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Abstract: Let (M2n+1, θ) be a compact strictly pseudoconvex real hypersurfaces equipped with
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(M2n+1, θ). In this paper, we will give the upper bound of λ1 under certain conditions that
“Re∆b

(
ρ j + ρ j̄

) (
2∆̃ρρ j + |∂ρ|

2
ρn
−1ρkρ jk

)
≤ 0 (for some j)” or “ρ jk̄ = δ jk” holds, and apply these results

to the ellipsoids furthermore.
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1. Introduction

Let (M2n+1, θ) be a compact strictly pseudoconvex pseudohermitian manifold with real dimension
2n + 1 ≥ 3. Denote the tangential Cauchy–Riemann operator as ∂̄b : L2(M)→ L2

0,1(M), and the formal
adjoint with respect to the volume measure dv = θ ∧ (dθ)n as ∂̄∗b. The Kohn-Laplacian acting on
functions is given by □b = ∂̄

∗
b∂̄b and the sub-Laplacian is given by ∆b = 2Re□b.

Recall the Dirichlet problem of the Laplace operator ∆ in Rn. Let D ⊆ Rn be a bounded domain
with C1 boundary ∂D, and ∆ be the Laplace operator. Consider the Dirichlet problem:∆u(x) = λu(x), x ∈ D,

u(x) = 0, x ∈ ∂D.

The constant λ, which causes the fact that there exist nontrivial solutions u to this problem, is the
eigenvalue of ∆. And the nontrivial solutions u are the eigenfunctions of λ correspond to λ. By the
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related theory of partial differential equations, we know that every eigenvalue of ∆ is positive, and
the spectra of ∆ are discrete and diverge to infinity. In addition, we can compute the first positive
eigenvalue λ1 by the Rayleigh formula

λ1 = min{
∫

D
∆u · u| u ∈ H1

0 , ∥u∥
2
L2 = 1} = min

u∈H1
0 ,u.0

∫
D
∆u · u

∥u∥2
L2

.

Extend the Dirichlet problem in Rn to which on CR manifolds [1, 28], and let M be a strictly
pseudoconvex CR manifold, and Ω ⊂ M be a smoothly bounded domain. Let θ be a contact form
on M, such that the Levi form is positive definite. Denote the sub-Laplacian of the pseudohermitian
manifold (M, θ) as ∆b. Then, the Dirichlet problem is as follows:∆bu(x) = λu(x), x ∈ Ω,

u(x) = 0, x ∈ ∂Ω.
(1.1)

Likewise, the number λ ∈ R is an eigenvalue of (1.1) if there is a function u . 0 satisfies (1.1), and u is
the corresponding eigenfunction. The Dirichlet problem of Kohn-Laplacian □b is similar.

Laplacians and the corresponding spectral theory have been more and more concerned, and thus
many academics dedicate to the related study and have worked out numerous interesting results, such
as [11, 17, 27, 30, 33] and all that. Specially, there exists closed relation between the spectrum of
Laplacians and the geometric properties of the underlying manifolds; refer to [13, 14, 29, 34] and so
forth, including the classic Lichnerowicz-Obata theorem.

Our work is about the estimate on the first positive eigenvalue of the Laplacians on CR manifolds,
and there have been a lot of results on the related study by many academics so far. For the first positive
eigenvalue λ1(□b) of Kohn-Laplacian, the lower bound was studied in [9, 18, 23, 24], and the upper
bound was studied in [3, 21, 23]. The lower bound for the first positive eigenvalue λ1(∆b) of sub-
Laplacian was studied in [8,10,14,15,19,25] and so on, and about the upper bound, the authors proved
that the first positive eigenvalue of sub-Laplacian on the CR sphere achieves its maximum when its
pseudohermitian structure is the standard contact form in [2].

In this paper, our work is to study the upper bound of λ1(∆b) on a compact strictly pseudoconvex
pseudohermitian manifold in Cn+1 by precise calculation. Let ρ be a smooth, strictly plurisubharmonic
function in Cn+1, and ν > 0. Equipped M = ρ−1(ν) with the usual pseudohermitian structure θ =
ι∗(i/2)(∂̄ρ − ∂ρ) induced by ρ and dθ = ihαβ̄θα ∧ θβ̄ where (hαβ̄) is positive definite, so that M is a a
compact strictly pseudoconvex pseudohermitian manifold with the volume form dv = θ ∧ (dθ)n in the
sense of [34]. Moreover, a Kähler metric ρ jk̄dz jdz̄k is induced by ρ naturally in a neighborhood U of
M. Let [ρ jk̄]t be the inverse of H(ρ). The length of a smooth function u on U, which is denoted by ∂u,
is given by

|∂u|2ρ = ρ
jk̄u jūk̄

in the Kähler metric.
We define the degenerate differential operator ∆̃ρ as

∆̃ρ =

(
1
|∂ρ|2ρ

ρ jρk̄ − ρ jk̄

)
∂ j∂k̄,

and obtain our first mian result:
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Theorem 1.1. Let ρ be a smooth, strictly plurisubharmonic function defined on an open set U of Cn+1,
M be a compact connected regular level set of ρ, and λ1 be the first positive eigenvalue of sub-Laplacian
∆b on M. Assume that for some j,

Re∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk

 ≤ 0,

then,

λ1 ≤
n
|∂ρ|2ρ

(z0) ≤ max
M

n
|∂ρ|2ρ

, (1.2)

and if the equality holds, |∂ρ|2ρ must be a constant on M.

Next, we study the case when ρ jk̄ = δ jk and we find the following result:

Theorem 1.2. Let ρ be a smooth, strictly plurisubharmonic function defined on an open set U of Cn+1,
M be a compact connected regular level set of ρ, and λ1 be the first positive eigenvalue of sub-Laplacian
∆b on M. Suppose that ρ jk̄ = δ jk, then,

λ1 ≤
2n

v(M)

∫
M

1
|∂ρ|2ρ

, (1.3)

and if the equality holds, |∂ρ|2ρ must be a constant on M.

Finally, we apply the above conclusions to ellipsoids.

Theorem 1.3. Let Mν = ρ
−1(ν) (ν is a positive constant) be the ellipsoid, which is a compact regular

level set of a real-valued strictly plurisubharmonic homogeneous quadratic polynomial ρ(z) satisfying
ρ jk̄ = δ jk. Without loss of generality, we expressed Mν = ρ

−1(ν) as

ρ(z) = |z|2 + Re
n+1∑
j=1

A jz2
j = ν

with 0 ≤ A1 ≤ A2 ≤ · · · ≤ An+1 < 1. Let λ1(Mν) be the first positive eigenvalue of sub-Laplacian ∆b on
Mν. Then,

λ1(Mν) ≤ min
{

n(1 + A1)
1 − An+1

,
2n
ν

}
.

And only when Mν is a sphere of radius ν, λ1(Mν) can attain the upper bound min
{

n(1+A1)
(1−An+1)ν ,

2n
ν

}
= n

ν
.

Our paper is organized as follows: In Section 2, we shall recall some notations and definitions about
the sub-Laplacian ∆b on compact real hypersurfaces and give a formula for ∆b acting on functions; see
Proposition 2.1. In Section 3, we shall give the upper bound of λ1(∆b) under a certain condition
(Theorem 1.1) and consider the case when ρ jk̄ = δ jk (Theorem 1.2). In Section 4, we shall discuss the
upper bound of λ1(∆b) on ellipsoids and generalize our discussion to Theorem 1.3.
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2. Sub-Laplacian on compact real hypersurfaces

First of all, we recall some notations, definitions, and computations about the sub-Laplacian ∆b on
compact real hypersurfaces the same as those in [21].

Let M be a compact real hypersurface in Cn+1 arising as a regular level set of a strictly
plurisubharmonic function ρ:

M = ρ−1(ν) := {Z ∈ U : ρ(Z) = ν}.

Here ρ is smooth on a neighborhood U of M and dρ , 0 along M. Assume the complex Hessian
H(ρ) = [ρ jk] is positive definite, and thus ρ defines a Kähler metric ρ jk̄dz jdz̄k on U. Let [ρ jk̄]t be the
inverse of H(ρ). The length of a smooth function u on U, which is denoted by ∂u, is given by

|∂u|2ρ = ρ
jk̄u jūk̄

in the Kähler metric.
Equip M with the pseudohermitian structure θ “induced” by ρ:

θ = ι∗(i/2)(∂̄ρ − ∂ρ).

The local admissible holomorphic coframe {θα : α = 1, 2, . . . , n} on M is given by

θα = dzα − ihαθ, hα = |∂ρ|−2
ρ ρ

α = |∂ρ|−2
ρ ρ jρ

α j, α = 1, 2 . . . n,

which is valid when ρn+1 , 0. In [20], Li and Luk show us that at the point p with ρn+1 , 0,

dθ = ihαβ̄θα ∧ θβ̄,

where the Levi matrix [hαβ̄] is given explicitly:

hαβ = ραβ − ρα∂β log ρn+1 − ρβ∂α log ρn+1 + ρn+1n+1

ραρβ

|ρn+1|
2 .

And the inverse [hγβ̄] of the Levi matrix is given by

hγβ = ργβ −
ργρβ

|∂ρ|2ρ
, ργ =

n+1∑
k=1

ρkρ
γk.

Moreover, let [hαβ̄] be positive definite, and thus M is a compact strictly pseudoconvex hypersurface
in the meaning of [34].

Denote the holomorphic frame dual to {θα} as {Zα}:

Zα =
∂

∂zα
−

ρα
ρn+1

∂

∂zn+1
,

and ωβ̄
σ̄ are the Tanaka-Webster connection forms, which are computed in [20, 34]:

ωβα = (Zγ̄hαβ − hβhαγ)θ
γ + hαhγβθ

γ + ihασ̄Zβh
σ̄θ, hα = hαβh

β.
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The Tanaka-Webster covariant derivatives are given by

∇α∇β̄ f = ZαZβ f − ωβ̄
σ̄(Zα)Zσ̄ f .

In addition, the Reeb vector field is given by

T = i
n+1∑
j=1

(
h j ∂

∂z j − h j ∂

∂z j

)
, h j =

ρ j

|∂ρ|2ρ
.

According to the formula given by [21], suppose that U is an open set in a Kähler manifold and ρ
is a Kähler potential on U . Let M be a smooth, compact, connected, regular level set of ρ, and □b be
the Kohn-Laplacian defined on M with respect to dv = θ ∧ (dθ)n, where θ = i

2 (∂̄ρ − ∂ρ). Suppose that
(z1, z2, . . . , zn+1) is a local coordinate system on an open set V . Define the vector fields

X jk = ρk∂ j − ρ j∂k, X j̄k̄ = X jk.

Then, Kohn-Laplacian □b acting on a smooth function f can be expressed as:

□b f = −
1
2
|∂ρ|−2

ρ ρ
pk̄ρq j̄XpqX j̄k̄ f , (2.1)

and (2.1) can be written as
□b f =

(
|∂ρ|−2

ρ ρ
kρ j̄ − ρ j̄k

)
f j̄k +

n
|∂ρ|2ρ

ρk̄ fk̄ (2.2)

in local coordinates.
By calculating directly according to (2.2) and the fact that the sub-Laplacian ∆b = 2Re□b when

acting on smooth functions, we obtain the following result:

Proposition 2.1. Under the conditions above, the sub-Laplacian ∆b can be expressed as:

∆b f = 2Re□b f

= 2
(
|∂ρ|−2

ρ ρ
kρ j̄ − ρ j̄k

)
f j̄k +

n
|∂ρ|2ρ

(ρk̄ fk̄ + ρ
k fk)

= 2∆̃ρ f +
n
|∂ρ|2ρ

(ρk̄ fk̄ + ρ
k fk).

(2.3)

Here ∆̃ρ =
(
|∂ρ|−2

ρ ρ
jρk − ρ jk

)
∂ j∂k.

3. The upper bound for the first positive eigenvalue of sub-Laplacian on compact real
hypersurfaces

In this section, we will give an estimate for the upper bound of the first positive eigenvalue of
sub-Laplacian on compact real hypersurfaces.

It is known (see [1, 28]) that the positive eigenvalues of ∆b satisfy:

0 < λ1 < λ2 < · · · < λk < · · · ,
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and λk → +∞ as k → ∞. Denote the kernel of ∆b by E0 = kel(∆b) and the eigenspace of ∆b associated
to the eigenvalue λk by Ek. Then,

L2(M) =
∞⊕

k=0

Ek.

Let mk be the dimension of Ek, and { fk, j}
mk
j=1 be an orthonormal basis for Ek, thus we can prove the

following proposition:

Proposition 3.1. Let (M, θ) be an embedded compact strictly pseudoconvex pseudohermitian manifold
and λ1 be the first positive eigenvalue of sub-Laplacian ∆b, then

λ1 = inf
∥∆bu∥2∫
M
|dbu|2

= inf
∥∆bu∥2∫

M

[
|∂̄bu|2 + |∂bu|2

] . (3.1)

Proof: For any smooth function f =
∑∞

k=0
∑mk

j=1 ak j fk j < kel(∆b), and any real-valued function u <
kel(∆b), we have ∫

M
u∆b f

=

∫
M

u
∞∑

k=0

mk∑
j=1

∆bak j fk j

=

∫
M

u
∞∑

k=0

mk∑
j=1

λkak j fk j

≥

∫
M

uλ1

∞∑
k=0

mk∑
j=1

ak j fk j

=

∫
M

u (λ1 f ) .

Furthermore, for any real-valued function u < kel(∆b),

∥∆bu∥2 =
∫

M
|∆bu|2

=

∫
M
∆bu · ∆bu

≥

∫
M
λ1u (∆bu)

=λ1

∫
M

u∆bu

=λ1

∫
M
|dbu|2

=λ1

∫
M

[
|∂̄bu|2 + |∂bu|2

]
.

(3.2)

Thus,

λ1 ≤
∥∆bu∥2∫
M
|dbu|2

=
∥∆bu∥2∫

M

[
|∂̄bu|2 + |∂bu|2

] .
AIMS Mathematics Volume 9, Issue 9, 25376–25395.
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Since u is arbitrary,

λ1 ≤ inf
∥∆bu∥2∫
M
|dbu|2

= inf
∥∆bu∥2∫

M

[
|∂̄bu|2 + |∂bu|2

] .
On the other hand, if u ∈ E1,

λ1 = inf
∥∆bu∥2∫
M
|dbu|2

= inf
∥∆bu∥2∫

M

[
|∂̄bu|2 + |∂bu|2

] .
Thus,

λ1 = inf
∥∆bu∥2∫
M
|dbu|2

= inf
∥∆bu∥2∫

M

[
|∂̄bu|2 + |∂bu|2

] .
Then, we shall proof Theorem 1.1.
Proof: By calculating directly, we have

∆bρ j = 2∆̃ρρ j +
n
|∂ρ|2ρ

(ρk̄ρ jk̄ + ρ
kρ jk) = 2∆̃ρρ j +

n
|∂ρ|2ρ

(ρ j + ρ
kρ jk),

and
∆bρ j̄ = 2∆̃ρρ j̄ +

n
|∂ρ|2ρ

(ρk̄ρ j̄k̄ + ρ
kρ j̄k) = 2∆̃ρρ j +

n
|∂ρ|2ρ

(ρk̄ρ j̄k̄ + ρ j̄).

Furthermore,
∆b

(
ρ j + ρ j̄

)
= 2∆̃ρ

(
ρ j + ρ j̄

)
+

n
|∂ρ|2ρ

(ρ j + ρ
kρ jk + ρ

k̄ρ j̄k̄ + ρ j̄).

Since ∆bρ j̄ = ∆bρ j, in other words, ∆b

(
ρ j + ρ j̄

)
is real, thus,

|∆b

(
ρ j + ρ j̄

)
|2

=
(
∆b

(
ρ j + ρ j̄

))2

=
(
∆b

(
ρ j + ρ j̄

)) (
2∆̃ρ

(
ρ j + ρ j̄

)
+

n
|∂ρ|2ρ

(ρ j + ρ
kρ jk + ρ

k̄ρ j̄k̄ + ρ j̄)
)

=
n
|∂ρ|2ρ

(ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
+ 2
|∂ρ|2ρ

n
∆̃ρ

(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
+

(
ρkρ jk + ρ

k̄ρ j̄k̄

)
∆b

(
ρ j + ρ j̄

)
=

n
|∂ρ|2ρ

Re
(ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
+ 2∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk

 .
Under the condition

Re∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk

 ≤ 0,

We obtain

|∆b

(
ρ j + ρ j̄

)
|2 ≤

n
|∂ρ|2ρ

Re
(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
=

n
|∂ρ|2ρ

(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
.
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By the estimate (3.1),

λ1

∫
M

(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
=λ1

∫
M

[|∂̄b(ρ j + ρ j̄)|2 + |∂b(ρ j + ρ j̄|
2]

≤

∫
M
|∆b

(
ρ j + ρ j̄

)
|2

≤

∫
M

n
|∂ρ|2ρ

(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
.

(3.3)

Moreover, by applying the mean value theorem of the integral, there is z0 ∈ M such that

0 ≤
∫

M

(
n
|∂ρ|2ρ

− λ1

) (
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
=

(
n
|∂ρ|2ρ

(z0) − λ1

) ∫
M

(
ρ j + ρ j̄

)
∆b

(
ρ j + ρ j̄

)
=

(
n
|∂ρ|2ρ

(z0) − λ1

) ∫
M

(∣∣∣∂̄b(ρ j + ρ j̄)
∣∣∣2 + ∣∣∣∂b(ρ j + ρ j̄)

∣∣∣2)
=

(
n
|∂ρ|2ρ

(z0) − λ1

) ∫
M

∣∣∣db(ρ j + ρ j̄)
∣∣∣2 .

Therefore,
λ1 ≤

n
|∂ρ|2ρ

(z0) ≤ max
M

n
|∂ρ|2ρ

. (3.4)

It is obviously that if the equality holds, |∂ρ|2ρ must be a constant on M.
Next, we will investigate the case when ρ jk̄ = δ jk and obtain Theorem 1.2. To prove Theorem 1.2,

we first prove the following proposition.

Proposition 3.2. Suppose ρ is a smooth strictly plurisubharmonic function defined on an open set
U ⊂ Cn+1, M is a compact connected regular level set of ρ, and λ1 is the first positive eigenvalue of ∆b

on M. Let r(z) be the spectral radius of the matrix [ρ jk̄(z)] and s(z) = trace[ρ jk̄(z)] − r(z). Then,

λ1 ≤ 2n2

∫
M

r(z)
|∂ρ|2ρ∫

M
s(z)

.

Proof: By (2.3),
∆b(z̄ j + z j) =

n
|∂ρ|2ρ

(
ρ j̄ + ρ j

)
,

and

∥∆b(z̄ j + z j)∥2 = n2
∫

M

∣∣∣ρ j̄ + ρ j
∣∣∣2

|∂ρ|4ρ
= 2n2

∫
M

|ρ j|2 + Re(ρ j)2

|∂ρ|4ρ
. (3.5)

By calculating directly,

|∂̄b(z̄ j + z j)|2 = |∂b(z̄ j + z j)|2 = δα jδβ j

(
ραβ −

ραρβ̄

|∂ρ|2ρ

)
= ρ j j̄ −

|ρ j|2

|∂ρ|2ρ
,
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and ∫
M

[|∂̄b(z̄ j + z j)|2 + |∂b(z̄ j + z j)|2] = 2
∫

M

(
ρ j j̄ −

|ρ j|2

|∂ρ|2ρ

)
.

According to the formula (3.1), it is easy to obtain

λ1 ≤ 2n2

∫
M
|ρ j |2+Re(ρ j)2

|∂ρ|4ρ

2
∫

M

(
ρ j j̄ −

|ρ j |2

|∂ρ|2ρ

) ≤ 2n2

∫
M
|ρ j |2

|∂ρ|4ρ∫
M

(
ρ j j̄ −

|ρ j |2

|∂ρ|2ρ

) . (3.6)

By the compute in [21],
n+1∑
j=1

|ρ j|
2 ≤ r(z)|∂ρ|2ρ.

Thus,

λ1 ≤ min
1≤ j≤n+1

2n2

∫
M
|ρ j |2

|∂ρ|4ρ∫
M

(
ρ j j̄ −

|ρ j |2

|∂ρ|2ρ

)
≤2n2

∑n+1
j=1

∫
M
|ρ j |2

|∂ρ|4ρ∑n+1
j=1

∫
M

(
ρ j j̄ −

|ρ j |2

|∂ρ|2ρ

)
≤2n2

∫
M

r(z)
|∂ρ|2ρ∫

M
s(z)

.

The following is the proof of Theorem 1.2.
Proof: 1) As assumed conditions, ρ jk̄ = δ jk; hence, r(z) = 1 and s(z) = n. Based on Proposition 3.2,

λ1 ≤
2n

v(M)

∫
M

1
|∂ρ|2ρ

.

2) If λ1 =
2n

v(M)

∫
M

1
|∂ρ|2ρ

, by formula (3.5), we have

∥∆b(z̄ j + z j)∥2 = 2n2
∫

M

|ρ j|2 + Re(ρ j)2

|∂ρ|4ρ
≤ 4n2

∫
M

|ρ j|2

|∂ρ|4ρ
. (3.7)

Therefore,
n+1∑
j=1

∥∆b(z̄ j + z j)∥2 ≤ 4n2
∫

M

1
|∂ρ|2ρ

= 2nλ1v(M). (3.8)

On the other hand, by formula (3.2),

n+1∑
j=1

∥∆b(z̄ j + z j)∥2 ≥ 2λ1

n+1∑
j=1

∫
M

(
ρ j j̄ −

|ρ j|2

|∂ρ|2ρ

)
= 2nλ1v(M). (3.9)
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Combine (3.8) with (3.9),

n+1∑
j=1

∥∆b(z̄ j + z j)∥2

=2nλ1v(M)

=2λ1

n+1∑
j=1

∫
M

(
ρ j j̄ −

|ρ j|2

|∂ρ|2ρ

)

=λ1

n+1∑
j=1

∫
M

(
|∂̄b(z̄ j + z j)|2 + |∂b(z̄ j + z j)|2

)
.

(3.10)

According to the inequality (3.2) or (3.1), it is easy to show that for any j = 1, 2, . . . , n + 1,

∆b(z̄ j + z j) =
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

)
⊥Ker(∆b),

and
∆b(z̄ j + z j) =

n
|∂ρ|2ρ

(
ρ j̄ + ρ j

)
∈ E1,

here E1 is the eigenspace of ∆b corresponding to the eigenvalue λ1. Thus,

∆b

(
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
− λ1

(
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
=∆b

(
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
− λ1∆b(z̄ j + z j)

=∆b

[(
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
− λ1(z̄ j + z j)

]
=0.

(3.11)

It means that (
n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
− λ1(z̄ j + z j) ∈ Ker(∆b).

Hence, for the tangential vector fields Xlk = ρk
∂
∂zl
− ρl

∂
∂zk

and Xl̄k̄ = ρk̄
∂
∂zl̄
− ρl̄

∂
∂zk̄

on M,

0 = (Xlk + Xl̄k̄)
[(

n
|∂ρ|2ρ

(
ρ j̄ + ρ j

))
− λ1(z̄ j + z j)

]
=

(
n
|∂ρ|2ρ

− λ1

) [
δ jl(ρk + ρk̄) − δ jk(ρl + ρl̄)

]
+

n
|∂ρ|2ρ

(
ρkρ jl − ρlρ jk + ρk̄ρ j̄l̄ − ρl̄ρ j̄k̄

)
+

n
|∂ρ|4ρ

(
ρ j̄ + ρ j

)
(Xlk + Xl̄k̄) |∂ρ|

2
ρ.

(3.12)

Observed that M is compact; let Z be the maximum point of |∂ρ|2ρ, thus,

(Xlk + Xl̄k̄) |∂ρ|
2
ρ(Z) = 0.
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Furthermore,(
n
|∂ρ|2ρ

− λ1

) [
δ jl(ρk + ρk̄) − δ jk(ρl + ρl̄)

]
+

n
|∂ρ|2ρ

(
ρkρ jl − ρlρ jk + ρk̄ρ j̄l̄ − ρl̄ρ j̄k̄

)
= 0 (3.13)

at Z.
Recall the inequality (3.6); we can easily find that the equation holds if and only if ρ j = ρ j̄. Thus,

ρ jk = ρ j̄k = δ jk and ρ j̄k̄ = ρ̄ jk = δ jk. Substitute them into Eq (3.13),(
2n
|∂ρ|2ρ

− λ1

) (
2δ jlρk − 2δ jkρl

)
= 0. (3.14)

Since |∂ρ| , 0, without loss of generality, we assume ρ1 , 0. Choose k = 1 and j = l = 2, then Eq
(3.14) turn into

2ρ1

(
2n
|∂ρ|2ρ

− λ1

)
= 0.

It implies that

λ1 =
2n
|∂ρ|2ρ

(Z) = min
z∈M

2n
|∂ρ|2ρ

.

Namely,

min
z∈M

1
|∂ρ|2ρ

=
1
|∂ρ|2ρ

(Z) =
λ1

2n
. (3.15)

On the other hand, by the assumption λ1 =
2n

v(M)

∫
M

1
|∂ρ|2ρ

,

1
v(M)

∫
M

1
|∂ρ|2ρ

=
λ1

2n
, (3.16)

which is the average value of 1
|∂ρ|2ρ

on M. Combine (3.15) with (3.16), and we concluded that |∂ρ|2ρ must
be a constant on M.

At the end of this section, let us observe an example that gives the upper for the first positive
eigenvalue of ∆b on a compact connected regular level set with Kähler potentials. This example has
also been used to explore the upper bound for the first positive eigenvalue of Kohn-Laplacian [21].

Example 3.1. Let ρ be defined and proper in a domain U ⊂ Cn+1 and be a strictly plurisubharmonic
function of the expression

ρ(z) = ln(1 + ∥z∥2) + ψ(z, z̄),

where ψ is a real-valued pluriharmonic function. Suppose M = ρ−1(ν) is a compact connected regular
level set of ρ.

1) It is obtained by calculation that

ρ jk̄ =
1

1 + ∥z∥2

(
δ jk −

z̄ jzk

1 + ∥z∥2

)
, ρ jk̄ = (1 + ∥z∥2)

(
δ jk + z̄kz j

)
.
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Thus, the spectral radius of ρ jk̄(z) is r(z) = (1 + ∥z∥2)2, and s(z) = trace[ρ jk̄(z)] − r(z) = n(1 + ∥z∥2).
By Proposition 3.2 and the mean value theorem for integrals, there exists z0 ∈ M such that

λ1 ≤ 2n

∫
M

(1+∥z∥2)2

|∂ρ|2ρ∫
M

(1 + ∥z∥2)
= 2n

1 + ∥z0∥
2

|∂ρ|2ρ(z0)
≤ 2n max

z∈M

1 + ∥z∥2

|∂ρ|2ρ
.

2) If ψ = 0 on M,
|∂ρ|2ρ = ∥z∥

2, ∆̃ρρ j = nz̄ j,

∆̃ρ(ρ j + ρ j̄) = n(z̄ j + z j),

2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk =

2n2(1 + ∥z∥2) − ∥z∥4

n(1 + ∥z∥2)
z̄ j,

∆b(ρ j + ρ j̄) = n(z̄ j + z j)
(

1
∥z∥2
+

2∥z∥2

1 + ∥z∥2

)
.

Therefore,

∆b(ρ j + ρ j̄)
2∆̃ρρ j +

|∂ρ|2ρ

n
ρkρ jk

 = z̄ j(z̄ j + z j)
(

1
∥z∥2
+

2∥z∥2

1 + ∥z∥2

)
2n2(1 + ∥z∥2) − ∥z∥4

(1 + ∥z∥2)
,

and

Re∆b(ρ j + ρ j̄)
2∆̃ρρ j +

|∂ρ|2ρ

n
ρkρ jk

 = 2(Rez j)2
(

1
∥z∥2
+

2∥z∥2

1 + ∥z∥2

)
2n2(1 + ∥z∥2) − ∥z∥4

(1 + ∥z∥2)
.

It is obvious that 2(Rez j)2 ≥ 0, 1
∥z∥2 +

2∥z∥2

1+∥z∥2 ≥ 0, and 1 + ∥z∥2 ≥ 0. However, we cannot determine
whether 2n2(1 + ∥z∥2) − ∥z∥4 ≤ 0 on M. Thus, Theorem 1.1 fails in this example.

Since we have calculated that r(z) = (1 + ∥z∥2)2 = e2ν, s(z) = n(1 + ∥z∥2) = neν, and |∂ρ|2ρ = ∥z∥
2 =

eν − 1 on M, by Proposition 3.2,

λ1 ≤ 2n

∫
M

e(2ν)

eν−1∫
M

eν
=

2neν

eν − 1
.

We can deduce from the proof of Proposition 3.2 that λ1 attains the upper bound if and only if
Imρ j = 0. But ρ j = z j(1 + ∥z∥2) implies Imρ j . 0 on M, thus, λ1 cannot attain the upper bound 2neν

eν−1 .
3) We continue to discuss the case of ψ = 0. By direct calculation, 2n2(1 + ∥z∥2) − ∥z∥4 = −e2ν +

(2n2 + 2) − 1 ≤ 0 only if eν ≥ (n2 + 1) + n
√

n2 + 2.

Choose ν ≥ ln[(n2 + 1) + n
√

n2 + 2] such that Re∆b(ρ j + ρ j̄)
(
2∆̃ρρ j +

|∂ρ|2ρ
n ρkρ jk

)
≤ 0, according to

Theorem 1.1,
λ1 ≤ max

M

n
|∂ρ|2ρ

.

Observe that |∂ρ|2ρ = ∥z∥
2 = eν − 1 is a constant on M, therefore,

λ1 =
n

eν − 1
.
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4. The upper bound for the first positive eigenvalue of sub-Laplacian on real ellipsoids

We shall consider the upper bound for the first positive eigenvalue of sub-Laplacian on real
ellipsoids and obtain the following results in this section.

Theorem 4.1. Let Mν = ρ
−1(ν) be the ellipsoid, which is a compact regular level set of a real-valued

strictly plurisubharmonic homogeneous quadratic polynomial ρ(z) satisfying ρ jk̄ = δ jk. Then,

λ1 (Mν, θ) ≤
2n
ν
.

In addition, λ1 cannot attain the upper 2n
ν

on the ellipsoid.

Proof: 1) We proof the inequality firstly. By making a holomorphic unitary change of variables, the
real ellipsoid Mν can be represented as

ρ(z) = |z|2 + Re
n+1∑
j=1

A jz2
j = ν

with 0 ≤ A1 ≤ A2 ≤ · · · ≤ An+1 < 1. Hence,

ρ j = z̄ j + A jz j, ρ j̄ = z j + A jz̄ j,

ρ jk̄ = ρ
jk̄ = δ jk, z jρ j = |z j|

2 + A jz2
j .

Thus,

Re
n+1∑
j=1

z jρ j = |z|2 + Re
n+1∑
j=1

A jz2
j = ν on Mν.

By the calculation in [21],∫
Mν

A jz̄ jρ j

|∂ρ|2ρ
=

1
n

∫
Mν

A jz̄ j□bz̄ j =
A j

n

∫
Mν

z j□bz j = 0.

Therefore, ∫
Mν

1
|∂ρ|2ρ

=
1
ν

n+1∑
j=1

∫
Mν

Rez jρ j

|∂ρ|2ρ

=
1
ν

n+1∑
j=1

∫
Mν

Re(z j + A jz̄ j)ρ j

|∂ρ|2ρ

=
1
ν

n+1∑
j=1

∫
Mν

Reρk̄ρ
jk̄ρ j

|∂ρ|2ρ

=
1
ν

∫
Mν

Re|∂ρ|2ρ
|∂ρ|2ρ

=
v(Mν)
ν

.

(4.1)
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According to Theorem 1.2, we have

λ1(Mν) ≤
2n
ν
.

2) Now, we assume that λ1(Mν) = 2n
ν

and will prove the further result in two ways.
Methods 1: Recall equality (3.13) and sum j from 1 to n + 1. We have(

n
|∂ρ|2ρ

− λ1

)
(ρk + ρk̄ − ρl − ρl̄) +

n+1∑
j=1

n
|∂ρ|2ρ

(
ρkρ jl − ρlρ jk + ρk̄ρ j̄l̄ − ρl̄ρ j̄k̄

)
= 0 (4.2)

at the maximum of |∂ρ|2ρ on Mν.

According to [18], |∂ρ|2ρ attains its maximum at Z =
(
0, 0, · · · ,±

√
ν

√
1+An+1

)
on Mν. At Z =(

0, 0, · · · ,
√
ν

√
1+An+1

)
, if “k = l”, or “k , n + 1 and l , n + 1”, (4.2) obviously holds. Thus, let k = n + 1

and l , n + 1. Substitute the following calculation

ρk + ρk̄ − ρl − ρl̄ = 2ν
√

1 + An+1,

and
n+1∑
j=1

(
ρkρ jl − ρlρ jk + ρk̄ρ j̄l̄ − ρl̄ρ j̄k̄

)
=

n+1∑
j=1

(
ρkδ jlA j − ρlδ jkA j + ρk̄δ jlA j − ρl̄δ jkA j

)
=2Alν

√
1 + An+1

(4.3)

into (4.2), we obtained

2ν
√

1 + An+1

[
n
|∂ρ|2ρ

(1 + Al) − λ1(Mν)
]
= 0.

Since
√

1 + An+1 , 0, it must be true that

n
|∂ρ|2ρ

(1 + Al) − λ1(Mν) = 0.

It means λ1(Mν) = n
|∂ρ|2ρ

(1 + Al) for l = 1, 2, · · · , n. Thus, A1 = A2 = · · · = An.

Apply above analysis to the case at one of the extremums Z =
(
0, 0, · · · ,±

√
ν

√
1+An

, 0
)
, we find A1 =

A2 = · · · = An−1 = An+1. Therefore, A1 = A2 = · · · = An+1, and

λ1(Mν) = n(1 + An+1)
1
|∂ρ|2ρ

(Z) = n(1 + An+1) min
z∈M

1
|∂ρ|2ρ

. (4.4)

Recall that λ1(Mν) = 2n
v(M)

∫
M

1
|∂ρ|2ρ

, and 1 + An+1 ≤ 2, we deduced from above that A1 = A2 = · · · =

An+1 = 1. It contradicts 0 ≤ A1 ≤ A2 ≤ · · · ≤ An+1 < 1.
In fact, inspired by the derivation in [18], we easily find that

|∂ρ|2ρ = 2ν −
n+1∑
j=1

(1 − A2
j)|z j|

2.

AIMS Mathematics Volume 9, Issue 9, 25376–25395.



25390

If A1 = A2 = · · · = An+1 = 1,
|∂ρ|2ρ ≡ 2ν.

By (4.4),
λ1(Mν) =

n
ν
.

It contradicts the assumption λ1(Mν) = 2n
ν

. Thus, λ1 cannot attain the upper bound 2n
ν

on ellipsoids.
Methods 2: According to Theorem 1.2, λ1(Mν) = 2n

ν
if and only if |∂ρ|2ρ is a constant on M. Inspired

by the derivation in [18], we find that

|∂ρ|2ρ = 2ν −
n+1∑
j=1

(1 − A2
j)|z j|

2, (4.5)

or

|∂ρ|2ρ = ν + Re
n+1∑
j=1

A j(A j|z j|
2 − z2

j). (4.6)

Therefore, |∂ρ|2ρ is a constant on M if and only if A1 = A2 = · · · = An+1 = 1 or A1 = A2 = · · · = An+1 = 0.
Case 1: If A1 = A2 = · · · = An+1 = 1, by the above analysis in Methods 1, it contradicts the assumption
that λ1(Mν) = 2n

ν
.

Case 2: If A1 = A2 = · · · = An+1 = 0, we have

|∂ρ|2ρ ≡ ν.

By (4.4)
λ1(Mν) =

n
ν
.

It also contradicts the assumption that λ1(Mν) = 2n
ν

.
Summing up the above two cases, λ1 cannot attain the upper bound 2n

ν
on ellipsoids.

Remark 4.1. a) In Methods 1, we can deduce that A1 = A2 = · · · = An+1 = 1 more easily and rapidly
from the fact that λ1(Mν) attains its maximum if and only if Imρ j = 0 ( j = 1, 2, · · · , n + 1).

b) In fact, on the ellipsoid Mν (including the case when A1 = A2 = · · · = An+1 = 0), Imρ j , 0 ( j =
1, 2, · · · , n + 1) leads to result that λ1(Mν) cannot attain the upper bound 2n

ν
.

According to Theorem 4.1 and the Remark, we wondered if 2n
ν

is the supremum of λ1 on ellipsoids.
For the ellipsoids Mν which are expressed as:

ρ(z) = |z|2 + Re
n+1∑
j=1

A jz2
j = ν,

we can calculate directly to show that

∆b(ρ j + ρ j̄) = (1 + A j)
n
|∂ρ|2ρ

(ρ j + ρ j̄) = (1 + A j)2 n
|∂ρ|2ρ

(z j + z j̄), (4.7)

and
∆̃ρρ j = 0.
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Thus,

∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk


=A j(1 + A j)ρ j̄(ρ j + ρ j̄)
=A j(1 + A j)2(z j + A jz j̄)(z j + z j̄)

=A j(1 + A j)2
[
(1 + A j)|z j|

2 + z2
j + A jz2

j̄

]
.

(4.8)

Moreover,

Re∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk


=A j(1 + A j)2

[
(1 + A j)|z j|

2 + Re(z2
j + A jz2

j̄)
]

=A j(1 + A j)2
[
(1 + A j)|z j|

2 + 2Rez2
j − Re(1 − A j)z2

j̄)
]

=A j(1 + A j)2
[
(1 + A j)|z j|

2 + (1 + A j)Rez2
j

]
=A j(1 + A j)3(|z j|

2 + Rez2
j).

(4.9)

Since |z j|
2 + Rez2

j ≥ 0, and |z j|
2 + Rez2

j . 0 on Mν,

Re∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk

 ≤ 0

if and only if A j = 0 for any j = 1, · · · , n + 1. Therefore, by Theorem 1.1 and the proof of Theorem
4.1, we have

Corollary 4.1. Let Mν = ρ
−1(ν) be a sphere of radius ν, where ρ(z) = |z|2. Then,

λ1(Mν) =
n
ν
.

In addition, we can deduce from the formula (4.7) that

λ1(Mν) ≤ (1 + A j)
n
|∂ρ|2ρ

,

for any j = 1, 2, 3, · · · , n + 1. Therefore,

λ1(Mν) ≤ (1 + A1)
n
|∂ρ|2ρ

≤ (1 + A1) max
z∈Mν

n
|∂ρ|2ρ

=
n(1 + A1)

(1 − An+1)ν
.

Thus, we have the following corollary:

Corollary 4.2. Let Mν = ρ
−1(ν) be the ellipsoid, which is a compact regular level set of a real-valued

strictly plurisubharmonic homogeneous quadratic polynomial ρ(z) = |z|2 + Re
∑n+1

j=1 A jz2
j . Then,

λ1(Mν) ≤
n(1 + A1)

(1 − An+1)ν
,

and if for some j, A j > 0, Mν is not the sphere, namely, |∂ρ|2ρ is not a constant along Mν, and thus
λ1(Mν) cannot attain the upper bound n(1+A1)

(1−An+1)ν .
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Remark 4.2. The case when Mν is not the sphere in Corollary 4.2 also tells us that the condition

Re∆b

(
ρ j + ρ j̄

) 2∆̃ρρ j +
|∂ρ|2ρ

n
ρkρ jk

 ≤ 0

in Theorem 1.1 cannot be relaxed.

By summarizing Theorem 4.1, Corollaries 4.1 and 4.2, we can easily obtain Theorem 1.3.
Finally, let us review the example given at the end of Section 3.

Example 4.1. M is defined as which in Example 3.1. If ψ = 0, M is actually a sphere ∥z∥2 = eν − 1.
Applying Theorem 1.3 or Corollary 4.1,

λ1 =
n

eν − 1
.

5. Conclusions

In this paper, we study the upper bound for the first positive eigenvalue of the sub-Laplacian ∆b

on a compact, strictly pseudoconvex hypersurface. First, we recalled some notations and definitions
about the sub-Laplacian ∆b on compact real hypersurfaces M and defined a degenerate differential
operator ∆̃ρ, and then gave a formula for ∆b acting on functions; see Proposition 2.1. Second, we gave
a formula (3.1) for calculating the first positive eigenvalue of the sub-Laplacian by decomposition of

the eigenspace. Then under a certain condition “Re∆b

(
ρ j + ρ j̄

) (
2∆̃ρρ j +

|∂ρ|2ρ
n ρkρ jk

)
≤ 0”, by integration

by parts and the mean value theorem of the integral, we proved that

λ1(∆b) ≤
n
|∂ρ|2ρ

(z0) ≤ max
M

n
|∂ρ|2ρ

,

and if the equality holds, |∂ρ|2ρ must be a constant on M (Theorem 1.1). Next, we considered the case
when ρ jk̄ = δ jk, and found that

λ1(∆b) ≤
2n

v(M)

∫
M

1
|∂ρ|2ρ

,

and likewise, if the equality holds, |∂ρ|2ρ must be a constant on M (Theorem 1.2). Finally, we applied
the above conclusions to ellipsoids and generalized Theorem 4.1, Corollaries 4.1 and 4.2 to Theorem
1.3, which shows that

λ1(∆b) ≤ min
{

n(1 + A1)
1 − An+1

,
2n
ν

}
,

on ellipsoids Mν, and only when Mν is a sphere of radius ν, λ1(Mν) can attain the upper bound
min

{
n(1+A1)

(1−An+1)ν ,
2n
ν

}
= n

ν
, see Theorem 1.3. At the end of Sections 3 and 4, to verify the correctness

of our result, we provided an example that gives the upper for the first positive eigenvalue of ∆b on a
compact connected regular level set with Kähler potentials.

Integrated with the conclusions of [13,20,21], it is obvious that whether the sub-Laplacian or Kohn-
Laplacian, the first positive eigenvalue λ1 reaches its upper bound and lower bound if and only if M is
a sphere, and λ1 =

n
ν

with the radius ν in this case.
However, the results above were obtained under some restrictive conditions, and we expect to find

more general cases. This is exactly what we are going to continue to study next.
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[math.DG]. Université François Rabelais-Tours, 2012. Available from: https://theses.hal.
science/tel-00960234.

2. A. Aribi, A. E. Soufi, The first positive eigenvalue of the sub-Laplacian on CR spheres, Ann. Glob.
Anal. Geom., 51 (2017), 1–9. https://doi.org/10.1007/s10455-016-9519-z

3. G. M. Dall’Ara, D. N. Son, An upper bound for the first positive eigenvalue of the Kohn
Laplacian on Reinhardt real hypersurfaces, Proc. Amer. Math. Soc., 151 (2023), 123–133.
https://doi.org/10.1090/proc/16077

4. A. Aribi, D. N. Son, Eigenvalues of the Kohn Laplacian and deformations of
pseudohermitian structures on CR manifolds, J. Spectr. Theory, 13 (2023), 319–345.
https://doi.org/10.4171/JST/443

5. D. M. Burns, C. L. Epstein, Embeddability for three-dimensional CR manifolds, J. Amer. Math.
Soc., 3 (1990), 809–841. https://doi.org/10.2307/1990904

6. R. Beals, P. C. Greiner, Calculus on Heisenberg manifolds, Princeton: Princeton University Press,
1988. https://doi.org/10.1515/9781400882397

7. J. S. Case, S. Chanillo, P. Yang, The CR Paneitz operator and the stability of CR pluriharmonic
functions, Adv. Math., 287 (2016), 109–122. https://doi.org/10.1016/j.aim.2015.10.002

AIMS Mathematics Volume 9, Issue 9, 25376–25395.

https://theses.hal.science/tel-00960234
https://theses.hal.science/tel-00960234
https://dx.doi.org/https://doi.org/10.1007/s10455-016-9519-z
https://dx.doi.org/https://doi.org/10.1090/proc/16077
https://dx.doi.org/https://doi.org/10.4171/JST/443
https://dx.doi.org/https://doi.org/10.2307/1990904
https://dx.doi.org/https://doi.org/10.1515/9781400882397
https://dx.doi.org/https://doi.org/10.1016/j.aim.2015.10.002


25394

8. S. C. Chang, H. L. Chiu, On the CR analogue of Obata’s theorem in a pseudohermitian 3-manifold,
Math. Ann., 345 (2009), 33–51. https://doi.org/10.1007/s00208-009-0339-3

9. S. Chanillo, H. L. Chiu, P. Yang, Embeddability for 3-dimensional Cauchy-Riemann manifolds and
CR Yamabe invariants, Duke Math. J., 161 (2012), 2909–2921. https://doi.org/10.1215/00127094-
1902154

10. H. L. Chiu, The sharp lower bound for the first positive eigenvalue of the sub-
Laplacian on a pseudohermitian 3-manifold, Ann. Glob. Anal. Geom., 30 (2006), 81–96.
https://doi.org/10.1007/s10455-006-9033-9

11. F. Du, L. B. Hou, J. Mao, C. X. Wu, Eigenvalue inequalities for the buckling problem
of the drifting Laplacian of arbitrary order, Adv. Nonlinear Anal., 12 (2023), 20220278.
https://doi.org/10.1515/anona-2022-0278
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