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Abstract: On an infinite dimensional complex Hilbert space H, we consider a standard
operator algebra & with an identity operator I that is closed with respect to adjoint operation.
P, (X, X5, X5,...,X,) is set of polynomials defined under indeterminates X, X, --- , X, by n with
multiplicative Lie products with set of positive integers N. It is shown that a map ® : S — 8 satisfying

®(Pn(®l7D2,D35"'7®n)) = an(glv-"a®i—17®(®i)?®i+la"-7Dn)’
i=1

for any Dy, Dy, Ds,..., D, € S with D;D,D5...D,, = 0 can be represented as d(x) + 7(x) for every
x € S, where d : S — S is an additive derivation with another map 7 : & — Z(S8) that vanishes on
each (n — 1) commutator P, (D;, D,, Ds,...,D,) with D;D,D5---D, = 0.
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1. Introduction

The set Z(S) is the center over the complex field C of a standard operator algebra S with a linear
mapping d : & — 8. Here d is a derivation if the condition d(DE) = d(D)E + Dd(E) is satisfied
by d for all D,& € 8. If the requirement for linearity is relaxed to additivity, d is referred to as a
derivation with additivity. The map d : S — S is known as Lie derivation with multiplication if it
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fulfills the condition d([D, €]) = [d(D), ] + [D,d(E)] for all D, E € S, where [D,E] = DE - ED
denotes the Lie bracket. In a similar way, d is called a Lie triple derivation with multiplication if
d([[D,E],F)) = [ld(D), E], F1+ [[D,d(E)], F] + [[D, £1,d(F)] forall D, E,F € S.

In the last few years, significant attention has been given to some special conditions that change a
linear map into a derivation (class of derivation) including Lie derivation (see [1-5,8, 10,11, 15, 16]).
Most of these studies have focused on identifying the specific conditions that allow Lie derivations
or even simple derivations to be fully characterized by their action on certain sub-structures of
these algebras. Numerous works have been published on the investigation of the local actions of
Lie derivations in operator algebras. Lu and Jing [7] demonstrated that if X is a Banach space
with dimension greater than two and L : B(X) — B(X) is a linear map such that L([D,E]) =
[L(D), E] + [D, L(E)] for all D, & € B(X) with DE = 0 (or DE = P, where P is a fixed nontrivial
idempotent), then there exists an operator 7 € B(X) and a linear map ¢ : B(X) — CI that vanishes
at all commutators [D, £] with DE = 0 (or DE = P), such that L(D) = TD — DT + ¢(D) for all
D € B(X). Similarly, Qi and Hou [9] characterized Lie derivations on any von Neumann algebra S
without central summands of type ;. They showed that if L : & — § is an additive map such that
L([D, &) = [L(D), E]1+[D, L(E)] forall D, & € S with DE = 0, then there exists an additive derivation
0 : 8 — § and an additive map ¢ : S — Z(S) that vanishes at all commutators [D, £] with DE = 0,
such that L = ¢ + ¢. In 2018, Liu [6] investigated the characterization of Lie triple derivations on von
Neumann algebras without central abelian projections. He proved that if a linear map L : § — S
satisfies L([[D, €], F]) = [[L(D),E],F] + [[D, L(E)],F] + [[D, €], L(F)] for all D,E,F € S with
DE = 0 (or DE = P, where P is a fixed non-trivial projection in S), then there exists an additive
derivation d : S — S and an additive map y : S — Z(S8) that vanishes on every second commutator
[[D, €], F] with DE = 0 (or DE = P), such that L(X) = d(X) + y(X) for all X € S. In recent years,
several researchers have explored Lie n-derivations across various types of algebras (see [12-14,17]
and related references). However, to date, no research work has been done based on local actions for
derivations of Lie type within operator algebras, indicating a need for further investigation in this area.

Inspired by the aforementioned results, we investigate derivations of Lie type based on algebras like
standard operator algebras. We demonstrate that derivations of Lie type on standard operator algebras
exhibit a general form at zero products.

2. Notation and preliminaries

For a fixed positive integer n, where n > 2, we define polynomials sequence as

Py (1) = y1,
Py (yi,¥2) = [P1 (1), y2] = [y, 32],
P3(y1,y2,¥3) = [P2 (1, ¥2) 3] = [y, 2], 3]s

Pn (yl’yZa' . ayn) = [Pn—l (YIaYZ,~~-,yn—1),Yn] .

The polynomial P, (yi,y2,...,V,) is known as (n — 1)” commutator. A map ® : S — S that is
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additive is known as Lie n-derivation or n-type derivation if the following is satisfied:

O Py (1,325 > ) = D Pu s 3, @00, Yits 53,
i=1

for all y;,y5,...,y, € 8. More generally, by removing the additivity of ®, we obtain that ® is a
nonlinear Lie n-derivation. The Lie derivation is a generalization of the Lie 2-derivation. Further, every
Lie triple derivation is a generalization of Lie 3-derivation. A combination of these three derivations
i.e., Lie derivations, Lie triple derivations, and Lie n-derivations are called derivations of Lie type. On
a Hilbert space H over C, the set B(H) represents all algebras with bounded linear operators. The
subalgebra of finite rank operators that is bounded is denoted by 7 (). It is important to note that
F(H) is a =-closed ideal within B(H). An algebra S C B(H) is referred to as a standard operator
algebra if F(H) C S. A projection P is an operator P € B(H) that satisfies the conditions P* = P and
P2 = P. An algebra S is called a prime algebras if DSE = 0 gives either D = 0 or & = 0. Interestingly,
all standard operator algebras are prime.

Now, considering a projection P, € S so that P, = 1 - P,. Sy = P;SPy for j = 1 and k = 2. Then
by the Peirce-decomposition of S, we have S = S;; & S1, & S»1 & S5, and Sj.k € S;jforany S i € Si.
The following significant result is used frequently in the main results:

Lemma 2.1. In a Hilbert space H over a complex field C that is closed with respect to adjoint
operation, let S be a standard operator algebra with operator 1. Further, let Dy, € Sy, and Do, €
Sn. If D11€12 = E12Dy or €31 D1y = D&y for all £y € Sz, a1 € Sy, then Dy + Dy € Z(S).

Pl"OOf. Let D]] S S]] and ®22 S 822. Assume that @118]2 = 812@22 for all 8]2 S 812. For any
I)CU S Sll and xlz S 812, we get
®11x11x12 = x11x12®22 = :X:H@l]xlz-

Since S is prime, we have D X;; = X;;Dy;.
For any Xy, € 81, and X, € Sy, we have

x12x22®22 = ®11x12x22 = x12®22x22-

It follows from the primeness of S that XDy, = Dy Xps.
For any X}, € 81, and X, € S;;, we obtain

D22:X:21:X:12 = XZIXIZDZZ = XZIDII:XIIZ-

It follows that D, Xo; = X1 Dy
For any X € S, we have
(D11 + D) X = (Dy1 + Do) (Xyy + Xip + Xop + Xpp)
= DX + DXz + DXt + DXy
=X11Di + X12Doy + Xo1 Dy + XDy
= (X1 + X2 + Xop + X)) (Dyy + Do)
=X (D1 + D),

which implies that Dy + D,, € Z(S).
Slmllarly, W€ can prove that if 821D11 = @22821 for all 821 S 821, then Dll + Dzz (S Z(S) O
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3. Main result

Theorem 3.1. On a Hilbert space H that is infinite-dimensional over a field of complex numbers C
with an identity operator I, let S be a standard operator algebra. If S is closed with respect to adjoint
operation and map © : S — S is defined as

®(Pn(®]’®27‘D37"'7®n)):ZP}’l(Dla"-7Di—17®(Di)"Di+]’-"’gn)’
i=1

for any D, Dy, Ds,...,D, € Swith D;D,D;5...D, =0, then O(x) = d(x) + 7(x) for every x € S,
where the map d : S — 8 is an additive derivation and v : S — Z(S) is a map vanishing on each
(n — D" commutator P, (Dy, Dy, D, ..., D,) with D;D,D5...D, =0.

Lemma 3.1. We have that ®(0) = 0.
Proof. ©(0) = O(P,(0,0,---,0)) = P,(@(0),0,--- ,0) +--- + P,(0,0,--- ,0(0)) = 0. O
Lemma 3.2. For D;; € S;(1 <i# j <2), we have

(1) ©(Dii + Dyy) - O (Dyy) — O(Dyy) € Z(S).

(2) (D + D) - O (D) - O(D;) € Z(S).

Proof. (1) Firstly, we show the result holds for i = 1 and j = 2. For that, we consider T =
®(‘D]1 + @12) - @(@11) - ®('D]2) . Since

PZ (911 + Dl2)P1P2 o 'PZ = PZDII]PIPZ o 'PZ = PZDIZPIPZ o 'PZ = 0’
we obtain

O(Dyn) = O, (P2, Dy + Dy, Py, Py, ..., Pr))
P,(O®P2), D11+ Dy, P1,Pay ..., Po) + Py (P2, O (Dyy + Dyp) , Py, Po, ..., Po)
+P, (P2, D1 + D12, ®(Py),Ps, ... ,Po) + -+ Py(P2, Dyy + D12, Py, ..., O(PL)).

Alternatively, making use of Lemma 3.1, we have

O (Dyy) O (P, (P2, D11 + D12, P, Pay..., P2))
= OP, (P2, Dy1,P, Py, ..., P2)) + O(P, (P2, D12, Py, Py, ..., P2))
= Pn (® (P2)9®ll + D129P19P2a .. 'aPZ) + Pn (P2a®(Dll) + ®(®12)’P1’P2" .. 7P2)

+P, (P2, Dy + D12, 0(P1), Py, ..., Py + -+ Py(P2, Dy + Dy, Py, Py, ..., O(P)).

From the last two expressions, we find P, (P,,T,P,P,,...,P;) = 0. This means that P,7P; =
Pl TP2 :O.
For any X}, € §;,, we have

X2 (D11 + D) PPy Py = X12D )/ PiPy -+ - Py = X12D Py Py - - P = 0.
That means

O (DX = OWP,(X12, Dy + D12, Py, Py, ..., Pr))
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= P,(©X12),Di1 + D12, P, Py, ., P2) + Py (X12,0 (D11 + D12) , P1, Pay ..., P)
+P, (X12, D11 + D12, O (Py) , Po, ... ,Po) + -+ + Py(Xi2, D1y + Dyn, P, Pa, ..., O(R)).

On the other hand, by using Lemma 3.1, we have

O (DX = 0P, (X2, D11, P, Py, ..., P2) + O(P, (X12, D12, Py, Pa, ..., P2))
= P,(O©X12),Dy1 + Do, P, Py, ..., Py)
+P, (X12,0(D1) + O (D), Py, Py, ..., Py)
+P, (X12, D11 + D12, O (Py), Py, ..., Py)
+--+ Py(X12, Dyt + D12, P, Py, ..., O(P,)).

Comparing the above two equations, we obtain
P,(X12, T,Py, Py, ..., P) =0.

On solving the above equation, we obtain P; 7P, X, = X,P,TP, for all X, € S;,. Therefore, by using
Lemma 2.1, we get P1TP; + P,TP, € Z(S). Hence, T = T, + T»; € Z(S). That is

T=0(D;;+Dp)-0(Dy) -0 (D) € Z(S).

In a similar way, it can be shown fori =2 and j = 1.
(2) By using the same technique as in (1), one can easily show that

O (Dii + Dji) - O(Dy) - O(Dy) € Z(S).

Lemma 3.3. For any D;;, &;; € S;;(1 <i# j<2), we have
@(‘Dij + 81']‘) = @(D,]) + @(811) .

Proof. Firstly, we show the above result is true fori = 1 and j = 2.
Since (@12 + P]) (PQ + 812) P;---P; =0 for any @]2, 812 S 812, we have

ODp+&n) = O, (Din+P,Py+ &, —Py,...,—P1))

= P,(O(Dp)+0OP),Py + &, Py,..., Py)
+P, (D +P,0OP,) +0O(Epn),Py,...,Py)
+P, (D + PPy + £15,0(Py),...,Py)
+P,(Dyy + PPy + E1p, Py, ..., 0(P)))

= OP, (D, Py, —Py,....,-P) + O (P, (-P, Py, -Py,...,—P))
+O (P, (D12, €12, =Py, ..., =P1) + O (P, (P, €12, =Py, ..., —P1))

= 0(Dp)+0(&n).

Secondly, it is easy to follow the same pattern to see that the result is also true for i = 2 and j = 1, that

1S
O Dy +E2) =0 (Dy) +O(Exy).

O
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Lemma 3.4. PO (P)P, + P,O (P)P, € Z(S),i =1,2.
Proof. Let Dy, € Sy,. Since D P ---P; = 0, by Lemma 3.3, we have

1O (D) = O(-1""'Dy)
= OP, (D1, Py,....PY)

k—th

1 —
= P,@D1),Pr,...,P)+ ) Pu(Din,Pr,. ., O (R, )
k=2

= )"'Pi® (D) Py + PO (Do) Py + (=1)"*'P1® (P)) Dy — (1) D 1,0 (P)) Pa.
By pre-multiplying by P; and post-multiplying by P, on both sides, we obtain
Pi® () PiDiy = D1nP,0O (Py) Py.

By Lemma 2.1, we have PIG‘)(Pl)PI + PQ@ (Pl)Pz S .Z(S) Slmllarly, Pl® (Pz) P, + Pg@ (Pz) P, €
Z(S). O

Now, M = P,® (P) P, — P,® (P))P,. Defineamap Q : S —» S by Q(D) = O(D) — [D, M] for all
DesS.

Lemma 3.5. Q has the following properties:
(1) Q also satisfies

Q(Pn (®1’®29 D3’ .. -"Dn)) = ZPI’! (‘Dl’ .. -’®i—l’Q(®i)9Di+l’- .. ’®n)’ (31)
i=1

forany D1, D>,Ds,...,D, € Swith DD, ... D, =0.
(2) Q(Py) € Z(S).
(3) QP,) € Z(S).

Proof. (1) Since O satisfies the condition (3.1), it is easy to see that Q also satisfies the condition (3.1)
with 'D]'Dz . Dn =0.
(2) By using Peirce-decomposition:

O(F) = P0[P)P; + P1OF)P; + 0P )P, + P,0F)P;.

Now,

Q(Py) O(P;) - P,O(P,)P, — P,O(P,)P;
P,®®))P, + P,O(P))P, + P,O(P))P; + P,O(P,)P, — P,O(P,)P, — P,OP)P,

= POFE)P + POF)P:.

Therefore, by using Lemma 3.4, we obtain Q(P;) € Z(S).
(3) Since P,P{P;...P, = 0 and Q (P;) € Z(S), then

0=Q(P,(Py,Py,....,P)) = P, (QP),Py,....P)) = (=1)""P,Q([P,) P, + PQ (P,) P.
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By using pre-and-post multiplication by P; in the above, we obtain P;Q(P,)P, = 0. Similarly,
P,Q (P,) P; = 0. Now, from the definition of 2, we have

QP,) = O(P)) + P,O(P)P; + P1O(P)P>.

By using pre-and-post multiplication by P; in the above, we obtain P;Q(P,)P; = P;®(P,)P;. Similarly,
by using pre-and-post multiplication by P, in the above equation, we have P,Q(P,)P, = P,O(P,)P,. By
Peirce-decomposition and using Lemma 3.4, we obtain

QP,) = PiIQP,)P; + P,Q(P,)P, = PiOP,)P, + P,O(P,)P, € Z(S).
This completes the proof. O
Lemma 3.6. Q(SU) c S,‘j (1 <i# _] < 2)

Proof. 1t is sufficient to prove for i = 1 and j = 2 first. For other values, the proof will follow a similar
fashion. We have D,PP|P,...P, = 0. Also, by using Lemma 3.5, we have

QD) = QPU(Di,PiP, Py, ..., Py)) = Po(UDy12), P1, Py, Po, ..., P2)
P1Q(D12)P; + (= 1) P, QD )P,

By pre-and-post multiplication by P; in the above equation, we obtain P;Q(D1,)P; = 0. Similarly,
Pzg(glz)lpz =0.

Now, if n is even, then Q(D;) = PiQ(D )P, — P,Q(Dy,)P;. By multiplying P, from left and
P, from right, we obtain P,Q(D;)P; = 0. Also, by multiplying P; from left and right, we obtain
P1Q(D )P, = 0. Similarly, P,Q(D,)P, = 0. Hence, Q(Dy,) € Si,. Now, we assume that n is odd.
Since @12812?121?2 cee Pz =0 for any ®12’ 812, ?12 S 812, we have

0 = QPu(Di2, €12, F21,Ps, ..., P2))
= Pu(D12), €12, F21, Py, Po) + Pu(Di2, QE12), Fo1, Pay .., P)
= Pi([QD12), €12), Fo1, Pay o, o) + Py ([D12, QER], Fo1, P, .., P2)
= P i([Q(D12), €121, F21, Pay oo, Py + [ D12, Q(E12)], F21, Pay ..., Po)
= P,1(,F>,P,,...,P)
= P,o(,F,Ps,...,P)
= [L,Ful,

and

0 = QPu(Di2, €12, F12,Py,...,P)
= Pu(QD12), E12,F 12, Pr, ., P1) + Pu(Di2, QE12), F1o, Py .., Py)
= Pori([Q(D12), €121, F12, Py, P1) + Py ([D12, UER)], Fio, P, oo, PY)
= Poi([Q(D12), €121, F12, Py, Py + [D12, Q(E12)], F 12, Py oo, Py)
= P,1(,F12,Py1,...,P)
= Puo(l,F12,Py, ..., Py) = [, T2,
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where [ = [Q(@]z),glz] + [@]29(812)] S 811 + 822. Now, [l, 9:21] = (0. That means 19:21 - 3:211 = 0.
Thus, leP2?2l = ?ZIPIIPI =0 for any ?21 S 812. Hence, by Lemma 2.1, PIZPI + PQIPZ S .Z(S) Now,

[

Q(D12), €] + [D12, Q(E12)]

Q(D12), 2]l = Py (D12, Py, ..., P, Q(E1R))

Q(D12), E12] = QP (D12, Py, ..., P, ER)) + P (Q(D12) , Py, ..., P, E12)
Q(D12), €] + [P2Q (D) Py, E12].

[
[
[
= |

Thus, [2P,Q (D) P, E12] = | € Z(S). That is, [P.Q(D)P,E2] = | € Z(S). Hence,
P, QD )P €1, = 0 for any €, € Syp. By using primeness of S, we get P,Q(D,)P; = 0. Hence,
Q(S12) € Sio. m|

Lemma 3.7. For any D;; € S;; fori = 1,2, there is always a map n; : S;; = Z(S) so that Q(D;;) —
fi (Di) € S
Proof. Since D P,P;...P, = 0 and using Lemma 3.4, we obtain

0=Q(P,(Di1,P,,....P2) = P, (Q(D11),Pa,.... Py) = PLQD )P + (=1)"' P, QD1 )P

Multiplying P; from left, we obtain P;Q(D;)P, = 0. Similarly, multiplying P, from left,
PzQ(‘Dll)Pl = 0. Hence, Q(DU) S Sll + 822. Slmllarly, Q(@zz) S S]l + Szz.
Since D118223€12P2 Py = 0 and for any 822 S 822, xlg S 812, we have

0 = QPuDi1,Ex, X2, Py, ..., P1))
= Pu(Q(D11), €22, Xi2, Py, oo, Pr) + Pu(Di1, UE), X2, Py ..., Py)
= Pora([Q(D11), €], Xi2, Pry o, Pr) + Pt ([Di11, Q(E22)], X2, Py .., PY)
= Po([QD11), €], Xi2, Pry oo, P+ [D11, Q(E22)], X125 Py, ..., PY)
= P,_i(m X5, P,...,P))
= P,o(m X, Py,...,P))
= [m, X2,

and

0 = QP«Di1,Ex:, X, P, ..., Py))
= Py(QD11), €22, X1, Pay oo, Py) + Pu(Di1, QUE2), X1, Po, ..., P2)
= P 1([Q(D11), €221, X1, Po, oo, Po) + Pyt ([Di11, Q(E22)], X1, Po, . .., P2)
= Por([QD11), €], X1, Poy oo, Py + [Dy1, Q(E22)], X125 Pa, . .., P2)
= P, _i(m Xy, Ps,...,P)
= P,o(m, X1, Ps,...,Pr)
= [m, Xy,

where m = [Q(Dy1), Exn] + [D11, UEn)] € Sii + Sxpn. Now, [m, Xi2] = [m,Xy] = 0 and using
Lemma 2.1, we have PymP; + P,mP, € Z(S). Therefore, m = [Q(Dy1), Ex] + [D11, Q(E2)] € Z(S).
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Multiplying both sides by P, yields [P,Q(D)P,, E22] € Z(S)P,. By the Kleinecke-Shirokov theorem,
we obtain

[P2Q (D11) P2, €221 = 0,

for any €, € Z(S,;). That means P,Q(D )P, € Z(Sy). Therefore, P,Q(D,;)P, = z for some
7 € Z(8»). Multiplying P, from both sides, we get P,Q(D; )P, = zP,. Now, define a map n; : S;; —
.Z(S) such that 7]1(@11)1?2 = PgQ(@ll)Pz. HCHCC,

QD) —m(Dy) = PiQD1)P + PrQ(D22)Pr — mi(Dyy)
= PiQDi)P + m(D1)P, —7i(Dyy)
= PiQ(Di)P, = mi(Dy1)P;.

Therefore, P1Q(D;)P; — n:(D )Py € Sy1. Hence, Q(Dyy) — 71(Dyy) € Syy. Similarly, we can show
the result for i = 2. |

Forany D = Dy + Dy, + Dy + Dy, € S, define a mappings ¢ : S - Sand 7 : S - Z(S)
satisfying (D) = 37, ¢ (D) = £i (D1) = f2 (Do) and (D) = QD) — (D) for any D € S. It is
easy to verify that ¢ has the following properties:

Lemma 3.8. For any D;; € S;;, we have

(1) y(Dy)=Q(Dy) e Sy 1 <i#j<2

(2) y(Dy) € Sipi=1,2.

(3) (D11 + Diz+ Doy + D) = (D1) + ¥ (Di12) + ¥ (Da1) + ¢ (D).
(4) ¢ is an additive map on S;j,1 <i # j < 2.

Lemma 3.9. For D;; € S;;,(1 <i # j <2), we have
(1) lﬁ(DiiDzj) =y (D)) Dij + Dy (Dij)-
(2) w(DiyDj;) = w(Di;) Dy + Dir (D).
Proof. (1) Since D;;D;;P;...P; =0, (i # j), we have
v (DiiDij) = ¢ (giigij)
= ¢(P.(Dij. D PPy Pi))
= P,(¢(Ds). Dii-Pis.... Bi) + Py (Dijo ¢ (Di) . Prs.... ;)
= P, (¢(Dy). D Piv... . B) + Py (Do (Di) P .., ;)
= Dy (Dij) + ¥ (Dy) Dyj.
(2) By using the same approach as in (1), one can conclude that
v (DijDy;) = v (Dij) Dy + Dijwr (D).
m|
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Lemma 3.10.  (D;€;) = D (i) + ¢ (Dyy) E;i for any Dy, E;; € S
Proof. For any X;; € §;; and using Lemma 3.9, we have
Diliyy (xij) +y (D) Xy = 'ﬁ(@iigiixij)
= Dy (giixij) + ¥ (Dy) € X
= Dl (xij) + D (Ei)Xjj + ¢ (D) € ;.

Therefore, (lﬁ (Diigii) - ®,‘,‘{ﬁ(€,‘,‘) - l/l(D”) 8,~,~)3Cl-j = 0. By llSil’lg primeness of S, we get w(‘DiiEii) -
Dip(Ei)) =¥ (Dy) €ii) = 0. Hence, ¥ (D;;€;i) = Dy (Eii) + ¢ (Dyp) Ejs. m]

Lemma 3.11. y is additive.

Proof. By using Lemma 3.8, we can see thet ¢ is additive on S;;. Forany D,;, &1, € S8y and F; € Sy,
we have

(D +E)T) =y (DT +yY(EnTn) =¢v D) T+ Dy (Fn) + ¥ (E1) D+ Eny (T1n).

Alternatively, we can write

(D +E)TF) =y D +&E) T+ (D +E)Y(Fn).

From the last two expressions, we obtain

WODn+E) =y D)=y (€1)Ti=0.

By using primeness of S, we obtain

YDy + E11) = (D) + (€.

In the similar way

Y(Dayp + Ex) = Y(Day) + Y(Ex).

Thus, for any D= @11 + D]Q + @21 + @22 and € = 811 + 812 + 821 + 822, we have

Y(D+E) = YD +Dp+Doy+Dyp+E+En+Eu+En)
= YDy +En) +Y(Din+ E1p) +Y(Day + E31) +Y(Day + Ex)
= YDy +Din+ Dy + D) +Y(Ei1 + Ein + Ex1 + Ex)
= Y(D)+y(&).
This completes the proof. O

Lemma 3.12. Forany D;; € S;; with €;; € Sj;,(1 < i # j <2,) the following holds true:
l/’(@ijgji) = l//(Dij) Eji+ Dijyr (811') :

AIMS Mathematics Volume 9, Issue 9, 25319-25332.



25329

Pl"OOf. Since Dz]gllez(—Pl) . (—Pl) = 0, we have

Q(P,(Day, E12, X2, (=P1), ..., (=P1)))

Q=D €21 X1z = X12D12€12)

Q(P,(Day, €12, X125 (=P1), ..., (=P1))

Q(=E€12D21X12) = QX 12D11E12)

“Y(E12DnX12) = Y(X12D21E12)

“Y(€12D2)X12 = E12 Doy (X12) — Y(X12)D2i €12 — Xioh (D1 E12).

On the other hand, we have

Q(P(Dai, €12, X12, (=P1), ..., (=P1)))
= Py(Q(D21), E12, X1z, (=P1), ..., (=P1))
+Pu(Da1, UE12), X1z, (=P1), ..., (=P1))
+Pu(Da1, €12, UX12), (=P1), ..., (=Py))
= P,((D21), E12, X1z, (=P1), ..., (=P1))
+Pu(Da1, ¥(€12), X12, (=Py), ..., (=P1))
+P,(Dar, €12, Y(X12), (=P1), ..., (=P1))
= —C¥(Da)Xiz — Xp¥W(Da1)Ern
—Y(€12)D21X12 — X12Dyp(E12)
—E12Dn(X12) — Y(X12) D2 €1

From the above two equations, we obtain

W(E12Da1) + Ef(Da1) + Y(€12)D21)X 12 = Xio(W (D21 E12) + Dop(E12) + Y(D21)E o).

Also, since €1,D,1 X5 (=P,) ... (=P,) = 0, we have

Q(P,(E12, Da1, Xa1, (=P2), ..., (=P2))

Q(=D21E12Xo1 = Xp1€12Dy1)

Q(=D11E12X51) = QX 12E12Day)

“Y(D21€12X51) — Y(X12E€12Dyy)

—Y(D21E12) X1 = Dy E1ah(Xg) = Y(Xa1)E12 D2y = Xy p(E12 D).

On the other hand, we have

AIMS Mathematics

Q(P,(E12, Da1, o1, (=P2), . .., (=P2)))
= Pu(&12), Da1, Koy, (=P2), ..., (—P2))

+P,(E12, AD21), Xat, (=P2), ..., (=P2))

+Pu(E12, Da1, UX21), (=P2), ..., (=P2))
= Py(¥(€12), Dat, Xog, (=P2) ... (=P2))

(3.2)
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+P(E12,¥(D21), Xa1, (=P2), ..., (=P2))

+P,(E12, Do, (X)), (=P2), . .., (—P2))
= =Dyn(€12)Xar = Xy ¥ (E12) Dy

—Y(D21)E12X21 — X1 €12 (Day)

= D21 €12 (Xg1) = Y(Xa)E12 Doy

By comparing the above two equations, we obtain

(=4(D21€12) + Dnyp(E12) + Y(D21)€12)Xa1 = Xt (W (E12D21) — Enf(Da1) = Y(€12)Da1).  (3.3)
By using Eqs (3.2) and (3.3), we obtain
Y(D12€21) — Dioy(Ea1) — Y(D12)€x1 € Z(S).
Assume that Y(D12€51) — Diar(€21) — (D 12)€1 = &(Diy, Exy) for any a(Dya, €21) € Z(Sh1). Now

a(X11Di2,€21) = Y(X11D12€2) = Xi1Dioy(E21) = Y(X11D12)Ex
= Y(Xi1)D€n + X1ip(D12€21) = XiiDiay(Exr)
—Y(X11)D12€21 = X11(D12) €2
= XnW(D2€x) = y(Di2)Es1 — Dinp(Ear)).
Also, S;1a(Di,, E,1) is a central ideal in S;;. As 8S;; contains no nonzero central ideal. Therefore,

Q(D]z, 821) =0. Hence,
Y(D12821) = Dio(Ex1) + Y(D2)Exy.

By using the same approach, one can also prove the result for i = 2, j = 1. O

Proof of Theorem 3.1. 1t follows by Lemmas 3.9-3.12 that ¢ is an additive derivation. For D € §, we
have

O(D) = QAUD) + [D,M] = (D) + (D) + [D, M] = d(D) + (D),

where M = PO (P,) P, — P,® (P;) P, and d(D) is a derivation. It only remains to prove 7 vanishes at
(n — 1) commutator, i.e., we show that 7(P,(D;,D,,...,D,)) = 0 for all D;,D,,...,D, € S. By
using Lemma 3.8, we obtain

T(PH(DI, Dz, ey Dn))
Q(Pn(ﬂla 92’ R Drl)) - w(Pn(ﬂl’ 92’ KRR ‘Dn))

ZPn(Dl’---’ﬂi—l’Q(Di)"DHl’*--’gn) - ZPn(Ql»---»Di—b\P(‘Di)’DHl’“"@n)
i=1 i=1

E Pn(ﬂl’-'-"Di—lvw(‘Di)’gi+l,"'7®n)_ E Pn(ﬂl,...,‘Dl’_],\P(‘Di),@H_],...,@,1)
i=1 i=1
= 0.

This completes the proof of Theorem 3.1 here. O
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