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1. Introduction

In this paper, we consider the following two-component Fornberg-Whitham (FW) system for a fluid

-1
U, + uu, = (1 —0}%) 0,(o—u)

o+ (ou), =0 (1.1)
(u, p) (0, x) = (uo, po) (x)

where x € T = R/2xZ, t € R*. Here, u = u(x, t) is the horizontal velocity of the fluid, and p = p(x, 1)
is the height of the fluid surface above a horizontal bottom. This system was first proposed in [5],
and local well-posedness and non-uniform dependence on the initial data were established in Sobolev
spaces H*(R) x H*'(R) for s > 3 in [11, 12].

Local well-posedness in Besov spaces Bj, .(R) X BZ?,I(R) of (1.1) was established in [4] for s >
max{2 + %, %}. Besov spaces B, are a class of functions of interest in the study of nonlinear partial
differential equations, as they are based on Sobolev spaces and introduce a measure of generalized
Holder regularity through the index r, along with the Sobolev index of differentiability s and the
Lebesgue integrability index p. If s and p are fixed, the spaces B,, , grow larger with increasing r. In [4],
the FW system was shown to be well-posed in the sense of Hadamard by establishing the existence
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and uniqueness of the solution to the system (1.1) and then proving continuity of the data-to-solution
map when the initial data belong to B}, (R) x Bj_'(R) for s > max{2 + é, 2).

In this paper, our objective is to prove non-uniform dependence on periodic initial data for the
two-component FW system (1.1) in B, .(T) x B;:,l (T) for s > max{2 + %, %}. We work with periodic
initial data, as that simplifies our choice of approximate solutions and the resulting estimates. Setting
A =1- 8, werewrite (1.1) as

u +uu, = A0, (p — u)
o+ upyx + pu, =0 (1.2)
(u9p) (0’ -x) = (u()ap()) (-x)

where x € T =R/2nZ and ¢t € R™.

The paper is organized as follows: In Section 2, we recall the standard definitions and properties
of Besov spaces, linear transport equations, the operator A, and the two-component FW system. In
Section 3, we prove non-uniform dependence on initial data for the FW system (1.2) when the initial
data belong to B, (T) x Bj,j,‘ (T) for s > max{2 + i, %}. For this proof, we use a technique previously
seen in the study of non-uniform continuity of data-to-solution maps for other nonlinear PDEs, for
instance in [6-8, 10, 12]. We construct two sequences of approximate solutions such that the initial
data for these sequences converge to each other in B) (T) X B;,‘,l (T). Non-uniform dependence is then
established by proving that the approximate and hence the exact solutions remain bounded away from
each other for any positive time ¢ > 0. This idea was first explored by Kato in [9] to show that the
data-to-solution map for Burgers’ equation is not Holder continuous in the H* norm with s > 3/2 for
any Holder exponent.

2. Notation and preliminaries

This section is a review of relevant definitions and results on Besov spaces, linear transport
equations, the operator A, and the two-component FW system (1.2). We begin by listing some useful
notation to be used throughout Section 3.

2.1. Notation

For any x,y € R,

e x < ydenotes x < ay for some constant a.
e x =~ y denotes x = Sy for some constant 3.
e x > y denotes x > yy for some constant y.

2.2. Besov spaces

We recall the construction of a dyadic partition of unity from [8]. Consider a smooth bump function

x such that supp y = [-%,3] and y = 1 on [-3,2]. For & > 0, set p_1(£) = x, ¢o(£) = X(%) - X&)

and ¢,(§) = @o(279€). Then, supp ¢, = [% . 2‘1,§ <291 and ), @,(§) = 1. Using this partition, a
g=-1
Littlewood-Paley decomposition of any periodic distribution u is defined in [3] as follows:

AIMS Mathematics Volume 9, Issue 9, 25284-25296.



25286

Definition 2.1 (Littlewood-Paley decomposition). For any u € 9Y(T) with the Fourier series u(x) =
2n

>, e where ii; = f e~ Pu(y) dy, its Littlewood-Paley decomposition is given by u = Y, Ay,
JEZ g>—1

where A,u are periodic dyadlc blocks defined for all g € Z as
Agu =" g, (itje’™
JjE€Z
Using this Littlewood-Paley decomposition, Besov spaces on T are defined in [3] as follows:

Definition 2.2 (Besov spaces). Let s € R and p, r € [1,00]. Then the Besov spaces of functions are
defined as
= B, (T) = {u € D'(T) | llull;, < oo},

where

1/r
( ) <2Sq||Aqu||Lp>r) fl<r<oco
lleellgs, =

q>-1

sup 2%||Agullvr ifr =00

q>-1
Following are some properties proved in [1, Section 2.8] and [3, Section 1.3] that facilitate the study
of nonlinear partial differential equations in Besov spaces.

Lemma 2.3. Let s,s; € R for j=1,2and 1 < p,r < co. Then the following properties hold:

(1) Topological property: B _is a Banach space continuously embedded in D' (T).
Dsr
(2) Algebraic property: Forall s > 0, B’ N L% is a Banach algebra.
8 prop pr 8
(3) Interpolation: If f € By, N BY, and 6 € [0, 1], then f € Bor™ ™" and

2] —
Wl < A1 A1

(4) Embedding: B)., — B, whenever s, > s,. In particular, B;,, < B;frl forall s € R.

Remark on (2) in Lemma 2.3: When s > % (or s > i and r = 1), B, — L% We will use the fact
that for 0 < s < i, the result is still true as long as the functions are bounded.

2.3. Linear transport equation

Given a linear transport equation, Proposition A.1 in [2] proves the following estimate for its
solution size in Besov spaces:

Proposition 2.4. Consider the linear transport equation
(9tf + Vaxf =F
f(x,0) = fo(x)

where f, € B;’r(T), F e L'((, T);B A(T)) and v is such that 0,v € L'((0, T); B, (T)) Suppose
feL>0,7T); B;J(T)) NC(0,TT]; Z)’(T)) is a solution to (2.1). Let 1 < p,r < oo. Ifelther s# 1+ ;,

ors=1+ 11—7 and r = 1, then for a positive constant C that depends on s, p, and r, we have

2.1)

t
If@llg;, < eV (”fO”B;.,"‘C f e "ONF@)llg;, dr
0
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where [ |
V() = f ||6xv(7)||31/mm dr ifs<1+—
0 P p
and t
V() = fo |0 v(T)]| B! dr otherwise .
Forr <o, f € C([0,T], B}, (T)), and if r = oo, then f € C([0, T1], B;"I(T))for all s’ < s.

2.4. The Operator A

LetA=1- 6)%; then, for any test function g, the Fourier transform of A~!g is given by ¥ (A‘1 g) =

that is, for all & € B;fr] , there

N

@g(g). Moreover, for any s € R, A~'8, is continuous from B;,jrl to Bp’,;

exists a constant k > 0 depending on s, p, and r such that
IAT'0,hllg;, < gy - (2.2)

2.5. The Fornberg-Whitham system

The well-posedness of the two-component FW system (1.2) in Besov spaces was established on the
real line in [4] with the following result:

Theorem 2.5. Let s > max{2 + i, 2}, p € [1,00], r € [1, 0] and (uo, po) € B, (R) x B '(R). Then the

system (1.2) has a unique solution (u,p) € C ([0, Tl; BIS,J(R) X Bf;rl (R)), where the doubling time T is

given by
C
T = :

2
(ol + lleolls)

with C being a constant that depends on s, p, and r, and the solution size is estimated as

et Iy, i < 2(lollsg, + lloollssr) -

D.r
Moreover, the data-to-solution map is continuous.

Since we work with B}, .(T) X Bj,fr‘ (T) in this paper, we state the following:
Corollary 2.6. Theorem 2.5 holds when R is replaced by T.

Proof. The existence of a solution to (1.2) is proved by altering the mollifier used to prove Theorem 2.5.
This adaptation of the mollifier was done for the single Fornberg-Whitham equation in [7, Section 3.1].
Uniqueness and continuous dependence on periodic initial data for the system (1.2) are established by
approximation arguments similar to those in [4, Sections 3.2 and 3.3].

O

3. Non-uniform dependence on initial data

In this section, we establish non-uniform dependence on initial data in the periodic case for the
two-component FW system (1.2) in Besov spaces.
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Theorem 3.1. Let s > max{2 + 1—17, %} and r € [1,00]. The data-to-solution map (uy, po) — (u(t), p(t))
of the Cauchy problem (1.2) is not uniformly continuous from any bounded subset of B;, .(T) X Bf,}l (T)

into C([0, T1]; B, (T)) x C([0, T']; B;jrl (T)) where T is given by Theorem 2.5. In particular, there exist
two sequences of solutions {(Uy n, Pw.n)} With w = £1 such that the following hold:
() 1im (li1.1(0) = -1, (O)llg;, + l1014(0) = p-1.1 (Ol ) = O.

(ii) Timinf (|lur, — u_rallsg, + 010 = p-1allgyr) 2 |sintl.
n—oo >

Proof. For n € N, we consider two sequences of functions {(u“”", p“")} with w = +1, defined by

uot = =2+ ni sin(nx + wt)
{p“”” =1 + Lsin(nx + wr)
We take initial data
ud,, = u"(0) = =2 + L sinnx
{pfw = p“"(0) = 1 + L sinnx
Let the solutions to the FW system (1.2) with these initial data be denoted by (u,, ,, po.n)- Att =0, we
have

. 0 0 0 0 . -1
tim (1}, = u, sy, + 1169, = P2y ullgy ) = Tim 2lln~lgy, =0,
n—oo n—oo

which proves part (i) of Theorem 3.1.

To prove part (ii), first we estimate ||(ugn,p8) Mgy -1 and [[(u®", ol gy , -1 for any y > 0 and
. . . . ’ ’ prorEpr p.rPp,r
r < oo. Using the triangle inequality, we have

0 0 -1 =51 o} 1=5)) o3
1 £ gy st < 2y, +nllsinmdlgy + 'l sin ]y 3.1)
By Definition 2.2,
:
I'sin nxll :[Z 27A, sinanI’L,,] . (3.2)
q>-1

From Definition 2.1, as shown in the Appendix, we have ||A, sin(nx)|l, = ¢,(n), where 0 < ¢ (n) < 1
for all g such that @ In (%n) <g< ﬁ In (‘3—‘11) and ¢, (n) = 0 otherwise. Hence, (3.2) implies that for
any y > 0,
i () %
Isinolly, < | >, @)

qzﬁiﬁln(%n)

As 27 < %n for every term in the summation, from the above, we obtain

IA

I sin(rol;,

1
H%Zln(%”) 4\ '
n)

qzﬁ%gln(%n)
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S

y
(g) n’ = Cyn’. (3.3)

1 32
= In{—
In(2) 9
Here and in what follows, C, is a generic constant that depends only on vy for fixed p and r. Similarly,
it follows that for any y > 0,
I COS(I’lx)HBp, < C,n’. (3.4

By Definition 2.1,

nt oifg=-1

An~' = 0O)n!=
e ¢40) {O otherwise
1

So, ||n_1||3;, = ( 2 27‘1’||Aqn‘1||£,,) =277n"! . Using this and (3.3), it follows from (3.1) that
’ g>-1

0 0 1-y. -1 - -1 _1-
1S o0y g < 21707+ Gy + Gyl

< C,max{n"',n""} (3.5)

0

0
wn>Pon)» We have

Since (u“", p“") is a phase shift of (u
1, p gy s < Cymaxtn™, n7™). (3.6)

If r = o0, (3.5) and (3.6) follow immediately from Definition 2.2.

We complete the proof of Theorem 3.1 by establishing (ii) for {(u®", p“")}, taking advantage of the
following lemma, whose proof follows the proof of Theorem 3.1. Lemma 3.2 establishes that for each
n and w, (u*", p") approximates (Uy, Pwn) In By, ,(T) X B;jrl (T) uniformly on [0, T'] for some 7" > 0.

Lemma 3.2. Let 8" = (&, &) where &7 = uy,, —u“" and E" = p,, — p“", with w = +1. Then
forallt € (0,T), where T is given by Theorem 2.5, ||8w’n(t)||3;;,x3;-,l = ||8‘]‘”"(t)||B;J + ||8§"”(t)||32-r1 -0

as n — o0,
We show that (u_; ,, 0-1,) and (u; 4, p1,,) stay bounded away from each other for any ¢ > 0. Since

1,
||M1,n - M—l,n||Bf 8

1, -1, -1,
2 =g, = e = g, — = s, (3.7)

and
o1 = potallgr = 0™ = o™ llgr = 10" = prallge =107 = poallges (3.8)
adding (3.7) and (3.8) we obtain

Lo -1, ln_ -1, 1, -1,
1=t allgy, Hlor=0-1allr > e =t gy, +lp =0 g =l Dl e =18 Dl ey
>nt (II sin(nx + 1) — sin(nx — 1)|| By, + || sin(nx + £) — sin(nx — )| B.;’_rl)

-1 1, -1,
= 2lln” sy, = NE"Dllgs, xps = IS~ "Dl s, xps-s

= 217 (|l cos(n0)llgy | sin(0)] + | cos(nx)lp2 | sin(0)]) = 270 = U Dllgs s = 167" Dllgs s -
3.9
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By Definition 2.2, if r = co, we immediately have
| cos(nx)llg;, = Csn’® , (3.10)

where C; is a constant that depends only on s for a given p. For 1 < r < oo, there is a similar estimate,
whose proof is given in the Appendix. Also, by Lemma 3.2, we have ||E“"(7)|| By, xBi ™ 0 for w = +1,
as n — oo. Using this and (3.10), it follows from (3.9) that

timinf (Jluy = u-rallgy, + 1010 = P-1allpe)
n—00

> 2C; (lim inf | sin(7)| + liminf n ™| sin(t)l) ~ |sin(?)] > O.
This proves part (ii) of Theorem 3.1 and completes the proof of non-uniform dependence on initial

data for the two-component FW system (1.2) in B}, ,(T) X B;,‘rl (T) for s > max{2 + % %}.
O

Now we prove Lemma 3.2.

Proof. (Lemma 3.2) We show that [|[E“"(1)]| 5y , g1 — 0 as n — oo for any y with max{s — % 1+ ﬁ} <
pr pr

¥ < s — 1, and then interpolate between such a y and a value § > s. Recall that & = u,,, — u“" and

ES" = pun — p“". It can be seen that E;" and £ vanish at r = 0 and that they satisfy the equations

0,E7" +u"0,E" = =E7" 05Uy + A-lax(a‘;’" =& =R, G.11)
0" + Un0,E5" = 85" Ottyn — P DE]" — EY0,p°" — Ry '
Here, R, and R, are the approximate solutions for the FW system, that is,
R1 — atuw,n + uw,naxuw,n _ A—lax(pw,n _ uw,n)
R2 — atpw,n + ax(pw,nuw,n)
e Estimate for ||R;]| B, Using the definitions of 4" and p“”", we have
w,n w,n w,n -1 w,n w,n 1 :
R, = ou”" + u”"ou”" — AN O0("" - u”") = ﬁ81n(2(nx+wt))
n=s-
Then by (3.3),
IR llgy, < Cyn? ™1
e Estimate for [|Rs|| ;-1 Using the definitions of " and p**",
p.r
w,n w,n . w,n 1 1 :
R, = 0,0 + 0,(0”"u"") = —cos(nx + wif) + ——sin 2(nx + wt))
n¢ n=s-

So from (3.3) and (3.4), it follows that

||R2||BV—| < C’)’ (I’l_sny_l + nl_zsny_l) < Cyn’)/—s—l .
pr
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Therefore,
y—s—1
IR, + ||R2||B;;1 sn .

(3.12)

Since &7"(f) and &5"(r) satisfy the linear transport equations (3.11), to estimate the error

IE (1) B, xB» We apply Proposition 2.4 to obtain

!
IS Dl < KieF"1® f MO, dT
0

and t
||8L20’n(l)||317;1 < Kzeszmf e_szz(T)”Fz(T)”B;" dr
N 0 g

where K, K, are positive constants depending on vy and
Fi(t) = =& 0syn + N'0(EY" —EY") — Ry,

Fa) = 6370, = 9087 = 870,50 < Re.
!
Vi(0) :f ||axu“””(7)”3;;‘ dr,
0 :

) fot ||8xuw,n(T)||BI{rmeoo dr ify<2+ i
Va(t) = 1 ! .
fo 10t (Dl 2 dT otherwise
p.r

Since max{s — %,1 + %} <y < s—1,wehave

t
Vi(t) s 7t < n't and V,(1) < Cf luwn(Dllgy, dt
0 :
for some constant C that depends on vy, p, and r. By Theorem 2.5 and Eq (3.5), it follows that
t

Vo(t) < ZCL [| (ugvn,pgvn) ||B;‘pr;;1 dr < n''tr.

Let K = max{K}, K5}. Using (3.17) and (3.18), we combine (3.13) and (3.14) to obtain
t
& Wl + 165" Dl 1 < f 0 (IF (Dl + P2l )
por 0 . D

e Estimate for ||F(7)|| B, From (3.15), as BZ, is a Banach algebra, we have

) -1 § §
1F sy, < 1665 gy, (9ttwanllsy, + AT D(EL" — E2 Iy, + IRl

) -1 § ,
<Y g il gyt + IAT OLES” = Egy, + IR g, -

From (2.2),

71 5 3 3 3 3 3
IAT0.E2" = &y, < KIES" = "l < M (1€ sy, + 165715

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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where M is a constant depending on 7, p, and r. By Theorem 2.5, we have

0 0
[ [P 7 |

50 by (3.5), lltwnllgye < 2C, max{n~!, i7" As y > max{s — 3,1+ 1},
lttiall gy < 071" (3.22)
Using (3.21) and (3.22), from (3.20), we obtain
IF@llgy, < (M +n71) 182" (Dllgy, + MIES" (Dllgy-t + IR (Dl (3.23)

e Estimate for ||F,(7)|| ek We may use the algebra property, item (2) of Lemma 2.3, for BZ,;I since

v —1> max{s - %, Il)} > () and the functions we are dealing with are bounded. Then, from (3.16),

||F2||B;;l < ||8;)’n||3;;1||3xuw,n||B;;l + ||Pw’"||BZ;1||(9x8‘f’"||3;;1
+ ||l9xpw’"||B;;l||8({)’n||B;;l + ||R2||B;;1
_1) o, :
snolIEM gy, + ||8L2M||B;;l||uw,n||3;, + ||R2||B;;1 : (3.24)
By Corollary 2.6, |l ,llz;, < 2l (ug),n, pg,n) I BB which implies
luwallg;, <2Cy max{n~',n""*}
by (3.5). Asy < s 1, luu,llg;, < n~!. Using this in (3.24) yields
_1) o, 10w,
IE2(Dl g1 < 0 IIET" gy, + 0 1EY" (Ol -1 + [IR2A(T)]] -1 (3.25)
pr p.r p.r Do

Adding (3.23) and (3.25) gives

IF1Ollgy, + IR0l s (M + ) (187" gy, + 185" (@)l -1
pr ps p.r

pr

+ IR (Dllgy, + Rl g1 - (3.26)
Substituting (3.26) into (3.19), we obtain
!
IE Ol gy gyt S f(O) + ﬁ gONE" @l 1 d (3.27)
where )
£ ~ f O (IR (Dl + IRl ) dr (3.28)
0 :
and
g(t) =~ (M + n™175)eK0n < (M + 1)eX00m (3.29)

Using Gronwall’s inequality, from (3.27) we obtain
f
18" Dllgy gy S fO) + f g f(@)ek#0 * dr. (3.30)
p.r p.r 0
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Using (3.12) along with (3.28) and (3.29), from (3.30), we obtain
IE" Dl s S 7" (3.31)
which means that [|[E“"(?)|| 37 , p-+ — 0 as n — oo for any max({s — 31+ [—17} <y<s-1

On the other hand, if § € (s, s + 1), then noting that the solution with the given data is in B‘;’, X Bf,j,l for
any 0 we have, for 0 < r < T (from Theorem 2.5)

G (D)l s

0—1
p,rXBp,r

IA

”(Mw,napw,n)”B;prg}' + ||(uw’n7pw’n)||3;r><3;‘r‘

0 0 , ,
2I|(uw,n’ pw,n)”va,rXBg,_rl + ”(uw " pﬂ) n)”B?wXBi._rl ’ (3.32)

IA

where we have used the solution size estimate in Theorem 2.5. Now, for 6 < s + 1, Egs (3.5) and (3.6)
imply that ||, ,, p2 Il B, xS Csn®~* and ||(u®", p“")|| B, B < C;sn®*, where Cs denotes a constant
that depends only on ¢, for a given p and r. So (3.32) yields

NE“" (Olgs g1 < 1% (3.33)

pr pr

We use the interpolation property, item (3) from Lemma 2.3, with 6 = g_;;, to obtain

wW,Nn w,n 0 w,n 1-6
16" Ol s < WE DI WE DN e (334)

psr

From (3.34), using (3.31) and (3.33), we obtain

b5 sy

18" Ollgy gy < (07)7 ()7 = 7" (3.35)

As 6 € (0,1), (3.35) implies that ||8“J”’(t)||B.]§’pr.]§,-r1 — 0asn — oo for any s > max{2 + }p, %}. This
completes the proof of Lemma 3.2.

]

When p = r = 2, B, and H" are equivalent by [2, Proposition 1.2], and so we obtain the following
corollary:

Corollary 3.3. The data-to-solution map for the two-component FW system (1.2) is not uniformly

continuous from any bounded subset of H*(T) x H*"'(T) into C([0, T1; H*(T)) x C([0, T1; H*"'(T)) for
5

s > 3

4. Conclusions

In this paper, we considered the two-component Fornberg-Whitham (FW) system (1.2) and used
a sequential approach to prove that its data-to-solution map is not uniformly continuous for periodic
initial data belonging to Besov spaces B;J’r(T) X Bj,j,l (T) where s > max{2 + %, %}. As a corollary, this
establishes non-uniform dependence on periodic initial data for the FW system (1.2) in Sobolev spaces

H*(T) x H*\(T) for s > 3.
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Appendix

In this appendix, we provide a lower bound on || cos(nx)llB;J forany s > Oand 1 < r < co. By
Definition 2.2,

1

[l cos(nx)lls;, = (Z 2°"|A cos nx||fL,,) : (4.1)
q>-1

By Definition 2.1, A, cos(nx) = goq(n)ei"x . Therefore, ||A, cos(nx)|lL» = ¢,(n), where 0 < ¢, (n) < 1 for

all g such that mz_z) In (%n) <g< ﬁ In (%n) and ¢, (n) = 0 otherwise, (4.1) implies that

Sl

F%gln(%n)
lcosnoll, = | >, @)

qzﬁigln(%n)

Since 27 > %n for all terms in the summation, from the above we have

) ;
)ns Z | . (4.2)

llcos(nx)llp;, = (—
qzﬁigln(%n)

8

Recall that ¢(&) = )((%) — x(&) and ¢ (&) = ¢o(27%) for any g > —1, where supp y = [-3%,3] and
x = 1on [_431’ %]. This means that supp ¢, = [% . 2q,§ - 29] for any g > 1 and furthermore, ¢, = 1
on the interval [% . 2”,% - 29]. In other words, ¢,(n) = 1 for ﬁ In (%n) <qg=< @ ln(%n). Therefore,
from (4.2) we have

v

O
3
Il cos(nx)llg;, (g) n® Z 1

qzﬁiﬂln(%n)

(%) " (1n12> ][ln (;1” - (gn)])
i (mzz) " (%)) (%) "o

where C; is a constant that depends only on s, for a given p and r. The same estimate holds for
|| sin(nx)|| By, s well.
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