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1. Introduction
Throughout this paper, we use D to denote the open unit disk on the complex plane C. Let
1
dA(z) = —dxdy
T

be the Lebesgue area measure on D, normalized so that the measure of D is 1. It is well-known that
L*(D, dA) is the Hilbert space of square integrable functions with the inner product

(f.g) = fD f(2)8()dA(2). (1.1)

The Bergman space L? is the closed subspace of L*(D, dA) consisting of analytic functions on D, which
is a reproducing kernel Hilbert space and its reproducing kernel (at A € D) is given by

1
KZ(W) = m, w e D. (1.2)
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Letting P be the orthogonal projection from L*(D, dA) onto L2, we have

Pf(z) =(f.K2) (1.3)

for every f € L>(D,dA) and z € D. For more details about the function theory and operator theory on
the Bergman space, one can consult Zhu’s book [1].

The harmonic Bergman space L7 is the closed subspace of L*(D,dA) consisting of all complex-
valued harmonic functions on D. Observe that L; can be decomposed as

=L, (1.4)
where L_g denotes the complex conjugate of L2. It is easy to check that the function
R.(w) = K.(w)+K.(w)—-1, (weD) (1.5)

is the reproducing kernel (at A € D) for the harmonic Bergman space L;. Denoting the orthogonal
projection from L*(D, dA) onto L by Q, then

0f(@) ={f.R) (1.6)
for each f € L*(D,dA) and z € D. Using (1.5), we obtain that

0f(2) = Pf(2) + P(f)(z) - (P£)(0) (1.7)
for all f € L*(D, dA) and z € D. According to (1.7), routine calculations yield that
(I -0)Z'7") = (1.8)
anm _ n;l:i—i-li—lzn—m’ m < n.

Additionally, we refer to the paper [2] for more knowledge about the harmonic Bergman space.
The Toeplitz operator and the Hankel operator with symbol ¢ € L*(D,dA) (the collection of all
essentially bounded functions on the unit disk) on the harmonic Bergman space L; are defined by

Tof = Qef) (1.9)
and
H,f = I - O)ef), (1.10)
respectively. Under the decomposition
L*(D,dA) = L; & (L;)",
the multiplication operator M, with symbol ¢ can be represented as
T, H

M, = (H¢ Sw)’ (1.11)
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where the operator S, is defined by

S.f=U-0QVf, fedp* (1.12)

In fact, S, is bounded and linear on (Li)l when ¢ € L¥(D,dA). The operator S, is called the dual
Toeplitz operator with symbol ¢. The following elementary properties of dual Toeplitz operators on
(L2)* can be founded in [3]:

(D IS ol < Tleplloos
2)S, =55
(3) S apepy = @S, + BS, for all g,y € L¥(D, dA) and all complex constants «, (3;

one can easily verify that the above conclusions also hold for dual Toeplitz operators on (Lfl)l using
the definition of S .

The concept of “dual Toeplitz operator” was first introduced and investigated by Stroethoft and
Zheng on the orthogonal complement of the Bergman space; see [3,4]. Since then, researchers have
extended the spectral theory and algebraic properties of dual Toeplitz operators on (L2)* established
in [3] to the setting of dual Toeplitz operators on the orthogonal complements of various function
spaces. For instance, the Bergman space over the unit ball ([5-7]), the Bergman space over the
polydisk ([8]), the Dirichlet space ([9-11]), the harmonic Bergman space ([12, 13]), and the harmonic
Dirichlet space ([14]).

Recently, the investigation concerning dual Toeplitz operators on the orthogonal complement of
the harmonic Bergman space (L,zl)L has attracted the attention of many scholars. In 2015, Yang and
Lu [13] obtained a complete characterization for the commuting dual Toeplitz operators on (L,zl)l with
bounded harmonic symbols. However, the corresponding commutativity problem for dual Toeplitz
operators with nonharmonic symbols is still open. In 2021, Peng and Zhao [12] characterized the
boundedness, compactness, spectral structure, and algebraic properties of dual Toeplitz operators on
(Li)L. In addition, Wang and Zhao [15] established a necessary and sufficient condition for dual
Toeplitz operators with nonharmonic symbols of the form

QD(Z) — azmzml + bznzz"h
to be hypo-normal on (Lfl)L, where ny,n,, my,m, are nonnegative integers and a,b are complex
numbers.

Although many scholars have studied the properties of dual Toeplitz operators, there are few results
on dual Toeplitz operators with nonharmonic symbols. In this paper, we try to study when the product
of two dual Toeplitz operators with radial symbols equals zero and when two dual Toeplitz operators
with nonharmonic symbols commute on the orthogonal complement of the harmonic Bergman space.
As the function theory of (L7)* is much more complicated than that of (L2)*, it is quite difficult to solve
the zero-product problem and the commutativity problem mentioned above in general cases. In order
to seek the breakthrough point of those two problems, in the present paper we consider some special
radial symbols and quasi-homogeneous symbols, and give certain partial answers.

The organization of this paper is as follows. In Section 2, we will show that there exists an index k
such that ¢, = 0 a.e. on D if

[ [8a=0

N
k=1
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in the case of

[

0@ = D apld”, k=12 N, (1.13)

m=0

where N is an arbitrary positive integer and each a;,, is a constant. Moreover, in Section 3 we give a
characterization for

S¢S¢, = Sl/,S(p
on (L)* if
(,D(Z) — azplzm + bzpzzqz

and
Y(z) = 2’7,

where a, b € C such that a # b and py, ps, 91, q2, s, t are all nonnegative integers.
2. The zero-product problem for dual Toeplitz operators

In this section, we investigate the zero-product problem concerning dual Toeplitz operators with
some special symbols on the orthogonal complement of the harmonic Bergman space (Li)L via the
symbol map, which was established in Lemma 2.1 [12, Theorem 4.1]. For the sake of completeness,
we state the result on the symbol map of dual Toeplitz operators on (L;)* as follows:

Lemma 2.1. There is a contractive C*-homomorphism p from the dual Toeplitz algebra T(L* (D, dA))
to L= (D, dA) such that p(S ,) = ¢ for each ¢ € L*(D, dA).

Let us begin with dual Toepitz operators with bounded harmonic symbols.

Proposition 2.2. Suppose that ¢, ¢,, -+ , oy are N bounded harmonic functions on the unit disk D. If

SeSerSey =0,

P1
then there exists k € {1,2,--- , N} such that ¢, = 0.

Proof. By Lemma 2.1, we have that

P12y =0
if
SeSg Sy =0.
Then, applying the uniqueness theorem of harmonic functions, we deduce that there exist some
ke{l,2,---,N}such that ¢, = 0. O

In the following proposition, we solve the zero-product problem for two dual Toeplitz operators

with symbols of the form }] ¢,|z|", where each ¢, is a complex constant.
n=0
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Proposition 2.3. Suppose that

(o9

0@) = )l

n=0
and

(@) = ) bald”
m=0

are two bounded functions on the unit disk D. If S ;S , = 0, then ¢ = 0 or ¢ = 0.
Proof. If § ;S , = 0, then we have by Lemma 2.1 that ¢y = 0. Note that

[

(Y (2) = Z cilzl’, 2.1)

k=0

k
Cr = E Cllbk_l.
=0

Thus, we have ¢, = 0 for all £ > 0. In particular, ¢y = apby = 0. Then, we consider the following three
cases:
Case 1. ag = 0, by # 0. In this case, we have that

where

0=c; =a1by + aph; = a; = 0; 2.2)
0=c, =arbyg +a1b; + aph, = a, = 0. 2.3)
Continuing this process, we obtain that
0=awby +ay_1by +---+a1by_1 + aphy = a;, =0 2.4)
for k =1,2,---. This yields that a, = O for all n > 0.
Case 2. qy # 0, by = 0. In this case, we get that
0=c; =aby+aph = b, =0; (2.5
0=c, = arby + a1b; + aph, = b, = 0. (2.6)
Using the same argument as the one used in Case 1, we conclude that
0=awby +ar_1by +---+a1by_1 + aphy = b;, =0 2.7)
fork=1,2,---. It follows that b,, = O for all m > 0.

Case 3. ap = 0 and by = 0. In this case, we have

(o)

0@ = ) al"

n=1

and .
VEEDIM
m=1

Then, repeating the arguments used in the proof of Cases 1 and 2, we can show that ¢ = 0 or y = 0.
This completes the proof of Proposition 2.3. O
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The next theorem shows that the previous proposition can be generalized to the case of the product
of arbitrary finitely many dual Toeplitz operators.

Theorem 2.4. Suppose that

(o)

o) = Y agld”. k=12, N, (2.8)

m=0

which are N bounded functions on the unit disk D. If

SeSe Sy =0,

1
then there exist some k € {1,2,--- , N} such that ¢; = 0.

Proof. Since

SpSgr Sy =0,

P1 N

we again conclude by Lemma 2.1 that
o2y =0

on the disk D. Observe that
C12 N = @1(P203 - @N)

and @3 - - - oy can be written as follows:

[ee)

(203 W)@ = D il (2.9)

=0

Applying the conclusion of Proposition 2.3, we obtain that
1 =0 or @3¢y =0.
If ¢; = 0, then we are done. Otherwise, we have that
0 =23 on = @23~ gp). (2.10)
By using the same method as the one used in the previous paragraph, we deduce that
w2=0 or @sps---¢y=0.
Then, repeating this process yields the desired result. O

3. The commutativity problem for dual Toeplitz operators

In this section, we mainly study the commuting dual Toeplitz operators with some special quasi-
homogeneous symbols on the orthogonal complement of the harmonic Bergman space (L;)*. To do
so, we need the following lemma, which can be proven by direct calculations.

AIMS Mathematics Volume 9, Issue 9, 25413-25437.
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Lemma 3.1. For any positive integers s, m,n with m > n, we have

(1) O(|z|°7"7") = Hntbom=n,

s+2m+2

s=ny _ 2(n+1) =n,

(2) 0(zI'7") = T 5,52 5
sny — 2n+l) _n.,

(3) O(zI°’z") = 22l s

(4) Q(z'7") = w7z
(5) Q("7") = el g,

To study the commuting problem for the dual Toeplitz operators on the orthogonal complement of
the harmonic Bergman space, we first consider the simplest radial symbol |z|".

Proposition 3.2. Suppose that
9(2) = o' and Y(z) = [zf',

where s,t are positive integers. Then,
SSDSL& = Sl//SsO

if, and only if, ¢ = .

Proof. The sufficiency is obvious, and we need only to prove the necessity. By (1.8) in Section 1, we
see that

o 2
(7 - §z) e (L)

Since
S‘,DS,p = Sl,bScpa

we have
2 2
) -\ _ ) _
S,Su( - §z) =8,8,(F - gz). (3.1)
Elementary calculations give us that

S - 22) = U - 012 - 2Ke7)

= I - 2lE - (— 5\ o
TR TR e T 3+ 12F°
and
2 2 4 8
S.S =2 = = (] - S+ S22y ystim _ t=
e NI
2 4 8 4
St T2 S st _ = -
= - S (g s e G-3)
L8 N 4 8 ) 4
As+i+4) \s+6 3s+12/1+4°
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Similarly, we have that

2 2 4 8
KWRY —2__— =(] - s+t—2__ stz _ _ s=
S )= ol - Jae- (g - e
2 4 8 4
s+, =2 s+iz s= -
= - = — - — 34
Iz = Sk (t+6 3r+12)|z|z S+I+6° (3-4)
N 8 - ( 4 8 ) 4 _
3s+i44) 146 3412/ 544"
Combining (3.1), (3.3), and (3.4) gives
4 8 4 8
0= _ 1= _ _ sz
(s+6 3s+12)IZIZ (t+6 3t+12>|Z|Z 3.5
_[(4_8)4_(4_8)4]_ ’
s+6 3s+12/t+4 \t+6 3+ 12/5+41°
If s # ¢, then the coefficients of |z|'z and |z|*Z are zero. This implies that
4 8
- =0 3.6
s+6 3s5+12 (3.6)
and
4 8
- =0 3.7
t+6 3t+12 S
It follows that s = ¢ = 0, which is a contradiction, completing the proof. m]

The next theorem shows that Proposition 3.2 can be extended to a general case.

Theorem 3.3. Let

¢(z) =27 and Y(2) =27,
where p,q, s,t are all nonnegative integers. Then, S,S, = S,S, if, and only if, one of the following
conditions holds:

(1) ¢ = ¢y for some constant c;
(2) ¢ and ¥ are both analytic;
(3) ¢ and ¥ are both co-analytic;
(4) Either ¢ or y is constant.

In order to simplify the proof of Theorem 3.3, we require the following lemma:

Lemma 3.4. Let

xX—s+t x(x—s+1) X—p+gq x(x—p+q)
_a — .
x+t+1 (x+Dx+0 x+qg+1 (x+ D(x+¢q)

f)=a (3.8)

where s,t,p,q > 0, and a, b € C. If there exist some M such that f(x) = 0 when x > M, then at—bg = 0.

AIMS Mathematics Volume 9, Issue 9, 25413-25437.
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Proof. Since

X—s+t x(x—s+1) (x—s+0nt

x+t+1_(x+l)(x+t)_(x+t+l)(x+1)(x+t) (3-9)
and
x-—p+q x(x-p+q) _ (x-p+q4q (3.10)
x+qg+1 @x+Dx+¢q9 G+g+Dx+Dx+g) )
we have
0= (x—s+0t b (x—=p+q)q
_a(x+t+l)(x+l)(x+t) x+g+Dx+D(x+q)
1 (x—s+10)t B x—-p+qq
_x+1[a(x+t+1)(x+t) b(x+q+1)(x+q)] G.1D)
_alx—s+D(x+g+ Dx+@t—bx—p+gx+i+1)(x+1)g o M
- x+Dx+r+ Dx+0Dx+qg+ D(x+q) o '
Let
gx)y=alx—s+t)x+g+Dx+qt—bx—p+qg)(x+1t+1)(x+1t)g. (3.12)

Then, g is a polynomial and (3.11) implies that g has infinitely many zeros. Thus, g = 0 and, hence,
the coefficient of x? is zero, i.e., at — bg = 0. O

Now we are ready to prove Theorem 3.3.

Proof of Theorem 3.3. The sufficiency is obvious, so we only need to show the necessity. Since

—m m _,_
SeSy=SyS, and Z" - —=7 Le (),

we have

—m m  _p _ —m m
S¢S¢(ZZ R )—Sd,Sw(zz b ) (3.13)
for all integers m satisfying

(m—-1)>max{s—t,s—t+p—q,0}.

Notice that

— m - Iom+t m —m+t—1
S s—r(zzm - " ) =- (z” 7 - ——7"7 )
oz m+1 ( %) m+1
1 m 1 m

— ZA+]Zm+t _ 77" I Q(Zs+1zm+t) + Q( 27" 1)
m+1 m+1

_ _s+l=m+t m o pem1 M= S+I_, oy mm=—s+1) _,_ o

= z - —2IZ -— —_—
m+1 m+t+1 m+1)(m+1)

_ _s+lzm+t m s=m+t—1 m-—s+t m(m -5+ t) —m—s+t—1

=777 —-——2I2Z - - ’
m+ 1 m+t+1 (m+1D)(m+1)

(3.14)
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where the third equality follows from Lemma 3.1. Moreover, we have

_ m _,_
Sngqu,rzz (sz — Zm )

m+1
=(- Q){ZHPHZMHHJ _ Lzs+pzm+t+q—] _ [m —s+t1 B mm—s+t) ] p—m—s+t+q—1}
m+1 m+t+1 (m+1)(m+1)
= ZS+P+1Zm+f+fI __m s+pzm+t+q—l _ [m —s+7 B mm—s+t) ] S
m+1 m+t+1  (m+1)(m+1)
- m g1 m—s+t mim-—s+t) nesttra]
— Q(Zs+p+lzm+t+4) + Q(ZS+[JZm+t+q )+[ _ ]Q(szm stt+q ) (3.15)
m+ 1 m+t+1 (m+1D(m+1)
= Stprlgmtitg M stpom+rqg-1 m-—s+1 m(m— s +1) poim—s+t+q—1
=2 2 TS - —
m

m+t+1 m+1D(m+1)
m_s+t_p+Q—m—s+t—p+q—l+m(m_s+t_p+‘Z)—m—s+t—p+q—l
m+t+qg+1 (m+1)(m+1t+q)
+[m—s+t_ mm—s+1) ]m—s+t—p+qzm_s+,_p+q_1.
m+t+1 m+1D(m+1)

On the other hand,

m-—s+t+q

_ mo_,
S .S pw(zzm - 7" )
Z°Z Iz m + 1

—m —-m - -ptq m(m_p+Q) —m—p+t+q—1
=(] - stp+lomtitq M sip=m+i+q-1 _ m-—p _ s=m—p+t+q
(U= Oz m+1o © [m+q+1 (m+1)(m+q)] }
s+p+1lom+t+q m s+pzm+t+q—1 [m - P + q m(m 4 + Q) ] s=m—p+t+q—1
< -——< - -
m+1 m+qg+1 @m+1)(m+q)

m-—s+1t—p+ 4 —m—s+t-p+q-1 + m(m —s+ti—p+ q)—m—s+t—p+q—1

m+t+q+1 (m+1(m+1t+q)

[m—p+q _ m(m—p+q) ]m—s+t—p+qzm_s+t_p+q_1

m+qg+1 (m+1)m+q)! m-p+t+gqg '

=z (3.16)

It follows from (3.13) that

—m m
0 =(S 208z = SzSE’Sz”E")(ZZ Cm+ IZ )

:[m —ptq _ m(m —-p+ Q) ] som—p+t+q=1 _ [m -5+ _ m(m -5+ t) ] p=m—s+t+q—1
m+qg+1 m+1)(m+q) m+t+1 (m+1)(m+1)

[m—s+t m(m— s+ 1) ]m—s+t—p+q_m_s+,_p+q_1

m+t+1 m+D)(m+n! m—-—s+t+gq

_[m—p+q_ m(m—p+q)]m—S+t—p+qzm_s+,_p+q_1

m+qg+1 m+1D)(m+q)! m—-—p+t+gq
:[m —pPtq m(m—p +q) :||Z|2.vzm—p+t+q—s—l _ [m —s+r m(m — s +1) ]|Z|2pzm—s+l+q—l7—1
m+qg+1 (m+1)(m+q) m+t+1 (m+1D(m+1)

[m—s+t m(m— s +1) ]m—s+t—p+q_m_s+,_p+q_1

m+t+1 m+1)(m+0)! m—-s+t+gq ¢

_[m—p+q_ m(m—p+q)]m—s+t—p+q_m_s+t_p+q_1

m+qg+1 m+1)(m+q)! m-—p+t+q '

(3.17)
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Next, we need to consider the following five cases:

Casel. p # s, p # 0, and s # 0. Then, the coefficients of [z[2?Z" """~ and |z/2Z"**"*4"~" are
both zero, which implies that

m+t+1 (m+Dm+t —

m—s+t m(m—s+t) __ 0
(3.18)

moprq _ min—p+q) _
m+q+1 (m+1)(m+q)

By Lemma 3.4, we obtain that r = ¢ = 0. Hence, (2) holds.
Case2. p=s, p # 0, and s # 0. In this case, we have

—m m _,_
0 =SS sz = S S )(Z" - ——7 )

_[m—p+q_m(m—p+q)_m—s+t m(m — s +1)
m+g+1 m+Dm+q) m+t+1 (m+1)(m+1)
[m—s+t_ m(m—s+1t) ]m—s+t—p+q_m_s+t_p+q_1

m+t+1l m+D)(m+! m—-s+t+gq
_[m—p+q_ m(m—p+q)]m—s+t—p+qzm_s+t_p+q_1.
m+qg+1 m+1)(m+q! m—-p+t+gq

]|Z|2sZm—p+t+q—s—1

(3.19)

This gives that the coefficient of [z>Z"7*"**"! is zero, i.e.,

m-p+q mm—-—p+q) m-s+t mm—s+1)
m+qg+1 (m+Dm+q) m+t+1 m+Dm+1)

(3.20)

Using Lemma 3.4, we conclude that ¢t = ¢g. Hence, (1) holds.

Case 3. p # 0 and s = 0. Then, the coefficient of |z/27Z" ****"?~! is zero. Hence, we have

m—s+t mm—s+1t)
m+t+1 (m+Dm+1)

(3.21)

Applying Lemma 3.4, we get t = 0, i.e., { is constant.

Case 4. s # 0 and p = 0. Then, the coefficients of |z|>Z"**"*"~" are zero, which is equivalent to

m-—p+q mm—-—p+q _

= (3.22)
m+qg+1 (m+1)(m+q)
It follows from Lemma 3.4 that ¢ = 0. This implies that ¢ is constant.
Case 5. s = p = 0. This case is trivial.
This completes the proof of Theorem 3.3. O

In the rest of this section, we will study the commutativity problem for dual Toeplitz operators with
symbols of the form az”'z"" + bz"*7"* and 27, where p1, p», g1, ¢», 5, and t are all nonnegative integers.
To this end, we still require a number of lemmas as follows:

Lemma 3.5. Let
@(2) = az"'7!" + bz"7", W(z) = 7'7,

AIMS Mathematics Volume 9, Issue 9, 25413-25437.
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where s,t, p1, P2, q1,q2 are nonnegative integers. For m € N large enough, we have

(S48 = SuS (& - —=7"")
_ [m—Pl +q  m@m—p +611)]| psgnssi-preai-1
m+qg +1  (m+1)(m+q)
B a[m —s+r mm—s+t) ]| |2p1_m_s+,_m+ql_1
m+t+1 (m+1)(m+1)

m—-s+t mm—s+t1) ]”’H‘%_Pl_S+tzm—s+t—p1+q1—1

m+t+1  (m+ D(m+1) m+qy—s+t
P+ qi m(m— py +q1)ym+qi — p _S+t—m—s+t—p1+q1—1
] 2 (3.23)

— m+gq;+ 1 _(m+1)(m+6]1) m+qy—p+t

+bm P2+6]2 m(m P2+Q2)]| |25—m s+t—pr+qo—1
m+q,+1 (m+1)(m+q2)

-b
m+t+1 (m+1)(m+t)

b m-—s+t m(m—s+t)]m+q2—pz—s+tzm_s+t_p2+q2_l

m+t+1 (m+1)(m+t) m+qg,— s+t
m-—pr+q» m(m—pz+(]2)]m+c]2—pz—s+tzm_m_p2+q2_l
m+qy—pr+t '

raly
[
[
[ — s+t m(m s+ t) ]l |2p2—m—s+t—p2+q2—l
b
[

-b
m+q,+1 (m+ 1)(m+ q2)

Proof. This can be proven easily by elementary computations.

Lemma 3.6. Let ¢ and ¥ be the functions as in Lemma 3.5. For m € N large enough, we have

—m m.
(S@SJ—S@SJ)(ZZ - mZ )
_ —[m—% +p1 mim—q +P1)]l przn-res=giep-1
m+p+1 (m+1)(m+ py)
_a[m—t+s B mm—t+s) ]| |2q1—m—t+s—q1+p1—1
m+s+1 (m+1D(m+s)
m—t+s mm—t+s) ]m+p1—q1 — 1+ S yprs—qripi—1
Z
m+s+1 (m+1)(m+s) m+p —t+s
m—qi+pr mm—q+p)ym+pr—qr—1+S_y s gip-1
] z (3.24)
m+p—q+s

m qz + p2 m(m qz + p2) ]| |2t—m t+s—qr+p2r— 1

m+p;+1 (m+ 1)(m+ py)

QI

+al -
-4l
o pret ~ e D s o
b
o
-]

+
S

m—t+s mm—t+s) ]| lzqzzm_m_qﬁpz_]
m+s+1 (m+1)(m+s)
m—t+s mm—t+s) ]m+p2—q2—t+s_m_,+s_qz+p2_1
m+s+1 m+1)(m+s)! m+p,—t+s ¢
m-—qx+ p2 m(m_qz+p2)]m+p2_q2_t+S—m—t+s—q2+p2—l
mtpr-—gats '

W‘I

+
S

b‘l

m+pr,+1 (m+ 1)(m+ py)

Proof. This is a direct conclusion of Lemma 3.5. O
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In view of Lemma 3.5, we conclude that

0= allx2s+m—s+t—p1+q1—1 + a2x2p1+m—s+t—p1+q1—1 + a/3xm—s+t—p1+q1—1
+ a4x2s+m—s+t—p2+q2—1 + a5x2p2+m—s+t—p2+q2—l + a,6xm—s+t—p2+qz—l
(3.25)

— xm—S+t—p1+q1—1(a,1x2s + a,zx2m +as+ a4x2s+m—q1—pz+qz

+ asx2P2+P1—41—P2+42 + a,6xpl—111—172+f12)

forall x e (0,1)if .S, = §,S,, where the coeflicients are given by:
m—s+t m(m—s+1t)

m-—p+q m(m — p1 + q1) - 4 ta
m+t+1 (m+D(m+1)

m+q +1 _a(m+1)(m+q1)’
:a[m—s+t_ m(m — s +1) ]m+q1—p1—s+t

m+t+1 (m+1)m+t)! m+q —s+t
B [m—p1+q1_m(m—p1+q1)]m+q1—p1—s+t

m+q+1 m+1)(m+q)! m+q —p+t
g m=prtq  mm—pr+q) o m—s+t m(m = s + 1)
= m+q,+1 - (m+ 1)(m+ qa)’ i+ 1 (m+D(m+1)

m-—s+t mm-s+t) ym+qy—pr—s+t
¥o = [m+t+1_(m+l)(m+t)] mtgr—sti1

B [m—P2+CI2_m(m—p2+qz)]m+q2—p2—s+t‘

m+qg+1 Mm+1)m+q)! m+qg—pr+t

ap =a

as

Notice that (3.25) is equivalent to

0= alx% + a/2x2p‘ fas+ a4XQS+p1—q1—pz+qz + a5x2pz+p1—q1—pz+qz + @exP1 NPt (3.26)
Similarly, we have by Lemma 3.6 that
0= ﬁ1x2t+m—t+s—q1+p1—1 +ﬁ2x2q1+m—t+s—q1+p1—1 +ﬁ3xm—t+s—q1+p1—l
+184x2t+m—t+s—q2+p2—l +ﬁ5x2q2+m—t+s—q2+p2—l +ﬁ6xm—l+s—q2+p2—l (3 27)

— xm—l‘+s—q1+p1—l(ﬁ1x2t +,32x26“ +ﬂ3 +ﬂ4x2t—p1+q1+p2—q2

+ﬁ5x2qz—P1+q1+P2—q2 +ﬁ6x—P1+41+P2—42)

for all x € (0, 1) whenever
SGSE = SES D)

where
_m—t+s _ mm—t+s)

+a ,
m+s+1 (m+1)(m+s)

__m—qi+p; _mm—q;+p) _
P+l S Dmepy P77
_a[m—t+s m(m—t+s) ]m+p1—q1—t+s

m+s+1 (m+1)(m+s)! m+p —t+s

_a[m—CIH‘Pl_m(m—611+P1)]m+P1—Q1—f+S

m+p +1 (m+Dm+p)! m+p —qg+s ’

_sm—q@+py mim—q+ p)) _=—m—t+s - mm—1t+5)

Bzl i1 e Dmrpy BT lmrs i1 P Dmr s
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ﬁ6:E[m—t+s_ m(m—t+s) ]m+p2—q2—t+s

m+s+1 (m+1D)(m+s)! m+p,—t+s

_E[m—%'i'Pz_ m(m—Clz‘*‘Pz)]m‘*‘Pz—%—f‘i'S.
m+p,+1 (m+1)m+p)! m+p,—qgr+s

Clearly, (3.27) is equivalent to
0 = B1x™ + Box?1 + B3 + Gux T PIHNAPI D B RPN g By PGP (3.28)

Using the same method as the one used in the proof of Lemma 3.4, we list without proof five lemmas
as follows:

Lemma 3.7. Let

f(x):[x—s+t_ x(x—s+1) ]x+q2—p2—s+t

x+t+1 (x+Dx+D! x+qg—s+t

_[X—P2+Q2_X(X—P2+QZ)]X+Q2—P2—S+I
x+q+1  (x+Dx+q)! x+q—pr+t

(3.29)

where s,t, pa, g, are all nonnegative numbers. If there exist some M such that f(x) = 0 when x > M,
then t = q,.

Lemma 3.8. Let

f(x):a[x_s+t— x(x—s+1) ]x+q1—p1—s+t
x+t+1 (x+Dx+0! x+qg—s+t
_a[x—p1+q1_x(x—p1+q1)]x+q1—p1—s+t
x+qg+1  (x+Dx+q)! x+qi—p1+t
[x—s+t_ x(x—s+1) ]x+q2—p2—s+t
x+t+1 (x+Dx+0! x+qg—s+t
X—P2+612_X(X—P2+42)]X+612—P2—S+1
x+qg+1  (x+Dx+q)! x+qg—pr+t

(3.30)

—b[

where s,t, p1, P2, q1,q2 are all nonnegative numbers. If there exist some M such that f(x) = 0 when
x> M, then
at —aq, + bt — bg, = 0.

Lemma 3.9. Let

Cqx—s+t x(x—s+0) g x+q-pr—s+t
f(x)_a[x+t+1_(x+1)(x+t)] X+q—s+t
_a[X—P1+611_X(X—P1+41)]X+611—P1—S+t
x+q;+1 x+Dx+qg)! x+qg—p1+1t
+b[X—P2+(12_X(X—P2+6]2)]’
x+qg+1  (x+D(x+q)

(3.31)

where s,t, p1, P2, q1,q> are all nonnegative numbers. If there exist some M such that f(x) = 0 when
x> M, then
at —aq, + bg, = 0.
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Lemma 3.10. Let

xX—t+s x(x—t+5)
f) = =al S _(x+1)(x+s)]
+b[x—€12+l?2 B x(x—qz+p2)]
x+pr+1  (x+D(x+p2)
B [x—t+s_ x(x—t+s)]
x+s+1 (x+Dx+s)T

(3.32)

where s,t, pa, g, are all nonnegative numbers. If there exist some M such that f(x) = 0 when x > M,
then
as —bp, + bs = 0.

Lemma 3.11. Let

X—s+t x(x—s+t)]
x+t+1 (x+Dx+0)
X—s+t x(x—s+1) ]x+q1—p1—s+t

f@)=~d
[x+t+1_(x+1)(x+t) x+q —s+t
[
|

X—pitq x(x—p1+q1)]x+q1—p1—s+t
x+qg+1  +Dx+q)! x+qi—pi+t
x—s+t x(x—s+1) ]x+q2—p2—s+t

—a

(3.33)

+b -
x+t+1 (x+Dx+D! x+qg—s+t¢t

_b[X—Pz+q2_ X(x—pz+qz)]X+qz—pz—S+t
x+qg,+1 x+Dx+g)! x+g—pr+t

where s,t, p1, P2, q1,q> are all nonnegative numbers. If there exist some M such that f(x) = 0 when
x> M, then
aq; — bt + bg, = 0.

We are now in the position to discuss the commutativity problem for dual Toeplitz operators with

symbols
©(z) = az”' 7l + bzP7®
and
Y(z) = 2'7.

Before giving a complete answer to such a problem, we need to analyze various situations for the

integers s,1, pj, and g; with j = 1,2. Based on Theorem 3.3, we assume that a and b are both nonzero
in the following:

Proposition 3.12. Let
¢(2) = az"' 71" + bzl 7"
and
W(2) = 27,
where a,b € C, s, p1, p, are positive and t, q,, q> are nonnegative. In the case of s = p; = p,, we have
that
SeSy=8yS,

if, and only if, ¢ = cy for some constant c.
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Proof. Clearly, we only need to prove the necessity. Based on Lemma 3.5, we will consider the
following four cases:

Case 1. p; — g1 — p> + g2 = 0. Since p; = p,, we have ¢; = g, which implies that
@(2) = (a+ b)z"'7".

It follows from Theorem 3.3 that g; = 1.

Case 2. p; — g1 — p» + g2 = —25. By (3.26), we have that ag = 0 and a; + a; = 0. Now, combining
Lemmas 3.4 and 3.7 gives t = q| = q».

Case 3. p; — g1 — p» + g2 = 2s. Using (3.26) again, we deduce that @3 = 0 and a4 + a5 = 0. Thus,
we obtain by Lemmas 3.4 and 3.7 that t = q; = ¢.

Case 4. p; — g1 — p2 + g, is not equal to 0, not equal to —2s, and not equal to 2s. From (3.26), we
conclude that @3 = 0 and a¢ = 0, which implies t = ¢, = ¢».

This finishes the proof of Proposition 3.12. O

Proposition 3.13. Let
@(z) = az’'z!" + bzPz"

and
¥(2) = 2'7,
where a,b € C such that a # b, s, p1, p» are positive and t, q,, q, are nonnegative. If s = p; # p,, then

SQDS,ﬁ :Sl/,S<p

if, and only if, t = q, = g, = 0.
Proof. In order to show the necessity, we need to consider the following five cases:

Case 1. p; — q1 — p» + g2 = 0. In this case, (3.26) can be rewritten as

0 = a1 X% + @rx™ + a3 + x> + asx*”? + ag

”y 5 (3.34)
= (@ + @y + ay)x”’ + asxP + (a3 + @g).
Thus, @s = 0 and a3 + @ = 0. Applying Lemmas 3.4 and 3.8, we obtain ¢ = 0 and
(a+ b)t—aq, — bg, = 0. (3.35)
If g =0o0rg, =0,thent =g, = g, = 0 follows immediately.
Next, we consider the case that g; # 0 and g, # 0. Using
Sq,Sl/, = SlﬁS(p
if, and only fif,
S@S@ = SJS@,
we have by (3.28) that
0 :ﬁlx2t +ﬁ2x2ql + B3 +I84x2!—171+611+172—612 +185x2fi2—171+w+172—@ +B6X—P|+Q1+P2—Q2
(3.36)

= Box™' + Bsx*® + (By + B3 + Ba + Bo).
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Now we are going to analyze the following two sub-cases:
Sub-case 1.1. If ¢; = ¢», then p; — g — p» + ¢» = 0 implies p; = p,. This is a contradiction.

Sub-case 1.2. If ¢, # ¢», then 8, = 85 = 0. However, Lemma 3.4 tells us that s = 0, which is also a
contradiction.
Therefore, we obtain that = g; = g, = 0 in Case 1.

Case 2. p; —q1 — p2 + ¢> = 2s. In this case, we have a3 = @4 = @5 = 0. It follows from Lemmas 3.4
and 3.7 thatt =g, = ¢» = 0.

Case 3. p; — g1 — p» + g2 = —2s. In this case, g = 0 and a3 + a4 = 0. Thus, we have t = g, and
at — aq, + bg, = 0 by Lemmas 3.7 and 3.9. Next, we are going to show that = 0. Suppose not, we
assume that r > 0. Using (3.28), we have

0 :,81x21 +,82x2‘“ + 33 +ﬁ4x2t—P1+f11+P2—fh +135x2q2—171+q1+l72—qz +ﬁ6x—[)1+41+ﬁ2—42

(3.37)
:ﬁ1x2t +ﬁ2x2q1 +ﬁ3 +184x21+25 +ﬁ5x2t+zs +ﬁ6x2s-

Sub-case 3.1. If t + s # gy, then 5, + 85 = 0. However, Lemma 3.4 gives that s = p,, which
contradicts the assumption that s # p,.

Sub-case 3.2. If 1 + s = g1, then 5, + B4 + 85 = 0. It follows from Lemma 3.10 that
—as+bp, —bs =0. (3.38)

Substituting g, = s+ ¢, s = p; and ¢, = t into the equation p; — g1 — p» + ¢ = —2s gives p, = 2s.
Thus, (3.38) is reduced to (b — a)s = 0, but b — a # 0 yields s = 0, which contradicts that s > 0.
Consequently, we get t = 0 and g; = g, = 0 in Case 3.

Cased. p — g1 — p» + ¢ = —2p». By (3.26), we have
0 = (@] + @)X + x> 4 agx P2 + (a3 + @s). (3.39)

It follows that oy +a; = 0, a4 = 0, @g = 0. Thus, we obtain by Lemmas 3.4 and 3.7 thatt = g; = g, = 0.

Case 5. p; — q; — p2 + g2 is not equal to 0, 2s, —2s, or —2p,. In this case, we have that a3 = a4 =
a¢ = 0. By Lemmas 3.4 and 3.7, we also obtain that t = ¢; = ¢» = 0.

This completes the proof of Proposition 3.13. O
Proposition 3.14. Let
‘,D(Z) = aZPlqu + bzpzzqz
and
W(z) = 2’7,

where a,b € C, s, p1, p are positive and t, q,, q, are nonnegative. In the case of p1 = p, # s, we have
that S ;S = SyS if, and only if, 1 = q1 = g2 = 0.

Proof. Based on Lemma 3.5, we need to consider the following six cases:

Case 1. p; — g — p» + g = 0. Since p; = p,, we have ¢, = g, and ¢(z) = (a + b)z"'7*. It follows
from Theorem 3.3 thatt = ¢, = ¢, = 0.
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Case 2. p; — g1 — p> + g2 = 2s. In this case, using (3.26) we obtain
0 = (@) + @) x> + X' + a5 + agx® + asx*P1%s, (3.40)
This implies that @) + @6 = 0,3 = 0, and a5 = 0. Applying Lemmas 3.4, 3.7, and 3.9, we obtain
t=0,t=q,and aq, + bt — bg, = 0. Hence, t = q; = ¢» = 0.

Case 3. p; — g1 — p» + ¢ = 2p;. In this case, we have a3 = @4 = 0. By Lemmas 3.4 and 3.7, we
obtain that r = ¢; and g, = 0. If # > 0, then we have by (3.28) that

0= (B1 + L)X + B3 + Lax™ "' + (Bs + Bo)x . (3.41)

Thus, Bs + B¢ = 0. Using Lemma 3.9, we get p, = 0, which is a contradiction. Hence, t = 0 and
q1=¢>=0.

Case4. p; —q, — p»+ g, = —25. By (3.26), we obtain that @, = @¢ = 0 and a3 + @4 = 0. Combining
Lemmas 3.4, 3.7, and 3.9 gives t = 0, = ¢,, and at — aq, + bg, = 0. This yields thatt = g, = g, = 0.

Case 5. p1 —q1 — p» + g2 = —2p;. Now we have a; = @ = 0. By Lemmas 3.4 and 3.7, we obtain
that g; = 0 and t = g,. Next, we will show r = ¢, = 0. If not, we obtain by (3.28) that 84 + 85 = 0, but
Lemma 3.4 gives that s = p,, which is a contradiction. Therefore, t = g; = ¢, = 0.

Case 6. p; — g, — p> + g2 isnot equal to 0, 2s, —2s, 2p;, or —2p;. In this case, we have a3 = ag = 0.
Applying Lemma 3.4, we obtain ¢ = t = g, which means ¢(z) = (a + b)z”'Z". It follows from
Theorem 3.3 again thatr = g¢; = ¢, = 0.

This finishes the proof of Proposition 3.14. O

Proposition 3.15. Let
©(2) = az’'7" + bz"*7"
and
W(z) = 2'7,
where a,b € C, s, py, p> are positive and t, q,,q, are nonnegative. If py, p», s are different from each
other, then
SeSy=8uS,
if, and only if, t = q, = g, = 0.
Proof. We first show that p; — g, — p» + g» # 0. If not, then we have by (3.26) that

0= a1x23 + a,2x2pl +as+ a,4x23+pl—q1—pz+q2 + a,sx2P2+P1—q1—P2+q2 + gxPI PR

342
= (@1 + @)X* + @ x? + asx?? + (a3 + ). ( )

It follows that @, = a;+a4 = 0. Combining this with Lemma 3.4, we obtain that = 0 and aq,+bg, = 0.

If ¢ = ¢», then p; — g — p» + ¢ = 0 gives p; = p,. This contradicts the hypothesis that p; # p,. If

q1 # q», then we have by (3.28) that 5, = 0. Then, it follows from Lemma 3.4 that s = 0, which is a

contradiction. Based on Lemma 3.5, we need only to consider the following five cases:

Case 1. p; — g1 — p» + g2 = 2s. In this case, we have a3 = a; + a¢ = 0. It follows from Lemmas 3.7
and 3.9 that r = ¢, and aq, + bt — bg, = 0. If t > 0, then we obtain by (3.28) that

0 :ﬁ1x2t +ﬁ2x2ql + B3 +I84x2!—171+611+172—612 +185x2fi2—171+w+172—@ +B6X—P|+Q1+P2—Q2

343
= (B1 +B)x™ + Bax™ ™ + s 4 Box ™ + B, G4
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If g, = 0, then 85 + B¢ = 0. It follows from Lemma 3.9 that —bs + bs — bp, = 0, i.e., p, = 0. This
is a contradiction. If g, # 0, then B¢ = 0. By Lemma 3.7, we deduce that s = p,, which is also a
contradiction. Thus, ¢t = 0. Moreover, t = g, = g, = 0.

Case 2. p; — g — p> + g2 = 2p;. In this case, we have @3 = @4 = 0. Using Lemmas 3.4 and 3.7,
we obtain that r = ¢; and ¢, = 0. Now we are going to show ¢ = 0. Suppose that ¢ > 0. It follows
from (3.28) that 85 + B¢ = 0. Using Lemma 3.9, we conclude that p, = 0, which is a contradiction. So,
we have r = g, = ¢, = 0.

Case 3. p; — g1 — p> + g2 = —2s. In this case, we have
0= a1x2s + a,2x2171 tas+ a,4x23+p1—q1—pz+q2 + a,sx2172+171—q1—172+q2 + gxP TR
~ _ (3.44)
= a1 X% + X+ asx?7 4 agx P + (a3 + ),
which gives that ag = @3 + @4 = 0.
Using Lemmas 3.7 and 3.9, we obtain that t = ¢, and at — aq, + bg, = 0. If t = 0, then we deduce
that g, = g, = 0 immediately. If > 0, then substituting ¢ = ¢, into (3.28), we get

0 :,le2t +,32X2q‘ + 33 +’34x21—P1+KI1+P2—112 +185x2q2—p1+q1+p2—q2 +ﬁ6x—P1+41+Pz—Q2
2t 2 2t+2 2
=B1x” + Box M + B3+ (Ba + Bs)x T + Box”.
If g, = 0, then B, + B3 = 0. Lemma 3.9 implies that —as + as — ap; = 0, 1.e., p; = 0, which is a

contradiction. If ¢; # 0, then 853 = 0. It follows from Lemma 3.7 that s = p;, which contradicts that
s # p1. Therefore, we have t = ¢ = ¢, = 0.

(3.45)

Case 4. p1—q1—p>+q> = —2p,. Using (3.26), we have that @; = @ = 0. Moreover, it follows from
Lemmas 3.4 and 3.7 thatg; = 0and t = ¢,. If t = 0, then t = g, = g, = 0. If > 0, then using (3.28),
we get that 84 + 85 = 0. However, Lemma 3.4 implies s = p,, which is a contradiction.

Case 5. p; — g1 — p» + g» is not equal to 2s, 2p;, —2s, or —2p,. In this case, we have a3 = @ = 0.
It follows from Lemma 3.7 that t = g¢; = ¢». If  # 0, then we have
0 2,31)62[ +ﬁ2x241 + 33 +184x2t—.01+41+p2—42 +ﬂ5x2qz—p1+q1+pz—qz +ﬁ6x—.01+41+p2—42

= (B1 + o)X + (By + Bs) 2P | g | g (3.46)

If —p1 + g1 + po — q» = 2t, then B4, + B5 = 0. Applying Lemma 3.4, we have s = p,, which is a
contradiction. If —p; + g + p» — g» # 2t, then B¢ = 0. Using Lemma 3.7, we obtain that s = p,, which
contradicts that s # p,. Consequently, t = g; = g, = 0.

This finishes the proof of Proposition 3.15. O

Proposition 3.16. Let
0(z) = az”' 7" + bz’ 7"

and
W(z) = 2’7,
where a,b € C. If s = p; = 0and p, > 1, then

SeSy =8y,

if, and only if, ¥ is constant.
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Proof. To show the necessity, we need to discuss the following two cases:

Case 1. p; — q, — p» + g2 = —2p». In this case, we have a4 + @6 = 0. By Lemma 3.9, we have that
t = 0 and ¢ is a constant function.

Case 2. p1—q1—p>+q> # —2p,. In this case, we have s = 0. Moreover, it follows from Lemma 3.4
that 7 = 0. This also implies that ¢ is constant. O

Proposition 3.17. Let
o(z) = az"'7" + bzPzZ"
and
Y(z) = 2’7,
where a,b € C. If py = p, =0and s > 1, then

S¢S¢ = SwS‘p
if, and only if, ¢ is constant.

Proof. Based on Lemma 3.5, we need to analyze the following three cases:
Case 1. p; — g1 — p» + g2 = 0. Since p; = p, = 0, we have g; = ¢,. By (3.26), we obtain that
0= CY])CQS + alem +as+ a4x2ﬁp1—q1—pz+qz + a5x2pz+p1—q1—pz+qz + gl TNTPrR

(3.47)

= (@ + @)X + (@ + @3 + a5 + ).

This yields that a; + a4 = 0. Moreover, Lemma 3.4 implies that aq, + bg, = 0, i.e., (a + b)g, = 0. If
a+ b =0, then
0(z) = (a+b)7"" =0.
If g, = 0, then
i) =(a+b)7" =a+b.
Thus, ¢ is a constant function.
Case 2. p; — g — p2 + g2 = 2s. In this case, we have
0= a,lx25 + a,zxZPl +as+ a,4x2S+P1—ql—P2+qz + a,sx2P2+P1—q1—P2+q2 + gxPITNTPrR

3.48
= (@ + as + @g)x* + aax™ + (aa + @3). ( )

It follows that @y = a; + @3 = 0. By Lemma 3.4, we get that g, = 0. Furthermore, we obtain by
Lemma 3.9 that —at + at — aq; = 0, which implies g; = 0. Thus, ¢ is constant.

Case 3. p; —q1 — p> +q, is not equal to 2s and not equal to 0. In this case, we have a; = as+ag = 0.
Now, Lemma 3.4 gives ¢; = 0 and Lemma 3.9 implies that —bt + bt — bg, = 0. This yields that g, = 0,
SO ¢ is a constant function. O

Proposition 3.18. Let
@(2) = az"7" + bz

and

Y(z) =27,
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where a,b € C. If s =0, py # 0, and p, # 0, then
S¢S¢ = SWSQ(J
if, and only if, ¥ is a constant function.

Proof. To complete the proof, we need only to show the necessity and discuss the following three
cases:

Case 1. p; — g1 — p» + g2 = 0. In this case, we have

0= a,lx25 + a2x2p‘ +as+ a,4x2S+P1—q1—P2+q2 + a,sx2P2+P1—q1—P2+q2 + gxP TNTPTR (3.49)
= X + asx?? + (@) + @3 + a4 + ).

If p; = p,, then p; — q; — p2 + ¢> = 0 implies that g; = ¢g,. Thus,
¢(2) = (a + b)z"'7".

By Theorem 3.3, we have ¢t = 0. If p; # p», then @, = @5 = 0. Lemma 3.4 implies that # = 0. Thus,
is constant.

Case 2. p; — g, — p> + > = 2p;. In this case, we have a5 = 0. It follows from Lemma 3.4 that ¢ = 0,
which means that ¢ is constant.

Case 3. p; — g — p> + g2 is not equal to 0 and not equal to 2p;. Under this assumption, we have
that a4 + @6 = 0. Using Lemma 3.9, we obtain that bg, + bt — bg, = 0, i.e., t = 0. So, Y is constant. O

Proposition 3.19. Let
o(z) = az"'7" + bzPZ"

and
Y(2) =27,
where a,b € C. In the cases of p1 =0, s # 0, and p, # 0, we have that
S¢S¢, = Sl/,S(p

if, and only if, ¢ = 0 and one of the following conditions holds:
(1) s=prandt = q;
(2) s# prandt=q, =0.
Proof. Based on Lemma 3.5, we need to consider the following four cases:

Case 1. p; — g1 — p> + g2 = 0. In this case, we obtain by (3.26) that

0= a,leS + a2x2p‘ +as+ a,4x23+171—q1—172+q2 + a,sx2P2+P1—q1—P2+qz + gxP TNTPTR

) ) (3.50)
= (a1 + ay)x™ + asx? + (ar + az + ag).
This yields that a; + @3 + ag = 0. Using Lemma 3.11, we have that
aq, + bg, — bt = 0. (3.51)
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Let us show ¢g; = 0 first. If g; > 0, then we observe that ¢ and ¢, cannot be equal to O at the same time.
Now we are going to discuss the following four sub-cases:

Sub-case 1.1. r = 0 and g, # 0. Then, it follows from (3.28) that

0 :ﬁlx2t +ﬁ2x2Q1 + 5 +I84x2!—171+611+172—612 +B5x2612—171+611+172—612 +B6x—171+611+172—612

2 2 (3.52)
= ox™" + Bsx? + (By + B3 + Ba + Pe).

If g1 = q», then p; — g1 — p» + g» = 0 implies that p; = p,. This is a contradiction. If ¢; # g5, then
B2 = 0. Applying Lemma 3.4 gives s = 0, which is also impossible.

Sub-case 1.2. 1 # 0 and g, = 0. Substituting p; = 0 and ¢, = 0 into p; — g; — p» + g = 0 yields
g1 + p> = 0. This is impossible, since ¢; > 0 and p, > 1.

Sub-case 1.3. r = ¢, and ¢, # 0. Using (3.51), we deduce that g; = 0. This is a contradiction.

Sub-case 1.4. 1 # g, # 0 and ¢, # 0. It follows from (3.28) that

0 :,81x21 +,82x2‘“ + 33 +ﬁ4x21—171+f11+172—112 +ﬁ5x2q2—P1+q1+P2—qz +ﬁ6x—171+111+172—112

= (B1 + Ba)x + Bax®! + Bs x> + (B3 + fe). (3.53)

If t = gy, then S5 = 0. Applying Lemma 3.4 gives that s = 0. This contradicts the assumption that
s # 0. Ift # qy, then By + B4 = 0. It follows from Lemma 3.4 that ap, + bp, = 0. Combining this with
p1 = 0yields p, = 0. This contradicts the assumption that p, # 0.

From Sub-cases 1.1-1.4, we conclude that g; = 0. Combining this with (3.51) implies that t = ¢,.
Furthermore, if s = p,, then we obtain (1); otherwise, if s # p,, then as = 0. It follows from
Lemma 3.4 that t = ¢, = 0, which gives (2).

Case 2. p; — q; — p> + g2 = —2s. In this case, we obtain by (3.26) that

0= alxls + a,lepl +as+ a,4x23+171—q1—172+q2 + a,sx2p2+p1—ql—p2+q2 + gxP TNTPrR

= @ X%+ as x4 x4 (o + a3 + Q). (3-54)
Next, we will consider the following three sub-cases:
Sub-case 2.1. p, = 2s. It follows that a; + a5 = @¢ = 0. From Lemma 3.4, we get that
t=q (3.55)
and
aq, — bt = 0. (3.56)

If + = 0, then ¢; must be zero, since a # 0. If ¢ # 0, then ¢; # 0. By (3.28), we obtain that 53 = 0.
Using Lemma 3.7, we obtain that s = p;, which is a contradiction. Hence, we have r = 0. Combining
this and (3.55) gives thatt = ¢, = ¢, = 0.

Sub-case 2.2. p, = s. In this case, we have that @; = a¢ = 0. Using Lemmas 3.4 and 3.7, we obtain
g1 =0andt = g,.

Subcase 2.3. p, # 2s and p, # s. In this case, we have a; = a5 = a¢ = 0. It follows from
Lemmas 3.4 and 3.7 thatt = g; = ¢, = 0.
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Case 3. p; —q1 — p» + q2 = —2p,. It follows that @; = 0. Using Lemma 3.4, we have g; = 0. Then
we can deduce that (1) or (2) holds by using Theorem 3.3.

Case 4. p; — q; — p» + g is not equal to 0, —2s, or —2p,. In this case, we obtain that @, + a3 = 0.
Lemma 3.9 implies that —at + at — aq, = 0 = —agq,, which yields g, = 0. Finally, using Theorem 3.3
again, we get the desired results.

This completes the proof of Proposition 3.19. O

Now we are ready to state and prove the main result of this section.

Theorem 3.20. Let
0(z) = a7’ ' 7! + bz 7
and
() = 27,

where a,b € C\{0} such that a # b, pj,qj, s, and t are nonnegative integers, j = 1,2. Then,
S()OS,p = Sl/,S‘p

if, and only if, one of the following conditions holds:

(i) ¥ is a constant function;

(i1) Both ¢ and y are analytic;

(ii1) Both ¢ and  are co-analytic;

(iv) There exist a, 3 € C, not both zero, such that ¢ = ay + .

Proof. Obviously, it is sufficient to show the necessity. To do so, we divide the proof into nine steps as
follows:

(1) s = p1 = p, (Proposition 3.12);

(2) s = py and p; # p, (Proposition 3.13);

(3) p1 = p> and p, # s (Proposition 3.14);

(4) s, p1, p, are pairwise different (Proposition 3.15);
(5) s = p; =0and p, # 0 (Proposition 3.16);

(6) pi =p>=0and s # 0 (Proposition 3.17);

(7) s =0, p; #0, and p, # 0 (Proposition 3.18);

(8) p1 =0,s#0,and p, # 0 (Proposition 3.19);

(9) s = p; = po = 0 (this situation is trivial).

This finishes the proof of Theorem 3.20. O
4. Conclusions

In this research, we conduct a study of dual Toeplitz operators on the orthogonal complement of the
harmonic Bergman space and obtain that:
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(1) Suppose that

(59

0@ = Y agll”, (k=12 N),

m=0

which are N bounded functions on the unit disk D. If

Stﬂlswz"'ssﬂN =0,

then there exist some k € {1,2,---, N} such that ¢, = 0;
(2) Let
(,D(Z) = ClZpqul + bzpzzqz

and
Y(z) =2'7,
where a, b € C\{0} such thata # b, pj, q;, s, and ¢ are nonnegative integers, j = 1,2. Then,

SeSy =8y,

if, and only if, one of the following conditions holds:

(i) ¥ is a constant function;

(ii) Both ¢ and ¢ are analytic;

(iii) Both ¢ and i are co-analytic;

(iv) There exist , 8 € C, not both zero, such that ¢ = ayy + .

Use of Al tools declaration

The authors declare they have not used Artificial Intelligence (AI) tools in the creation of this article.
Acknowledgments

We are grateful to Professor Xianfeng Zhao (Chongqing University) for providing useful
suggestions. This work was partially supported by NSFC (grant number: 12371125) and Chongqing
Natural Science Foundation (cstc2020jcyj-msxmX0700).

Conflict of interest

The author declares that she has no conflict of interest.

References

1. K. Zhu, Operator theory in function spaces, 2 Eds., American Mathematical Society, 2007.
https://doi.org/10.1090/surv/138

2. B. Choe, Y. Lee, Commuting Toeplitz operators on the harmonic Bergman space, Michigan Math.
J., 46 (1999), 163—-174. https://doi.org/10.1307/MMJ/1030132367

AIMS Mathematics Volume 9, Issue 9, 25413-25437.


https://dx.doi.org/https://doi.org/10.1090/surv/138
https://dx.doi.org/https://doi.org/10.1307/MMJ/1030132367

25437

10.
I11.

12.

13.

14.

15.

@é’“@f AIMS Press

K. Sttroethoff, D. Zheng, Algebraic and spectral properties of dual Toeplitz operators, Trans. Amer.
Math. Soc., 354 (2002), 2495-2520. https://doi.org/10.1090/S0002-9947-02-02954-9

K. Stroethoff, D. Zheng, Products of Hankel and Toeplitz operators on the Bergman space, J. Funct.
Anal., 169 (1999), 289-313. https://doi.org/10.1006/jfan.1999.3489

Y. Hu, Y. Lu, Y. Yang, Properties of dual Toeplitz operators on the orthogonal complement
of the pluriharmonic Bergman space of the unit ball, Fac. Sci. Math., 36 (2022), 4265-4276.
https://doi.org/10.2298/£il2212265h

Y. Lu, Commuting dual Toeplitz operators with pluriharmonic symbols, J. Math. Anal. Appl., 302
(2005), 149-156. https://doi.org/10.1016/j.jmaa.2004.07.046

Y. Lu, J. Yang, Commuting dual Toeplitz operators on weighted Bergman spaces of the unit ball,
Acta Math. Sin. Engl. Ser., 27 (2011), 1725-1742. https://doi.org/10.1007/s10114-011-8577-1

Y. Lu, S. Shang, Commuting dual Toeplitz operators on the polydisk, Acta Math. Sin. Engl. Ser.,
23 (2007), 857-868. https://doi.org/10.1007/s10114-005-0877-x

T. Yu, S. Wu, Commuting dual Toeplitz operators on the orthogonal complement of the Dirichlet
space, Acta Math. Sin., Engl. Ser., 25 (2009), 245-252. https://doi.org/10.1007/s10114-008-7109-
0

T. Yu, Operators on the orthogonal complement of the Dirichlet space, J. Math. Anal. Appl., 357
(2009), 300-306. https://doi.org/10.1016/j.jmaa.2009.04.019

T. Yu, Operators on the orthogonal complement of the Dirichlet space (II), Sci. China Math., 54
(2011), 2005-2012. https://doi.org/10.1007/s11425-011-4259-9

Y. Peng, X. Zhao, Dual Toeplitz operators on the orthogonal complement of the harmonic Bergman
space, Acta Math. Sin. Engl. Ser, 37 (2021), 1143-1155. https://doi.org/10.1007/s10114-021-
0315-8

J. Yang, Y. Lu, Commuting dual Toeplitz operators on the harminic Bergman space, Sci. China
Math., 58 (2015), 1461-1472. https://doi.org/10.1007/s11425-014-4940-x

Y. Chen, T. Yu, Y. Zhao, Dual Toeplitz operators on orthogonal complement of the harmonic
Dirichlet space, Acta Math. Sin. Engl. Ser., 33 (2017), 383—-402. https://doi.org/10.1007/s10114-
016-5779-6

C. Wang, X. Zhao, Hyponormal dual Toeplitz operators on the orthogonal complement
of the harmonic Bergman space, Acta. Math. Sin. Engl. Ser, 39 (2023), 846-862.
https://doi.org/10.1007/s10114-023-1382-9

©2024 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(https://creativecommons.org/licenses/by/4.0)

AIMS Mathematics Volume 9, Issue 9, 25413-25437.


https://dx.doi.org/https://doi.org/10.1090/S0002-9947-02-02954-9
https://dx.doi.org/https://doi.org/10.1006/jfan.1999.3489
https://dx.doi.org/https://doi.org/10.2298/fil2212265h
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2004.07.046
https://dx.doi.org/https://doi.org/10.1007/s10114-011-8577-1
https://dx.doi.org/https://doi.org/10.1007/s10114-005-0877-x
https://dx.doi.org/https://doi.org/10.1007/s10114-008-7109-0
https://dx.doi.org/https://doi.org/10.1007/s10114-008-7109-0
https://dx.doi.org/https://doi.org/10.1016/j.jmaa.2009.04.019
https://dx.doi.org/https://doi.org/10.1007/s11425-011-4259-9
https://dx.doi.org/https://doi.org/10.1007/s10114-021-0315-8
https://dx.doi.org/https://doi.org/10.1007/s10114-021-0315-8
https://dx.doi.org/https://doi.org/10.1007/s11425-014-4940-x
https://dx.doi.org/https://doi.org/10.1007/s10114-016-5779-6
https://dx.doi.org/https://doi.org/10.1007/s10114-016-5779-6
https://dx.doi.org/https://doi.org/10.1007/s10114-023-1382-9
https://creativecommons.org/licenses/by/4.0

	Introduction
	The zero-product problem for dual Toeplitz operators
	The commutativity problem for dual Toeplitz operators
	Conclusions

