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Abstract: K-frames are more generalized than ordinary frames, particularly in terms of their weaving
properties. The study of weaving K-frames in Hilbert space has already been explored. Given the
significance of n-Hilbert spaces in functional analysis, it is essential to study weaving K-frames in
n-Hilbert spaces. In this paper, we introduced the notion of weaving K-frames in n-Hilbert spaces and
obtained some new properties for these frames using operator theory methods. First, the concept of
weaving K-frames in n-Hilbert spaces is developed, and examples are given. By virtue of auxiliary
operators, such as the preframe operator, analysis operator, and frame operator, some new properties
and characterizations of these frames are presented, and several new methods for their construction
are given. Stability and perturbation results are discussed and new inequalities are established as
applications.
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1. Introduction

Frame theory is based on the development of wavelet theory. Frames have gradually become an
important tool in signal processing due to the need to solve increasingly complex real problems. A
variety of new generalized frames have also emerged, and many researchers have studied K-frames in
Hilbert spaces [1,2]. For instance, Bemrose et al. [3] introduced weaving frames in Hilbert spaces.
There are also many results on weaving K-frames in Hilbert spaces [4, 5].

S. Gihler [6], Diminnie et al. [7], H. Gunawan [8], and A. Misiak [9] introduced the concept of
linear 2-normed spaces, 2-inner product spaces, n-normed spaces, and n-inner product spaces for n > 2.

For the last 30 years, research on 2-Hilbert space, and n-Hilbert space has been an important topic
in the field of functional analysis. However, because wavelet theory and frame theory were developed
relatively recently, and the classical results of frame theory are established in Hilbert spaces, few works
have used frame theory for studying frames in n-Hilbert spaces. Wavelet theory researchers need to
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further explore this area.

Recently, A. Akbar et al. [10] studied frames in a 2-inner product space. P. Ghosh et al. [11]
presented the notion of frames in n-Hilbert spaces.

Now, various generalized frames, such as G-frames, K-frames, and weaving (or woven) frames in
Hilbert spaces are a hot topic in frame theory. For instance, Li et al. [13] discussed weaving g-frames
in Hilbert spaces.

The motivation of this article is to study weaving K-frames in n-Hilbert spaces, we still introduce
and characterize the concept of weaving K-frames in n-Hilbert spaces and present several new methods
for their construction. We then present some stability and perturbation results for weaving K-frames in
n-Hilbert spaces.

The systematic study of the theory of various generalized frames in n-Hilbert spaces, and in
particular, the definition of various generalized frames in n-Hilbert spaces, and the study of the
characterization, perturbation, stability, and constructive properties of these generalized frames, will
enrich and expand the theory of frames.

Throughout this paper, suppose that H denotes a separable Hilbert space with the inner product
(-,+), and B(H) denotes the space of all bounded linear operators on H. We also denote R(T) as a range
set of T, where T € B(H). Let N be an index set of natural numbers, and £*(N) denotes the space
of square, summable scalar-valued sequences with the index set N. For a given number, m € N, let
[m] =1{1,2,...,m}and [m]° = {m+ 1,m + 2,...}. As usual, we denote the set of all bounded linear
operators from H to another Hilbert space K by B(H, K), and if H = K, then B(H, K) is abbreviated to
B(H).

2. Preliminaries

Lemma 2.1. [14] Let T, T, € B(H). Then, there are the following equivalent statements:
(i) For some @ > 0, T\ T} < o*T,T};
(i) R(T1) € R(T>);
(iit) T, = T,W for some W € B(H).

Lemma 2.2. [15] Let H,, H, be two Hilbert spaces and T\ € B(H;, H,), where R(T)) is closed. Then,
there exists T\ : H, — H\, the pseudo-inverse of Ty, such that T\T|x = x, Vx € R(T}).

Definition 2.1. [8] Let n € N and X be a linear space of dimensions d > n. let ||-,--- ,-|| : X" — R be
a function such that for every v,wy,w,, -+ ,w, € X and a € R, there is

(i) |lwi,wa, -+ ,w,|| = 0 if and only if wi,ws, - -+ ,w, are linearly dependent;

(ii) [lwi, wa, - -+ ,w,|| is invariant under any permutations of wy, wa, -+ , Wy,

(iii) llawi, wa, - - -, will = lalllwi, wa, - -+, wall, @ €R;

(iv) [Iwr + v, wo, - will S lwi, wa, - wyll + [, wa, -+ will.

The function ||-,--- ,-|| : X" — R is called an n-norm on X, and the pair (X, ||-,--- ,||) is called an

(real) n-normed space.

Remark 2.1. Gihler introduced the concept of n-norm to generalize the notion of length, area, and
volume in a real vector space (see [6]).

Definition 2.2. [9] Let n € N and X be a linear space of dimensions d > n and let (-,-|-,--- ,-) : X"*! —
R be a function such that for every w,v,wi,w,, -+ ,w, € X and a € R, we have
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(D) (wi,wilwa, -+ ,wy,) = 0 and (wy, wilwy, -+ ,w,) = 0 if and only if wy,wy, - ,w, are linearly
dependent;

@) (w,viwa, -+ ,wy) = W, vlw,,, - -+, w; ) for every permutation (i, - ,i,) of (2,--+ ,n);

(D) (w, viwa, -+ ,wy) = (v, wlwa, -+, wy);

(iv) aw, viwg, -+, wy) = a{w, VIwa, - -+ ,w,),  forevery a € R;

V) W+ v, wilwa, -+, wy) = (W, wilwa, ==+, W) + (v, wilwg, -, wy).

The function {-,-|-,+-- ,-) : X"*! — R is called an n-inner product. Here, the pair (X, {-,|-,--- ,-)) is

called a (real) n-inner product space.

Lemma 2.3. [9] Let X be an n-inner product space. Then,

Wi, wa, - o wall = V(Wi wilwa, -+ w,)
defines an n-norm, for which
1 2 2
W, viwa, -+ wy) = Z(IIW+v,Wz,~-- Wl + W = v, wa, - wll )
and
2 2 2 2
W+ v, wo, -, will” + llw = v, wa, - wyll™ = 2x0lw, wo, -, Wil + v, wa, - -+ will9)
hold for all w,v,wy,wy,- -+ ,w, € X.
Remark 2.2. [16] Any inner product space (X, (-, |-, -+ ,-)) can be equipped with the standard n-inner
product
w, vy (wywz) - (W, wy)
(W2, v) (wa,wa) -+ (wp, wy)
(W, viwg, - w,) = det|
<Wn»v> <Wn,w2> <Wn’wn>

and its induced n-norm.

i, wall = yJdet ((wi,w)))-

Definition 2.3. [17] Let (X, (-, |-, -+ ,-)) be an n-inner product space and {e;}"_, be linearly independent
vectors in X. Then, for a given set F' = {ay,--- ,a,} C X, if (e;,ejlar, -+ ,a,) = 6;j,i,j € {1,2,--- ,n},
where
1, ifi=j
0ij = .f. g
0, ifi#]

the family {e;}!_, is said to be F-orthogonal. If an F-orthogonal set is countable, we can arrange it in
the form of a sequence {e;} and call it an F-orthogonal sequence.

Remark 2.3. It was shown in [18] that ¢2(NN) has its natural n-norm, which can be viewed as a

generalization of its usual norm. It was proven in [17] that £*(N) has an F-orthonormal basis {e j}‘l’.‘; -

Definition 2.4. [8] A sequence {x;} in a linear n-normed space X is said to be convergent to some

x € X if for every cp,--- ,c, € X, gim Xy — x,¢2,-++ ,cull = 0, and it is called a Cauchy sequence if
—00

llkim X — Xgy €2, -+, cull = O for every ca,--- ,c, € X. The space X is said to be complete if every

,K—00

Cauchy sequence in this space is convergent with X. An n-inner product space is called an n-Hilbert
space if it is complete with respect to its induced norm.
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In order to construct the workspace for our discussion, let H be an n-Hilbert space; consider C =
{c2,c3,- -+, cn}, Where ¢a, c3, - - -, ¢, are fixed elements in H. Let L¢ be the linear subspace of H spanned
by the non-empty finite set C. Then, the quotient space H/Lc is a normed linear space with respect to
the norm

If + Lelle = 1fsea ... all, for allf € H.

Let M be the orthogonal complement of L, thatis, H = Lc®Mc. Define (f, g). = (f,glc2, - ,cu)
on H. Then, (-, -)c 1s a semi-inner product for H, and this semi-inner product induces an inner product
on the quotient space H/L¢, which is given by

<f+LC’g+LC>C:<f’g>C:<f’g|c2"" ’Cn> ,for Clllf,gEH.

Now, by identifying H/L¢ with M¢ in an obvious way, we obtain an inner product on M¢. Now, for
every f € Mc, we define ||fllc = +/{f, f)c, and (Mc, || - llc) 1s a norm space. Let H¢ be the completion
of the inner product space M.

Remark 2.4. In fact, when given an inner product space (V,(:,-)) and a linear independent set

{c1,¢2,-++ ,¢,} in V, we can, in general, derive a new inner product of (-,-)* from the given inner
product (-, -) by first defining an n-inner product on V and then defining the new inner product {-, -)* on
V with respect to {cy, ¢, -+, ¢,,} (see [19]).

Remark 2.5. For any n-inner product space with n > 2, we can derive an inner product from the

n-inner product so that one can develop the notion of orthogonality and the Fourier series theory in an
n-inner product space just as in an inner product space (see [20]).

Definition 2.5. [11] Let H be an n-Hilbert space and c;, - - - ,c, € H. If there exists a constant ) < A <
B < oo such that

Allf.ca...clP < Y Kf filer ) < Blfica...clP, forallf € H
i=1

then {f;}2, in H is said to be an (A, B) frame associated with (c,,- - - , ¢,) for H with lower- and upper-
frame bounds of A and B.

If {fi}i2, only satisfies the right-hand side of the inequality, then {f;}2, is called a Bessel sequence
associated with (¢, -+ ,c,) for H.

Let {f;}:2, be an (A, B) frame associated with (¢, - - , ¢,) for H, with the frame bounds A, B. Then,
the preframe operator for {f;}:2, is

[Se]

T : C(N) > He, Te({ails) = ) aif:

i=1

The analysis operator for {f;}2, is

T He — C), T = (f flea ey,

and the frame operator S ¢ for {f;};2, is

Sc:He = He,Sc(f) = D (fs files, en) fi
i=1
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forall f € He.

It is easy to prove the following fact.

Let H be a n-Hilbert space. ¢, -+ ,c¢, € H, we say {f;}72, in H is an (A, B) frame associated with
(c2, -+ ,cy) for H, with lower- and upper-frame bounds of A and B if and only if it is an (A, B) frame
associated with (c,, - - - , ¢,) for He, with lower- and upper-frame bounds of A and B.

In what follows, we use (H, (-, |-,--- ,-)) to denote an n-Hilbert space and I to denote the identity
operator on H. Let B (H¢) be the space of all bounded linear operators on Hc.

3. Weaving K-frames in n-Hilbert spaces

Definition 3.1. [12] Let K € B(H¢). A sequence {f;};2, € H is said to be an (A, B) K-frame associated
with (ca,- -+, ¢,) for H if there are constants 0 < A < B < +oo such that
A”K*f’ Coy ey Cn||2 < Z |<f7 ﬁlCZ’ ) Cn>|2 < B”f’ Coy ey Cn||2 (31)
i=1

forall f € Hc, where K* denotes the adjoint operator of K.

Definition 3.2. Let {{ f j}j: Y ,{ fn j}j:} be a collection of K-frames associated with (c,,- -+ ,c,)
for H. {{flj};r:’ . ,{fm]}:j} is said to be (Ar, Br) K-woven frame associated with (c;,:-- ,cy)
for H if there are constants of Ar and Bp such that for every partition {01,03, - ,0,} of N,

{{flj}je s {fmj}je } is an (Ar, Br) K-frame associated with (c,,--- ,c,) for H with lower- and
(on] Tm

upper-K-frame bounds of Ar and B, respectively. Each collection {{ N j}je yeees { fn j}je } is called
o Tm

a weaving associated with (cy, - - ,c,) for H.
{{f]]}j: e {fm;}j:} is said to be A tight K-woven frame associated with (c,,- - ,c,) for H, if
Ar = By, and is said to be Parseval K-woven frame associated with (c,,--- ,c,) for H, if Ar = Br = 1.

Example 3.1. We consider the simple case when K = Iy in Definitions 3.1 and 3.2. When given the
subset E of N, a family ¥ = {{ﬁj}wl} of sequences fi(i € E) in an n-Hilbert space H is present,
icE

and for every partition o = {O’i}ieEJOfN, let A be a bijection from X(0) = Uieg{(i, j) : j € o} onto
N. According to this bijection A, for each n € N, there exists a unique element (i, j) of (o) such that
jeoiandn = AG, j). We define f7* = f; ; and then obtain the sequence F7* = {fy ’A};"zl, denoted by
{ fi j}jw . (or Uicp { ﬁj}jem for short.) We call the sequence F°* a woven sequence when K = I of
the fangily F with respect to the partition o and the bijection A.

For example, when E = N, o; = {2i — 1,2i}(i € N), we obtain a partition o = {0},cg of N. By
listing the elements of (o) = U;en{(i, 2i — 1), (i, 2i)} according to the direction shown in Figure I, we
obtain a bijection A from (o) onto N. In this case, the woven sequence F 7> of the family F with

respect to the partition o and the bijection A is as follows:

A
TO—, = {f1,17f1,27 f2,3’ f2,4’ f3,57 fz‘;,ﬁ’ ‘f4,7’ f4,8’ ‘e 7ﬁ,2i—1’ﬁ,2i’ ey } = {ﬁj}]e(}_ N’
I

where f;; = fij.
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Clearly, for any two bijections A (k = 1,2) from () onto N, F* is a frame (or Bessel sequence)
associated to (cy,- -+ ,c,) for H if and only if F7* is a frame (or Bessel sequence) associated with
(c2,- -+ ,cy) for H too.

(1,1),61,2),(1,3),(1,4),(1,5),(1,6),---,(1,2i -1), (1, 20), -
(2,1),(2,2);‘(2,3)-,(2:4.,)2(2,5),(2,6), -(2,2i-1),(2,2i),--
(3,1),(3,2),(3,3),(3,4),."(’3,5),(3,6)”,_._: -,(3,2i-1),(3,2i),---

Figure 1. A woven sequence when K = Ij.

4. Some characterizations of weaving K-frames in n-Hilbert spaces

Theorem 4.1. For every i € [m], let {f;;}%., be (A; , B;) K-frame associated with (c,,- - ,c,) for H.

Jjel

Then, for every partition {0,072, -+ ,0m} Of N, Uiepm{ fij} jeo; 15 a ( > B,-) Bessel sequence associated
ic[m]

with (¢, -+, c,) for H.

Proof. For every partition {0,075, -+ ,0,} of N, according to Definitions 3.2 and 3.1, we have

(Z Bl-] UfseaseeeseallP 2 D D I(F fiflens - ) P

i€[m] i€[m] jeo;
forall f € He. |

Theorem 4.2. For every i € [m], let {f; j}j‘;l be (A; , B;) K-frame associated with (c,,- - ,c,) for H.
Then, there are the following equivalent statements:

(i) For every partition {01,075, ,0,) of N, let L, € B(t?(N), H¢) be defined by L.(ej) = fij if
JeE€oi (i=1---m), and there is Ap > 0, so that for every partition {0 }ieym of N,

ApKK* < L, L. (4.1)

holds true, where {e j};‘;l is an F-orthonormal basis for €*(N).

(ii) {{flj}: e {fmj}:} is K-woven sequence associated with (c,,- - , c,) for H.

Proof. (ii) = (i): For every partition {0,073, -+ ,0,} of N, let T, be the preframe operator of
Uiepm{ fij} jes;- Let Ly = T,. Then, there is L,(e;) = T,(e;) = fi; for every j € o(i € [m]). Let
Apr be the lower K-frame bound for {{f,-j};‘;l 11 € [m]}.

Then, we have

Ap(KK"f, flea, ==+ s ca)

< 3% WA fler - en) P

ielm] jeo;

= (Lo Ly f, flea, -+ s cn).
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For every f € Hc.

Then, there is ApKK* < L,L;.

(i) = (ii): According to Theorem 4.1, the positive number ), B;is an upper K-frame bound.
icm]

For every partition {o"{, 03, - - - , 0} of N, then, by virtue of Eq (4.1) and the definition of L, in (i),
we have
AFlIK frc0, el
SA(Lo Ly f, fleas -+ scn)

= %|<L(*;f’ ejlcy, - - ,Cn>|2 forevery
je

= 2 S {fifiler o en) P

i€lm] jeo;

fe Hc.

So, we obtain the lower K-frame inequality. Then, {{ f J};j e { fn J};Oj} is a K-woven sequence

associated with (¢, - , ¢,) for H. m]

Theorem 4.3. Let {{ h ]}j: ey { Jfn ]}jj} be a collection of K-frames associated with (c,- -+ ,c,) for
H. Then, the following statements are equivalent:

(i) For all Ty € B(Hc), {{T1 (flj)}‘]’i], - AT (fmj)}‘]’.il} is a T1K-woven sequence associated with
(c2,-++ ,cy) for H.

(i) {{fu}:j s {fmj};:} is a K-woven sequence associated with (c,,- -+ ,c,) for H.

Proof. (if) = (i): Let the K-frame bounds for {{ Fif oo (o) ‘Xl’} be (Ar, Bp).

+
j:
For every partition {0, 0>, - -, 0,,} of N, according to Definitions 3.2 and 3.1, there is

D D HETler -+ ) P < BATIPIf 2, el for allf € He.

ie[m] jeo;

Similarly, we have

> T HATDlea - scn) P2 AplK T foca -+ sl

ielm) jeo;

= AF”(TIK)*f? Coy vy cn||2

forall f € He.

It follows that, {{Tl(flj)}j"zl, e ,{T1(fmj)}}'11} is a (AF, BF||T1||2) T, K-woven sequence associated
with (¢p,- -+, ¢,) for H.

(i) = (i): Let T = Iy. Then, {{f;;}2, : i € [m]} is K-woven sequence associated with (c3, - -+, ¢4)
for H. =

AIMS Mathematics Volume 9, Issue 9, 25438-25456.



25445

5. Construction of weaving K-frames in n-Hilbert spaces

It was shown in [18] that £*((N) has its natural n-norm, which can be viewed as a generalization of

its usual norm. It was proven in [17] that £2(N) has an F-orthonormal basis {e j}‘/’.‘;l.

Theorem 5.1. Taking p,q € [m], where p,q are fixed elements in [m], the following statements are
equivalent:

(i) There exists a Bessel sequence {g j}jeN associated with (¢, - - - , ¢,) for H such that for all o C N,
there is
Kf =) (fgjer--.cu) for+ ) (f.8/lca+ sea) fos for allf € He. (5.1)
jeo jeoe
(ii) Two K-frames { o j}jeN and { qu}jeN are K-woven sequence associated with (c,,-- - ,c,) for H.

Proof. (ii) = (i). Let Ar be a lower K-frame bound of {fpj}jeN U {f‘fj}/ezv' For all o C N, let Tr be
the preframe operator of the Bessel sequence { o j}jea' U { Jq j}/GUC. Then, Tr (e j) = fpjif j € o, and

Tr (e j) = f,jif j € o, where {e j}jeN is the F-orthonormal basis of ¢* (N) (see Definition 2.3 and
Remark 2.4).
Since

AF<KK*f’f|C27.“ ’Cn> < <TFTF*f,f|C29”' ’Cn>’f0r CllleHC,

then we have KK* < ALFTFTF* According to Lemma 2.1, there exists W € B(H¢, £>(N)) such that
K =TpW. By taking g; = W¥e; for j € N, then {gj} v is a Bessel sequence associated with (cz, - -+ , ¢,)

Jje
for H. Then, we have

Kf=TgWf

= TF(.Z <f, Wrejlcp, - -+ ,cn>e,-+ ‘Zv<f, Wrejlcy, - - ,cn>ej)
JjeEo JEO€

=£um%memn§um%mmﬁm

for all f € He.
(i) = (ii). Let B, be the Bessel bound of {gj} . By virtue of Eq (5.1), we have

Jje

(Kg, flea, -+ s cay = T (& gjlca -+ en) (foir fleas -+ e )

Jjeo

+ _Z <g’gj|C2,"' ,Cn> <qu,f|02,'“ ,Cn>
J€o*
= <g’J§T<f’fpj|CZ,"' ,Cn>gj> + <g, 2 <f,qu|02,"' ,Cn>gj>

Jeo-(:

for all f,g € He.
It follows that, K* f = <f,f,,j|62,--~ ,c,,>gj+ > <f,fq,-|62,"' ,Cn>8j-

Jjeo Jjeoe
Thus,
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IK*foca, -l = sup  [KK*f,g,ca, s cn) P

[lg:c2,m,enll=1

(. foslene- )| + P (f: fullea -+ v cu) |2) .

2nx

jeo
O

Let { I j}jeN and { Ja j}jeN be two Bessel sequences associated with (c;,---,c,) for H. For every
o C N, define S%,,,Fq : Hc — H¢ by

SG ik = D (i Foilers o) foj+ D (Fofuflers - cu) fojr - for every f € He. (5.2)

JjEoT jeoe

Then, S g,,, s, is a positive and self-adjoint operator.

Theorem 5.2. Taking p,q € |[m), where p,q are fixed elements in [m], let { o j}jeN be an (A,,,Bp)
K-frame associated with (cs,--- ,c,) for H, and let { qu}jeN be an (Aq, Bq)K-frame associated with

(c2,--+ ,¢y) for H. If there are constants A,u € [0,1) such that ||S‘§p,qu - K'f,co,oo,a <

AT, foer ol + WK focan oo el holds for all f € He, then {f,;}  and {fy} . are

( (-°
(+D2TFI?°

operator of the Bessel sequence { o j}jeg v { Ja j}

B, + Bq) K-woven sequence associated with (cy,--- ,c,) for H, where Tk is the preframe

jeoe”

Proof. For all f € H, there is
”Sgp’qua Cayet s Cn”
2 ||K*f’ Cytt Cn” - ||S(;p,qu - K*f’ Cryt s Cn”
> (1= wIK* frca- el = AT . fren-- .l

So, i;—/;HK*f, Coy o, Cpll < ||S§1“qu, c2, -+, Cll; then, by Eq (5.2) and the definition of T, we have

a-p? 1 % o )
(1+/1)i ITFI? IK"f, ca, s Call ,
i o
< ||T1F||2 1S Fp,qu’ €2, 5 Gl
= ||TF||2|| Z <f, fpj|Cz, e, Cn>fpj + Z <f’ j;]j|627 ceey Cn>f;1j||2
jeo f=
< By + BYIf,ca, - el for all f € He.

O
Theorem 5.3. Taking i = p,q,r € [m], where p,q,r are fixed elements in [m], let { fij}jeN be

an (A;, B;)) K-frame associated with (c,,--- ,c,) for H, and let T; be the preframe operator. Let
{ I j}jeN and { fq j}jeN be K-woven sequence associated with (cy,--- ,c,) for H, with lower K-frame

bounds of AP4, and let { o j}jeN and { I j}jeN be K-woven sequence associated with (cy,--- ,c,) for H

with lower K-frame bounds of AP". If K € B(Hc¢) is a positive and closed range operator, and if
Kf =Y (f.fylca, - .ca) fo holds for all f € He and there is A"+ AP > (B, + 2 \/B,B,) ||K*|P, then
JeN

{fpj}jeN and {qu + f’f}jeN are (qu + A" =B, +2 w/BqB,||K+||2, B,+2 (Bq + B,)) K-woven sequence
associated with (c,,- - - , ¢,) for R(K).
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o X — . . o . — . . . 2
Proof. Forall o C N, let T ({a]}jeN) = ]%]faijj and 77 ({aJ}jeN) = %ra]f,] for any {aj}jeN € *(N).
Then, there is IIT}ZII < ||Tyll and ||T}€|| < |IT/.

Hence,
(AP? + AP — (B, + 2 \[BBIIK*IP)IK* f, c2, -+ - Ll
S (AP + APIK* frcop - sl = Byllfs oo cull?
=llfsea, o alllTTyf = TET S e, s call
2 2
< 3| fler e + X F S+ Foler )
JET Jjeo*
for all f € R(K).
The proof for concluding that the upper bound is B, + 2 (Bq + B,), which is similar. o
Theorem 5.4. Taking p,q € [m], where p,q are fixed elements in [m], let {fpj}jeN be an (A,,B,)
K-frame associated with (c;,--- ,c,) for H, and let { Jq j}jeN be an (A, B,) K-frame associated with

(ca,- -+ ,cy) for H, if there are constants of 0 < A, u < 1 such that

1/2 1/2
(Z |<f’qu _fpjlc2" o ’cn>|2) < /1(2 |<f’fpj|C2"' ' acn>|2)
Jjel Jjel (53)

1/2
+u (%I | <f’ qu|C2, o ’cn> |2)

forall IC N.
Then, { o j} . and { qu} g are ((Ap min {1, (i%fl)z}) , B, + Bq) K-woven sequence associated with
(cp,- - ,c,,)forj”H. !

Proof. For all o C N, according to Eq (5.3), we have

2)1/2

1/2 1/2
z<1—ﬂ>(z (£ foilea - ,cn>|2) —#(Z [(f. fleas - ,cn>|2)

jeoe jeoe

( Z(- |<f Jajleas -+, Cn>

jeoe

forall f € Hc.
Then, we have

(5 20 el < 2G5 e
Hence,
(A, min {1, (22K frca. . cal? i

< 3 [ soden el + (5 2 s e
< (B, +B,)IIf.co.- -+ .l for allf € He.

O
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Theorem 5.5. Taking p,q € [m], where p,q are fixed elements in [m], let { Ip j}jeN and { Jq j}jeN be

(Af, Br) K-woven sequence associated with (c;, - - , c,) for H, and let {gp j}jeN and {gq j}jere(Ag, Be)
K-woven sequence associated with (¢, - ,c,) for H. For all o C N, let T]. be the preframe operators
of { I j}jeo- U { Jq j}jwc and let T be the preframe operators of {gp j}jeo- U {gq j}jeav' If there are constants
of 0 < A, u < 2 such that

5 (o= guer e + 5 s = gahenn )|
jeo ) Jjeoe )
SA(g (£, fostes = )| + 3 (£ fuflers -+ n) )

)
for all o < N and for all f € H¢, then {fpj + gpj}jeN and {qu + gqj}jeN are
(2 - DAr + (2 - wAg, 2(Br + Bg)) K-woven sequence associated with (c;,--- ,c,) for H.

+ (z (7. men el + 3 (5 guter+ o)

Proof. According to the assumption, for all o C N, we have [|T7f — TZf, ¢, ol <
ATEf, e+ seall® + HlITE f, c2, - -+ cyll* for all f € He; thus,

/;()_Kf’fpj +gpj|C2,"' ’Cn>2 + ig—rK‘f,qu +gqjlc2"" ’Cn>

> 2TYfrcon - el + 20T frcon- - el
_AllT;—fa Coy vty Cn||2 - /J”Tgf’ Cpyct Cn”2
> (2= DAF + 2= A)IK" fo 2.+ Ll

2

6. Some stability and perturbation results on weaving K-frames in n-Hilbert spaces
Theorem 6.1. For all i € [m], let {ﬁj}/eN be an (A;, B;) K-frame associated to (c,,- - ,c,) for H, and

let Ty, be the preframe operator. For all o C N, let T be T}f({aj}jeN) = ; a;fi;, and R(T;) C
JEo

R (K) (i € [m]). Suppose that R (T}’) C R(K) (i € [m]). If there are the constants «;,3;,y; = 0(i € [m])

such that .
> (VB.+ VB) (i VB, + B VB + ) IKIP < A,
i€[m]\{n}
and

12
+ Vi ( )y |aj|2)

JEN

/li Zajfnj,cz,...,cn + U; Zaj ij>C25 " 5 Cn
JEN jeN

6.1
= Z a](fﬂ] _ﬁj)962"" »Cn ( )
JEN

(i€ [m]\ {n})
for some fixed n € [m] and for any sequence of scalars {aj} 4 € £2 (N), then {{flj} s, {fmj}jeN}

ce jeN’
TR
is ((An — Ziemp\in{ VBa + Bi)(4; VB, + u; VB; + y)|IK* 1||2) , D Bl-) K-woven sequence associated
ic[m]
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with (cy, -, c,) for H, where K* : Kert (K*) = R(K*) is the restriction of K* on Ker* (K*).

Proof. There is ||T; || < VB, and ||IT;|| < VB, for a fixed n € [m] and i € [m]\ {n}. By using Eq (6.1),

we have
T ¢{ajtjen — Telajbjen, ca,- -+ 5 call

< (/li VB, + i VB; + %‘) Ia;}jenllz v
for all o ¢ N.{a ,-}jeN € (2 (N), and for all i € [m] \ {n).
Therefore, [T, — Tyl < 4; VB, + w; VB, + v:. Then, for every partition {0}y Of N, we have
I T, = T3 T
< (IT I+ TR Ty, = T

< (VB + VB:) (4 VB, + 1: VB, + i)

It follows that

2
% % (& filer o o)
i€[m] jeo;
2
2 Z <gafnjlc2,' v ’Cn>
JEN

2

g el S|V E ({8 fusler e s fuy = (g Filer s+ sea) fir) s cane e e

ie[m\{n} || jeo;
> An”K*ga Coy vty Cn”2 - ) [2]:\{ }( VBn + Bl)(/ll VBn +Mi \/Ft + 71)“87 Coy vty Cn||2
ielmj\in
2
—~-1
2 (An - [Z]:\{ }( VB, + B)(4i VB, + 1; VBi + y)lIK* ||) IK*g, 2,7+ sl
elmj\in

for all g € Ker (K*).
Then, forall f € He, f = fi, + fi, holds, where f;, € Ker (K*), and f;, € Ker* (K*) and for all o C
N and for all i € [m], R(T}:") C R(K) holds. So, we have

2
(An = % (VB,+B)(Ai VB, + 1 VB + %-)IIK*‘lll) IK*f, o, call®

i€[m]\{n} 5
< 3 % [fior filer o )
ie[m] jeo;
2
= % 3 [(ffilers - )
ie[m] jeo;
and the upper K-frame bound ), B; of { fi j} o is obvious. This completes the proof. O
ie[m] JEN.TEm

Theorem 6.2. Let {{ flj}jeo-l e { fmj}jea-,,,} be (Ar, Br) K-woven sequence associated with (c3,- -+ , c,)

for H, and let T\ € B(Hc), 'K = KT,, and T, have a closed range. If R(K*) c R(T)),
then {{Tl(flj)}.,-em,'-- ,{Tl(fm‘,)}.,-emn} is (AF||T+||‘2, BF||T1||2) K-woven sequence associated with
(ca, -+ ,cp) for H.
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Proof. For every partition {0,075, -+ ,0,} of N, then

S S ATl e P < BelTPIf.co el

i€[m] jeo;

holds for all f € Hc.
Since T K = KT, then K*T{ = T{K* holds. By Lemma 2.2 and the facts that 7' has a closed range
and R(K*) C R(T,),

”K*f’ Cry ity cn”2
< NTHIPIKT; fr 25+ s call’s for all f € He

holds true. Thus, we have

> Y A TiEles, - cn) P = ARITHIPIK froa, - el

ie[m) jeo

O

Theorem 6.3. Let K € B(H¢) have a closed range. Let {{flj}j_:,...,{fmj}j:} be (Ar, Br)
K-woven sequence associated with (ca,--- ,c,) for H.  Then, {{K*flj}::,...,{K*fmj};:} is

(AFI|K+||‘2, Bp||K||‘2) K*-woven sequence associated with (c,,--- ,c,) for H.

Proof. According to Lemma 2.2,
IKFIPIK g, 2, s call® 2 KKK g, 2,0+ s call” = llgs 2, - call?
holds true. For every partition {o"y, 03, - -+ , 0} of N, we have

AFIKFIPIK f e el
< Y T HAK fiflea, - cn) P
ie[m] jeo;

< BelKIPIfs ca,+ - s eall’s for all f € He

O
Theorem 6.4. Tuking p,q € [m], where p,q are fixed elements in [m], let {f,;}en be an (A,, B))
K-frame associated with (c»,--- ,c,) for H, let {f,;}jen be an (A,, B;) K-frame associated with

(c2,+++ ,cn) for H, and let them be (Ar, Br) K-woven sequence associated with (c,,--- ,c,) for
H. Let T; € B(Hc) be surjective, and T, K = KT;(i = p,q). If Ker(K*) C Ker(T))

. —-1
for i = p,q and \T]|IT, — T,IK* || < +JAr/D, then {T,f,jljen and {T,fyj}jen are
N2
(( VARNUSNI™ = /D lIU, = U, |17 K 1||) . DIT,I* + DIT,I*| K-woven sequence associated with
(¢, ,cy) for H, where K* : Ker(K*) — R(K") is the restriction of K* on Ker*(K*).

Proof. For all o C N, we have
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2 2 172
3 (& Tofoslers -+ vea)| + 2 (& Tafyilers - s cn) )
Jjeo 2160‘ A2
z(z (Tre. fofle, s cn) P (Trg fjlea - s ca) )
1/2
_ (/GZU <(T;‘ - T;) g, qulcz...cn> 2)

> VARIKT:8, ¢+, cal = DT = Tollgs can -+ ol
—-1
- (x/AFnT;K*g, er,-e s call = DIT: = THIIK ||)||K*g, cre el

for all g € Kert (K*).

For for all f € Hc, we have f = fi, + fi,, where f;, € Ker(K*) and f;, € Ker* (K*), and since
Ker (K*) C Ker* (U?) (i = p.q), then

2
VAFIT T = /BT, — THIIIK* 1) IK*f ¢, el
)4
0
= VAFIT I = /BT, = TLlIIK* 1) IK* fiy, €2, cul?
p

2 2
< S Tofoler e + 5 (£ Tofler e
JEO jeoe
and
(BAIT,I? + BAIT,IP) If. can - s call
2 2
Z Z <f,Tpfpj|CZa"‘ ’cn> + 2 <f’quqj|C2»"' acn>
JEN JEN
2 2
2 Z <f, Tpfpjlc2"" ’Cn> + Z Kf’ Tq‘qu|C27“' ’Cn> ’ vaHC
JjEo Jjeoe€
holds true. O

Theorem 6.5. Taking p,q € [m], where p,q are fixed elements in [m], suppose that two K-frames
{ o j}jeN and { fq j}jeN are (Cr, Dr) K-woven sequence, let S be the frame operator of { o j}jea-U{ Ja j}

. )
JEo€

and let U € B(Hc) be a positive operator. If USS. = STU, then {fpj + Ufpj}jeN and {qu + quj}jeN is

(Cp, Dr||lg + U||2) K-woven sequence associated with (c;,--- , c,) for H.
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Proof. For all o C N,

2 2
S| fos + Ubiless e + 5 [ fus+ Ufiglen,-+ )
Jjeo jeo*
< DF”IH + U”z”f’ Coy ey Cl’l”2

holds true for all f € Hc.
Since U is a positive operator with US{. = §7U, we can prove that US7 > 0 and S7.U" > 0. Then,

z (F. i+ Upilers+ ca) (foi + ULy))

+ 5SS+ Ufyler - en) (fy + Ufyy)
jeoe<
=S9f+USSf+SGUf+USGU"f > S f

for every f € Hc. Then,

2
+ 2

JjETC

2

P <f’fpj +Ufpjlca, -+ ,Cn> <faqu + Ufyjlca, -+ ,Cn> ’
> (S7f.fles nea) 2 CHIK foca o+ el

holds true. O

Theorem 6.6. Taking p,q € [m], where p,q are fixed elements in [m], let {f,;}jen and {f,i}jen
be (Cr, Dr) K-woven sequence associated with (ca,- - ,c,) for H, and let {g,;}jen and {g,j}jen be
(Cg, Dg) K-woven sequence associated with (¢, -+ , c,) for H. For Yoo C N, let T]. be the preframe

operators of F = {fpj}jeo_ jegu{g’”}jeaf' Let
U,, U, € B(Hc) be co-isometrics KU; = UK, where i = p,q, if T¢ TS = 0. Then, {U,f,; + Uygp} jen
and {U, f;j + Uy8,j}jen are (Cp + Cg, Z(DFIIUPII2 + DGIIUqIIZ)) K-woven sequence associated with

(c2,+++ . ¢y) for H.

U{ Jq j}jecrf’ and let T, be the preframe operators of G = {gp j}

Proof.
2 2
Z <fa Upfpj + Uqujlc2a T Cn> + Z <fa Upqu + Ungjlcb e ’Cn>
Jjeo Jjeoe€
<2(ITEU; frcan -+ el +ITGU frc,- -+ el
< 2(DAllUIP + DllUIP) Il 2.+, cal

forall f € Hc.
By virtue of T TS = Tg T¢ = 0, then

(Cr+CoIIK*f, ¢, call?
= CF”K* U;fa Coy vy Cn||2 + CG”K*UZf’ Coy vty Cn||2

< ((TgUsf + TgUf) (TEU; + TGU;) f. flea. .. )

2 2
= Z <f’ Upfpj+ Uqujlcb'" ’Cn> + Z <f, Upqu"' Ungj|C2,"' ,Cn>
jeo jeo*
for all f € Hc¢ holds true. O
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7. Applications

Based on the notion and results of weaving K-frames in n-Hilbert space, as an application, we now
establish new inequalities on weaving K-frames in n-Hilbert space.

Taking p,q € [m], where p, g are fixed elements in [m], when given a weaving K-frame {g;} jer U
{84} jese associated to (ca, -+, ¢,) for H, recall that a Bessel sequence, F = {f;} ey, for H is said to be
a K-dual of {g,/} jec U {g4]}jeo associated to (cy, -, c,) for H if

Kf =) (frgpler - scdfi+ D (f.ggler e f  forall f € He.

jeo jeoe

For any o C N, for all {a;} ;e € ¢*(N), and for all f € Hc, we define two bounded linear operators,
T, T, € B(Hc), as follows:

Tif = 3 aifigpler - enfi+ T aifigglen e,

JjEo Jjeo

Tof = X (1 —ap){f.gpjlca, - e fi+ 2 (1 —a){f,gqjlca, -+ ,cn) fj-

jeo jeoe

(7.1)

Theorem 7.1. Taking p,q € [m], where p,q are fixed elements in [m], suppose that two K-frames

{gpj}jer and {g,;} jen are K-woven sequence associated to (c2,- - , c,) for H. Then, for any o C N, for
all {a;}jen € *(N), and for all f € H¢, we have
2

3
JIKFer el < || D agfigplen - edfi+ D akfigalen - e

Jjeo jeo*
#Re( Y= apifigplen s efi Kflen o )
Jjeo
# 2 (0=a)(fgglen el Kflen, - )
jeoe

3IIKIP + 11Ty = Tall? 2
< If,c2,- -+l

where Ty and T, are given in Eq (7.1), and {f}} jen is a K-dual of {g,;}jcc U {84} jese associated with
(c2,°++ ,¢,) for H.

Proof. The proof is divided into three steps:
Step 1.
Suppose that P, Q, K € B(H) and P + Q = K. Then, for each f € H,

3
IPfII* + Re(Qf, K f) > ZIIKf||2-
Step 2.
For any o C N, for all {a} ey € ¢*(N), and for all f € Hc, it is easy to check that T} + T, = K. By

virtue of Step 1, we obtain
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D agf.gplcr e fi+ Y akfigglca e fica e e

jeo jeoe
#Re (D21 =afgplens el Kflens - )
jeo
# 3 (0=a)fgalen el Kflexs - )
jeae
3
= ITifscae e scalP + RCTaf K flea -+ ) 2 SIIK oo il
Step 3.
2
Z ailfs8pilca, -, en)fj + Z ailfs8qjlcas -+ s Ca) s Car e s
jeo jeoe
#Re (D (1= a)(fgplen e Kflen - e
jeo

+ 2 0=a)(fgalen el Kflen, - )

jEO’C

1 1
=(Tf,T\flca, "+ ,cn) + §<T2f, Kflca, -+ ,cn) + §<Kf, Trflca,-++ ,cn)

3 1
= Z(Kf9 Kf'Cz, T Cn) + _<(Tl - T2)f’ (Tl - TZ)f|C2a e ,cn>

4
3IKI + 1Ty — TolI?

1
2 2 2 2 2
||K|| ||f7 Co,- ’Cn” + Z”Tl _T2|| ”f’CZ"" ,Cn” = 4 ||f9027"' ’Cn” 5

and the proof is complete. O

<

IR

8. Conclusions

In this paper, we develop the idea of weaving K-frames in n-Hilbert spaces and established some
properties of these frames.

This work first introduces and discusses the concept of weaving K-frames in n-Hilbert spaces
(Definitions 3.1 and 3.2) and gives examples (Example 3.1). Then, some characterization conditions of
weaving K-frames in n-Hilbert space are proved by virtue of auxiliary operators, such as the preframe
operator, analysis operator, and frame operator (Theorems 4.1-4.3). Then, several constructions
of weaving K-frames in n-Hilbert spaces are offered by the same auxiliary operators, such as the
preframe operator, analysis operator, and frame operator (Theorems 5.1-5.5). Finally, the perturbation
and stability theorems of weaving K-frames in n-Hilbert spaces are discussed by virtue of the same
auxiliary operators (Theorems 6.1-6.6). As applications, new inequalities on weaving K-frames in
n-Hilbert spaces are established (Theorem 7.1). The obtained results further enriched the frame theory
in n-Hilbert spaces.
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