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Abstract: This work aims to provide a new Galerkin algorithm for solving the fractional Rayleigh-
Stokes equation (FRSE). We select the basis functions for the Galerkin technique to be appropriate
orthogonal combinations of the second kind of Chebyshev polynomials (CPs). By implementing the
Galerkin approach, the FRSE, with its governing conditions, is converted into a matrix system whose
entries can be obtained explicitly. This system can be obtained by expressing the derivatives of the
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analysis. We demonstrate that the approach is applicable and accurate by providing some numerical
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1. Introduction

A wide range of fields rely on Chebyshev polynomials (CPs). Some CPs are famously special
polynomials of Jacobi polynomials (JPs). We can extract four kinds of CPs from JPs. They were
employed in many applications; see [1–4]. However, others can be considered special types of
generalized ultraspherical polynomials; see [5, 6]. Some contributions introduced and utilized other
specific kinds of generalized ultraspherical polynomials. In the sequence of papers [7–10], the authors
utilized CPs of the fifth- and sixth-kinds to treat different types of differential equations (DEs).
Furthermore, the eighth-kind CPs were utilized in [11, 12] to solve other types of DEs.
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Several phenomena that arise in different applied sciences can be better understood by delving
into fractional calculus, which studies the integration and derivatives for non-integer orders. When
describing important phenomena, fractional differential equations (FDEs) are vital. There are many
examples of FDEs applications; see, for instance, [13–15]. Because it is usually not feasible to
find analytical solutions for these equations, numerical methods are relied upon. Several methods
were utilized to tackle various types of FDEs. Here are some techniques used to treat several
FDEs: the Adomian decomposition method [16], a finite difference scheme [17], generalized
finite difference method [18], Gauss collocation method [19], the inverse Laplace transform [20],
the residual power series method [21], multi-step methods [22], Haar wavelet in [23], matrix methods
in [24–26], collocation methods in [27–30], Galerkin methods in [31–33], and neural networks method
in [34].

Among the essential FDEs are the Rayleigh-Stokes equations. The fractional Rayleigh-Stokes
equation is a mathematical model for the motion of fluids with fractional derivatives. This equation
is used in many areas of study, such as non-Newtonian fluids, viscoelastic fluids, and fluid dynamics.
Many contributions were devoted to investigating the types of Rayleigh-Stokes from a theoretical and
numerical perspective. Theoretically, one can consult [35–37]. Several numerical approaches were
followed to solve these equations. In [38], the authors used a finite difference method for the fractional
Rayleigh-Stokes equation (FRSE). In [39], a computational method for two-dimensional FRSE is
followed. The authors of [40] used a finite volume element algorithm to treat a nonlinear FRSE.
In [41], a numerical method is applied to handle a type of Rayleigh-Stokes problem. Discrete Hahn
polynomials treated variable-order two-dimensional FRSE in [42]. The authors of [43] numerically
solved the FRSE.

The significance of spectral approaches in engineering and fluid dynamics has been better
understood in recent years, and this trend is being further explored in the applied sciences [44–46].
In these techniques, approximations to integral and differential equations are assumed by expanding
a variety of polynomials, which are frequently orthogonal. The three spectral techniques used most
often are the collocation, tau, and Galerkin methods. The optimal spectral approach to solving the
provided equation depends on the nature of the DE and the governing conditions that regulate it. The
three spectral methods use distinct trial and test functions. In the Galerkin method, the test and trial
functions are chosen so that each basis function member meets the given DE’s underlying constraints;
see [47,48]. The tau method is not limited to a specific set of basis functions like the Galerkin approach.
This is why it solves many types of DEs; see [49]. Among the spectral methods, the collocation method
is the most suitable; see, for example, [50, 51].

In his seminal papers [52,53], Shen explored a new idea to apply the Galerkin method. He selected
orthogonal combinations of Legendre and first-kind CPs to solve the second- and fourth-order DEs.
The Galerkin approach was used to discretize the problems with their governing conditions. To address
the even-order DEs, the authors of [54] employed a generalizing combination to solve even-order DEs.

This paper’s main contribution and significance is the development of a new Galerkin approach for
treating the FRSE. The suggested technique has the advantage that it yields accurate approximations
by picking a small number of the retained modes of the selected Galerkin basis functions.

The current paper has the following structure. Section 2 presents some preliminaries and essential
relations. Section 3 describes a Galerkin approach for treating FRSE. A comprehensive study on the
convergence analysis is studied in Section 4. Section 5 is devoted to presenting some illustrative
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examples to show the efficiency and applicability of our proposed method. Section 6 reports some
conclusions.

2. Some fundamentals and formulas

This section defines the fractional Caputo derivative and reviews some of its essential properties.
Next, we gather significant characteristics of the second-kind CPs. This paper will use some orthogonal
combinations of the second-kind CPs to solve the FRSE.

2.1. Caputo’s fractional derivative

Definition 2.1. In Caputo’s sense, the fractional-order derivative of the function ξ(s) is defined as [55]

Dαξ(s) =
1

Γ(p − α)

∫ s

0
(s − t)p−α−1ξ(p)(t)dt, α > 0, s > 0, p − 1 < α < p, p ∈ N. (2.1)

For Dα with p − 1 < α < p, p ∈ N, the following identities are valid:

DαC =0, C is a constant, (2.2)

Dα sp =

0, if p ∈ N0 and p < ⌈α⌉,
p!

Γ(p−α+1) sp−α, if p ∈ N0 and p ≥ ⌈α⌉,
(2.3)

where N = {1, 2, ...} and N0 = {0, 1, 2, . . .}, and ⌈α⌉ is the ceiling function.

2.2. Shifted second-kind CPs

The shifted second-kind CPs U∗j(t) are orthogonal regarding the weight function ω(t) =
√

t (τ − t)
in the interval [0, τ] and defined as [56, 57]

U∗j(t) =
j∑

r=0

λr, j tr, j ≥ 0, (2.4)

where

λr, j =
22 r (−1) j+r ( j + r + 1)!
τr (2 r + 1)! ( j − r)!

, (2.5)

with the following orthogonality relation [56]:∫ τ

0
ω(t) U∗m(t) U∗n(t) dt = qm,n, (2.6)

where

qm,n =
π τ2

8

1, if m = n,

0, if m , n.
(2.7)

{U∗m(t)}m≥0 can be generated by the recursive formula:

U∗m(t) = 2
(
2 t
τ
− 1

)
U∗m−1(t) − U∗m−2(t), U∗0(t) = 1, U∗1(t) =

2 t
τ
− 1, m ≥ 2. (2.8)

The following theorem that presents the derivatives of U∗m(t) is helpful in what follows.
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Theorem 2.1. [56] For all j ≥ n, the following formula is valid:

DnU∗j(t) =
(
4
τ

)n j−n∑
p=0

(p+ j+n) even

(p + 1) (n) 1
2 ( j−n−p)(

1
2 ( j − n − p)

)
!
(

1
2 ( j + n + p + 2)

)
1−n

U∗p(t). (2.9)

The following particular formulas of (2.9) give expressions for the first- and second-order
derivatives.

Corollary 2.1. The following derivative formulas are valid:

DU∗j(t) =
4
τ

j−1∑
p=0

(p+ j) odd

(p + 1) U∗p(t), j ≥ 1, (2.10)

D2U∗j(t) =
4
τ2

j−2∑
p=0

(p+ j) even

(p + 1) ( j − p) ( j + p + 2) U∗p(t), j ≥ 2. (2.11)

Proof. Special cases of Theorem 2.1. □

3. Treatment for the FRSE

This section is devoted to analyzing a Galerkin approach to solve the following FRSE [38, 58]:

vt(x, t) − Dαt [ a vxx(x, t) ] − b vxx(x, t) = S(x, t), 0 < α < 1, (3.1)

governed by the following constraints:

v(x, 0) = v0(x), 0 < x < ℓ, (3.2)
v(0, t) = v1(t), v(ℓ, t) = v2(t), 0 < t ≤ τ, (3.3)

where a and b are two positive constants and S(x, t) is a known smooth function.

Remark 3.1. The well-posedness and regularity of the fractional Rayleigh-Stokes problem are
discussed in detail in [36].

3.1. Selection of trial functions

We choose the trial functions to be

φi(x) = x (ℓ − x) U∗i (x). (3.4)

Due to (2.6), it can be seen that {φi(x)}i≥0 satisfies the following orthogonality relation:∫ ℓ

0
ω̂(x)φi(x)φ j(x) dx = ai, j, (3.5)

where

ai, j =
π ℓ2

8

1, if i = j,

0, if i , j,
(3.6)

and ω̂(x) = 1

x
3
2 (ℓ−x)

3
2
.
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Theorem 3.1. The second-derivative of φi(x) can be expressed explicitly in terms of U∗j(x) as

d2 φi(x)
d x2 =

i∑
j=0

µ j,i U∗j(x), (3.7)

where

µ j,i = −2


j + 1, if i > j, and (i + j) even,
1
2 (i + 1)(i + 2), if i = j,

0, otherwise.

(3.8)

Proof. Based on the basis functions in (3.4), we can write

d2 φi(x)
d x2 = −2 U∗i (x) + 2 (ℓ − 2 x)

d U∗i (x)
d x

+ (x ℓ − x2)
d2 U∗i (x)

d x2 . (3.9)

Using Corollary 2.1, Eq (3.9) may be rewritten as

d2 φi(x)
d x2 = − 2 U∗i (x) + 8

j−1∑
p=0

(p+ j) odd

(p + 1) U∗p(x) −
16
ℓ

j−1∑
p=0

(p+ j) odd

(p + 1) x U∗p(x)

+
4
ℓ

j−2∑
p=0

(p+ j) even

(p + 1) ( j − p) ( j + p + 2) x U∗p(x)

−

(
2
ℓ

)2 j−2∑
p=0

(p+ j) even

(p + 1) ( j − p) ( j + p + 2) x2 U∗p(x).

(3.10)

With the aid of the recurrence relation (2.8), the following recurrence relation for U∗i (x) holds:

x U∗i (x) =
ℓ

4
[ U∗i+1(x) + 2 U∗i (x) + U∗i−1(x) ]. (3.11)

Moreover, the last relation enables us to write the following relation:

x2 U∗i (x) =
ℓ2

4
[ 4 U∗i+1(x) + 6 U∗i (x) + 4 U∗i−1(x) + U∗i−2(x) + U∗i+2(x) ]. (3.12)

If we insert relations (3.11) and (3.12) into relation (3.10), and perform some computations, then we get

d2 φi(x)
d x2 =

i∑
j=0

µ j,i U∗j(x), (3.13)

where

µ j,i = −2


j + 1, if i > j, and (i + j) even,
1
2 (i + 1)(i + 2), if i = j,

0, otherwise.

(3.14)

This completes the proof. □
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3.2. Galerkin solution for FRSE with homogeneous boundary conditions

Consider the FRSE (3.1), governed by the conditions: v(0, t) = v(ℓ, t) = 0.
Now, consider the following spaces:

PM(Ω) = span{φi(x) U∗j(t) : i, j = 0, 1, . . . ,M},

XM(Ω) = {v(x, t) ∈ PM(Ω) : v(0, t) = v(ℓ, t) = 0},
(3.15)

where Ω = (0, ℓ) × (0, τ].
The approximate solution v̂(x, t) ∈ XM(Ω) may be expressed as

v̂(x, t) =
M∑
i=0

M∑
j=0

ci j φi(x) U∗j(t) = φC U∗T, (3.16)

where
φ = [φ0(x), φ1(x), . . . , φM(x)],

U∗ = [U∗0(t),U∗1(t), . . . ,U∗
M

(t)],

and C = (ci j)0≤i, j≤M is the unknown matrix to be determined whose order is (M + 1) × (M + 1).
The residual R(x, t) of Eq (3.1) may be calculated to give

R(x, t) = v̂t(x, t) − Dαt [ a v̂xx(x, t) ] − b v̂xx(x, t) − S(x, t). (3.17)

The philosophy in applying the Galerkin method is to find v̂(x, t) ∈ XM(Ω), such that(
R(x, t) , φr(x) U∗s(t)

)
ω̄(x,t) = 0, 0 ≤ r ≤ M, 0 ≤ s ≤ M− 1, (3.18)

where ω̄(x, t) = ω̂(x)ω(t). The last equation may be rewritten as

M∑
i=0

M∑
j=0

ci j (φi(x), φr(x))ω̂(x)

(d U∗j(t)
d t
, U∗s(t)

)
ω(t)
− a

M∑
i=0

M∑
j=0

ci j

(
d2 φi(x)

d x2 , φr(x)
)
ω̂(x)

(
Dαt U∗j(t), U∗s(t)

)
ω(t)

− b
M∑
i=0

M∑
j=0

ci j

(
d2 φi(x)

d x2 , φr(x)
)
ω̂(x)

(
U∗j(t), U∗s(t)

)
ω(t)
=

(
S(x, t), φr(x) U∗s(t)

)
ω̄(x,t) .

(3.19)

In matrix form, Eq (3.19) can be written as

A
T CB − aHT CK − bHT CQ = G, (3.20)

where

G = (gr,s)(M+1)×M, grs =
(
S(x, t) , φr(x) U∗s(t)

)
ω̄(x,t) , (3.21)

A = (ai,r)(M+1)×(M+1), ai,r = (φi(x), φr(x))ω̂(x) , (3.22)

B = (b j,s)(M+1)×M, b j,s =

(d U∗j(t)
d t
, U∗s(t)

)
ω(t)
, (3.23)
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H = (hir)(M+1)×(M+1), hi,r =

(
d2 φi(x)

d x2 , φr(x)
)
ω̂(x)
, (3.24)

K = (k j,s)(M+1)×M, k j,s =
(
Dαt U∗j(t), U∗s(t)

)
ω(t)
, (3.25)

Q = (q j,s)(M+1)×M, q j,s =
(
U∗j(t), U∗s(t)

)
ω(t)
. (3.26)

Moreover, (3.2) implies that

M∑
i=0

M∑
j=0

ci j ai,r U∗j(0) = (v(x, 0), φr(x))ω̂(x) , 0 ≤ r ≤ M. (3.27)

Now, Eq (3.20) along with (3.27) constitutes a system of algebraic equations of order (M + 1)2, that
may be solved using a suitable numerical procedure.

Now, the derivation of the formulas of the entries of the matricesA, B, H , K and Q are given in
the following theorem.

Theorem 3.2. The following definite integral formulas are valid:

(a)
∫ ℓ

0
ω̂(x)φi(x)φr(x) dx = ai,r,

(b)
∫ ℓ

0
ω̂(x)

d2 φi(x)
d x2 φr(x) dx = hi,r,

(c)
∫ τ

0
ω(t) U∗j(t) U∗s(t) dt = q j,s,

(d)
∫ τ

0
ω(t)

d U∗j(t)
d t

U∗s(t) dt = b j,s,

(e)
∫ τ

0
ω(t) [Dαt U∗j(t)] U∗s(t) dt = k j,s,

(3.28)

where q j,s and ai,r are given respectively in Eqs (2.6) and (3.6). Also, we have

hi,r =

i∑
j=0

µ j,i γ j,r, (3.29)

b j,s =
π τ

2

j−1∑
p=0

(p+ j+1) even

(p + 1) δp,s, (3.30)

γ j,r =


π (r + 1), if j ≥ r and (r + j) even,

π ( j + 1), if j < r and (r + j) even,

0, otherwise,

(3.31)

δp,s =

1, if p = s,

0, if p , s,
(3.32)
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and

k j,s =

j∑
k=1

π 4k−1 (s + 1) k! τ2−α (−1) j+k+s ( j + k + 1)!Γ
(
k − α + 3

2

)
(2k + 1)! ( j − k)!Γ(k − α + 1)

× 3F̃2


−s, s + 2,−α + k + 3

2

3
2 ,−α + k + 3

∣∣∣∣∣∣∣∣∣ 1
 ,

(3.33)

where 3F̃2 is the regularized hypergeometric function [59].

Proof. To find the elements hi,r: Using Theorem 3.1, one has

hi,r =

∫ ℓ

0
ω̂(x)

d2 φi(x)
d x2 φr(x) dx =

i∑
j=0

µ j,i

∫ ℓ

0
ω̂(x) U∗j(x)φr(x) dx. (3.34)

Now,
∫ ℓ

0
ω̂(x) U∗j(x)φr(x) dx can be calculated to give the following result:∫ ℓ

0
ω̂(x) U∗j(x)φr(x) dx = γ j,r, (3.35)

and therefore, we get the following desired result:

hi,r =

i∑
j=0

µ j,i γ j,r. (3.36)

To find the elements b j,s: Formula (2.10) along with the orthogonality relation (2.6) helps us to write

b j,s =

∫ τ

0
ω(t)

d U∗j(t)
d t

U∗s(t) dt =
π τ

2

j−1∑
p=0

(p+ j) odd

(p + 1) δp,s. (3.37)

To find k j,s: Using property (2.3) together with (2.4), one can write

k j,s =

∫ τ

0
ω(t) [Dαt U∗j(t)] U∗s(t) dt

=

j∑
k=1

22kk!(−1) j+k( j + k + 1)!
(2k + 1)! τk ( j − k)!Γ(k − α + 1)

∫ τ

0
U∗s(t) tk−α ω(t) dt

=

j∑
k=1

22kk!(−1) j+k( j + k + 1)!
(2k + 1)!( j − k)!(k − α)!

s∑
n=0

√
π 22n−1τ2−α(−1)n+sΓ(n + s + 2)Γ

(
k + n − α + 3

2

)
(2n + 1)! (s − n)!Γ(k + n − α + 3)

.

(3.38)

If we note the following identity:

s∑
n=0

√
π 22n−1 τ2−α (−1)n+s (n + s + 1)!Γ

(
k + n − α + 3

2

)
(2n + 1)! (s − n)!Γ(k + n − α + 3)

=
1
4
π (−1)s (s + 1) τ−α+2 Γ

(
k − α +

3
2

)
3F̃2

(
−s, s + 2,−α + k + 3

2
3
2 ,−α + k + 3

∣∣∣∣∣∣ 1
)
,

(3.39)
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then, we get

k j,s =

j∑
k=1

π 4k−1 (s + 1) k! τ2−α (−1) j+k+s Γ( j + k + 2)Γ
(
k − α + 3

2

)
Γ(2 k + 2) ( j − k)!Γ(k − α + 1)

× 3F̃2


−s, s + 2,−α + k + 3

2

3
2 ,−α + k + 3

∣∣∣∣∣∣∣∣∣ 1
 .

(3.40)

Theorem 3.2 is now proved. □

Remark 3.2. The following algorithm shows our proposed Galerkin technique, which outlines the
necessary steps to get the approximate solutions.

Algorithm 1 Coding algorithm for the proposed technique
Input a, b, ℓ, τ, α, v0(x), and S(x, t).
Step 1. Assume an approximate solution v̂(x, t) as in (3.16).
Step 2. Apply Galerkin method to obtain the system in (3.20) and (3.27).
Step 4. Use Theorem 3.2 to get the elements of matricesA, B, H , K and Q.
Step 5. Use NDsolve command to solve the system in (3.20) and (3.27) to get ci j.
Output v̂(x, t).

Remark 3.3. Based on the following substitution:

v(x, t) := y(x, t) +
(
1 −

x
ℓ

)
v(0, t) +

x
ℓ

v(ℓ, t), (3.41)

the FRSE (3.1) with non-homogeneous boundary conditions will convert to homogeneous ones y(0, t) =
y(ℓ, t) = 0.

4. Error bound

In this section, we study the error bound for the two cases corresponding to the 1-D and 2-D
Chebyshev-weighted Sobolev spaces.

Assume the following Chebyshev-weighted Sobolev spaces:

Hα,mω(t)(I1) ={u : Dα+k
t u ∈ L2

ω(t)(I1), 0 ≤ k ≤ m}, (4.1)

Ym
ω̂(x)(I2) ={u : u(0) = u(ℓ) = 0 and Dk

x u ∈ L2
ω̂(x)(I2), 0 ≤ k ≤ m}, (4.2)

where I1 = (0, τ) and I2 = (0, ℓ) are quipped with the inner product, norm, and semi-norm

(u, v)Hα,m
ω(t)
=

m∑
k=0

(Dα+k
t u,Dα+k

t v)L2
ω(t)
, ||u||2Hα,m

ω(t)
= (u, u)Hα,m

ω(t)
, |u|Hα,m

ω(t)
= ||Dα+m

t u||L2
ω(t)
,

(u, v)Ym
ω̂(x)
=

m∑
k=0

(Dk
x u,Dk

x v)L2
ω̂(x)
, ||u||2Ym

ω̂(x)
= (u, u)Ym

ω̂(x)
, |u|Ym

ω̂(x)
= ||Dm

x u||L2
ω̂(x)
,

(4.3)
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where 0 < α < 1 and m ∈ N.
Also, assume the following two-dimensional Chebyshev-weighted Sobolev space:

Hr,s
ω̄(x,t)(Ω) = {u : u(0, t) = u(ℓ, t) = 0 and

∂α+p+q u
∂ xp ∂ tα+q ∈ L2

ω̄(x,t)(Ω), r ≥ p ≥ 0, s ≥ q ≥ 0}, (4.4)

equipped with the norm and semi-norm

||u||Hr,s
ω̄(x,t)
=

 r∑
p=0

s∑
q=0

∣∣∣∣∣∣∣∣∣∣ ∂α+p+q u
∂ xp ∂ tα+q

∣∣∣∣∣∣∣∣∣∣2
L2
ω̄(x,t)


1
2

, |u|Hr,s
ω̄(x,t)
=

∣∣∣∣∣∣∣∣∣∣ ∂α+r+s u
∂ xr ∂ tα+s

∣∣∣∣∣∣∣∣∣∣
L2
ω̄(x,t)

, (4.5)

where 0 < α < 1 and r, s ∈ N.

Lemma 4.1. [60] For n ∈ N, n + r > 1, and n + s > 1, where r, s ∈ R are any constants, we have

Γ(n + r)
Γ(n + s)

≤ or,s
n nr−s, (4.6)

where

or,s
n = exp

(
r − s

2 (n + s − 1)
+

1
12 (n + r − 1)

+
(r − s)2

n

)
. (4.7)

Theorem 4.1. Suppose 0 < α < 1, and η̄(t) =
M∑
j=0

η̂ j U∗j(t) is the approximate solution of η(t) ∈

Hα,mω(t)(I1). Then, for 0 ≤ k ≤ m ≤ M + 1, we get

||Dα+k
t (η(t) − η̂(t))||L2

ω(t)
≲ τm−kM

−5
4 (m−k) |η(t)|2Hα,m

ω(t)
, (4.8)

whereA ≲ B indicates the existence of a constant ν such thatA ≤ νB.

Proof. The definitions of η(t) and η̂(t) allow us to have

||Dα+k
t (η(t) − η̂(t))||2L2

ω(t)
=

∞∑
n=M+1

|η̂n|
2 ||Dα+k

t U∗n(t)||2L2
ω(t)

=

∞∑
n=M+1

|η̂n|
2
||Dα+k

t U∗n(t)||2
L2
ω(t)

||Dα+m
t U∗n(t)||2

L2
ω(t)

||Dα+m
t U∗n(t)||2L2

ω(t)

≤

||Dα+k
t U∗

M+1(t)||2
L2
ω(t)

||Dα+m
t U∗

M+1(t)||2
L2
ω(t)

|η(t)|2Hα,m
ω(t)
.

(4.9)

To estimate the factor
||Dα+k

t U∗
M+1(t)||2

L2
ω(t)

||Dα+m
t U∗

M+1(t)||2
L2
ω(t)

, we first find ||Dα+k
t U∗

M+1(t)||2
L2
ω(t)
.

||Dα+k
t U∗

M+1(t)||2L2
ω(t)
=

∫ τ

0
Dα+k

t U∗
M+1(t) Dα+k

t U∗
M+1(t)ω(t) dt. (4.10)
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Equation (2.3) along with (2.4) allows us to write

Dα+k
t U∗

M+1(t) =
M+1∑
r=k+1

λr,M+1
r!

Γ(r − k − α + 1)
tr−k−α, (4.11)

and accordingly, we have

||Dα+k
t U∗

M+1(t)||2L2
ω(t)
=

M+1∑
r=k+1

λ2
r,M+1

(r!)2

Γ2(r − k − α + 1)

∫ τ

0
t2 (r−k−α)+ 1

2 (τ − t)
1
2 dt

=

M+1∑
r=k+1

λ2
r,M+1 τ

2 (r−k−α+1)

√
π (r!)2 Γ(2 (r − k − α) + 3

2 )
2Γ2(r − k − α + 1) Γ(2 (r − k − α) + 3)

.

(4.12)

The following inequality can be obtained after applying the Stirling formula [44]:

Γ2(r + 1)Γ(2 (r − k − α) + 3
2 )

Γ2(r − k − α + 1) Γ(2 (r − k − α) + 3)
≲ r2 (k+α) (r − k)−

3
2 . (4.13)

By virtue of the Stirling formula [44] and Lemma 4.1, ||Dα+k
t U∗

M+1(t)||2
L2
ω(t)

can be written as

||Dα+k
t U∗

M+1(t)||2L2
ω(t)
≲ λ∗ τ2 (M−k−α+2) (M + 1)2 (k+α) (M− k + 1)−

3
2

M+1∑
r=k+1

1

= λ∗ τ2 (M−k−α+2) (M + 1)2 (k+α) (M− k + 1)−
1
2

= λ∗ τ2 (M−k−α+2)
(
Γ(M + 2)
Γ(M + 1)

)2 (k+α) (
Γ(M− k + 2)
Γ(M− k + 1)

)− 1
2

≲ τ2 (M−k−α+2)M2 (k+α) (M− k)−
1
2 ,

(4.14)

where λ∗ = max
0≤r≤M+1

{
λ2

r,M+1
√
π

2

}
.

Similarly, we have

||Dα+m
t U∗

M+1(t)||2L2
ω(t)
≲ τ2 (M−m−α+2)M2 (m+α) (M− m)−

1
2 , (4.15)

and accordingly, we have

||Dα+k
t U∗

M+1(t)||2
L2
ω(t)

||Dα+m
t U∗

M+1(t)||L2
ω(t)

≲ τ2 (m−k)M2 (k−m)
(
M− k
M− m

)− 1
2

= τ2 (m−k)M−2 (m−k)
(
Γ(M− k + 1)
Γ(M− m + 1)

)− 1
2

≲ τ2 (m−k)M
−5
2 (m−k).

(4.16)

Inserting Eq (4.16) into Eq (4.9), one gets

||Dα+k
t (η(t) − η̂(t))||2L2

ω(t) ≲ τ
2 (m−k)M

−5
2 (m−k) |η(t)|2Hα,m

ω(t)
. (4.17)

Therefore, we get the desired result. □
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Theorem 4.2. Suppose ζ̄(x) =
∑M

i=0 ζ̂i φi(x), is the approximate solution of ζM(x) ∈ Ym
ω̂(x)(I2). Then, for

0 ≤ k ≤ m ≤ M + 1, we get

||Dk
x (ζ(x) − ζ̄(x))||L2

ω̂(x)
≲ ℓm−kM

−1
4 (m−k) |ζ(x)|2Ym

ω̂(x)
. (4.18)

Proof. At first, based on the definitions of ζ(x) and ζ̄(x), one has

||Dk
x (ζ(x) − ζ̄(x)||2L2

ω̂(x)
=

∞∑
n=M+1

|ζ̂n|
2 ||Dk

x φn(x)||2L2
ω̂(x)

=

∞∑
n=M+1

|ζ̂n|
2
||Dk

x φn(x)||2
L2
ω̂(x)

||Dm
x φn(x)||2

L2
ω̂(x)

||Dm
x φn(x)||2L2

ω̂(x)

≤

||Dk
x φM+1(x)||2

L2
ω̂(x)

||Dm
x φM+1(x)||2

L2
ω̂(x)

|ζ(x)|2Ym
ω̂(x)
.

(4.19)

Now, we have

Dk
x φM+1(x) =

M+1∑
r=k

ℓ λr,M+1
Γ(r + 2)
Γ(r − k + 2)

xr−k+1 −

M+1∑
r=k

λr,M+1
Γ(r + 3)
Γ(r − k + 3)

xr−k+2, (4.20)

and therefore, ||Dk
x φM+1(x)||2

L2
ω̂(x)

can be written as

||Dk
x φM+1(x)||2L2

ω̂(x)
= −

M+1∑
r=k

ℓ2(r−k) λ2
r,M+1

2
√
πΓ2(r + 2)Γ(2(r − k + 1) − 1

2 )
Γ2(r − k + 2)Γ(2(r − k + 1) − 1)

+

M+1∑
r=k

ℓ2(r−k+1) λ2
r,M+1

2
√
πΓ2(r + 3)Γ(2(r − k + 2) − 1

2 )
Γ2(r − k + 3)Γ(2(r − k + 2) − 1)

.

(4.21)

The application of the Stirling formula [44] leads to

Γ2(r + 2)Γ(2(r − k + 1) − 1
2 )

Γ2(r − k + 2)Γ(2(r − k + 1) − 1)
≲ r2 k (r − k)

1
2 ,

Γ2(r + 3)Γ(2(r − k + 2) − 1
2 )

Γ2(r − k + 3)Γ(2(r − k + 2) − 1)
≲ r2 k (r − k)

1
2 ,

(4.22)

and hence, we get
||Dk

x φM+1(x)||2L2
ω̂(x)
≲ ℓ2(r−k+1)M2 k (M− k)

3
2 . (4.23)

Finally, we get the following estimation:

||Dk
x φM+1(x)||2

L2
ω̂(x)

||Dm
x φM+1(x)||2

L2
ω̂(x)

≲ ℓ2 (m−k)M
−1
2 (m−k). (4.24)

At the end, we get
||Dk

x (ζ(x) − ζ̄(x))||L2
ω̂(x)
≲ ℓm−kM

−1
4 (m−k) |ζ(x)|2Ym

ω̂(x)
. (4.25)

□
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Theorem 4.3. Given the following assumptions: α = 0, 0 ≤ p ≤ r ≤ M + 1, and the approximation to
v(x, t) ∈ Hr,s

ω̈ (Ω) is v̂(x, t). As a result, the estimation that follows is applicable:∣∣∣∣∣∣∣∣∣∣ ∂p

∂ xp (v(x, t) − v̂(x, t))
∣∣∣∣∣∣∣∣∣∣

L2
ω̄(x,t)

≲ ℓr−pM
−1
4 (r−p) |v(x, t)|Hr,0

ω̄(x,t)
. (4.26)

Proof. According to the definitions of v(x, t) and v̂(x, t), one has

v(x, t) − v̂(x, t) =
M∑
i=0

∞∑
j=M+1

ci j φi(x) U∗j(t) +
∞∑

i=M+1

∞∑
j=0

ci j φi(x) U∗j(t)

≤

M∑
i=0

∞∑
j=0

ci j φi(x) U∗j(t) +
∞∑

i=M+1

∞∑
j=0

ci j φi(x) U∗j(t).

(4.27)

Now, applying the same procedures as in Theorem 4.2, we obtain∣∣∣∣∣∣∣∣∣∣ ∂p

∂ xp (v(x, t) − v̂(x, t))
∣∣∣∣∣∣∣∣∣∣

L2
ω̄(x,t)

≲ ℓr−pM
−1
4 (r−p) |v(x, t)|Hr,0

ω̄(x,t)
. (4.28)

□

Theorem 4.4. Given the following assumptions: α = 0, 0 ≤ q ≤ s ≤ M + 1, and the approximation to
v(x, t) ∈ Hr,s

ω̈ (Ω) is v̂(x, t). As a result, the estimation that follows is applicable:∣∣∣∣∣∣∣∣∣∣ ∂q

∂ tq (v(x, t) − v̂(x, t))
∣∣∣∣∣∣∣∣∣∣

L2
ω̄(x,t)

≲ τs−qM
−5
4 (s−q) |v(x, t)|H0,s

ω̄(x,t)
. (4.29)

Theorem 4.5. Let v̂(x, t) be the approximate solution of v(x, t) ∈ Hr,s
ω̄(x,t)(Ω), and assume that 0 < α < 1.

Consequently, for 0 ≤ p ≤ r ≤ M + 1, and 0 ≤ q ≤ s ≤ M + 1, we obtain∣∣∣∣∣∣
∣∣∣∣∣∣ ∂α+q

∂ tα+q

[
∂p

∂ xp (v(x, t) − v̂(x, t))
]∣∣∣∣∣∣
∣∣∣∣∣∣
L2
ω̄(x,t)

≲ τs−q ℓr−pM
−1
4 [5 (s−q)+r−p)] |v(x, t)|Hr,0

ω̄(x,t)
. (4.30)

Proof. The proofs of Theorems 4.4 and 4.5 are similar to the proof of Theorem 4.3. □

Theorem 4.6. Let R(x, t) be the residual of Eq (3.1), then ||R(x, t)||L2
ω̄(x,t)
→ 0 asM→∞.

Proof. ||R(x, t)||L2
ω̄(x,t)

of Eq (3.28) can be written as

||R(x, t)||L2
ω̄(x,t)
=

∣∣∣∣∣∣v̂t(x, t) − Dαt [ a v̂xx(x, t) ] − b v̂xx(x, t) − S(x, t)
∣∣∣∣∣∣

L2
ω̄(x,t)

≤

∣∣∣∣∣∣∣∣∣∣ ∂∂ t
(v(x, t) − v̂(x, t))

∣∣∣∣∣∣∣∣∣∣
L2
ω̄(x,t)

− a

∣∣∣∣∣∣
∣∣∣∣∣∣ ∂α∂ tα

[
∂2

∂ x2 (v(x, t) − v̂(x, t))
]∣∣∣∣∣∣
∣∣∣∣∣∣
L2
ω̄(x,t)

− b

∣∣∣∣∣∣
∣∣∣∣∣∣ ∂2

∂ x2 (v(x, t) − v̂(x, t))

∣∣∣∣∣∣
∣∣∣∣∣∣
L2
ω̄(x,t)

.

(4.31)

Now, the application of Theorems 4.3–4.5 leads to

||R(x, t)||L2
ω̄(x,t)
≲τs−1M

−5
4 (s−1) |v(x, t)|H0,s

ω̄(x,t)
− a τs ℓr−2M

−1
4 [5 s+r−2)] |v(x, t)|Hr,0

ω̄(x,t)

− b ℓr−2M
−1
4 (r−2) |v(x, t)|Hr,0

ω̄(x,t)
.

(4.32)

Therefore, it is clear that ||R(x, t)||L2
ω̄(x,t)
→ 0 asM→∞. □
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5. Illustrative examples

This section will compare our shifted second-kind Galerkin method (SSKGM) with other methods.
Three test problems will be presented in this regard.

Example 5.1. [38] Consider the following equation:

vt(x, t) − Dαt [ vxx(x, t) ] − vx(x, t) = S(x, t), 0 < α < 1, (5.1)

where

S(x, t) = 2 t x (x − ℓ)
[(

5 x2 − 5 x ℓ + ℓ2
) ( 6
Γ(3 − α)

t1−α + 3 t
)
− x2 (x − ℓ)2

]
, (5.2)

governed by (3.2) and (3.3). Problem (5.1) has the exact solution: u(x, t) = x3 (ℓ − x)3 t2.

In Table 1, we compare the L2 errors of the SSKGM with that obtained in [38] at ℓ = τ = 1. Table 2
reports the amount of time for which a central processing unit (CPU) was used for obtaining results in
Table 1. These tables show the high accuracy of our method. Figure 1 illustrates the absolute errors
(AEs) at different values of α atM = 4 when ℓ = τ = 1. Figure 2 illustrates the AEs at different values
of α atM = 4 when ℓ = 3, and τ = 2. Figure 3 shows the AEs at different α atM = 4 when ℓ = 10,
and τ = 5.

Table 1. Comparison of the L2 errors for Example 5.1.

Our method Method in [38]
α M = 4 h= 1

5000 , T=
1

128 T= 1
5000 , h=

1
128

0.1 1.22946 × 10−16 1.1552 × 10−6 1.4408 × 10−6

0.5 2.40485 × 10−16 1.0805 × 10−6 1.4007 × 10−6

0.9 8.83875 × 10−17 8.1511 × 10−7 1.3682 × 10−6

Table 2. CPU time used for Table 1.

CPU time of our method CPU time of method in [38]
α M = 4 h= 1

5000 , T=
1

128 T= 1
5000 , h=

1
128

0.1 30.891 16.828 67.243
0.5 35.953 16.733 67.470
0.9 31.078 16.672 67.006

Example 5.2. [38] Consider the following equation:

vt(x, t) − Dαt [ vx(x, t) ] − vx(x, t) = S(x, t), 0 < α < 1, (5.3)

where

S(x, t) = u2 + sin(π x)
[

2 π2

Γ(3 − α)
t2−α + π2 t2 + 2 t

]
− t4 sin2(π x),

governed by (3.2) and (3.3). Problem (5.3) has the exact solution: u(x, t) = t2 sin(π x).
Table 3 compares the L2 errors of the SSKGM with those obtained by the method in [38] at ℓ =

τ = 1. This table shows that our results are more accurate. Table 4 reports the CPU time used for
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obtaining results in Table 3. Moreover, Figure 4 sketches the AEs at different valuesM when α = 0.7,
and ℓ = τ = 1. Table 5 presents the maximum AEs at α = 0.8 andM = 8 when ℓ = τ = 1. Figure 5
sketches the AEs at different α forM = 10, ℓ = 3 and τ = 1.

Figure 1. The AEs at different values of α for Example 5.1.

Figure 2. The AEs at different values of α for Example 5.1.
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Figure 3. The AEs at different values of α for Example 5.1.

Table 3. Comparison of the L2 errors for Example 5.2.

Our method Method in [38]
α M = 8 h= 1

5000 , T=
1

128 T= 1
5000 , h=

1
128

0.1 4.97952 × 10−10 9.1909 × 10−5 5.1027 × 10−5

0.5 5.85998 × 10−10 8.4317 × 10−5 4.4651 × 10−5

0.9 4.62473 × 10−10 6.2864 × 10−5 4.0543 × 10−5

Table 4. CPU time used for Table 3.

CPU time of our method CPU time of method in [38]
α M = 8 h= 1

5000 , T=
1

128 T= 1
5000 , h=

1
128

0.1 119.061 20.095 70.952
0.5 118.001 19.991 71.117
0.9 121.36 19.908 71.153
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Table 5. The maximum AEs of Example 5.2 at α = 0.8, M = 8.

x t = 0.2 t = 0.4 t = 0.6 t = 0.8
0.1 7.82271 × 10−12 9.69765 × 10−11 1.48667 × 10−10 2.65085 × 10−10

0.2 4.24386 × 10−11 6.82703 × 10−11 2.34553 × 10−10 5.1182 × 10−10

0.3 4.48637 × 10−11 6.28317 × 10−11 2.69028 × 10−10 4.28024 × 10−10

0.4 2.57132 × 10−11 5.02944 × 10−11 1.45928 × 10−10 3.26067 × 10−10

0.5 6.59974 × 10−11 1.22092 × 10−11 4.38141 × 10−10 7.16844 × 10−10

0.6 1.11684 × 10−11 1.04731 × 10−10 1.78963 × 10−10 2.80989 × 10−10

0.7 4.19906 × 10−11 7.33454 × 10−11 2.70484 × 10−10 4.25895 × 10−10

0.8 2.97515 × 10−11 1.16961 × 10−10 2.70621 × 10−10 4.63116 × 10−10

0.9 1.0014 × 10−11 8.68311 × 10−11 1.43244 × 10−10 2.71797 × 10−10

Figure 4. The AEs at different values ofM when α = 0.7 for Example 5.2.
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Figure 5. The AEs at different values of α whenM = 10 for Example 5.2.

Example 5.3. Consider the following equation:

vt(x, t) − Dαt [ vx(x, t) ] − vx(x, t) = S(x, t), 0 < α < 1, (5.4)

where

S(x, t) = sin(2 π x)
(
4 π2 Γ(5)
Γ(5 − α)

t4−α + 4 π2 t4 + 4 t3
)
,

governed by (3.2) and (3.3). The exact solution of this problem is: u(x, t) = t4 sin(2 π x).
Table 6 presents the maximum AEs at α = 0.5 andM = 9 when ℓ = τ = 1. Figure 6 sketches the

AEs at differentM and α = 0.9 when ℓ = τ = 1.

Table 6. The maximum AEs of Example 5.3 at α = 0.5, M = 9.

x t = 0.2 t = 0.4 t = 0.6 t = 0.8
0.1 4.36556 × 10−8 6.4783 × 10−8 4.6896 × 10−8 3.07364 × 10−8

0.2 3.41326 × 10−8 5.29923 × 10−8 2.18292 × 10−8 6.69242 × 10−8

0.3 4.74795 × 10−8 5.70081 × 10−5 1.14413 × 10−7 1.69409 × 10−7

0.4 8.64528 × 10−8 1.11593 × 10−7 1.6302 × 10−7 1.69931 × 10−7

0.5 2.03915 × 10−8 2.95873 × 10−8 2.78558 × 10−8 2.04027 × 10−11

0.6 8.36608 × 10−8 1.07773 × 10−7 1.59124 × 10−7 1.70274 × 10−7

0.7 1.53354 × 10−8 1.00892 × 10−8 7.07611 × 10−8 1.68702 × 10−7

0.8 3.88458 × 10−8 6.00347 × 10−8 2.85788 × 10−8 6.72342 × 10−8

0.9 3.00922 × 10−8 4.49878 × 10−8 2.82622 × 10−8 3.06797 × 10−8
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Figure 6. The AEs at different values ofM when α = 0.9 for Example 5.3.

Example 5.4. [61] Consider the following equation:

vt(x, t) − Dαt [ vx(x, t) ] − vx(x, t) = S(x, t), 0 < α < 1, (5.5)

governed by the following constraints:

v(x, 0) = 0, 0 < x < 1, (5.6)
v(0, t) = tγ+2, v(1, t) = e tγ+2, 0 < t ≤ 1, (5.7)

where

S(x, t) = ex

(
tγ+1(γ − t + 2) −

Γ(γ + 3)
Γ(−α + γ + 3)

t−α+γ+2
)
,

and the exact solution of this problem is: u(x, t) = ex tγ+2. This problem is solved for the case γ = 1.
In Table 7, we compare the L2 errors of the SSKGM with that obtained in [61] at different values
of α. This table shows the high accuracy of our method. Figure 7 illustrates the AE (left) and the
approximate solution (right) atM = 7 when α = 0.6.
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Table 7. Comparison of the L2 errors for Example 5.4.

Our method Method in [61]
α M = 7 n = m = 10

0.1 1.39197 × 10−11 2.176 × 10−9

0.3 1.34984 × 10−10 9.045 × 10−9

0.5 5.87711 × 10−11 1.516 × 10−8

0.7 8.43536 × 10−12 1.415 × 10−8

0.9 7.46064 × 10−12 5.749 × 10−9

Figure 7. The AE (left) and the approximate solution (right) at M = 7 when α = 0.6 for
Example 5.4.

6. Conclusions

This study presented a Galerkin algorithm technique for solving the FRSE using orthogonal
combinations of the second-kind CPs. The Galerkin method converts the FRSE with its underlying
conditions into a matrix system whose entries are given explicitly. A suitable algebraic algorithm
may be utilized to solve such a system, and by chance, the approximate solution can be obtained.
We showcased the effectiveness and precision of the algorithm through a comprehensive study of the
error analysis and by presenting multiple numerical examples. We think the proposed method can be
applied to other types of FDEs. As an expected future work, we aim to employ this paper’s developed
theoretical results and suitable spectral methods to treat some other problems.
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