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1. Introduction

Differential operators are a class of widely used unbounded linear operators. The theory of
differential operators utilizes functional analysis to study differential equations, greatly expanding the
theory of differential equations by viewing differential equations as mappings between function
spaces. The classical representation of a differential operator is the Sturm-Liouville (S-L) operator,
originating from the solution of heat conduction problems. By separating variables in the partial
differential equations that describe the process of heat conduction, one can obtain the S-L. equation.
The main focus of S-L operator theory is its spectral theory, which finds extensive applications in
areas such as mathematical physics and control theory, holding significant mathematical and physical
significance [1,2]. For instance, the Schrodinger equation in quantum mechanics can be seen as a
special S-L. problem, and solving the Schrédinger equation yields the energy levels and wave
functions of atoms [3,4]. Seismic wave propagation problems can be modeled as S-L problems,
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aiding in a better understanding of the internal structure of the earth [5, 6]. Additionally, string
vibration problems are closely related to S-L problems [7, 8].

Over the past two centuries, S-L problems have seen significant development and have become a
self-contained system [9-11]. In recent years, S-L problems with discontinuities within intervals have
garnered attention due to their wide applications in mathematical physics and engineering, including
heat conduction between different media, seismic wave propagation between different geological
structures, and string vibration problems with additional point masses [12, 13]. Furthermore, S-L
problems with boundary conditions containing spectral parameters have also been extensively studied
because the eigenvalues of S-L problems hold different physical meanings in various practical
scenarios [14-17]. When real-world boundary conditions are influenced by spectral parameters, it
becomes necessary to model practical problems as S-L. problems with boundary conditions dependent
on spectral parameters, such as heat conduction between solids and liquids and diffusion of water
vapor through porous membranes [18-20]. Building upon this foundation, S-L problems with
boundary conditions and transfer conditions simultaneously dependent on spectral parameters have
piqued the interest of researchers. Therefore, aspects such as the asymptotic behavior of eigenvalues,
inverse spectral theory, finite spectra, and oscillatory properties of eigenfunctions have been
studied [21-24]. However, the transfer conditions considered in the aforementioned research have not
been dependent on spectral parameters. Currently, there is limited research on S-L problems where
transfer conditions are dependent on spectral parameters [25-28]. In [25], the authors established the
completeness formula of the operator theory of S-L problems with transfer conditions and the
completeness of eigenfunctions. In [26], the authors investigated the asymptotic formula of
eigenvalues for S-L. problems with transfer conditions that are rationally dependent on spectral
parameters. Additionally, [28] focused on the finite spectrum problem of S-L problems with transfer
conditions dependent on spectral parameters.

It is well known that regular S-L problems have countably infinite eigenvalues and no finite
accumulation points. However, Atkinson conjectured in his work that under certain conditions on the
coefficients, the studied S-L problem may have a finite number of eigenvalues, but he did not give the
proof [29]. Kong et al. confirmed this conjecture by constructing a class of S-L problems with a
specified number of eigenvalues for any given positive integer [24]. These special problems are
referred to as Atkinson-type S-L problems. Building upon this, Kong and others showed in a study
that the finite spectrum problem of Atkinson-type S-L problems can be related to the eigenvalue
problem of finite-dimensional matrices. They demonstrated that under specific circumstances, these
two types of problems can be mutually transformed, providing diverse research approaches and
deepening the understanding of finite spectrum problems in S-L theory. Matrix eigenvalue problems
are known for their significant practical applications in various fields such as physics, engineering,
computer science, and economics [30-33]. The practical relevance of matrix eigenvalue problems is
one of the motivations for this study.

In recent years, Atkinson-type S-L problems have been extended to various types of differential
operators, including Atkinson-type S-L problems with transfer conditions, Atkinson-type S-L
problems with boundary conditions containing spectral parameters, and higher-order differential
operators [34-36]. In these studies, the authors proved that the discussed problems have a finite
number of eigenvalues and provided corresponding equivalent matrix representations. In a recent
paper, Ao and others considered S-L problems with transfer conditions separated depending on the
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spectral parameters and proved that their eigenvalues are finite, more precisely, they proved that the
number of eigenvalues is at most m + n + 4 [28].

To enhance the generality of the problem, in this paper, we consider the finite spectrum of S-L
problems when the eigenparameter coupled appears in the transfer conditions. How does the number
of eigenvalues of this problem change under these circumstances? This paper investigates the finite
spectrum problem of Atkinson-type S-L problems, where both boundary conditions and transfer
conditions are dependent on spectral parameters. Under certain conditions, it is proven that this
problem has a finite number of eigenvalues, exploring the factors influencing the number of
eigenvalues and providing criteria for determining the number of eigenvalues. We proved that the
problem has at most m + n + 6, which is different from [28]. The results indicate that the number of
eigenvalues of this problem increases when the transfer conditions coupled depend on the spectral
parameters. Building upon this, we consider the equivalence between Atkinson-type S-L problems
and matrix eigenvalue problems and provide equivalent representations of these two types of
problems. Finally, we give some examples to demonstrate the effectiveness of the results.

The rest of this paper is organized as follows: In Section 2, some notations and preliminaries are
given. In Section 3, it is proved that the number of eigenvalues of the considered problem is finite,
and the matrix representation is given in Section 4. In Section 5, for any given matrix eigenvalue
problem of certain type and boundary and transfer conditions that both depend on eigenparameter, we
construct a class of S-L problems with the same boundary and transfer conditions, which have the same
eigenvalues.

2. Notations and preliminaries

In this paper, we investigate the following S-L problem:
—(p(0)Y' (%)) + g(x0)y(x) = Aw(x)y(x), x€J =[a,&) U (& D], —c0o<a<b<oo (2.1)

with boundary and transfer conditions

AY(a) + BY(b) =0, (2.2)
C.YE)+DY(E) =0, (2.3)
where
()
Py
a) — Ad, a; — A a3 — Aoy, g — A
A, = 1 2l B, = 3 41, 2.4
' (ﬁl—ﬂﬁi ﬂz—ﬂﬁ’z) ! (33—48; ﬁ4—/1ﬁ4) .

CJ:(‘SI_MI 52—15;)’ b :(53—15; 64—1521), 2.5)

Y=Y, yv2— A, Y3 =AYy va— Ay,

and x = £ is an inner discontinuity point, Y(£*) denotes the right limit of Y(x) at &, Y(£7) denotes
the left limit of Y(x) at £, 4 € C is a spectral parameter, det(A,) # 0, det(B,) # 0 and det(C,) # O,
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det(D/l) * 0’ let ai’ﬁi, 6i7 Yi» a;,ﬁ;’ 5:7 '}’,/ € R’ i = 1’ 27 3,4’ and

rank(z,l mom )y rank(ﬂ,l b ﬁf):z,
1 ¥ @y /1 ,2 /z 4/1 2.6)
@) @y a3 Q4 a, a, a, «
rank =2, rank| ! "2 3 f‘):2,
(,31 B2 B3 P By By By B
and
rank(6,1 63 5,3 6? =2, rank )’,1 y? y? 7?):2,
0] 0y 05 9, Yi Y2 Yz Va4 2.7
rank(61 02 03 04 =2, rank 6} 6? 3 6‘,‘):2.
Yi Y2 Y3 V4 71 72 73 74
For convenience, let
1
e = —.
p(x)
then we suppose the coeflicients satisfy the following conditions:
r(x), gx), o) €L R), (2.8)

where L!(J, R) denotes the set of real-valued functions that are Lebesgue integrable on J.
Letu = y and v = py’, then

’

u =y = =rv,

v
4
according to (2.1), there

-V + qu = Awu,
SO

V= (g — Aw)u.

We have the following equivalent system representation of Eq (2.1) on J:
"(x) = r(x)v(x),
ul( ) = r(x)v(x) (2.9)
V(%) = (g(x) — Aw(x))u(x).
Definition 2.1. [24] A trivial solution y of (2.1) on some interval is a solution that is identically zero
and whose quasi-derivative v = py’ is also identically zero on this interval.
Let ®(x, 1) and ¥(x, 1) be the fundamental solution matrices of system (2.9), where

dn(x, ) ¢a(x, )
$21(x, ) Paa(x, )

Yin(x, ) Yia(x, )
Yai(x, ) (ﬁzz(x,/l))’ x € (£,0],

O(x,A) = ( ), x € [a,é),

P(x, ) = (

determined by the initial condition

®(a,A) =1 and Y(,A) =1,

respectively.
The following result shows that the eigenvalues of problems (2.1)—(2.3) are the zeros of A(A):
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Lemma 2.1. ®(x, 1) and Y(x, A) are defined as above. A complex number A is an eigenvalue of
Egs (2.1)—(2.3) if and only if A(A) = 0, where

Ay B,

AD=1p o) cpen)|”

(2.10)

there A,, B, are defined as (2.4), and C,, D, are defined as (2.5).
Proof. According to the existence uniqueness theorems of solutions, we can know
Y(x) = O(x, )Y (a)
is the solution of (2.9) in [a, &) satisfying the initial value Y(a), so the value of x = &~ is
Y(&) = 0E)Y(a), (2.11)

similarly,
Y(x) = ¥Y(x, )Y(b)

is the solution of (2.9) in (&, b] satisfying the initial value Y(b), so the value of x = £ is
Y(&T) =PENHY D). (2.12)
Combining (2.11) and (2.12) with the transfer condition (2.3), then we have
D @)Y (a) + CLP(EHY(b) = 0. (2.13)
Therefore, if a complex number A is an eigenvalue of (2.1)—(2.3), it satisfies

{AAY(a) + B Y(b) =0,
D ®(E)Y(a) + C¥(E)Y(b) = 0.

The system of homogeneous equations has a non-zero solution if and only if the determinant of the
coefficients is zero, so

Ay B,
D, d(¢7) CY(EY)

is an eigenvalue of (2.1)—(2.3). O

AD) = =041

Definition 2.2. [24] The problems (2.1)—(2.3), or equivalently (2.2), (2.3), and (2.9), are said to be
degenerate if either A(1) = 0 forall 1 € C or A(1) # 0 forany A € Cin (2.10).

3. The finite spectrum problems of (2.1)-(2.3)

It is shown that the problems (2.1)—(2.3) have finite eigenvalues in this section. In the sequel, we
always assume (2.8) holds and there exists a partition of J

a=ay<a;<ay<--<auy<E<b <by<---<by, =b, (3.1
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for some positive integers m > 1,n > 1, such that

1 m— n
r(x) = m =0, x€ Ui:ol [a2i, Gzic1] U [a2m, &) U (€, b1] Ui (D2, b2ji1], (32)

-1 1 )
q(x) = w(x) =0, x € UL [asis1, @airal Uy [bajir, bajaals

2i+2 b2j+2
f r(x)dx#0,i=0,1,...,m—1, f r(xydx#0,j=0,1,...,n—1,

aziyl baji1
2i+1 b2j+1
f wx)dx#0,i=0,1,...,m—1, f wx)dx+0,j=1,...,n, 3.3)
a; baj

b1
f w(x)dx # 0, f w(x)dx # 0.
& 2m

Definition 3.1. A S-L Eq (2.1) is said to be of Atkinson-type if it satisfies (3.1)—(3.3).

Definition 3.2. If there exists an Eq (2.1) of Atkinson-type, then the S-L problems (2.1)—(2.3) are said
to be of Atkinson-type.

Definition 3.3. For convenience, we define the following notations:

ar;
rp = f I = 1 m,
azi—
a2,+1 A2i+1
f :f w, i=0,1,2,...,m—1;
fq, fw,
aym azm
2j
Fj- f , 15
byj
1 b2 j+1
f q, f 1,2,...,m;
b21+1
wozzf w, a)j::f w, j=12,...,n
¢ baj

Now, we determine the structure of the principal fundamental solution matrix of system (2.9).

=2
i

<
3
i

(3.4)

N
=
i

Lemma 3.1. For O(x, A) defined as above, we have

1 0
q)(ah/l) - (q() _ /l(,()() 1) s

_ (1 + (g0 — Awo)ry r
Blas, 1) = ( $a1(as, 1) 1 +(q1 — Awr)’

where
$21(az, A) = (qo — Awy) + (g1 — Awy) + (qo — Awo)(q1 — Aw)ry.
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In general, for 1 <i <m -1, we have

1 ri

C(@zi1, ) = (Cli —Aw; 1+ (g; — Aw)r;

) D(az;-1,A),

particularly,
1 T
qm — /lwm 1+ (Qm - /lwm)rm

(D(é‘:_’ /l) = ( ) (D(a2m—la /l)

Proof. Observing Eq (3.2), we know that u is constant on
U @i, azist 1 U [aom, €)
by r(x) = 0 and v is constant on U [azi+1, @zix2] by
q(x) = w(x) = 0.
So we can obtain the result by using the iterative method [24].

Lemma 3.2. Let P(x, A) be the fundamental solution matrix of system (2.9), where

X1 &11(% ) 1/712()5, /1))
lII X, /l =1\~ 5 ) X € s b s
(D) (%1(36, ) Ynlx, ) (&.0]
determined by the initial condition
P =1
Then we have
P(by,A) = ! 0
DY\ G-y 1)
In general, for 1 < j < n,
1 7

P(bsji1, 1) = ( )\P(ij—l,/l)'

Proof. The proof is similar to Lemma 3.1, so we omit the details.

According to Lemmas 3.1 and 3.2, the following corollaries hold:

Corollary 3.1. For the fundamental matrix ®(x, 1), we have

d1(E7, D (€, /1))

*E = (%(51 D (e D)

where L
o1, ) =R (@ — w) + pu (),
i=0

m—1

612(E", ) = R (g = wp) + g1a(),
i=1
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621670 = R (@i = wp) + g (),
i=0

(&) = R (@i = w)) + g (),
i=1

where

R:nr,»,

m
i=1
@11(A) is a polynomial in the form of

Clm_l/lm_l + am_z/l'”_z + -+ 612/12 + a1 + ay,

hence
deg(@11(1) <m, deg(@12(V)) <m—1, deg($(d) <m+1, deg(gn(d) < m,

deg denotes the degree of A.

Corollary 3.2. For the fundamental matrix ¥(x, 1), we have

7 (U@, D) a(b, )
b= (&21 (b, 2) Gl A)) :
where
n-1
gi1(b, V) = R| |(@, — 1@)) + ¥ (),
=0
n-1
Jia(b, V) = R| |G, — 1@)) + 12,
j=1
o (b,) = R| [@; - a@) + dm (0.,
=0
In(b, ) = R| | @ - 2@) + dm(),
=1
where

R=[ 7 deg@n() <n, degn() <n-1, degn(D) <n+1, degiim(D) <n.

j=1
Lemma 3.3. For ¥(¢+, 1), (b, A) as above, we have

oy el [ 9nb,D)  —Pia(b, D)
B G AR O &
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Proof. ¥(x, ) and P(x, A) are both the fundamental solution matrices of the system (2.9), where
¥(b,) =1 and P&, =1.

So we have
Y(x, ) =96, V¥(x, D),

let x = &*. By initial condition P(£*, 1), we have
YD) =9, 2.
Since the Wronskian is independent of x, we can obtain
det(P(b, 1)) = det(P(£H, Q) =1,

therefore,

(J/zz(b,/l) —Jflz(b,/l))

—§o1(b, ) P11(b, ) _(&zz(b,/l) —J12(b, A)
det(P(b, 1)) 0B, D) P (b, D)

Pl 2) =

For convenience, we let

g1() =(a4 — ) (B2 — A4B)) — (@2 — 1)) By — ABY),
§2(1) =(a3 — Aa5)(B2 — ABy) — (@2 — Aa5) (B3 — AB3),
83(1) =(ay — Aa))(Bs — ABY) — (@4 — A})(B1 — ABY),
84(1) =(ay — Aa))(B5 — AB3) — (@3 — A25)(B1 — ABY),
hi(A) =04 — A63)(y2 — Ay3) = (62 = A6)(ya — AY,)s
ha () =(64 — A6,)(y1 — Ayy) — (61 — A6 (ya — Ayy)s
h3(d) =(03 — A63)(y2 — Ay3) — (62 — A6)(¥3 — Ay3),
ha(2) =(65 — A63)(y1 — Ayy) = (61 = A6)(y3 — A¥3),
(D) =h1(D)(gm — Awm)[=(Go — A00)] + ha(D)(Gm — AWn)
+ h3(D[=(Go — A00)] + ha(A).

Theorem 3.1. Assume (2.8) holds, and by the above notations, we have

A1) =det(A,) det(C,) + det(B,) det(D,) + g1(1)O(1)

3.5
+ 22(1)O2(1) + g3(1)O3(A) + g4(1)O4(), )

where

m—1 n
©1() = RR- 0 - | [(gi = aw) | (@ - 4@ + B,
i=0 j=1

m—1 n—1
Ox() = RR- 0 - | [(@i = a0 | (@ - 4@ + B0,

i=0 j=1
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m—1 n
Os() = RR- 0 - | [(@i = a0n | (@ - 4@ + B0,
i=1 j=1

m—1 n—1
Ou(D) = RR- 60 - | [(gi = A0 [ (@ - 1@) + Bu);
i=1 j=1

here,

0,(A) is a polynomial in the form of
Aminiad™ ™ + panin " 4+ a2+ ad + ag,
hence
deg(@, (1) <m+n+3, deg(@(1) <m+n+2, deg@3(1) <m+n+2, deg@s() <m+n+1.
Proof. According to Lemma 2.1, we know

Ay B,

AD=1p o) copen)|”

then, by Corollaries 3.1 and 3.2, we can obtain the structure of ®(¢7) and W(¢*). Plug them into the
above equation, and by direct calculation we can obtain the conclusion. O

In the following, it turns out that the S-L problem with boundary and transfer conditions that both
depend on spectrum has finite eigenvalues.

Theorem 3.2. Assume 6y, — 65y, # 0. By (3.2)—(3.4). We have
(1) If a3, — a’B) # 0, then the problems (2.1)—(2.3) have exactly m + n + 6 eigenvalues.

Q) If B, — @), = 0, but
Won(Baty + a2ffy — aufsy — Prar}) — w, (1 — ayB)) — wo (Bray — ayBs) # 0,

then the problems (2.1)—(2.3) have exactly m + n + 5 eigenvalues.

(3)1f
@By — a3y = a3y — @y = @By — auf
= By + arf3; — aufy — Poc
= (),
but

allﬁg - a’;ﬁi + (Uo(Z)n(Cl4ﬁ2 - a2ﬁ4) - wo(azﬂg + Q;ﬁ_g - C¥3ﬁé — agﬁz)
— Oy(auf) + @y — a1y — a fs) # 0,
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then the problems (2.1)—(2.3) have exactly m + n + 4 eigenvalues.

(4) If
By — ayffy = @3B — A = iy — LB

= ayfr — afls = @B — 4B
= Bay + o3y — auPs — o
= affy + ahf3 — a3 — a3
= auff] + A\ — a1y — @B
= (),

but

@3f) + @31 — aiffy — @13 — @u(@ 1By — asf) — wolasfs — asBs) £ 0,
then the problems (2.1)—(2.3) have exactly m + n + 3 eigenvalues.

(5)If

B - i = 0, i = 1B,
= Quffy — s = @\ B — a5
= @33 — @offs = 1By — ufy
= Bay + aofy, — auf; — Poc
= @y + a3fs — asfy — 5fs
= @uf) + @y — iy — @\ Py
= w3f) + a4B — aifs — B
=0,

but a3 — a3f) # 0, then the problems (2.1)—(2.3) have exactly m + n + 2 eigenvalues.

(6) If none of the above conditions hold in (3.5), then the problems (2.1)—(2.3) have exactly [
eigenvalues forl € {1,2,--- ,m+ n + 1} or degenerate.

Proof. By Lemma 2.1, we know that the eigenvalues of the problem coincide with the zeros of A(A).
Hence, we only need to determine the degree of A(1) as a polynomial of 4. Then we can obtian the
number of eigenvalues of the problem using the algebraic fundamental theorem. To this end, we divide
the problem into the above six cases according to the degree of A(A1) with respect to A under different
conditions. Since

042 — 0374 # 0,

we have the degree of (1) in A is 4 by the expression of 4;(1). We only give the proof for (1) and (2)
since the other cases can be treated similarly.
(DO If
@iy~ asf # 0,
the degree of gi(1) as a polynomial of A is 2. By Theorem 3.1, the degree of ®(1)—B4(1) as a
polynomial of dism+n+4, m+n+3, m+n+3, m+n+ 2, respectively. Then we have that the
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degree of A(A) as a polynomial of A is m + n + 6 by (3.5). By the algebraic fundamental theorem,
A(A2) = 0 has exactly m + n + 6 zeros; that is to say, the problem has exactly m + n + 6 eigenvalues.

) If

@y~ asf = 0.
and
Do (Bacts + @By — aufy - Brdty) — B (@B — i) — o (Bas — a4f) # .

Then we have that the degree of g(1) is 1. By the assumption of the theorem, the degree of /(1) is
still 2. This implies that the degree of 6(1) in A is 4. And the degree of ®;(1)—0Q4(1) as a polynomial
of lism+n+4, m+n+3,m+n+3,m+n+ 2, respectively. Then we have that the degree of A(1)
as a polynomial of A is m + n + 5 by (3.5). By algebraic fundamental theorem, A(1) = 0 has exactly
m + n + 5 zeros; that is to say, the problem has exactly m + n + 5 eigenvalues. Conditions (3)—(6) can
be treated similarly.

This completes the proof. O

Remark 3.1. In the above theorem, if
472 =677, =0,
but
02y + 05ya — Ouyy — 84y2 # 0,

we can obtain the same conclusions. As a matter of fact, in this case, the highest degree of A in A(A) is
m + n + 5. And then we can obtain the number of the eigenvaluesism+n+5 m+n+4, m+n+ 3,
m+n+2, m+n+ 1, respectively.

Example 3.1. We consider the following S-L problem:

—(p(x0)y'(x)) + g(x)y(x) = AwX)y(x), x€J=(-3,2)U(2,5),
AY(=3)+ B Y(5) =0, (3.6)
C,2+)+ D,Y(2-) =0,

where

1 2 1 22+1 -1 —2-2 1 1+2
A”‘(o 21)’ B”‘(o | ) Cﬂ‘(o -2 ) D”‘(o A )

We choose m = 2,n = 1 and p(x), q(x), w(x) are piece-wise constant functions as follows:

© (3. () ()
L () 0 (3 0 (-3
o, (-4 0 2, (-% 0 2, (-3 0
=1 b O D oo oo D
co, (I, 2) -1, (1, 2) L, d, 2
c, (2, 3) 2, 2, 3 I, @, 3
L, (G, 4 0, B, 4 0, (G, 4
co, (4, 5) I, @4 5 , 4, 5)

AIMS Mathematics Volume 9, Issue 9, 25297-25318.



25309

By directly calculation, we have
A) =32 —282% + 8817 — 1122° +76.0° — 72* — 1722% + 18142,
then we can obtain the roots of A(A) as follows:

/7.1 = /12 = O, /13 ~ 38289, /7.4 ~ 34773, /15 =~ —10319,

A = 0.0275 + 1.4006i, A7 = 0.0275 - 1.4006i, Az ~ 1.6382, A9 ~ 1.3658.

The graph of the characteristic function is displayed in Figure 1.

10°F 1

104F

Figure 1. Characteristic function in Example 3.1.

4. Matrix presentations of (2.1)—(2.3)

In this section, we discuss the matrix representation of the S-L problems (2.1)—(2.3), which has

finite spectrum.

Definition 4.1. A S-L problem of Atkinson-type is said to be equivalent to a matrix eigenvalue problem

if they have the exactly same eigenvalues.

For (2.1)—(2.3), we can construct matrix eigenvalue problems of the following form:

AX = AFX,

which have exactly the same eigenvalues as the corresponding S-L problem of Atkinson-type. Assume

Eq (3.4) holds; moreover, we let

4.1)
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Remark 4.1. In accordance with (3.2)—(3.4), we know p;,w;, p;,w; € R\ {0} and no sign restrictions
are imposed on them.

Besides, by (3.2)—(3.4), we see that for any solution (u,v) of system (2.9), u is constant on the
sub-intervals where r = 0; v is constant on the sub-intervals where ¢ = w = 0.
Let

u, XxE€l[ay,a24],i=0,---,m-1,
Up, X € [a2m’ é:)’
u(x) =3 _
) iy, x€(&by], “2)
ij, x€l[byy,brjr1l, j=1,---,m; ‘
Vx) = { Vi, X€lay,axynl, i=0,---,m—-1,
f)j’ X € [b2j9 b2j+l]9 J: 19' MR (8
and
vo = v(ag) = v(a), Vni1 = V(bop1) = v(D), Viner = (€ —0), Vo =w(& +0). 4.3)
Lemma 4.1. Suppose Eq (2.1) is of Atkinson-type. Then for any solution (u,v) of system (2.9), we
know that
piui—ui)=v;, i=12,---,m, 4.4)
vl+1_vl:ul(ql_/1wl)7 i:()’l’”"m’ (4'5)
piliy— i) =V, =12 .n, (4.6)
P =V =01 (q, - A@;),  j=0,1,---.n. (4.7)
Conversely, for any solution u;(i = 0,1,--- ,m),v;(i = 0,1,--- ,m+ 1),i;(j = 0,1,--- ,n), and

Vi(j = 0,1,---,n + 1) of systems (4.4)—(4.7), there exists a unique solution (u,v) of system (2.9)
satisfying (4.2) and (4.3).

Theorem 4.1. Assume «;,p;,0;,vi, @, B:,0;,y: € R(i = 1,2,3,4) and (2.6) and (2.7) hold. We define

an (m+n+6) X (m+ n+ 6) almost cyclic tridiagonal matrix in the case where 6,7y, — 6,y, # 0
P =

@ a a3 Q4
L p —P1
—P1 prtp2r —D2

—Pm-1 Pm-1+DPm —Pm
—DPm Pm -1
03 04 02 O
Y3 Ya Y2 Y1
L p —-P1
-p1 Pr+p2 —D2

_ﬁn—l ﬁn—1+ﬁn _ﬁn

_ﬁn ﬁn -1
B> B Bz Ba
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a diagonal matrix

Q = diag (0’ q0$ ql, q2’ AR qm, O’ 0’ 607 ql, 62’ AR qn_l’ qn, 0)’

and an almost diagonal matrix

’

’
a, a; a;
Wy

&, & &

Yy Ya Vs M

@y
B B B B

Then S-L problems (2.1)—(2.3) are equivalent to matrix eigenvalue problems

(P+Q)U = AWU,

where
~ o~ o~ ~ o~ T
U:(V(),I/l(),ul,"' s UWms Vint 15 V0, Uo, Uy, ,I/ln,vn+1) .

4.8)

Moreover, the eigenfunction u(x) of S-L problems (2.1)—(2.3) and the corresponding eigenvector U of

the matrix eigenvalue problem (4.8) associated with the same eigenvalue A are related by (4.2).

Proof. There exists a one-to-one correspondence between the solutions of systems (4.4)—(4.7) and the

following system:

p1(ur — ug) = vo = uo(qo — Awy), 4.9)

Pirt(Wisy —w) — pi(u; — ui—y) = ui(qi — Awy), i=1,2,....m—1, (4.10)

Vi1 = Pm(Um = Up—1) = Un(Gm — AWp), (4.11)

Py —ig) — Vo = (G, — Ado), 4.12)

Djni(itjp —itj) — pj(li; —tij—y) = wtj(g; — Awy), j=12,...,n-1, (4.13)

Vnat = Pullly — ly—1) = in(Gn — ADy). (4.14)

Now, we assume that u;(i = 0,1, ... ,m)and v;(i =0, 1, ... ,m,m+ 1) are solutions of systems (4.4)

and (4.5). Then (4.9)-(4.11) follow from (4.4) and (4.5). Similarly, (4.12)—(4.14) follow from (4.6)
and (4.7) by assuming that it;(j = 0,1, ... ,n) and ¥;(j = 0,1, ... ,n) are solutions of systems (4.6)

and (4.7).
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On the other hand, assume u;(i = 0, 1, ... ,m) is a solution of systems (4.9)—(4.11) , vy and v,,,; are
determined by (4.9) and (4.11), respectively. Let v;(i = 1, ... ,m) be defined by (4.4). Then, using (4.9)
and by induction on (4.10), we obtain (4.5), similarly for (4.6) and (4.7).

Therefore, by Lemma 4.1, each solution of system (2.9), and hence of (2.1), is uniquely determined
by a solution of systems (4.9)—(4.14). Note the first row of the matrix (4.8)

@V + QU + @3l + AaVyry = A@GVo + @ Uy + ity + Vi), (4.15)
and the last row of the matrix (4.8)
Bavo + Biug + Bty + BaVpr1 = AByvo + Biuo + B, + ByTns1)s (4.16)
substituting
ug = u(a) = y(a), i, = u(b) = y(b), vo =v(a) =(py' )@, Vnr1 =v(b) = (py)b)

into (4.15) and (4.16), we obtain the boundary condition (2.2). Similarly, from the m + 3 row of
matrix (4.8),

O3l + O4Vipe1 + 02V + O1ilg = A0y + OyVime1 + 05300 + O}ilp), 4.17)
and the m + 4 row of the matrix (4.8)

V3t + YaVme1 + YaVo + Yidlo = AY5Um + ViV + V500 + Y1ilo), (4.18)
substituting

Uy = y(&=), g = Y(E+), Vi1 = V(E-) = (PY)E-), To = v(E+) = (py)(E+H)
into (4.17) and (4.18), we obtain the transfer condition (2.3), and we choose the eigenvector U as
U = (Vo, Ug, Urs =+ s gy Vi1 V0, B, 1, =+ Bl )
Then the equivalence follows from (4.9)—(4.18). O

The next theorem illustrates the fact that an S-L problem of Atkinson-type is equivalent to an S-L
problem with piecewise constant coefficients.

Theorem 4.2. Assume that Eq (2.1) is of Atkinson-type, and let p,(i = 1,2,...,m),p;,(j=1,2,...,n),
gi,wi(i =0,1,...,m),q;,0;,(j =0,1,2,...,n) be given by (3.4) and (4.1). Define piecewise constant
function p, g, on J by

pilaz — azi_y), x € [ayi-1,ax],i=1,--- ,m,

_ o, x € UL [azi2, azi-1]1 U [aom, &),

plx) = Dj(baj — byj_1), X € [sz—l,sz] sJ=1,n, .19
00, xe Ul [sz, sz+1] U (& b1];
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ﬁ, x € [ayi, azis1],i=0,--- ,m—1,
g_qﬁ’ x € [azm, &),
0, x € UL [azi1,az],
0=\ a @l (4.20)
1=
szj'isz, X € [ij,ijH] sj=1,-,m,
0, X € U’]’.:1 [sz_l,sz] ;
-, x € agi, azi1],i=0,--- ,m—1,
yr x € [aom, &),
0, x € U, [asi1,a0]
w(x) = b&)_—o’ x €& b, “4.21)
1=
ﬁ, xe[sz,bzl,-ﬂ],j:l,---,n,
0, x €U, [baj1,by.

Suppose that (2.2) and (2.3) hold. Then the eigenvalues of S-L problems (2.1)—(2.3) coincide with the
eigenvalues of S-L problems

—(P(x)y' (X)) + q(x)y(x) = A(X)y(x), x € (4.22)

with (2.2) and (2.3).

Proof. 1t is observed that both the S-L problems (2.1)—(2.3) and (4.12), (2.2) and (2.3) determine the
same

pi,i:1,2,...,m, qha)i’i:O’l’-'-’m;

ﬁj’j:1’27-'-,n’ QPJ)],]:O,I,,H

Thus, they are equivalent to the same matrix eigenvalue problem by Theorem 4.1. The results follow.
O

Remark 4.2. [36] According to Theorem 4.2, we know that for fixed (2.2) and (2.3) on a
given interval, there exists a family of S-L problems of the Atkinson-type, that have the same
eigenvalues as S-L problems (2.2), (2.3), and (4.22). Such a family is called the equivalent family of
S-L problems (4.22), (2.2), and (2.3).

5. Sturm-Liouville representations of matrix eigenvalue problems

In the sequel, we will illustrate that matrix eigenvalue problems of the form
AX = AFX (5.1)
have representations as Atkinson-type S-L problems.
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Theorem 5.1. Let [ >

= 8; 6i7 Yis 6:7 7,,(i =

1,2,3,4) be real numbers associated with transfer

condition (2.3) which satisfies det(C,) # 0 and det(D,) # 0. Let A be an | X | almost cyclic tridiagonal

matrix
ap ap ay-1  ay
1 axn ax
dz3  ds3 asq
Aik+l A+l k+1  Ak+1k+2
kel jr2  is2pr2 —1
A= Ap+3k+2  Ak+3k+3 Qg3 k+4  Ak+3 k+5 s
Apsaf+2  Airdk+3  Ak+dk+4  Akrd k+5
1 Ak+5k+5  Ak+5k+6
a3 Qra12 a4pi-31-1
aj-ni-1 4p-1,-1 -1
apg  ap ap -1 aj
where ajj. # 0 (j=2,3,...,k+2,k+5,...,1-2),2<k<1-6,a;€RUALi,j<], ay =
Asspra = 1, Qreopss = a1y = —1. Let F be an | X | almost diagonal matrix
i fi Si-r fu
S
f3
fk+1,k+]
fk+2,k+2
F = Jiszgr2 S gs3  Qadprd Qi3 jrs ,
fk+4,k+2 fk+4,k+3 fk+4,k+4 ak+4,k+5
fk+5,k+5
Ji—21-2
Ji-1-1
fn fe Ju-1 Ju

where f;; #0, fi; € R (j =2,3,...,k+2,k+5,...,1-1), and the elements of first and last row of A
and F satisfy

a a aj;-1 a _

rank( 11 12 1i-1 1 =2, rank i fi fl,l 1 Ju =2,
an dap dap-1 4y f11 flz fl,z-1 fll
ay dp ap-1 ay ap dap a1 4a

rank ’ =2, rank ’ =2
(fll fi2 f1,1—1 fll) ’ (fll I fz,z—l fzz) ’
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the elements of k + 3 and k + 4 rows of A and F satisfy
Apei34+2 A3 h+3  Akt3k+4 Akt 3 k+5

rank 2,

A4 k+2  Akrdk+3  Ahrd k+d A4 k+5

/i k+3,k+2 fk+3,k+3 A+3,k+4  Ak+3,k+5
rank 2,
Jivassr  Jerapss  Sisdjrs  Qiadkes

Ai+3k+2  Ak+3k+3  Ak+3k+4  Ap43 k+5
rank 2,
fk+3,k+2 fk+3,k+3 A3 k+4  Ak+3.k+5

A4 k+2  Akvdk+3  Qhrd k+d Ak+4 k+5
rank =2.
fk+4,k+2 fk+4,k+3 fk+4,k+4 Afv4.k+5

Then (5.1) has representation as Atkinson-type S-L problems in the forms of (2.1)—(2.3).
Furthermore, the S-L problems (2.2) and (2.3), and (4.22) have a unique representation when a
fixed (3.1) of J is given, with the notation in (3.4) and (4.1). All S-L representations of (3.1) are given
by the corresponding equivalent families of S-L problems (2.2), (2.3), and (4.22).

Proof. Letm=k,n=1-k—-6,J =[a,&) U (£,b], —0 < a < b < oo. First, one defines the parameters
in (2.2) and (2.3), let
@y =dy, @ =d4ap, a3=dy.1, @4=dy,
Bo=an, PBir=ap, Bs=ay1, Bis=ay
’ ’ ’ ’
a’2 = ﬁl’ al = ﬁ27 a3 = a.f],l—l’ a4 = ﬁl’
/ / / /
:32 = ﬁl’ ﬁ] = le’ ﬁ3 = ﬁ,l—l’ :84 = ﬁl’
and
03 = Qre3ps2, 04 = Qg3 ja3s 02 = Qk=3k+d> O1 = Qps3 k45,
Y3 = Qivdk+2, V4 = Qv k+3> V2 = Akrdh+4s V1 = Ait4k+55
74 / 74 74
03 = frazps2s Oy = frwzpss» 05 = fizzhsas O] = fia3psss
7’ ’ ’ ’
Y3 = Jiraks2s Vi = Jevakeds Vo = Jeraksds Vi = Jirdnase
For a given partition of J by (3.1), one can define piecewise constant functions p, g and @ on interval
J satisfying (2.8), (3.2), and (3.3) as follows:
Di = —Qiri2, 1=1,2,...,m,  Pj=—Cuijramrjss, J=1,2,...,n,

wi:ﬁ+2,i+2’ i:0’1’2a"~a m, (;)j:fm+j+5,m+j+5’ ]:()a 1’2,”-, n
and
Go=0ax» —Ppi, ¢i =022~ Pi—Pirl, 1=1,2,....m—=1, qu=au2m2— Pm
4o = Amsm+s — D1s G = Qmrjismejss — Dj— Pjr1> J = L,2,....n—=1, Gn = Qunin+smen+s — Pn-

Next, define p, g and @ by (4.19)—(4.21), respectively. Such piecewise constant functions p, g and @
on interval J satisfying (2.8), (3.2), and (3.3) are found and Eq (4.22) is of the Atkinson-type, (3.4)
and (4.1) satisfy with p, g, and w replaced by p, g and @, respectively. Obviously, Eq (5.1) is of the
same form as Eq (4.8). Therefore, the problem (5.1) is equivalent to the S-L problems (2.1)—(2.3) by
Theorem 4.1. The last part is yield by Theorem 4.2. O
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6. Conclusions

In the present paper, we study the finite spectrum problems for a class of S-L problems with
coupled eigenparameter-dependent boundary and transfer conditions. We proved that the problem
under consideration has finite spectrum under certain conditions. Moreover, the corresponding matrix
representation is also given. In our future research, we will study the corresponding inverse spectrum
problem of Atkinson’s type S-L problems.
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