 1is
a Fermat prime.

Now, we assume that g is odd. Then, we conclude that r divides A@%l) from [17, Section 4, Case 1,
i=1]. Letrt = ﬂﬁzd). Similar as in the even case, we also have ¢ = 1. That is to say, k = ¢° + €2 + 1
and r = A("}%l). When € = +, the fact of k dividing 1¢°(¢® — 1) ¢* + 3 implies that ¢> + 3 divides 244,
and so A divides ¢ + 3, which is impossible as A is a prime divisor of 2¢*(¢g*> — 1)(¢° — 1). If e = —, we
have k = ¢’ —1,and so b = w. We consider a maximal subgroup M containing 7'g. It is proven
later that M = T = SL3(g).2 and hence that is unique. The fact that |T : M| | b implies that M is
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S Li(q).2 by [4, Tables 8.41 and 8.42] and that |T : M| = @. It follows that 2|M : Tg| | A, which
forces A =2 and M = Tp = S L3(g).2. Since T, = SUs(¢).2 and r = ¢° + 1, we have T, p = ¢°.C2_1.2
or ¢°.C,2_y. According to the maximal subgroups of S Ls;(g) in [4, Tables 8.3 and 8.4], we know that
T, p is isomorphic to a subgroup of ¢*>.GL,(g).2, which is impossible. O

All other types of G, in [1, Table 2], except two cases which we will discuss in Lemma 3.10, can
be ruled out using the method stated below. First, for each possibility of G,, the order of G, and the
value of v can be determined. We can hence get an upper bound of 4 according to 4| |G,|. Then, to
get an upper bound of ry, we consider the divisors of |G,| in two parts: [];L, ®; for which ®; divides
v, and H’Z Y =1G.l/ H” ®@;. Obviously, all ®; are coprime with v — 1. For each ¥;, we calculate

the remainder ‘I’ of ¥; divided by v — 1. This implies that (|G,|, v —1) divides |Out(T)| H’]?: } j» which
implies that ry < |Out(T)| H3'2=1 bg ;- Finally, one can check that the values of ry for all these cases are

too small to satisfy the condition that v < Ar2. That is, no new designs arise in these cases. To be more
explicit, we take T = Eg(q) as an example.

Lemma 3.9. Assume that G and D satisfy the hypothesis of Theorem 1.1. If T = Eg(q) with q = p°,
then G, cannot be a non-parabolic maximal subgroup of G.

Proof. Let T = Eg(q). Then, it follows from [1, Table 2] that the type of G, is one of the following:

(ALQE(q), Ds(q), Es(q?), Es(q), ASQEL(q) ).

For the case that G, is of type A (q)E;(g), we have A < ¢® smce A |G(,| and v = 56(q + 1)(q10 +
1)(q12 + l)q2 — by v = |G : G,l|. Obviously, g(¢° + 1) | v and q

— ol v=1) divides |Out(T)l(q* ~1)*(¢° —1)(q14—1)(q18—1). Since ry | (IGQI,V—I),
112

we have ry < ¢°'. However, Lemma 3.2 shows ¢''? < v < Ar} < ¢''°, a contradiction.
For the case that G, is of type Dg(q), we have A < g’ and

64(q1 8 (q" + (g™ - 1)'

v=g 2+t + D@+ P+ 1) .

Since v—1 = 2(mod ¢* + 1), (v — 1,¢* + 1) = 2 or 1. This, together with ¢ | v and q
(IGqol, v—1) divides 4|0ut(T)|(q> — 1)*(g* - 1)*(¢'* = 1)(g'* - 1). It follows that ry < 4|0ut(T)|q44 < 4¢®,
and ¢'*® < v < Ar} < 44°", which is a contradiction.

Assume that G, is of type Es(g?). Then, 1 < ¢'° and v = ¢®(g + 1)(¢* + 1)(¢® + D(q" + 1)(¢° +
D(g" + 1)(g"? + 1)(g" +1). Since ¢, ¢> + 1, g* + 1, ¢° + 1, and ¢° + 1 are divisors of v, we get that

(Gl v — 1) divides |0ur(T)|(g = D2(g* — 12(g° = 1)(¢" = 1)(g® - 1)(g"® = 1). Tt follows that r, < ¢*,
and so ¢'** < v < Arj < ¢'®, a contradiction again.

Assume that G, is of type A5(q)E¢(q) or Eg(q%). Then, since G, is non-parabolic, the Tits lemma
in [18, 1.6] implies that p divides v = |G : G,/|, and so (|G,|,v — 1) is coprime with p. It follows that
ro < |Goly as ry divides (|G,|,v — 1). This implies that v < /llOut(T)llealf), by Lemma 3.2, which

cannot be satisfied when G, is of type A5(q)E¢(q) or Eg(q ). O
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Lemma 3.10. Assume that G and D satisfy the hypothesis of Theorem 1.1. Then the type of G, cannot
be either (q — €1)D5(q) when T = E¢(q) or (g — €1)E¢(q) when T = E7(q).

Proof. Assume that T is E¢(q) and G, is of type (¢ — €1)D:(q). Then, 2 < 2g* as A divides |G,

9"’ —e)(g"-1)
(3,g-Dig—eD(g*-1)"
(@ — e)(g* + 1) and ¢'°(¢*> + €)(¢® — 1). Since ry divides the greatest common divisors of every

non-trivial subdegree and v — 1 (Lemma 2.3), we have (ry, p) = 1, and so ry | 2(g — €1)(g* + 1), which
implies that ry is too small to satisfy v < Arj again.

If T is E4(g) and G, is of type (¢ — €1)ES(q), we have A < 2¢° and v = ¢*"(¢° + e1)(¢° + el)('{;j—;l). (1,
Theorem 4.1] shows that there exist two subdegrees, which divide ¢'%(¢° — €)(¢° — €) and(4, g™ —
16)q'(¢° - e)(4

and v = In addition, we know from [1, Theorem 4.1] that there exist two subdegrees:

1 . . .
‘24_1 ), respectively. However, by Lemma 2.3 we know that r is too small again. m|

Proof of Theorem 1.1. It follows immediately from Lemmas 3.1-3.10. m|
4. Conclusions

In this paper, we figure out all possible parameters of 2-(v, k, A1) designs O (with A prime) that
admit flag-transitive point-primitive automorphism groups with an exceptional Lie type socle. Our
work contributes to the classification of flag-transitive 2-(v, k, 1) designs. In addition, the cases that the
automorphism groups of such designs with classical socle will be the main focus in our future work.
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