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1. Introduction and main results

Let H; denote the set of all primitive holomorphic cusp forms of even integral weight k > 2 for the
full modular group S L(2,Z). Every f € H has a Fourier expansion at the cusp oo of the type

fl) = Z /lf(n)n% ez,
n=1
The Fourier coeflicient A¢(n) satisfies the multiplicative relation

L (m)Apn) = Y Af(%).

d|(m,n)

In 1974, Deligne [1] proved the Ramanujan-Petersson conjecture
[A¢(n)] < d(n) < n", (1.1)

where d(n) is the divisor function.
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For f € H;, we define the i-th symmetric power L-function attached to f as

Lisym'f, 5) = HH( ay(p) ’“ﬁf(p)’") (12)

p m=0

provided that Rs > 1, where a/(p) and B(p) are two complex numbers satisfying

ap(P)Br(p) = lay(p)l = 1Bs(P)l = 1, Ap(p) = ay(p) + Bs(p).

We can express it as a Dirichlet series:

[ (9]

L(sym'f, s) = ZW - ]—[(1 +Z%) (1.3)

n=1 )4 v=1

where Agymi¢(n) is a real multiplicative function, and

Aymif(P) = " g (pY "B(p)" = A,(p).
m=0
It’s easy to see that

L(sym'f,s) = L(f, ).

Let f,g € H; be two different cusp forms. The Rankin-Selberg L-function attached to sym’f and
sym/g is defined by

Lsym'f x symg, = [ | ﬂ H (1- af(py'-mﬂf(p)zfg@)f-"ﬁg(p)" )-1

{L(Symof, 5) = £(s),

p m=0 n=0

for Rs > 1. Further, this can also be written as

0

L(sym'f X sym’g, s) = Z Asyud fxsym/g(n) rl ( Z M) (1.4)

Vs
n=1 P v=1 p

Then, we get
i . ‘
/lsym"fxsym.fg(p) = Z Z a,f(p)l_mﬁf(p)maf(p)]_nﬁf(p)n = /lsymif(p)/lsym/'g(p),
m=0 n=0
where 7, j > 1 are integers. In particular, we have
L(sym' f x sym'g, 5) = L(f X g, ),
L(sym' f x sym/g, s) = L(f X sym/g, s).

For a more comprehensive investigation on basic properties of symmetric power L-functions and
Rankin-Selberg L-functions, the interested readers can refer to [2, Chapter 13].
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There are many hidden structures underlying the Fourier coeflicients A¢(n). In analytic number
theory, it is a classical problem to estimate the sums of the type

D Apm) Ay, (1.5)
where [, m € N. The study of O-results on the sum (1.5) is of great significance and has attracted much
attention of many number theorists. For / = 1 and m = 0, the best result to date was given by Wu [3].
Rankin [4] and Selberg [5] studied the average behavior of the power sum for the case [ = 2 and m = 0.
More recently, Huang [6] established the better result

D Ap(n)? = Cx + O(x3~50%),

Fomenko [7] solved the problem when / = 3,4 and m = 0. Lii [8] improved Fomenko’s result and
successfully established the results with / = 6,8 and m = 0 for the first time. Shortly afterward, Lau
et al. [9] considered more general cases and obtained better results. Recently, Newton and Thorne [10]
proved in a general setting that sym'f is automorphic for i > 1. On the basis of the deep results of
Newton and Thorne, by applying some techniques of analytic number theory, Xu [11] and Liu [12]
investigated the average behavior of the power sums (1.5) with / € N and m = 0. Hua [13] focused on
the sum (1.4) with [ > 9,m = 0 over indices that are sums of two squares.

For the power sum (1.5) with m > 0, Ogg [14] first established an asymptotic formula for /,m = 1.
Subsequently, Fomenko [7] considered the sum of coefficient of the Rankin-Selberg L-function, and
then successfully attained the O-results of the case of [ = I,m =2 and [ = 2, m = 2. In 2014, Lii [15]
showed that

D Apm)Ay(n) < x logx~ 30—

n<x
and

DA Ay(n)? = Cx + O(x5*9), (1.6)
which improved the results of Fomenko [7]. The current best known estimate for (1.6) is due to He [16],
who showed that

D A4 (n)? = Cx + O(x ).
Lii [17] also investigated the casesof [=m =3,/ =4,m=2,and [ = 4,m = 4.

The first purpose of this paper is to further improve the upper bounds on the error term of the
sum (1.5) with m = 0 and m > 2, respectively. The result is formulated in the following theorem:

Theorem 1.1. Let f € H and g € H| be two different nonzero cusp forms:
(1) Forl = 2r > 6, we have

Z /lf(n)l = xP,(log x) + O(x"*°),

n<x
where P/(y) denotes a polynomial in y of degree (i) - (r ! 1) -1, and

3271 —
0 = {W '=6,

1-651, 1=8.
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Here,

13( 1 18 I 1S A-2n+ 12 1 3
6, = — (2= I+1)-—.
2 42r(r—1)+5(r—1)(r—2)+2(z n (n—1)+ " ) 14

n=1
(i) For 1 > 2, m > 2, we have

Z Af(n)l/lg(n)m = xP;,,(log x) + O(x%m+€),

n<x

where P,,,(y) denotes a polynomial in'y of degree (([2]) — ([5]1—1))((["?]) - ([’;’i—l)) —1for2|land?2 | m;
otherwise, 0. In the O-term, we have

622 = £ = 0.865621 - - 023 =030 = 20 =0.932126--- | 6h4 = b4, = 32 = 0.966759 - --
06 = 05 = 1281 = 0.991853 -+ | 644 = 3T = 0.991907 - - - 046 = 054 = 2ot = 0.998000 - -
1—95’12”, I=2r,m=2Frl=m=6,l>8o0rm>8,
g = 1—91‘11”_, [=2t+1,m=2f+1,l,m>3,
SR I Y [=2t+1,m=2F1%#30rm#2,
1-65] ., [=2r,m=2f+1,l#2o0rm#+3.
Here,
r=2
(-2nm+1)%( 1
I I D, + (I + 1)_ )
Bl ) () BT ) ()
aadd 42;»7 SRr—1)  5r(F—1) 2
) b o121
Z (m 2n2+l) (m+ 1) Z ( ni
el rny (r )(nz 1) r( ) (l+ 1)(m+ 1) . o1 n (nl—l)
2 2 2
r—1 71
(m=2n2+1)%(I+1) (=21 +1)2(m=2m+1)2 [ 1 m
n21 ny (nz 1) Z_ Z_ niny (nl—l)(nz—l) 3
> + n=1ny=1 _ 2
2 2 14°
t T
(I=2n1 +1)2(m=2m+1)2 ( 1 m A-2n +D2(m+1) [ 1
(l+ 1)(m + 1) Z: Z: niny (m—l)(nz—l) nlzl ny (m—l)
LInf = +
2 2 2
7
(m—2n +1)2(1+1)
Z: : ("2 1)
+ ,
2
4m+1) [ 1 A(m=2nr+1)? m
A7) s ([)+ 3 et 1)( )
—1)\7-1 -2 np=1
012457 = — + +
3tr 5t(r—1) 2
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i (l—2n1+1)2(m+1)( l ) é (m—2n2+1)2(l+1)( m )
I+ Dm+1) w2 m m=t/ 2 "2 no-1
+ + +
2 2 2
-1 7
(I=2n1+1)2(m=2nm+1)2 [ | m
n1Z=1 n22=1 mny (nl_l)("Z_l)
2 9
-2
410+ ( m A(0-2nm+1)2 ( 1 m
1\ m L\ m =)+ > = "))
IR ) T e B (2)+ 2 S0
2het 357 S5Hr— 1) 2
d (l—2n1+])2(m+l)( l ) "Zl (m—2n2+1)2(l+1)( m )
LDt g m-l L m n2-1
2 2 2
r =1
(I-2n1+1)2(m=2ny+ 12 (1 m
nlz=1 n22=1 niny (m—l)(nz—l)
2

Remark 1.2. Compared with Liu [12, Theorem 1.1], He [16, Proposition 4.2], and [17, Theorems 1.4
and 1.5], we improve the previous results. In fact, we have

Old | 6, =0.9647--- | 6, =09914--- | 8, =0.8666- | ¢, =0.9687-- | §,,=0.9921---

New | 6 =0.9646--- | 63 =0.9913--- | 6, =0.8656--- | B4, = 0.9667 -+ | 644 = 0.9919---

As an application of Theorem 1.1, we then investigate quantitative results of the sign changes of
Ar(n) and A¢(n)A,(n). The sign changes of the sequence of Fourier coefficients in short intervals was
first investigated by Murty [18]. Later, Meher and Murty [19] established a lower bound for the number
of sign changes of the sequence {A/(n)}. In addition, the analogous questions of simultaneous sign
changes of A(n)A,(n) was considered by Kumari and Murty [20], where f and g are two different cusp
forms. In 2019, He [16] improved the result of Kumari and Murty [20]. Here, we obtain the better
quantitative results for sign changes of the sequences {A¢(n)} and {A(n)A,(n)}.

Theorem 1.3. Let A¢(n) and A,(n) be the coefficients of L(f, s) and L(g, s), respectively.

(1) Suppose [ € H. Then, for any r with % < ry < 1, the sequence {A;(n)} has at least one sign

change for n € (x, x + x']. Moreover, the number of sign changes for n < x is > x'™" for sufficiently
large x.

3
893

one sign change for n € (x,x + x"]. Moreover, the number of sign changes for n < x is > x'™" for
sufficiently large x.
Remark 1.4. In view of
3 67 13 773
-=06>05982---=—, — =0.8666--->0.8656-- = —
5 0.6 > 0.598 12 15 0.86 > (0.8656 203’
we improve the results of Meher and Murty [19, Theorem 1.2] and He [16, Theorem 1.5].

(i1) Suppose f,g € H;. Then, for any r, with < ry < 1, the sequence {15(n)A,(n)} has at least
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2. Preliminaries

In this section, we will recall and establish some preliminary results which are used to prove the
main theorems in this paper.
We define

o0 I 0 l m
Fi(s)= Y M and  Fi(s)= ) YO A" 2.1)

s
n=1 n n=1 n

Lemma 2.1. Let f € H;, then we have

Fi(s) = Gi(s)H\(s),
where

[5]

Gi(s) = n L(syml_z”f’ S)((ri)_(nil))_
n=0

(l) is the binomial coefficient with the convention that (i) = 0ifn <0, and the function H(s) admits a

n

Dirichlet series convergent absolutely in Rs > 1/2. Noting Hy(s) # 0 for Rs = 1.
Proof. This can be found in Xu [11, Lemma 5]. |

Based on Ivi¢ [21, Theorem 8.4], Bourgain [22, Theorem 5], and Ramachandra and
Sankaranarayanan [23, Lemma 2], we give the following lemma:

[

Lo +im) < (7 + 1|)max{£(l—0'),0}+f (2.3)

Lemma 2.2. For any € > 0, we have

12
dr <. T" (2.2)

— 41
4 (7 iT)
uniformly for T > 1 and
uniformly for 1/2 < o < 2 and |t| > 1. Moreover, for U > U, where U, is sufficiently large, there
exists a T* € (U,2U) such that

max |£(o +iT")| <. exp(C(loglog U)%). 2.4)

(J'Z§

Lemma 2.3. Let f € H;, then we have

T 5 4
fo L(f, 3t in)| dr <z, T'* (2.5)
uniformly for T > 1 and
L(f. 0 +i1) < (I + 1]ymx30-000e (2.6)
Lsym>f, o+ i1) < (|7 + 1)mex0-Obve, 2.7)
L(f X sym’g, o + iT) Lfge (IT+ ll)%(l_‘”” (2.8)

uniformly for % <o <2and|r| > 1.

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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Proof. These are Ivi¢ [24, Theorem 2], Good [25, Corollary 3], Lin et al. [26, Corollary 1.2], and Lin
and Sun [27, Corollary 1.3], respectively. O

For general L-functions, we have the following averaged or individual convexity bounds (see [28]):

Lemma 2.4. Suppose that £(s) is a general L-function of degree m. Then, for any € > 0, we have

2T
f 180 + in)dT < T (2.9)
T
uniformly for 1/2 <o <2and T > 1, and
Lo + it) < (7| + Dz oive (2.10)

uniformly for 1/2 <o <1+ eand|r| > 1.

Remark 2.5. According to the Euler product (1.2), the degree of L(sym/f, s) is j + 1. In the proof of
Theorem 1.1, we take m = j + 1 in Lemma 2.4 for L(sym/f, s), j > 3. Similarly, take m = (i + 1)(j + 1)
for the Rankin-Selberg L-function L(sym' f X sym/g, s).

3. Proof of Theorem 1.1

3.1. Proof of (i) in Theorem 1.1
By the Perron formula ([29, Proposition 5.54]) with (1.1), we obtain

1+e+iT xs x1+5
A Fi(s)—ds+ Oy,
Z ) = fl ()—ds + Oy, ( T)

+e—iT

uniformly for 2 < T < x, where the implied constant depends only on f and €. From Lemma 2.1, we
can easily get that the point s = 1 is the only pole of the integrand in the region o) < 0 < 1 + € and
|r| < T for any oy € [1/2 + €, 1). Using the Cauchy residue theorem, we get

1+e+iT 1+e—iT oo+iT xl+e
PRAOE Res F,(s)— o (f +f f )Fl(s) ds + ofe( )
oo+iT oo—iT oo—iT T

n<x

The factorization expression of F(s) in Lemma 2.1 contains ¢ (s)(i)‘(nil), which means s = 1 is a pole
of order (}i) - (nfl) of F(s) in the half-plane Rs > 1/2. Thus, by standard argument in complex
analysis, we know the residue at s = 1 is equal to xP;(log x), where P;(log x) is a polynomial of degree
(l) — (r 1) — 1 for [ = 2r; otherwise, 0. Thus, we get

1+e+iT 1+e-iT o+iT xl+e
> Ay = xPy(log ) + — (f +f f” )F,(s) ds + Oy - )- (3.1)
lox oo—1 o)

n<x o+iT o—IiT

The absolute convergence of H)(s) for Rs > 1/2 + € yields H;(s) < 1. Hence, (3.1) can be written as

1+
D As(n)! = xPy(log x) + oy —+ W+ %)), (3.2)

n<x

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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where
1 1+e
R = — f IG/(o + iT)|x"do
T Js,
and
T dr 2T,
R, = x7° f |Gi(og + iT)|— < x7°7¢ sup — |Gi(oo + iT)|dT.
1 T 1<mi<t T1 Jr,

Our goal is to test for constraints on R/ and R}, which can certify R? < x'*¢/T and R} < x'*¢/T.

Let us consider 2 | [,/ > 6. When the power of {(s) is less than 12, (2.2) cannot be used directly. In
order to get better results, we consider it separately.

Case 1. For [ = 6, according to Lemma 2.1, we have
Go(s) = {(s)°L(sym’ f, )’ L(sym* f, s)’ L(sym", s).
Taking U = X3 in (2.4), there must exist a T* € (U, 2U) such that
L(o +iT*) <, exp(C(loglog U)*) < U*.
Suppose that T = 6U with 1 < 6 < 2. Now, we choose
> 351

0'0:5, T=T"=6U = 6x31

in (3.2). Then, we obtain

w11 T se «Ox8+5x3+ 1) (1-0)+e o
Re < = (—)T 5TON2TE x7do
T

Pooo (3.3)
129, ¢ IR x'te SrenZBie .
< T o | do < T + X7 T BT
;TS
Applying the Holder’s inequality, we obtain
5 1
R, <x7'€ sup — Ge(= +it)|dr
1<ri<r 11 Jr, 7
5 7
1 2T 5 12 2T 5 12
<x7* sup F( f 4G +iT)|12dT) ( f |L(sym4f,?+i7')|67°dr)
1<r<r 11 \Jr, T
2,9 .0 6,9 .
X L(sym”f, 7 +iT,)" L(sym’f, 7 +iTy).
By (2.2), (2.7), and Lemma 2.4, we have
mg < x%+eT—1+%(l+e)+(5><%+%x“7ix177+9><g+%)(1—%)+e < x%+eT%+e. (3.4)

Combining (3.2)—(3.4), we obtain

x1+e

T

5 2971
+ X7 ),

Z Ap(m)° = xPg(log x) + O

n<x

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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Recall that
120

T =56 x313291
with 1 < ¢ < 2. Thus, we get the required result.
Case 2. When [ = 2r > 8, according to Lemma 2.1, we obtain

G[(S) — lL[ L(Syml—an, S)((,I,)—(nil))
n=0

Take U = x% in (2.4), where

(1—27:1)2( l )+l+l

r=2
13(1) 18 (z) p) -1 3
02,r_ + + - —

T 42r 5r— D\r-2 2 14

Then, there must exist a 7" € (U, 2U) such that

r—1

(o +iT") <. exp(C(loglog U)*) < U°.

Suppose that 7 = 6U with 1 < 6 < 2. Now, we choose

5 ;
oo=%, T=T"=6U = 5x%r

in (3.2). Then, we obtain

22 (—2n+1)? (
n n

1)+z+1
18 ( 1\, n=l !
1 I+ T %,f € [5(’—”("—2)+2](1_(’)+5
ER;’<<?ﬁ (g)(‘)T
3

a
02— 25 ( ! )+ -1+ e X
< T7% 2 \-1)7 14 —_— do
s \7er s (L)

1+€

xdo

< + x%“T%(el,r—gy(gl)*’%)_]+E_

Applying the Holder inequality and (2.2), we obtain

: I

R <x7™ sup —
<<t T1 Jr,

Sye 1 s 12 5. 2()-12
<KX77° sup — |{(= +iv)| “dt {(? + 1T )3 -
T,

1<r<1 T 7

dr

Gl(7 +17)

r—2
X l:)[ L(syml_z”f, ; + iTl)((}{l)_(ni]))

<<x%+ET %92_,—1+E

Combining (3.2), (3.5), and (3.6), we obtain

1+e 5 )
+ x?+eT792”_l+E

> 24 = xPilog x) + 0| =

n<x

Recall that T = 6x* with 1 < 6 < 2. Thus, we get the required result.

(3.5)

(3.6)

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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3.2. Proof of (ii) in Theorem 1.1
To prove these results, we will use the following proposition:

Proposition 3.1. Let f, g € H/, then we have

Fl,m(s) = Gl,m(s)Hl,m(s)a
where

41 1%)
Gz,m(S) - 1_[ HL(syml 2n1f>< symm 2nzg S)((nl) (nl 1))((n2) (n2 1))’ (3.7)

n1=0npy=0

n

(l) and ( ) are the binomial coefficients with the convention that ( ) = 0 and (;’;) =0ifn;,n, <0,

and the function H,,,(s) admits a Dirichlet series convergent absolutely in Rs > 1/2. Note H;,(s) # 0
for Rs = 1.

Proof. For f € H;, we know

Fiat = 3 MO (5 MOVAGY
n=1 p v>1

By [11, Lemma 5], we get that

(4]

[ l
/1f(P)l = Z ((”1) - (nl B 1)) ﬂsyml—sz(p),

n1=0
(3]

ﬂg(p)m = Z ((Z) - (l’lzni 1)) /lsym"l—2n2g(p).

ny=0

Hence, the coefficient of p~* is

[4]
1 m 2 / B /
ﬂf(p) ﬂg(p) = [ . ((nl) (l’ll B 1)) /lsymzznlf(p)}
[3] " "
g ,;) ((”2) - (nz - 1)) Asymn-2n2 g(P)}

EINES
g9 3958 R S R e
n np -1 ny I’lz—] sym=211 fxsym™ 212\ P)-

Hl,m(S) = Fl,m(s)/Gl,m(s)a

and its p-local factor is of the form 1 + O(p~%*). So, the Euler product (hence, the Dirichlet series) of
H,,,(s) converges absolutely in Rs > 1/2. O

=

We define

Utilizing the similar method in Section 3.1 and the decomposition in Proposition 3.1, we can get
the claim easily.

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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3.2.1. Evenland m
Case 1. When [ = m = 2, according to Proposition 3.1, we have
Gaa(s) = {(s)L(sym’ f, 5)L(sym’g, s)L(sym’ f X sym’g, s).
Taking U = x'2°/%% in (2.4), there must exist a T* € (U, 2U) such that
(o +iT") <. exp(C(loglog U)*) < U°.

Suppose that T = 6U with 1 < 6 < 2. Now, we choose

5 . 10
T =T =6U = 6x

0o =
in (3.2). Then,

p (1 e ore,9yo
R, < — (—) TGHs -0t g
22 ;
7

T o -
2 4e IR x'te Stepidie 38
< Tm — | do< + x7T T,
;o \Tf
Applying Holder’s inequality, we obtain
X 27 5
Ry, <x7€ sup — Gao(s +iT)|dT
’ 1<ni<r T1 Jr, 7
5 1 2T 5 % 2T 5 %
<x7¢ sup — (f (= + ir)llza’r) (f |IL(sym>f x sym>g, = + iT)|2dT)
1<r<r T \Jr, 7 Ty 7
o1y s b\ 5
X ( f |L(sym?f, = + iT)lSdT) L(sym’g, = +iT}).
T 7 7
By (2.2), (2.7), and Lemma 2.4, we have
9{;2 < x%+ET_1+'17(1+6)+(%+%X%Xg+%><3+g)(l_%)+g < X%HT%H. (3.9)
Combining (3.2), (3.8), and (3.9), we obtain
2 2 x1+E . L
D" Ap(n)2A4(n)?* = xPy,(log x) + O AT )

n<x

Recall that T = 6x% with 1 < & < 2, Thus, we get the required result.

Utilizing the similar method of A7(n)?A,(n)*, we can get the results of A,(n)*2,(n)*, A5(n)*A,(n)?,
Ap(n)* A, (n)*, A;(n)*A,(n)°, and A;(n)°A,(n)* easily.

Case 2. When!/=m =6,1> 8, orm > 8, we have

Gim(s) = 1_[ 1_[ L(sym'™" f x sym™ 2", s)(("ll)_("11“))((’2)_(”;1))

ni =0 I12:0

AIMS Mathematics Volume 9, Issue 9, 25166-25183.
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— 25 O-CE -G sy £, ) G- GG L sym?g, 5 O-CNC()

o 1—2[ Lisym-21 £, 5[ )-GENEIC2) 1—2[ Lisym™ g, 5 O-CNG)

=0 n=0
r—1 r-1

X | ol | Ol L(Syml—anf X Symm—Zan, s)((,,ll)_(nllfl))( )=t )’
nyp=vUny=

where [ = 2r, m = 2F.
Taking U = x%27 in (2.4), there must exist a T* € (U, 2U) such that

(o +iT") <. exp(C(loglog U)?) < U°.

Suppose that 7 = 6U with 1 < 6 < 2. Now, we choose

5 . ool
Opg = ?, T = T = 6U = 6x 2,2,ri,
where
r=2
(I=2nm+1)2( 1 m 1 m
1\ m 1\ m 1\ m 2 Lo ) A+ D2(,”
025 7 :13(r—1)(f—1) 18(r_2)(f_1) 18(F—1)(F—2) ni=1 ' ( ! 1)( 1) ( 1)
2207 4277 SF(r—1) = 5r(F—1) 2
=2 r—1
(m=2ny+1)% (1 m 1{ ! A=2n +D2(m+1) (1
=2 m+1)- s
et rny (r—l)(nz—l)( )r(r—l) .\ I+ D(m+1) .\ n12=1 n ("1—1)
2 2 2
-1 r—1 7-1
m=2n+ D2+ 1) [ m I=2n1+D2(m=2m+ 12 ( 1 m
nzZ:l 2?!2 (nz—l) mZ:l nzz:] I niny - ('11—1)("2—1) 3
2 2 14
in (3.2). Then,
1+€e L) (M) m
2o« f (z)ﬁc_,)(;_.) T35 )G+ )00 10 g
- T Js )
o O B )15 f ”6( x )Ud (3.10)
ey rF \r— - (0 .
s\ 725G+ )
1+e
« T i (L)) ve
Applying the Holder’s inequality, we obtain
5 1
R, <x7T€ sup — Gin(z +iT)|dT
: 1<ni<r T1 Jr, 7
1 2T 5 Ty 1S)ee
<xite sup —(f (= + iT)llsz) Tiez’z’” D=3 (3.11)
1<ri<r T1 \Jr, 7

<<x% +ET %92’2,’;—1+€
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Combining (3.2), (3.10), and (3.11), we obtain

1+e€

D 4 A, = xPy(log x) + O (XT

n<x

Recall that 7 = 6x%2+ with 1 < & < 2. Thus, we get the required result.

+ x% +ET%92’2’V‘F_1+E

3.2.2. Odd [ and m

From (3.7), we have

Gim(s) = n l_[ L(sym ™" f x sym™ "2 g, s)(("ll)_(”ll—'))((':z)_("zm-l))

n1=0np=0
= H L(sym' ™" f x sym™g, s)((”ll)_("ll*')) H L(sym'f x sym™ " g, s)(("n;)_(”;i 1))
n=1 ny=1
X L(Symlf X Symmg) l—[ 1_[ L(Syml—anf X symm—ang’ S)((nll)_(nll—l))((r:;)_(nzm—l))’
ni=1np=1

where [ =2t + 1, m = 2+ 1. Then,
1 1+€ 1+e X o
9%7 <« — f T01:00=0) 3 dor <« 7010771 f (—) do
A T |1 1 T
2 2 (3.12)

2

xl+e . .
s+eqs5011.7—1
+ x0T

<

where

(I=2m+D)*(m+1) (1 d (m=2m+D*(+1) ( m
P I+ Dm+ 1) L mel " ("1—1) . n22:1 n (nz—l)
Ll = 5 > 5
t 3
(I=2m+ 12 (m=2mp+ 1)* (] m
I 2 L))
+
2
Applying the Cauchy inequality and (2.9), we obtain
27,

dr

|
Gl’m(i + iT)

1
R, <x2™€ sup —
’ 1<ri<r T1 Jr,
27,

(3.13)

(I=1)(m+1) 1
Llye -2 m 2 O115-2—5—)1—3)+e
<Kx27¢ sup — |L(sym f X sym”g, s)| drxT,
1<ri<r 11 JT,
<<X%+ET%9|’1’I’[_1+E

Combining (3.2), (3.12), and (3.13), we obtain

1+€

D 40 A" = xPy(log x) + O (XT

n<x

+ x%+ET%91’I't’t__l+€

. -1 .
By taking a fixed T = x”.1.7, we obtain the result.
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3.2.3. Odd ! and even m

When 2 1 1,2 | m, because (2.5) cannot be used directly when the power of L(f, s) is less than 4, we
need to think about this case separately.

Case 1. When [ = 3, m = 2, according to Proposition 3.1 and taking o = %, we have

Gi2(s) = L(f, $)’L(f x sym’g, s)*L(sym’ f, s)L(sym’ f x sym’g, s).

Then, we get

1 1+e
9{}31,2 = ?f;

8

1 I+e 2.ny 20,4, 12
<<T T(2><§+2><1%+§+]7)(1—(r)+exo-d0_
3

206 I+e X 7
<T 15t f = | do
5 T

8

L(f, s)zL( f X syng, s)ZL(sym3 I, s)L(sym3 | X syng, Hx7do

(3.14)

1+€

5 181
< + x8FET a0 €,

In order to estimate R

3> We apply the Cauchy-Schwarz inequality to obtain

1 2T
‘R;z<<x8+f sup —

5
Gio(s +iT)|dt
1<r<r T1 218

4 2
dT)
1<n<r 11

o7, 2 \3 (3.15)
X (f dT)
T
1

<<x8+e sup —T, (2x3+12)(1- 5)+eT TreT 1x4x(1-3)+e
1<T<T 1

<xite sup iT (2x3g+ 122)(1‘8)+5(f ‘L(Sme,g + iT)
T,

5
L(sym3 £, 3 +IT)

5 181
< xFteT 0 te,

Combining (3.14) and (3.15) with (3.2) and T = X7, we get the required result.
Case 2. When [ is odd, m is even, and [ # 3 or m # 2. From (3.7), we have

Gun(s) = 1—[ HL(Syml M f X sym™ g, s)((”l) GNG-6))

}’l]—O ny= =0

—1(f, 5)(O-CE-) 1—[ [T £esym'=2" £ x sym™-2g, (EYEEN) (AR O)

n1=0 np=0

« L(f x sym?g. 5)(O-C G- 1—[ L(F x sym™ 2, 5y OCD(E)),

nr=0
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where [ = 2t + 1, m = 27. By taking o = % then

1 1+e€ 1+e X .
R, < = T2 =Dy dor < Th2er! dor
’ rJ; s TO12.7
’ 8

(3.16)
x1+5 5 3
< + xsreT Rl
where
-2
dm+1) (1 4m=2m+1)*( | m
1\( m 1\ m — )+ 2 —_ _
L) s ) R AL
BT 50— 1) 2
i (l—2n1+1)2(m+1)( I ) 27: (m—2n2+1)2(l+1)( m )
.\ I+ D(m+1) Lt n ni-1 L 2 ny~
2 2 2
-1 7
(=2m+ 1) (m=2mp+1)* ([ m
Z Z niny (m—l)(nz—l)
ni=1ny=1
2
Applying the Holder inequality, we obtain
s 2T 5
R, <x8 sup T Gl,m(g +i7)|dt
1<ni<r L1 Jr,
1 (rh ! 120X 2)(1-3 3.17
<xi* sup —( f L(f, > +iv)| dr|T2rbaimee G-17)
1<ni<r T \Jr, 8

<<x%+6T%91’2”’;71+6.
Combining (3.16) and (3.17) with (3.2) and T = xel’_‘z,,,;’ we get the required result.

3.2.4. Oven /[ and odd m

The proof of 2 | 1,2 ¥ m is similar to 2 { [,2 | m, so it can be estimated in a similar way. In order to
avoid repetition, we shall not prove it verbatim here.

4. Proof of Theorem 1.3

In order to prove Theorem 1.3, we state the following result of Meher and Murty [19, Theorem 1.1]
to detect sign changes:

Lemma 4.1. Suppose a sequence of real numbers {a(n)} satisfies

(1) a(n) = O(x*™),
(2) X a(n) = O(*),

n<x

(3) X an)® = cx + O(x"*),

n<x
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where @, 3,7y, and c are positive real constants. If @ + 8 < 1, then for any r with max{a +,v} <r < 1,
the sequence {a(n)} has at least one sign change for n € (x,x + X" for sufficiently large x. Moreover,
the number of sign changes of {a(n)} forn < xis > x'™".

(i) Let f € H;. From Wu [3, Theorem 2] and Huang [6, Theorem 1], we have

DAy < x1ogn) ™M and Y 4(n) = Cx + O(x3 ), 4.1)

n<x n<x

Combining (1.1) and (4.1) in Lemma 4.1, we know that @ = 0, g8 = 1/3, y = 67/112, which means
max{a + B,y} = 67/112 < 1.

(ii) Let f, g € H;. In 2014, Lii [15] proved that
D Amagn) < x¥ log 73017,

From Theorem 1.1, we improve the error term for the sharp-cut sum (1.5) with / = m = 2 from
O(x1315+€) to O(x73/8%3+€). With Lemma 4.1, we obtain @ = 0, § = 3/5, y = 773/893, which means

max{a + B,y} =773/893 < 1.

Thus, we finish the proof of Theorem 1.3.
5. Conclusions

In this paper, we study the distribution of Fourier coefficients of holomorphic cusp forms. Let A¢(n)
be the nth normalized Fourier coefficient of a holomorphic cusp form f for the full modular group.
Combining the classical analytic method with property of some primitive automorphic L-functions,
we establish asymptotic formulae for high power sums of Fourier coeflicients of cusp forms. As an
application, we also use a general criteria to detect the signs of A¢(n) and A;(n)A,(n), and obtain some
quantitative results for the number of sign changes for n < x. We are able to improve or extend previous
results.
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