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1. Introduction

Let (M?"*!,6) be a compact strictly pseudoconvex pseudohermitian manifold with real dimension
2n + 1 > 3. Denote the tangential Cauchy—Riemann operator as 0),: L>(M) — Lé’](M), and the formal
adjoint with respect to the volume measure dv = 6 A (df)" as 5;. The Kohn-Laplacian acting on
functions is given by O, = 3;;3b and the sub-Laplacian is given by A, = 2Re O,.

Recall the Dirichlet problem of the Laplace operator A in R*. Let D C R" be a bounded domain
with C! boundary 8D, and A be the Laplace operator. Consider the Dirichlet problem:

Au(x) = Au(x), xX€eD,
u(x) =0, x € 0D.

The constant A, which causes the fact that there exist nontrivial solutions u to this problem, is the
eigenvalue of A. And the nontrivial solutions u are the eigenfunctions of A correspond to 4. By the
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related theory of partial differential equations, we know that every eigenvalue of A is positive, and
the spectra of A are discrete and diverge to infinity. In addition, we can compute the first positive
eigenvalue A; by the Rayleigh formula

) X s ) fD Au-u
A = mm{f Au-ul ue€ Hy,lull;, =1} = min ——
D ueH}uz0  ||ul| 2
Extend the Dirichlet problem in R" to which on CR manifolds [1, 28], and let M be a strictly
pseudoconvex CR manifold, and Q C M be a smoothly bounded domain. Let 6 be a contact form
on M, such that the Levi form is positive definite. Denote the sub-Laplacian of the pseudohermitian
manifold (M, 0) as A,. Then, the Dirichlet problem is as follows:

(1.1)

Apu(x) = Au(x), xeQ,
u(x) =0, x € 0Q.

Likewise, the number A € R is an eigenvalue of (1.1) if there is a function u # 0 satisfies (1.1), and u is
the corresponding eigenfunction. The Dirichlet problem of Kohn-Laplacian O, is similar.

Laplacians and the corresponding spectral theory have been more and more concerned, and thus
many academics dedicate to the related study and have worked out numerous interesting results, such
as [11,17,27,30,33] and all that. Specially, there exists closed relation between the spectrum of
Laplacians and the geometric properties of the underlying manifolds; refer to [13, 14,29, 34] and so
forth, including the classic Lichnerowicz-Obata theorem.

Our work is about the estimate on the first positive eigenvalue of the Laplacians on CR manifolds,
and there have been a lot of results on the related study by many academics so far. For the first positive
eigenvalue 4;(0,) of Kohn-Laplacian, the lower bound was studied in [9, 18, 23, 24], and the upper
bound was studied in [3,21, 23]. The lower bound for the first positive eigenvalue 4;(A;) of sub-
Laplacian was studied in [8,10, 14,15,19,25] and so on, and about the upper bound, the authors proved
that the first positive eigenvalue of sub-Laplacian on the CR sphere achieves its maximum when its
pseudohermitian structure is the standard contact form in [2].

In this paper, our work is to study the upper bound of 1,(A;,) on a compact strictly pseudoconvex
pseudohermitian manifold in C**! by precise calculation. Let p be a smooth, strictly plurisubharmonic
function in C**!', and v > 0. Equipped M = p~!(v) with the usual pseudohermitian structure 6 =
*(i/2)(0p — Op) induced by p and df = ih,z0" A & where (hop) 1s positive definite, so that M is a a
compact strictly pseudoconvex pseudohermitian manifold with the volume form dv = 8 A (d6)" in the
sense of [34]. Moreover, a Kahler metric p ﬂ;dzjdzk is induced by p naturally in a neighborhood U of
M. Let [pjk]’ be the inverse of H(p). The length of a smooth function u on U, which is denoted by du,
is given by i

oulp, = p" ;i
in the Kéhler metric.

We define the degenerate differential operator Ap as

~ 1 oz =
A, = ik - Jk)a-a—,

and obtain our first mian result:
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Theorem 1.1. Let p be a smooth, strictly plurisubharmonic function defined on an open set U of C"™*!,
M be a compact connected regular level set of p, and A, be the first positive eigenvalue of sub-Laplacian
A, on M. Assume that for some j,

ReA, (pj +pj-) (25,,/01- +—2p pjk) <0,

then,

(z0) < max (1.2)

n n
A S iems 2o
0ol M |0pl;
and if the equality holds, |6p|,§ must be a constant on M.
Next, we study the case when p z = ¢ % and we find the following result:

Theorem 1.2. Let p be a smooth, strictly plurisubharmonic function defined on an open set U of C"*!,
M be a compact connected regular level set of p, and A, be the first positive eigenvalue of sub-Laplacian
Ay on M. Suppose that p 3 = 6, then,

2n f 1
A < R (1.3)
") Jy 10pP

and if the equality holds, Iaplf, must be a constant on M.
Finally, we apply the above conclusions to ellipsoids.

Theorem 1.3. Let M, = p~'(v) (v is a positive constant) be the ellipsoid, which is a compact regular
level set of a real-valued strictly plurisubharmonic homogeneous quadratic polynomial p(z) satisfying
Pk = 0. Without loss of generality, we expressed M, = p~'(v) as

n+l1

P =l +Re Y AT = v
=1

with) <A} <Ay <--- <A,y < 1. Let 11(M,) be the first positive eigenvalue of sub-Laplacian A, on
M,. Then,
1+A) 2
A1(M,) < min u, il .
I- An+1 14

n(1+Ay) E} _n
A=A’ v = v

And only when M, is a sphere of radius v, 1,(M,) can attain the upper bound min{

Our paper is organized as follows: In Section 2, we shall recall some notations and definitions about
the sub-Laplacian A, on compact real hypersurfaces and give a formula for A, acting on functions; see
Proposition 2.1. In Section 3, we shall give the upper bound of A,(A,) under a certain condition
(Theorem 1.1) and consider the case when p 3 = 6 (Theorem 1.2). In Section 4, we shall discuss the
upper bound of 4;(A;) on ellipsoids and generalize our discussion to Theorem 1.3.
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2. Sub-Laplacian on compact real hypersurfaces

First of all, we recall some notations, definitions, and computations about the sub-Laplacian A, on
compact real hypersurfaces the same as those in [21].

Let M be a compact real hypersurface in C"*! arising as a regular level set of a strictly
plurisubharmonic function p:

M=p'):={ZeU: pZ) =v).

Here p is smooth on a neighborhood U of M and dp # 0 along M. Assume the complex Hessian
H(p) = [p;] is positive definite, and thus p defines a Kihler metric p j,;dzjdzk on U. Let [p/*]" be the
inverse of H(p). The length of a smooth function # on U, which is denoted by du, is given by

|au|p - p u]uk

in the Kéhler metric.
Equip M with the pseudohermitian structure 6 “induced” by p:

0 = 1*(i/2)(0p — Op).
The local admissible holomorphic coframe {6*: @ = 1,2,...,n} on M is given by
6" = dz" —ih"0, h* =19p| %" = 0p[ 20", a=1,2...n,
which is valid when p,,.; # 0. In [20], Li and Luk show us that at the point p with p,,; # 0,
dO = ihz60° A 6P,
where the Levi matrix [£,3] is given explicitly:

papﬂ
h =Pap ~ paa log py+1 — pﬂa log pry +pn+ln+1| N

And the inverse [1"?] of the Levi matrix is given by

n+l

B B k
WP = 7P — |a |2, o' = Zpkpy

Moreover, let [71,3] be positive definite, and thus M is a compact strictly pseudoconvex hypersurface
in the meaning of [34].
Denote the holomorphic frame dual to {#*} as {Z,}:

0 _ pa 0

Zaf = s
0% Pus1 0Zp11

and wg‘_’ are the Tanaka-Webster connection forms, which are computed in [20, 34]:
wBa = (Z7haB — h]g/’hﬁ)@y + ha,]’lyﬁgy + ihm—,ZBh(_’Q, ]’la = haﬁhﬁ.
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The Tanaka-Webster covariant derivatives are given by
Vavﬁf = Zazﬁf - wB&(Za)Z(_rf'

In addition, the Reeb vector field is given by

n+l .
T=iy (W= —ni=], =L
’ ( 92 azf) 9P

J=1

According to the formula given by [21], suppose that U is an open set in a Kdhler manifold and p
is a Kidhler potential on U . Let M be a smooth, compact, connected, regular level set of p, and O, be
the Kohn-Laplacian defined on M with respect to dv = 8 A (d6)", where 6 = %((F)p — 0p). Suppose that
(', 2%, ..., 7"") is a local coordinate system on an open set V. Define the vector fields

Xji = pi0; = pibs Xz = Xji.

Then, Kohn-Laplacian 0O, acting on a smooth function f can be expressed as:

1 -
0, f = =310p1,"0" 0" Xpo X f, 2.1)

and (2.1) can be written as
_ = = n -
o, = (10pl,°0"0" = p™) f + o (2.2)
o

in local coordinates.
By calculating directly according to (2.2) and the fact that the sub-Laplacian A, = 2Ren, when
acting on smooth functions, we obtain the following result:

Proposition 2.1. Under the conditions above, the sub-Laplacian A, can be expressed as:

Abf = 2Re|:|bf
— 2 (1801 20k 07 — o) £+ n . r. k
(19p1,%0" 0" = p7) fi + iop i+ 03
= 2R, f + ——(p" fy + P f0).
19017

Here A, = (Ic?pl;zpjpZ - pjz) ;0.

3. The upper bound for the first positive eigenvalue of sub-Laplacian on compact real
hypersurfaces

In this section, we will give an estimate for the upper bound of the first positive eigenvalue of
sub-Laplacian on compact real hypersurfaces.
It is known (see [1,28]) that the positive eigenvalues of A, satisfy:

O<A <A< <A<,
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25381

and A; — +oco as k — oo. Denote the kernel of A, by E, = kel(A,) and the eigenspace of A, associated
to the eigenvalue A by E;. Then,
LX(M) = @ E;.

Let m; be the dimension of E;, and {f; ;}"" it =, be an orthonormal basis for Ej, thus we can prove the
following proposition:

Proposition 3.1. Let (M, 0) be an embedded compact strictly pseudoconvex pseudohermitian manifold
and Ay be the first positive eigenvalue of sub-Laplacian A, then

AP 1Al
n S =1n - .
Sy Vot Iy [19pua? + 18uP

Proof: For any smooth function f = 7, Z?:kl arjfi; ¢ kel(Ap), and any real-valued function u ¢
kel(A,), we have

A = 3.1)

ub\y f

M

Z Apay;fij

j=1

Il Il
bb S S

E

i £

Z Ak fij
k=0 j=1
0 my
> le/l] Z akjfkj
=0 j=1

u(df).

Furthermore, for any real-valued function u ¢ kel(A,),

IIAbuHZ:f \Apul®
M
:fAbM'Abl/l
M
Zf/hu(Abu)
M
=/llqubu
M
:/llf|dbu|2
M

_ a 2 2
[ (1Bl + 3]

IIAbull2 _ 1A, ull
fM dyul? fM |18y +10puP |

(3.2)

Thus,
A
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Since u is arbitrary,

2 A 2
" p MApll® _II pil]| .
fle Jiy |18 + 18502 ]
On the other hand, if u € E,,
2 A 2
A, = inf 1Apull” _ . _|| pu| '
Juldsual? [ 18puP + 105
Thus,
Apul? Apul?
2 - ¢ Al lApull

fuw_ I, [1Bsul? + 10,u|
M

Then, we shall proof Theorem 1.1.
Proof: By calculating directly, we have

Appj =2A,p; + 9 |2(p pji+P0i) = 28,0 + 9 |2(p +0pj);

and
~ n 7 ~
Bop = 28pp7 + 155 (9p|2(pkp‘7l_€ +0'pj) = 2800+ 15 |2(p P+
o
Furthermore,
Ay (o + p3) = 28, (p; + p3) + o |2(pj + 00 + P 05 + py).

Since App; = Appj, in other words, A, (p i+ pj-) is real, thus,

1A (0 + p5) P
= (8 (o1 +£3))

=(8 (ps + £3)) (Zﬁp (o1 +p3) + ﬁ@j +p'+ oz + P;))

0ol -

:ﬁ l(p] +P]) Ap (pJ +pj‘) + 27
o

- dpl?
ZLZRG [(pj + pl;) JAVS (,Dj + pj) + 2A, (Pj + pl;) (2Appj + ﬂpkpjk)l .
|3,0|p n

A, (0 +p7) Mo (o) + p7) + (0 01 + £°07) Mo (o + )

Under the condition ,
- apl,
ReA, (p i+ p;) [2Appj —2p'pu| <0,
We obtain

1Ay (pj + p;) P < —_Re (pj + pj) Ap (pj +p,) (p] +p,) Ap (p] +p,)-

n
19pl; 10pI2
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By the estimate (3.1),
A fM (pj +,0;) Ay (pj +P]‘)

=4 fﬂéb(/)j "‘Pi)lz +105(0; +pi|2]
M

(3.3)
< f A5 (o +p3) P
M
n
< R 4+ 0= A -+ 0=).
<[ oz o) 8 i)
Moreover, by applying the mean value theorem of the integral, there is zo € M such that
n
OSL(W—M (Pj"‘Pj)Ab(Pj"'Pj)
n
= m(Zo)—/ll L(Pj“‘ﬁj)Ah(Pﬂ'Pj)
n = 2 2
=== -4 f(|<9h(Pj+Pj)| +|5b(Pj+Pi)|)
|6plp M
n 2
= ——=(z0) -1 dp(p; +p3)| -
PRGN [ Jasto + )
Therefore,
A < - (z0) < max — 34
1 =74~ 5 > P .
0pl; M |pl?

It is obviously that if the equality holds, |5p|§ must be a constant on M.
Next, we will investigate the case when pz = 64 and obtain Theorem 1.2. To prove Theorem 1.2,
we first prove the following proposition.

Proposition 3.2. Suppose p is a smooth strictly plurisubharmonic function defined on an open set
U c C™', M is a compact connected regular level set of p, and A, is the first positive eigenvalue of A,
on M. Let () be the spectral radius of the matrix [p’*(2)] and s(z) = trace[p’*(2)] — r(z). Then,

f (@)
nz M |‘9P|%

Jy @

Proof: By (2.3), . )
Ap(Zj+zj) = 7= (Pj + Pj) )

|9pl;
and ) )
J 4+ ol 2 )2
1ApE; + 2)IP = nzf M = 2n2f w. (3.5)
m 19ply M 0ol

By calculating directly,

aﬂ_fipg)_ i P

A= 2 ia = 2 _
10p(Zj + Z)I° = 105(Zj + 2)I” = 04j0p; (P 1002 = GPE”
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and

5 |2
Y w\ 10pl;

According to the formula (3.1), it is easy to obtain

f lo/*+Re(p’)? lo/?
M 16l M 16pl}
o < 2712 o

AN TN
27 -85) Ll -5

/11 < 27[2

(3.6)

By the compute in [21],

n+1
> o < r@Idpl2.
j=1
Thus,
M 10pl}

A £ min 2n" —/—M—
1<j<n+1 f p/; _ |pj|i
19pl;
n+1 o
M 10pl?

n+1 f ( i bk )

M 9ol

f (@)
M |0pl3

Jys@

<2n’

<2n?

The following is the proof of Theorem 1.2.
Proof: 1) As assumed conditions, p z = 6 4; hence, r(z) = 1 and s(z) = n. Based on Proposition 3.2,

2n 1
1 < PR
V(M) Jyy 1pF

2)If A, = by formula (3.5), we have

W M 19p |2’
o’ +Re(’)* _ f reds
Ap(Zi + 2 = f <4n — 3.7
I1AL(Z; ])|| |<9p|4 Mlaplﬁ (3.7)
Therefore,
n+1 1
3180 + 2pIP < 4’ f = ), (3.8)
j=1 M | plp

On the other hand, by formula (3.2),

n+1

n+1 j2
31wz + IR >2AIZ | ( -5 ||2) 20, v(M). (3.9)
j=1

AIMS Mathematics Volume 9, Issue 9, 25376-25395.
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Combine (3.8) with (3.9),

n+1

DUIAGE; + 2)IP

=1
=2nd,v(M)

n+1 ;
- P (3.10)
=21 jj_
! ; fM (" 0P

n+l
=4 Z f (|5b(2j + )PP + 10,3, + Zj)|2)~
1M

According to the inequality (3.2) or (3.1), it is easy to show that forany j=1,2,...,n+ 1,

n - .
Ay +2)) = s (0] +p7) LKer(Ay),
10pl;
and n i
AGi+27) = — (p! +p') € E|,
b(Z] Z]) |(9p|[2, (p P ) 1
here E; is the eigenspace of A, corresponding to the eigenvalue A,. Thus,
n - . n - .
Ap| == (o’ +p’ )—/l (— p’+pj)
*\lapP ( )= 10012 ( )
n - .
=Ny | = 0/ +p’ )—/l Ap(Zj + 2))
’ Iﬁplﬁ( )) = etz + G.11)
i n - .
=N || == 0/ + 0/ )| — 4z + 25
b »(|5P|§ (P p )) 1(Z; +2))
=0.
It means that
n - . _
(% ( J +p1)) - A4(Z; + z;) € Ker(Ap).
Hence, for the tangential vector fields Xj = pka% - Pla% and Xi = p,;a%_ - p,—a% on M,
I ONEN 5
0 =Xu+ Xp) || == (o' + ') | - 1 + 2))
10pl;
n n
= (—2 - /11) [5jz(l?k +p1) — O ulor + Pi)] + oo (Pkpjz ~ PPk + PP~ PZPJ/E) (3.12)
0pl; 0pl;
" (4o 2
+ — (o’ +p’) (X + Xp) 19pL2.
10pl;

Observed that M is compact; let Z be the maximum point of |5p|2, thus,

(Xu + Xp) 10plp(Z) = 0.
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Furthermore,
n n
— — A [5jz(/3k +p1) — O plor + PZ)] + o (Pkpﬂ — PiPjk + PiPTT — Pipjl‘c) =0 (3.13)
|0p|? 10pl?
atZ.

Recall the inequality (3.6); we can easily find that the equation holds if and only if p; = p;. Thus,
Pjk = pjx = 0 and p5 = pjx = 6. Substitute them into Eq (3.13),

2n
(—2 - /11) (26101 = 26 1) = 0. (3.14)
9ol

Since |0p| # 0, without loss of generality, we assume p; # 0. Choose k = 1 and j = [ = 2, then Eq

(3.14) turn into
2
2p] ( " /l]) =0.

0P
It implies that
4= 2 (2) = min =2
= = mi .
P apR T e Japl
Namely,
o1 1 A
N VA Yy 3.15
W aeE e D G
On the other hand, by the assumption 4; = V(ZA’}) " @,
1 1 A
f —— =, (3.16)
V(M) Jy 10pR ~ 2n
which is the average value of w on M. Combine (3.15) with (3.16), and we concluded that |6p|§ must

be a constant on M.

At the end of this section, let us observe an example that gives the upper for the first positive
eigenvalue of A, on a compact connected regular level set with Kéhler potentials. This example has
also been used to explore the upper bound for the first positive eigenvalue of Kohn-Laplacian [21].

Example 3.1. Let p be defined and proper in a domain U C C**' and be a strictly plurisubharmonic
function of the expression

p2) = In(1 +Iz°) + ¥(z, 2),

where  is a real-valued pluriharmonic function. Suppose M = p~!(v) is a compact connected regular
level set of p.
1) It is obtained by calculation that

—1 ijk ik 2 _
7= O — , pl=(0+ O + 2kz;) -
pjk 1+ ||Z||2( jk 1+ ”Z”Z) P ( ”Z” )( jk ZkZ])

AIMS Mathematics Volume 9, Issue 9, 25376-25395.
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Thus, the spectral radius of p*(z) is r(z) = (1 + |IzI1»)?, and s(z) = trace[p™(2)] — r(z) = n(1 + ||zI]%).
By Proposition 3.2 and the mean value theorem for integrals, there exists zo € M such that

f A+ll?)* ) )
M 1oply nl + ||zol| m 1+ Izl
f A+1P) 7 1R T (9pl2

2)Ify =00on M,
Bpl> = Iz, Ayp; = nz;,
Ap(pj+pj) = n(Z; +2)),
s 6p12 2n2(1 + |Izl*) = llzll*
28,0+ —2p 0 = Zj»
0PI T PP n(+zD)

1 2|zl )

— + :
llzl> 1+ izl

Ap(pj+pj) = n(Z; + Zj)(

Therefore,

- 9oy, .
Ap(pj + pj) 2Appj+7p P | =2/(Z; +2))

1 2|1zl ) 2n*(1 + IzI1*) = llzll*
lzI? 1 +]zl)? (1 + 11zl '
and

- lopl of 1
ReAb(pj +pj') ZAppj + Tp Pjk| = Z(RCZ]‘) ||Z||2 +

2|zl ) 2r>(1 + Izl = llall*
1+ lzl? (1 + 12l

It is obvious that 2(Rez,)* > 0, ﬁ + ﬂ'ﬁ'Z'HQ > 0,and 1 + ||z||*> > 0. However, we cannot determine

whether 2n%(1 + ||z]|*) — ||z||* < 0 on M. Thus, Theorem 1.1 fails in this example.
Since we have calculated that r(z) = (1 + [lzI*)* = €*, s(z) = n(1 + ||zI]*) = ne”, and |9p} = ||zII* =
e’ — 1 on M, by Proposition 3.2,

E(ZV) 2 ¥
M e'—1 ne
/l] < 2n = » 1
4 e’ —
hee

We can deduce from the proof of Proposition 3.2 that A; attains the upper bound if and only if
Imp’ = 0. But p/ = z;(1 + [|z|I*) implies Imp’ # 0 on M, thus, A; cannot attain the upper bound 2.

3) We continue to discuss the case of ¢y = 0. By direct calculation, 2n%(1 + ||z||*) — ||z]|* = —e* +
(2n*+2)—1<0onlyife’ > ®n*+1)+nVn2+2.

Choose v > In[(n* + 1) + nVn? + 2] such that ReA,(p; + £7) (ZAppj + @pkpjk) < 0, according to
Theorem 1.1,

n
A < max —_—
M |opl

Observe that |dp|} = ||z||* = ¢” — 1 is a constant on M, therefore,

n

A = )
7o
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4. The upper bound for the first positive eigenvalue of sub-Laplacian on real ellipsoids
We shall consider the upper bound for the first positive eigenvalue of sub-Laplacian on real
ellipsoids and obtain the following results in this section.

Theorem 4.1. Let M, = p~'(v) be the ellipsoid, which is a compact regular level set of a real-valued
strictly plurisubharmonic homogeneous quadratic polynomial p(z) satisfying p z = 0 . Then,

2
A (M, 6) < —”

In addition, A, cannot attain the upper " on the ellipsoid.

Proof: 1) We proof the inequality firstly. By making a holomorphic unitary change of variables, the
real ellipsoid M, can be represented as

n+l
p@) =l +Re Y A =

=1
with0 <A; <A, <--- <A, < 1. Hence,
pj=7Zj+ Ajzj, p; =2zt A7,
Pik = o’ = S 2Py = Iz +Ajz§.

Thus,

n+1 n+1

RCZijj:|Z|2+ReZAjZ§:V on M,.

By the calculation in [21],

AjzZipj 1 f Aj f —
=— | Aizjopz;=— | z;0pz, = 0.
fMV |8p|ﬁ nJu, P Yy,

f 1 _1§f Rez;p;
w, 100p v S Jy, 19012
_lnzﬂf Re(z; + A;Z))p;
Vag Im, |3/0|2
:_i f Repip’'p; (4.1
1opl

1 f Reldpl;
Vium, |5P|,%
_v(M,)
==

Therefore,

AIMS Mathematics Volume 9, Issue 9, 25376-25395.
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According to Theorem 1.2, we have

1(M)<2—n

2) Now, we assume that 1;(M,) = Z—V” and will prove the further result in two ways.
Methods 1: Recall equality (3.13) and sum j from 1 to n + 1. We have

n+1
n n
(—2 - /11) ok +px—p1—pp + Z — (pkpjl — PP jk + PrOTT — Pipjl‘c) =0 (4.2)
10pl; ‘= 10pl;
at the maximum of |dp|} on M,.
According to [18], |6p|2 attains its maximum at Z = (0 0, - \/%) on M,, At Z =
(O 0,---, \/%) f“k=0",or“%k#n+land!l #n+1",(4.2) 0bV10usly holds. Thus, letk =n+ 1

and [ # n + 1. Substitute the following calculation

Pk +Pr—p1—pr = 2v N1+ Ap,

and
n+l1

Z (pkp jl ~ PP jk + PrOJT — PIP ﬁ)
=1

n+1
(4.3)
- Z (pkéﬂAj - pléjkAj + pl_cé‘lej - pj5jkAj)

=

=241 +A,.

into (4.2), we obtained

2vyT+ A [Ia g1+ 40 = (M, )] -

Since V1 + A, # 0, it must be true that

—— {1 +A)-1M,) =

Ié’ >
It means 4,(M,) = ﬁ(l +A)forl=1,2,--- ,n. Thus,A; = A, =--- = A,.
o
. _ V -
Apply above analysis to the case at one of the extremums Z = (O, 0,---,+ NIET O), we find A, =
Ay=---=A,_1 =A,.1. Therefore, Ay = A, =---=A,,1, and
1
(M) = n(1 +An+l)|a |2(Z) =n(l +An+1)mmW (4.4)

Recall that 4,(M,) = W v T |2’ and 1 + A,4; < 2, we deduced from above that A| = A, = --- =
A,p1 = 1. It contradicts 0 < A} < A2 < Ap < 1
In fact, inspired by the derivation in [18], we easily find that

n+1

90 = 2v = > (1 = ADz

J=1
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IfA =Ay=--- =4, =1,
Bpl; = 2v.
By (4.4), .
/II(MV) = —.
4

It contradicts the assumption 4;(M,) = 27” Thus, 4, cannot attain the upper bound 27” on ellipsoids.
Methods 2: According to Theorem 1.2, 1;(M,) = Z—V” if and only if |ap|g is a constant on M. Inspired
by the derivation in [18], we find that

n+l1

9pf, = 2v = > (1= AP, (4.5)
=1
or
n+1
9pf = v+Re ) Aj(Ajlz - 2. (4.6)
=1
Therefore, |8p|f, isaconstanton M ifandonlyif A} = A, =---=A,; 1 =10orA; =A, =---=A,,; =0.
Casel: IfA; = A, =--- = A,,; = 1, by the above analysis in Methods 1, it contradicts the assumption
that 4,(M,) = 2.
Case2: IfA, =A, =---=A,,1 =0, we have
|0p|/23 = .
By (4.4)
n
/11(Mv) = .
%

It also contradicts the assumption that 1,(M,) = 27”

Summing up the above two cases, 4; cannot attain the upper bound 27” on ellipsoids.

Remark 4.1. a) In Methods 1, we can deduce that A = A, = --- = A,;; = | more easily and rapidly
from the fact that A;(M,) attains its maximum if and only if Imp/ =0 (j=1,2,--- ,n+ 1).
b) In fact, on the ellipsoid M, (including the case when A} = A, = --- = A,,; = 0),Imp/ #0 (j =

1,2,--- ,n+ 1) leads to result that 4;(M,) cannot attain the upper bound 27"
According to Theorem 4.1 and the Remark, we wondered if 27” is the supremum of A, on ellipsoids.
For the ellipsoids M, which are expressed as:

n+l1

p@) =P +Re " AT =,

J=1
we can calculate directly to show that

n

(2 + 2, 4.7
oo I+ @7

n
Ap(pj+pp) = (1 +Ap——(p; +pj) = (1 + A
0ol

and

Appj =0.
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Thus, )
_ 10p
Ay (P i+ P}) (ZApP i+ Tppkp jk
=A;(1 +A)p;(p; + p7) (4.8)
=A;(1+A)*(z; + Az + 27)
=A;(1L+ AP [(1+AplgP + 2+ A2
Moreover,

~ [
ReA, (pj + p;) 20,05 + PR P Pijk
=Aj(1+ A [(1+ Al +Re(s] +Aj5)|
=A;(1+A)°[(1+ Al + 2Rez} — Re(1 - A)3))|
A1+ A1+ Al + (1 + A)Re2?]
=A(1+A)*(iz,* + Rez?).

Since |z;* + Rezi >0, and |z;|* + Rez? z0on M,,

4.9)

. 9pl;
ReA, (p; + pj) | 2800, + —=ppp| <0

if and only if A; = O for any j = 1,--- ,n + 1. Therefore, by Theorem 1.1 and the proof of Theorem
4.1, we have

Corollary 4.1. Let M, = p~'(v) be a sphere of radius v, where p(z) = |z|>. Then,
n
/ll(Mv) = .

%
In addition, we can deduce from the formula (4.7) that

n

LM <(1+A)—,
: 10pl?

forany j=1,2,3,--- ,n+ 1. Therefore,

n n n(1+A1)
AM)<(A1+A)—<(1+A = :
(M) < L+ A < (L A e = T Ay

Thus, we have the following corollary:

Corollary 4.2. Let M, = p~(v) be the ellipsoid, which is a compact regular level set of a real-valued
strictly plurisubharmonic homogeneous quadratic polynomial p(z) = |z|> + Re 27: 11 A J'Z?' Then,

n(l+A;)
A4(M,) < m,

and if for some j, A; > 0, M, is not the sphere, namely, |6p|f) is not a constant along M,, and thus
n(1+A)
(=Ap)v’

A1(M,) cannot attain the upper bound
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Remark 4.2. The case when M, is not the sphere in Corollary 4.2 also tells us that the condition

N .
ReA, (p; + p7) 28,0, + —=ppi| <0

in Theorem 1.1 cannot be relaxed.

By summarizing Theorem 4.1, Corollaries 4.1 and 4.2, we can easily obtain Theorem 1.3.
Finally, let us review the example given at the end of Section 3.

Example 4.1. M is defined as which in Example 3.1. If y = 0, M is actually a sphere ||z||> = e" — 1.

Applying Theorem 1.3 or Corollary 4.1,
n

A = }
7 e

5. Conclusions

In this paper, we study the upper bound for the first positive eigenvalue of the sub-Laplacian A,
on a compact, strictly pseudoconvex hypersurface. First, we recalled some notations and definitions
about the sub-Laplacian A, on compact real hypersurfaces M and defined a degenerate differential
operator Ap, and then gave a formula for A, acting on functions; see Proposition 2.1. Second, we gave

a formula (3.1) for calculating the first positive eigenvalue of the sub-Laplacian by decomposition of

the eigenspace. Then under a certain condition “ReA, (p i+ pJ-) (ZApp i+ —2pp jk) < 07, by integration

by parts and the mean value theorem of the integral, we proved that

n

(A £ ——
1 b)_lﬁplg

n
< -

(20) < max GoE

and if the equality holds, |(')p|% must be a constant on M (Theorem 1.1). Next, we considered the case

when p z = 0, and found that

2n 1

(A £ —— —_—
R IN A

and likewise, if the equality holds, |8,0|f7 must be a constant on M (Theorem 1.2). Finally, we applied
the above conclusions to ellipsoids and generalized Theorem 4.1, Corollaries 4.1 and 4.2 to Theorem
1.3, which shows that

1) < min{w, 2_}

- An+1 v

on ellipsoids M,, and only when M, is a sphere of radius v, A4;(M,) can attain the upper bound
min{%, 27”} = %, see Theorem 1.3. At the end of Sections 3 and 4, to verify the correctness
of our result, we provided an example that gives the upper for the first positive eigenvalue of A, on a
compact connected regular level set with Kihler potentials.

Integrated with the conclusions of [13,20,21], it is obvious that whether the sub-Laplacian or Kohn-
Laplacian, the first positive eigenvalue A, reaches its upper bound and lower bound if and only if M is
a sphere, and A; = * with the radius v in this case.

However, the results above were obtained under some restrictive conditions, and we expect to find

more general cases. This is exactly what we are going to continue to study next.
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