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Abstract: We primarily examined the effect of leakage delays on finite-time stability problems
for genetic regulatory networks with interval time-varying delays. Since leakage delays can occur
within the negative feedback components of networks and significantly impact their dynamics, they
may potentially cause instability or suboptimal performance. The derived criteria encompass both
leakage delays and discrete interval time-varying delays through the construction of a Lyapunov-
Krasovskii function. We employed the estimation of various integral inequalities and a reciprocally
convex technique. Additionally, these models consider lower bounds on delays, which may be either
positive or zero, and allow for the derivatives of delays to be either positive or negative. Consequently,
new criteria for genetic regulatory networks with interval time-varying delays under the effect of
leakage delays are expressed in the form of linear matrix inequalities. Ultimately, a numerical
example is presented to show the effect of leakage delays and to emphasize the significance of our
theoretical findings.

Keywords: finite-time stability; genetic regulatory networks; leakage delays; lyapunov-Krasovskii
functional; interval time-varying delay
Mathematics Subject Classification: 34K20, 93D05, 93D40, 34D20

1. Introduction

Through their mRNAs, protein expression products, and other components, DNA segments
in a cell interact with each other passively, forming dynamic genetic regulatory networks (GRNs)
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that work as a sophisticated dynamic system to govern biological processes, where the systems of
regulatory linkages between DNA, RNA, and proteins comprise GRNs. Modeling genetic networks
with dynamical system models, which are a useful tool for analyzing gene regulation mechanisms in
living organisms, comes naturally. To examine genetic regulatory developments in life forms, the
mathematical models of GRNs comprise formidable tools, which can be approximately separated
into two categories, including discrete models [1, 2,6, 16,22] and continuous models [4,5,9, 10, 12].
The components in continuous models characterize the concentrations of mRNAs and proteins as
continuous data, allowing for a more complete interpretation of GRNs’ nonlinear dynamical behavior.

A differential equation is often used to describe a continuous model. Thus, erroneous estimates
could result from theoretical models that fail to consider delays. Time delays frequently occur
in various applications, and it is widely acknowledged that they can significantly impact system
performance, leading to degradation and instability. This realization has sparked significant research
interest in the field of stability analysis for systems with time delays over recent years, such as
differential equations [35], neural networks [11, 13,24], bidirectional associative memory fuzzy neural
networks [36], fuzzy competitive neural networks [37], and neutral-type neural networks [14,25,27].
More accurate descriptions of GRNs are possible using differential equation models with delayed
states, also called delayed GRNs, which offer a better display of the nature of life. To indicate the
time needed for transcription, translation, phosphorylation, protein degradation, translocation, and
posttranslational modification, time delays are often established in cellular models. Particularly for
eukaryotes, delays may affect the firmness and dynamics of the whole system considerably. While
there are limited quantitative assessments of the delays, developments in quantifying RNA splicing
delays should be taken into account. Because the time delays in biochemical reactions align with or
surpass other important time scales defining the cellular system, and the feedback loops related to these
delays are robust, and these delays become pivotal for explaining transient processes. This suggests
that in cases where delay durations are substantial, both analytical and numerical modeling need to
consider the impact of time delays, which has led to the study of various stability forms of the system,
for example, in [5,10,31,33,38]. A common type of time delay, referred to as leakage delay (i.e., the
delay associated with leaking or forgetting items) might arise within the negative feedback components
of networks and has a substantial impact on the dynamics, potentially resulting in instability or
suboptimal performance in GRNs. In fact, various beneficial algorithms and computational tools

have been devised to address this phenomenon, with numerous notable findings published in previous
literature [7,17,28,29,32].

When a built system has been implemented in the field, there is typically some unpredictability;
be it a windy sky or a rough road, we may encounter uncertainty in the operational area. Uncertainty
can also be found in the system’s defining variables, such as torque constants and physical dimensions.
As a consequence of the dynamic nature of a system under investigation, one of the most critical
attributes of that system is stability. In general, when a system is chaotic, or simply lacks stability, it
is not especially useful. It is preferable to work with systems that are stable or offer periodic behavior,
with the caveat that chaotic behavior can be readily understood in some systems, and there can also
sometimes be good reasons for people to actively seek chaos in a system for various applications.
Therefore, we found research that demonstrated various stability criteria such as asymptotic stability
analysis, exponential stability analysis [3,34], H infinity performance [25], finite-time stability (FTS)
analysis [15,23], and so on. The concept of FTS differs from classical stability in two significant ways.
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First, it addresses systems whose functionality is limited to a fixed finite time interval. Second, FTS
necessitates predefined constraints on system variables. This is particularly relevant for systems that are
recognized to operate exclusively within a finite time span and in cases where practical considerations
dictate that system variables must adhere to specific bounds [8].

After thorough investigation, FT'S for GRNs with delays has been studied in references [21,24,26],
as well as [39]. For example, the researchers in reference [21] explored the FT'S for GRNs that have
demonstrated impulsive effects, employing the Lyapunov function method. In [24], the topic of FTS
for switched GRNs with time-varying delays was examined through the use of Wirtinger’s integral
inequality. Furthermore, the effect of leakage delay has been studied in various works, including
references [14, 18, 27]. For instance, in [14], the researchers proposed sufficient conditions that
guarantee the asymptotic stability of GRNs, which have a neutral delay and are affected by leakage
delay through the application of the Lyapunov functional. Additionally, in reference [18], the authors
focused on global asymptotic stability analysis aimed at stabilizing switched stochastic GRNs that
exhibit both leakage and impulsive effects. This stabilization has depended on both time-varying delay
and distributed time-varying delay terms, utilizing contemporary Lyapunov-Krasovskii functional and
integral inequality techniques. However, it has been determined that there are no studies focusing on
analyzing the FTS while considering the effect of leakage delay for GRNs. The successful completion
of such research could contribute to a deeper comprehension of leakage delay and potentially offer
opportunities to improve the stability criteria of GRNs. This research concerns the effect of the leakage
delays on FTS criteria for GRNs with interval time-varying delays. The criteria aim to consider the
effect of leakage delays. Consequently, we employ the construction of a Lyapunov-Krasovskii (LK)
function and estimate various integral inequalities as well as reciprocally convex techniques to establish
them. These improvements enable us to specify the stability criteria concerning the effect of leakage
delays on FTS. This refinement simplifies the representation of stability criteria in the form of linear
matrix inequalities (LMIs). Ultimately, we offer a numerical example to demonstrate the effect of
leakage delays and emphasize the significance of our theoretical findings.

The principal contributions of this research can be encapsulated as follows:

(i) Targeted focus on leakage delays: We specifically address the impact of leakage delays on the
finite-time stability of GRNS, filling a gap in existing research and providing new data on the stability
dynamics influenced by these delays.

(1) Consideration of variable delay limits: We take into account the lower limits on delays, which
can vary between positive values and zero, and accommodate the derivatives of delays ranging from
negative to positive. This comprehensive approach allows for the one that offers a better representation
of the nature of organism and modeling of real biological scenarios.

(ii1)) Empirical validation: A numerical example is provided to demonstrate the implications of
leakage delays on the stability criteria. This example underscores the impact of leaked delays on GNRs.

(iv) Contribution to broader fields: The insights gained from this study have the potential to
advance multiple fields, including systems biology, biotechnology, and medicine.

By addressing these aspects, this research significantly enhances our understanding of the
interplay between leakage delays and finite-time stability in genetic regulatory networks, paving the
way for future studies and applications in various scientific and medical domains.
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2. Problem formulation and preliminaries

The first step is to introduce the following symbols or notations: R” and R™ represent the n-
dimensional Euclidean space and the set of all n X r real matrices, respectively; G > 0 (G > 0)
signifies that the symmetric matrix G is positive (semi-positive) definite; G < 0 (G < 0) signifies that
the symmetric matrix G is negative (semi-negative) definite; The quadratic from ||(,c>(t)||12V is defined as:
||g0(t)||12v = ol (ON(2) or |le()lly = Ve (H)Ne(t) for any state vector ¢(f), and N > 0.

In this paper, we suggest the GRNs with interval time-varying delays and leakage delays in
the form

mi(t) = —am(t —p,) + Z?:l w;;igi(pit —r(0)) + €,
pi(t) —cipi(t — pe) + dimi(t — (1)), i=1,2,...,n,
where m;(-) and p;(-) are the concentrations of mRNA and protein of the ith node at time ¢, respectively.

a;> 0 and ¢;> 0 denotes the degradation or dilution rates of mRNAs and proteins, retrospectively. d;
represents the translation. w;; is defined as follows:

2.1)

Yij if transcription factor j is an activator of gene i;
wij = { 0 if there is no link from node j to i;
—Yij if transcription factor j is an repressor of gene i.

r(-) and h(-) are the feedback regulation and translation delays, respectively, which are
retrospectively satisfied by

0<ry<r®)<ry, ram<i{)<ram, (2.2)
0 < hy < h(®) < hy g < 1D < hay, (2.3)

where p, > 0 and p, > 0 denote the leakage delays. g;(p;(s)) = (p;j(s)/B)"/ /(1 + p;/B;)"i where H,
is the monotonic function in Hill form, € = Xy, vij with U, = {j| the jth transcription factor being
a repressor of the kth gene, j = 1,...,n}, B; > 0 is a constant which the feedback regulation of the
protein on the transcription. When we let (m*, p*)! be an equilibrium point of (2.1), the equilibrium
point can be shifted to the origin by transformation: x;(t) = m; —m?, y;(t) = p; — p;, and system (2.1)
can be rewritten in the vector form

(1) = —Ax(t—pa) + W@ - 1)),

y0) = —Cyt—pc)+ Dx(t — h(1)), (2.4)

x(@) = ¢@), y0)=§&@®, tel-10l, 7=max{hy, v, aPc}
where A = diag(a,, as, ..., a,), C = diag(cy, ¢z, ..., ), W = [Wijlusn, f((2)) = g(y(1))—p* with f(0) =0,
@(1), t € [-max{p,, hy}, 0] and &(¢), t € [- max{p,, ry}, 0] are the initial conditions.
Assumption 1. The regulatory function f(£(£)) = [f1(£1(2)), f-(2(2)), ..., fu(Za()]T € R™ is assumed to
satisfy the following condition

o7 < fil&) — fi(&2)
H -0
where @7, o7 are real constants, and let 8~ = diag(p|,9,,...,9,), 0" = diag(p],95,...,9,) and

i = diag(max{lp;|, 1971}, 0 = diag(p1, 92, . . ., Pn).
Then, the definition presented along with the several lemmas serves as a methodologies utilized
to prove our primary outcomes.

<pf, fO=0, 4,L€R, L#Gi=1,2,..,n, (2.5)
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Definition 2.1. (see [21]) Let G > 0 be a matrix, if
IDOIG + I¥OIG < c1 = IIxOlIg + VG < c2, Y1 € [0,T],

where [|O(DllG = SUP_ oy i<l DllG, I9Dll6} and ¥ (llg = SUP_ iy <ol IED G, IEDlIG ),
then the GRNs with interval time-vary delays and leakage delays (2.4) exhibits FT'S concerning positive

real numbers (cq, ¢y, T).

Lemma 2.2. Let N € R™", N = NT > 0 and G € R*™",G = G be any constant matrices. Then
Amin(N_lG)‘pTN‘P < ‘)DTG‘p < ﬂmax(N_lG)()OTN‘p,

where the expressions “Amin(N"'G)” and ”Amax(N"'G)” denote the minimum real part and the
maximum real part of the eigenvalues of N™'G respectively.

Lemma 2.3 (Jensen's inequality [28]). Let G € R™", G = G' > 0 be any constant matrix, 6y be
positive real constant and ¢ : [—0y, 0] = R" be vector-valued function. Then,

t ! !

—6Mf 0" (8)Gp(s)ds < —f goT(s)dst w(s)ds.
t—0pm t—0p t—0p

Lemma 2.4 (see [30]). Let G € R™, G = G' > 0 be any constant matrix, 5,, > 0,8, > 0 are real

constants and ¢ : [-0y, —0,, | = R" be vector-valued function. Then,

t—Sm t—Om =0
—(6m — 6m) f ¢"(5)Gp(s)ds < - f ¢ (5)dsG f @(s)ds.

—Om t—O0m —0m

Lemma 2.5 (see [20]). Let G € R™", G = G > 0 be any constant matrix, and any continuously
differentiable function z : [0,,,0p] — R". Then,

oM

(Om = 6m) ¢ (5)Gp(s)ds
S

NTGR| + 3R] GR,,

\%

Y

oM
(Sv = Om) f @' (5)Gp(s)ds > NIGN; +3NIGN, + SNIGR;,
Om

5/\4 5/\4 2 M M
N = f o(s)ds, N = f o(s)ds - f f o(s)dsdo),
o o oM —0m Js, Jo

2 M
N3 = @(0m) = @(0n), Na=@On)+ @(0,)— P f p(s)ds,
m Jo,

6 ou 12 e ou
Rs = @(6m) — @O ds — ———— dsdo.
5 = @(0m) — ¢ )+5M_5mf;m p(s)ds (5M_5m)2f6: f: p(s)ds

Lemma 2.6 (see [19]). Let «y,k2,...,ky : R* — R have positive values in an open subset D of R".
Then, the reciprocally convex combination of k; over D satisfies

1
min Z —k;(t) = Z k;(t) + max Z i i(1),
{aila1>0,%; a;=1} a; ' - (0 ni,j(t) 4 Tij

i i i#j

where
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subject to

n k(1) m;j(0)
{Ui,j RS Ry, = nj,i’l Mg ] > O}.

ni(®) k()

Lemma 2.7 (see [11,13]). Suppose Assumption 1 is valid, let diagonal matricesT; > 0, i = 1,2. Then

£() T[_FIEI r152” £(@) ] 2
[f({(t))] nE -0 e = 20
[ £ = r(0) ]T [—rza FZEZH &G~ r(0) ]>0 07
fU@—r®m)| [ 2B, - || fE—r®)] '
where Z; = diag(9 97, 9595, 9,9,) and Ep = diag(@, @, e, @).

3. Main results

In this section, we present a theorem and a corollary related to GRNs. To begin with, the
FTS result is formulated for the GRNs with interval time-varying delays, considering the effect of
leakage delays.

Theorem 3.1. Given that Assumption 1 valid. For positive scalars cy, ¢, T, @, Pa, Per My Iy,
Rams hapt, Ty Tat, Tam and rgy according conditions (2.2)—(2.3), if there exist matrices P; > 0,i =
1,2,3, O; > 0,i = 1,2,3,4, R, > 0,i = 1,2, §;, > 0,i = 1,2,3,4, U; > 0,i = 1,2, any diagonal
matrices I'; > 0,i = 1,2, any appropriate dimensional matrices E;,N;,i = 1,2,3,4, satisfying the
following conditions:

[Sz Xu] > 0. Q=123
k S2
[S: ?’] > 0, Li=123,

4
0 <0, (3.1)
ﬁe“Tcl < o). (3.2)
A

Then, the system (2.4) exhibits FTS concerning N > 0 and positive real numbers (cy,c,, T), where
0 = Y, 0, is defined as

® =2 _61 ! P] E{ [ (2
b= »€5] [ 0 EZT] | —¢5 — A(ey —e3) + Weg
+(hgpe®™ — e"h’")eg Pyes + (e¥™ — hdme“h”’)e§P3e3 - e"hMeZP3e4 - aelTPle L
[ €6 ! P3 Eg— 4N
»elo] [ 0 EZ;_ [—elo —C(eg — e14) + Des
+H(rape™ — e"")eg Qzes + (e — rgne™™)el Qzeg — e ef Qe + ] Oyer

+(rape™™ — e*el,Querr — aet Q1 es,

+ elTPzel — e"h’”eg Pe; + e"h’"eg Pse;

0,=2

] + eGT Q,eq — e‘”’”e? Qse7 + ¥ e7T Qsey
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@ = hyel Rie) + ryel Ryes — K1, (LR )N — 3R, (BAR)N 12 — NI, (72 Ry — 3RD (72 Ry)N 0y,
Oy = el (WS | + Iy, Sa)es + elg(raSs + ry,Sa)eio — 85,8 1831 — 381,818y — SNI SN,
—N1,8383, — 3RL S 3Ry — SNLS 355 + (= KL, ONg — 3RT ON7; — SRT ORg) — RL ONg,
—3NJ,087; — SREORgy) + e7(— NS, 0891 — 3R], OR101 — SRT ON 111 — RS, Oy
—3N1,ON 102 = SNT L, OR 12) + 2 (= KL X1 1862 — 3R], X1287, — SNE X 1380)
+2€m'"( - N&le?‘%z - 3N1T01X22N102 - 5N1T11X23N112),

_ 2T 2T T T
05 = presUjes + pLegUseig — ezUres — e Usens,

T _ — T — —
T T E
en| | & -I'i|len en| | 2B, —-In||en|’
©; = 2(e; — e3 — ex1) Mi(— Cleg — e1q) + Des — ey)’ +2(e; — e3 — ex1) Mae,

T T
+2(€1 —e3 — 821) M3€3 + 2(81 —é3 — 621) M4€21,
1 1 1
Nll = €15, Npp = —(e15 — 2e), NZI = —€16, Ny = —(e16 — 2e23), N31 =e; —éy,
Nyy=e +ey—2e5, Nsj=e;—ey+6e5—12en ,Npp=es—e7, Vi =es+e7—2e,
Nsp = eg—e7+6e15 — 12ep3, Ngy = e —e3, Nyp=ey+e3—2ep7, Ngj = ey —e3+6e17 — 12ex,

Nep=e3—e4, Np=e3+es—2e;3, Ngpp=e3—e4+6e3—12ep5, Noy = e7 —es,

Niop = e7+eg—2e19, Nijj=e7—eg+6e19—12e5, Nop =eg—e9, Ny =eg+eg—2e,
eahm -1
Niip =eg—eg+6ex —12ex7, Iy = by = by Tiam =T = Ty Bin = o
e — ohn e — ah,, — 1 e — o 1 o(h,, — hyy) et — 1
Pw=—""—"", Pu=—""F " Pu= 5 s B = )
a a a a
et — e et — 1 e —ar, —1 e — e + (1 — ry)
ﬁZr = ) ﬁ3r = ) ﬁ4r = D) ) ﬁSr = ) )
o @ o o
ea — | e — 1 .
ﬁlp = > ,,32p = , €= [Onx(j—l)n I, 0n><(j—14)n] Jj=1,2,...,27.

(0 (0

Proof. First, we employ the Newton-Leibniz formula to modify system (2.4), which is as follows

i) = —A(x0 - [ x(s)ds)+ Wit = r), 43
3 = =Cly = [ 3(s)ds) + Dx(t = h(1)). '
Second, the LK functional is designed for the system (3.3) :
5
V()= > Vi), (3.4)
i=1
where
t t—hp
Vii) = xT(OPx(f) + f "I X (s)Pyx(s)ds + f "I X (s)Pyx(s)ds,
t=hp, t—=hy
Vi = YO + f eIV (5)Qay(s)ds + f T eI () 05y (5)ds,
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N f ()ew-ﬂ FTO() Q4 f(())ds

0 t
Vi(t) = hy, f f =9 xT ()R, x(5)dsdO + 1,y f f =T ($)Ryy(s)dsdb),
—hy Jt+6
0 t I
Vi(t) = hy, f f =957 (5)S 1 x%(5)dsdO + ham f f =9 5T ($)S ,x(s5)d sdO
—hy, Jt+0 t+0
0 t t
+rmf f a(t=9)y T(s)Sgy(s)dsd9+rMmf f eIV (5)S 43(5)d sd6,
—Iym Jt+0 -,
0 t "
Vit) = pa f f I (YU i(s)dsdd + p, f f eI ()U3(5)d .
—pa V140

Then, taking V;(¢) along the trajectory of system (3.3) with (2.2) and (2.3), we have

Vi) = 2xT(O)P1x(t) + xT (O)Pox(t) — e xT (t — hyp)Pox(t — hyy) + € x(t — hyp)P3x(t — hyy)
—(1 = h())e™ Ox™ (t — () P3x(t = h(D)) + (1 — h(1))e™ Ox" (t — h(t)) P3x(t — h())
—e™™ X T (t — hp)P3x(t — hy) — ax” ()P x(1) + @V, (1)

Utilizing the zero equation —x(¢) — A(x() — ft ip x(s)ds)+ W f(y(t—r(t))) = 0, we estimate the boundary
ham < h(t) < hay, and the exponential function term 1 = €0 < e < ¢ < gy ] = —0 > —¥hn >
—e®") < _e® From this, we derive the values of V,(¢) as follows.

x| [P, ET (1)
x(t)] [ 0 Ej ] l—x(t) — A(x(1) - f,ipa x(s)ds) + W f(y(t — (1))
e xT(t = hy)Pax(t — hy) + €™ xT(t — ) P3x(t — hy) + (hgpe™™ — ™)
XxT(t = h(£))P3x(t — h(t)) + (€™ — hyme®™)xT (t — h(£))P3x(t — h(t))
—e® xT(t — hy)P3x(t — hyy) — ax? ()P x(f) + &V, (1)
< X 0O (1) + aVy(1).

Using the same method, the zero equation as —y(r) — C(y(r) — ft t_p(. y(s$)ds) + Dx(t — h(1))) = 0 allows us
to obtain the derivative of V,(¢), which is

Yol [ ET 0
‘(t)] [ 0 ET] [—y‘(t) - C(y(1) - ftipc Y(s)ds) + Dx(t — h(1)))
ey (1 = 1) Qay(t = 1) + €y (t = 1) Q3y(t — 1) +(rape®™™ — ™)
Xy(t — r() Q3y(t — r(1)) + (™" = rgme™™)y(t — r(1)) Q3y(t — r(1)))
="My (t = i) Q3y(t — ra) + fT (0 Qa f () +(rapae™ — ™) fT (y(t = r(1)))
XQ4 f((t — (1)) — ay" () Q1y(1) + a V(1)
< (OO () + aVy(b).

Vi(t) < 2[ + X" (t)Pox(t)

T

V) < 2[ £ (0 (0)

The derivative of V3(¢) is calculated to obtain

Vi) < x (O R)xX(@) + Y (02 R)Y(®) = By, f X' ($)Q1x(s)dss
t—hy
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—rmf Y (9)Qsy(s)ds + aVs(1).

We utilize Lemma 2.5 to estimate the amount, leading to the subsequent inequality.

Vi) < x (0(61 (R2R)e| + ef (raRa)es — NI (o, RN 11 — 3N, (7, RN 12
—N1,0(ra RNy — ngz(rng)Nn)\/(t) +aV3(t) = X" ()O3 (1) + aV3(0). (3.5)

The derivative of V4(¢) is calculated to obtain
Vi) = i (O)(RES | + 3y, e S )x(t) + YT ()(r2S 5 + 12y, €S 4)i(t)
! !
—hy, f X1 ()8 1x(s)ds — 1,y f V1 ($)S33(s)ds
t=hy t—ry

t—Ny I—=Fm
—hpgme®™ f ()8 ,x(8)ds — ryme™™ f Y (5)S 43(s)ds + aVs(2).
I3

t—hy —rm

To facilitate our analysis, we decompose and examine the inequality in the derivative of V() step by
step as follows. In the first part, we use Lemma 2.5 to approximate the value, resulting in the following
inequality.

! !
_hmf XT(S)SIX(S)dS - rmf )"T(S)SB)"(S)dS
t—hy, t—rm
<x"(O( = RE S 1831 — 3NE S 1Ry — SNE S 1N — NS 385 = 38E5 384 = SRES 3R (1), (3.6)

Then, we estimate the values of the second part of the inequality as follows.

t—hy, t—rm
—Rarme™™ f X7(9)S 2x(5)ds — rypme™™ f VT (9)S 49 (s)dss
t

Bagmen o t—h . ‘ o e 1—h(1) ‘

- —m@zm—hm) f A ©S2i(ds - (hM oy o = o) f ©(5)S 2i(s)d's
€™y [ T8 s = Ty = o) f ) rQ)“(s)S (5)ds
(I’(l‘) Tm) " 1=r(t) Y 4 (rm — r() M t—ry Y 4y ‘

By utilizing Lemma 2.5 together with Lemma 2.6, we can approximate the inequality as follows
—Fm

t—hy
e f ()2 4(5)ds = rame™™ f V' (9)Quy(s)ds
t

hm M

< x" (0™ (= R§; O — 3R], 0871 — 5K, ORs1 — RO — 3R],087, — 5K, ORs)
+e"( = R, ONop — 3875, OR 101 — SRT} 0N 11 = R, 080, — 387,010 — SR}, ON 1)
+2¢( — 8§ X182 — 3N, X1587) — SN, X1385))
+2¢™ (= RJ X2 8oz — 38]o Xoo®102 = 58]} Xo3®112) e (0). 3.7)
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Estimating the derivatives of V4(¢) along with approximating the values, in inequalities (3.6) and (3.7)
is a crucial part of this analysis. We obtained consistent equations in this process as follows:

Va(0) < X" (0Oux () + a V(D). (3.8)
Regarding V;5(¢), we derived its derivative and applied Lemma 2.4 for estimation. Additionally, when
approx1mat1ng the exponential function where 1 = €° < %4, 1 = ¥ < %, -1 = —¢¥ > —e%¢,

—1 = -’ > —¢%<, we obtain the following results

Vs(t) < p2il (DU x(t) + p>y" (s)Upy(t) — f i (s)dsU, f x(s5)ds

I=pa I=pa
- f V1 (8)dsU, f y(s)ds + aVs(t) = ¥  (H)Osy (1) + aVs(1). (3.9)
1=pe 1=pc

Next, by adopting Eqs (2.6) and (2.7) and let I'; > 0, i = 1, 2 be diagonal matrices, we obtain

[ ¥(0) ]T [—rlal rlaZH (0 ]+[ ¥t = r(0) ]T [—rzal r@” ¥t = (1) l

JO@®) JO@)| | fOE - r®) JOt = r(0))
=x"(®x(1) > 0.

Additionally, we utilize the zero equation derived from the Newton-Leibniz equation: x(f)

—x(t — h(1)) — f[ o) x(s)ds = 0. Let N;,i = 1,2,3,4 be appropriate dimensional matrices, resulting in
the equation:

e -I e, -1

XT(I)(z(el —e3—e21) Mi(— Cles — ews) + Des — e10)’ +2(er — e3 — e21)' Mae
+2(e1 — €3 — ) Mses + 2(er — e3 — en)' Maean x(1) = x" ()@ (1) = 0. (3.10)
It becomes evident that, upon estimating V/(¢) after recalling (3.1), we receive
V() - aV(t) <0, (3.11)

where V(1) < xT (0)Ox(H)+aV (1),
X0 =[x @, 5T (= ), 7 (¢ = h(D), 27 (¢ = hag), £ (1), 7@, Y7 (¢ = 1), 37 (¢ = 7(0), ¥ (¢ = 7a),
V@, o), fT(y(t—r(t))) Jo i (9)ds, f’ T(s)ds, = [T, xT(ds, L [Ty (s,

1 t—h

m T - h(l) T t—Im T 1 —r(t) 1 t T
h(t) ~hy h(t) (s)ds, hM h(t) ( )ds r(t) rm ft r(t) ( ) 5, rm=r(t) Jt-ry ( )ds f —h(t)x (s)ds,
T T t—hm  t=hu e - h(t)
f f (5)dsdf), - z ff - f y' ($)dsdf, G hm>2 fz h(o) f (s)dsdf, = h(t))2

T—Tm

1— h(t) t—Fm t—r(t) t—r(t)
Xfe X (s)dsdf, oot ) r(t)f Y (5)dsdf, 7 r(t))zft Jo VG )dsd@].

By multiplying the inequality (3.11) by ¢ * and integrating from O to ¢ where ¢ belongs to the
interval [0, T'], we derive the following result:

V(i) < e"V(0),

where

0 —hn

e 9T (5)P2g(s)ds + f e~ 9T (5)P3¢(s)dss

—h M

V(¢(0),£(0))

¢" (0)P1¢(0) + f

—hyy,
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0 o
+¢7(0)0:£(0) + f e E(9)0x€(s)ds + f e E()Q3€(s)ds

0 0 0
c [ e s [ [ en s mras
- —hy, J6O

r(0)

0 0 0 0

i f f e~ ET($)R,E(s)dsdb + hy, f f e (5)S 1p(s)dsdb
_rm—hf, 0 e 90 0

+hpgm f f e dT (5)S ,p(s)dsdO + 1, f f e ET ()8 3E(s)dsd
—hy 0 —ry JO
—Fm 0 0 0

+F bim f f eV E(5)S 4E(s)dsdO + p, f f e ¢! ($)U,¢(s5)dsdb
—rm (% ~Pa 0

0 ]
o, f f e E (5)Uré(s)dsd
—pe JO
0

i

e_as/lmax(N_lP2)¢T(S)N¢(S)ds + f e_as/lmax(N_IP3)

_hM

< Amax(N_IPI)(pT(O)Nng(O) + f

_hm

0
X" (ING(5)ds + Amax (N~ Q1ET (OINE(0) + f e Anax (N~ Q2)é" (5)NE(s)ds

0

# e A QOE ONEIs + [ AN QOGNS (ECs s

—r(0)

+
o =

0

0 0 0 0
B f f e Anax(N"'R)@" (5)N(5)dsd + 1, f f € Anax (N "' R2)E" (5)NE(s)d sd
0 —rm VO

+h,, f
- 0
+ry f
—rp VO

0 0 0 0
+Pa f f € " Amax (N~ UG ()NG(5)d sd6 + p, f f ¢ " Anax (N~ U2)E" (5)NE(5)d sd6
—pa VO —pe VO

< Amax (N POISDIY + Bindmax (N~ PIGOIIF + Bondmax (N~ PG, + Amax (N~ QDIEDI
+B1r Amax (N ODIESIR, + BarAmax (N~ QDIEDI + Bar Amax(N ™' Q1) Amax BT B)IEDII
+B3nAmax (N~ ROISOIY, + BarAmax (N™ ROISDOIY + Bandmax(N~'S DIEDIY + Bardmax (N~ S DIEDII
+BanAmax (N~ S )IBIY + BsrAmax (N™'S DIENT + B1pAmax N UDIGDIY + BapAmax (N~ UIIESI

< PO + IO, (3.12)

where [|O(0)|ly = SUP_ i, im1<r<o OO v, I@DIlv} and P lly = SUP_ o rant<e<o HED v IED N,
A = /lmax((N_lpl) +B1n(N'P2) +Bop(N7'P3) + (N1 Q1) +B1- (N1 Q2) + Bor(N ' Q3) + B3, (N Q4)(870)
+B(NT'R)) + Bar(NT'R2) + Bsn(N7'S 1) + Bar(N7'S2) + Ban(N7'S3) + Bs,(N7'S4) + B1,(N"'Uy)
+Bap(N'U)), and N > 0.

In the interim,

V(®) = min{Adpin(P1N OIXONY + Amin(QiN DIyOI} = 30xOIF + Iy@IR), (3.13)

m
m

—hyy 0
€ Anax(N™'S )@ (5)N(5)d5d6 + sy, f f ¢ Anax(N™'S2)¢" (5)N(s5)dsd6
—hy 0

=

¥

==
S

—Fm 0
" A (N 'S )ET (S)NE(5)d5dO + rygy f f ¢ Anan(N 'S E" ($)NE(5)d5d)
—rm 0
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where 1, = Ain(N~'P; + N71Q)). Let ¢, be a positive real number where
IR@)IIF + V@I < ci.

Combining inequalities (3.11)—(3.13) we acquire:

1
(@I + Iy@IR) < /l—zeaTV(fﬁ(O),f(O))
1
< /l—zeaT/hC]
A

< e <
S /126 C1 = Cp,
where ¢, be a positive real number. In accordance with Definition 2.1 of stability, finite-time stability
with respect to ¢;, ¢;, T and N can be found for the GRNs (2.4). The proof is complete. O

When the interval time-varying delays A(f) and r(¢) adhere to the conditions (2.2) and (2.3), and
Pa = pe = 0, and Vs(7) = 0, the subsequent Corollary can be applied to assess the FTS of GRNSs in the
following system form:

X1 = —Ax(®)+ Wf@ - r@®))
() = =Cy() + Dx(t — (1)), (3.14)
x() = ¢, YO =£&0, 1e€(-7,0), T=max{hy,ru},

as describe in Corollary 3.2.

Corollary 3.2. Given that Assumption 1 valid. For positive scalars ¢y, ¢y, T, hy, hyg, Bams Rayt, ¥y Tt
Yam and rgy according conditions (2.2) and (2.3), if there existmatrices P; > 0,i = 1,2,3, Q; > 0,i
=1,2,3,4 R >0,i=1,28; >0,i = 1,2,3,4, any diagonal matrices I'; > 0,i = 1,2, any
appropriate dimensional matrices E;, N;,i = 1,2, 3,4, satisfying the following conditions:

[52 XZ"] > 0, n=12,i=1,2.73,
%k S2
[S“ Xz‘] > 0, n=12,i=1,2,3,
% S4

@ < 0,
/11 aT

—e ¢ < o).
A2

Zhen, the system (3.14) exhibits FTS concerning N > 0 and positive real numbers (cy,c,, T), where
0= 21-6:1 O, is defined:

0, =0, - (TET + el ED)(Ae13), 0, = —(elET + €I ET)(Ceys),
0;=0;, 0,=0;, Os=05 Os=0,x A =2 —Bipluax(N"U1) + Brpdiax(N'U2)).

Proof. The Corollary 3.2 can be derived using a similar reasoning as that employed in the proof of
Theorem 3.1.
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4. Numerical examples

In this section, we employ a numerical instance to showcase the efficiency of the criteria outlined
as follows:

Example 4.1. Consider the GRNs (2.4) and (3.14) with the following parameters:

0O 0 -1
A =diag2,2,2), C =diag(3,3,3), D =diag(1,1,1), and W =1.5 X [—1 0O O ]
0 -1 O

The gene regulation function is represented by f;(y;) = %2, 0~ = diag(0,0,0), and 6" = diag(0.65,

0.65,0.65). The time delays A(¢) and r(¢) are assumed as folllows: r(t) = 0.5+0.7sin’t, h(t) = 1 + cost.
We can derive the parameters as follows: r,, = 0.7, ry = 12, rgy = =07, rgy = 0.7, hy, =
1, hy =2 hgy = -1 hgy = 1. Furthermore, we demonstrate that the system exhibits FTS by
defining the parameters as follows: @ =0.01, T =5, ¢ = 0.4, and ¢, =6.0. It is crucial to
emphasize that the Theorem 3.1 becomes feasible by utilizing MATLAB to solve LMIs (3.1) and (3.2),
which enables us to attain a viable solution. As a result, the GRNSs (2.4) exhibit FTS, with p, = p. = 0.1

representing the allowable value. From this, we can derive the feasible solutions as follows:

P, =10.0002 0.8300 0.0002 0.0026 1.2037 0.0026
[0.0002 0.0002 0.8300 0.0026 0.0026 1.2037
[ 0.0067 —0.0000 —0.0000} [0.5386  0.0003 0.0003}

[0.8300 0.0002 0.0002}
; P, =

1.2037 0.0026 0.0026}

P; =1-0.0000 0.0067 -0.0000 0, =1{0.0003 0.5386 0.0003
|—-0.0000 —0.0000 0.0067 [0.0003 0.0003 0.5386
[0.1992  0.0008 0.000S} [ 0.0246  —0.0000 —0.0000}

0, ={0.0008 0.1992 0.0008 05 =[-0.0000 0.0246 —0.0000
[0.0008 0.0008 0.1992 —-0.0000 -0.0000 0.0246

[ 3.0795 —0.0004 —0.0004 [0.3466  0.0004 0.0004
Q4 = [-0.0004 3.0795 —0.0004] , Ry =10.0004 0.3466 0.0004} ,
[—0.0004 —-0.0004 3.0795 10.0004 0.0004 0.3466
[0.2473  0.0005 0.0005] [ 0.0297 —0.0000 —0.0000]
R, ={0.0005 0.2473 0.0005{, S, =1(-0.0000 0.0297 -0.0000],
[0.0005 0.0005 0.2473] |—-0.0000 —0.0000 0.0297 |
[0.2547 0.0001 0.0001] [ 0.0446 —0.0000 —0.0000]
S, =10.0001 0.2547 0.0001], S5 =(-0.0000 0.0446 -0.0000],
[0.0001 0.0001 0.2547] |—0.0000 —0.0000 0.0446 |
[0.1249  0.0001 0.0001] 10.8856 —0.0428 -0.0428
S4+=10.0001 0.1249 0.0001], U, = l—0.0428 10.8856 —0.0428} ,
[0.0001 0.0001 0.1249] -0.0428 -0.0428 10.8856
10.8619 0.0117 0.0117 16.0427 0 0
U,=(0.0117 10.8619 0.0117}, N = 0 16.0427 0 },
0.0117 0.0117 10.8619 0 0 16.0427
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[6.4410 0 0 [0.3886 0 0

=] O 6.4410 0 }, In=] O 0.3886 0 },
| 0 0 6.4410 | 0 0 0.3886
[-0.0090 0.0001  0.0001 [-0.0127 —0.0002 —0.0002]

X, =10.0001 -0.0090 0.0001 } X, =1-0.0002 -0.0127 -0.0002],
| 0.0001  0.0001 -0.0090 [—0.0002 -0.0002 -0.0127]
[0.0098 0.0000 0.0000 [-0.0283  0.0003  0.0003 |

X3 =0.0000 0.0098 0.0000], X4 =10.0003 -0.0283 0.0003 |,
[0.0000 0.0000 0.0098 | 0.0003  0.0003 -0.0283]
[—0.0017 —0.0000 —0.0000] [0.0024  0.0000 0.0000

X5 =[-0.0000 -0.0017 -0.0000|, Xe =]0.0000 0.0024 0.0000L
|—0.0000 —0.0000 -0.0017] [0.0000 0.0000 0.0024
[-0.0159 —-0.0001 -0.0001] [ 0.4132  —0.0006 —0.0006

E, =1-0.0001 -0.0159 -0.0001|, E,=]-0.0006 0.4132 —0.0006},
|—-0.0001 -0.0001 -0.0159] [—0.0006 -0.0006 0.4132
[-0.0070  0.0001  0.0001 | [0.1779 0.0002 0.0002

E; =1 0.0001 -0.0070 0.0001 |, E4=1]0.0002 0.1779 0.000Z},
| 0.0001  0.0001 -0.0070] [0.0002 0.0002 0.1779
[-0.0590 —0.0009 —0.0009] [-2.6266 —0.0009 —0.0009]

N, =[-0.0009 -0.0590 -0.0009{, N, =[-0.0009 -2.6266 -0.0009],
[—0.0009 -0.0009 -0.0590] |—-0.0009 —0.0009 -2.6266|
[2.6944  0.0007 0.0007 [ 2.6951 —-0.0002 -0.0002]

N; ={0.0007 2.6944 0.0007{, N, =1-0.0002 2.6951 —0.0002|.
[0.0007 0.0007 2.6944 |—0.0002 —0.0002 2.6951 |

Moreover, we found that system (2.4), under the specified conditions and Theorem 3.1, remains FTS
upto 7 =9.9225 (e =0.1).

The simulation results are illustrated in Figures 1-6, depicting the trajectories of variables x(¢)
and y(7) for the GRNSs (3.14) and (2.4). These figures showcase the impact of leakage delays on system
stability. The initial conditions are set as x(0) = (0.2,0.4,0.6) and y(0) = (0.1,0.3,0.5).

Figure 1 presents the solutions for GRN (3.14) in the absence of leakage delays. We observe
that the solution for x(#) approaches O as ¢ approaches 4, and the solution for y(t) approaches 0 as ¢
approaches 5. In this case, the system converges to 0.

Figures 2—4 present the solutions for GRN (2.4), incorporating leakage delays. These figures
clearly illustrate the interference caused by the system’s leakage delays, impacting the convergence to
the equilibrium point. We found that an increase in the leakage parameter has led to a corresponding
rise in the frequency of the oscillations.

Figure 5 demonstrates the solutions of the GRNs (3.14) over the time interval ¢ € [0, 10]. The
solution for x(#) approaches 0 as ¢ approaches 4, and the solution for y(¢) approaches 0 as ¢ approaches 5.
In this case, the system converges to 0. While similar to Figure 1, the solution’s behavior is observed
over a shorter time interval in this instance.

Figure 6 shows the solutions of GRN (2.4) over the time interval ¢ € [0, 15]. Notably, a disturbance
in the solution is observed around # = 3, where both x(#) and y(¢) begin to oscillate. Despite this
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disturbance, the system remains stable. This scenario shows a similar solution trajectory to Figure 3
but over a shorter time span, which reduces the frequency of oscillations.

This comprehensive analysis of the simulation results provides valuable insights into the influence
of leakage delays on the dynamics of GRNs (2.4) and (3.14). The analysis demonstrates the importance
of considering such delays in the design and analysis of these systems. The leakage delay has a
significant effect on the dynamic behaviors of the model, often leading to instability. It is therefore
crucial to study stability while taking into account the impact of leakage delays.

Additionally, we examine the leakage delays effects by substituting the following values: In
Case 1, we investigate the value of hy at r,, = 0.7, ryy = 1.2, ryg, = =0.7, rgpy = 0.7, h,, = 1,
ham = =1, hgy =1, =0.01, T =5, and varying leakage delays (p, and p. ) as shown in Table 1.

In Case 2, we will explore the value of ry; atr,, = 0.7, 14, = 0.7, 1501 = 0.7, hyy = 1, hpy = 2, by, = —1,
hay =1, =0.01, T =35, and varying leakage delays as indicated in Table 2.

We observed that as the values of leakage delays p, and p. increases, the times delays /), and
ry both decrease. Hence, it can be stated that the effects of leakage delays lead to a decrease in the
FTS boundary.

Table 1. The upper bound for 4,, with different values of p, and p..

Pa = Pe 0.00 0.01 0.05 0.10 0.12
Corollary 3.2 2.8741 - - - -
Theorem 3.1 2.8734 2.8067 2.5490 22491 2.1371

Table 2. The upper bound for r,, with different values of p, and p..

Pa = Pe 0.00 0.01 0.05 0.10 0.12
Corollary 3.2 6.6890 - - - -
Theorem 3.1  6.6890 6.6243 6.3692 6.0493 5.9209

0.6 T T T T T 0.5
%,(0
x|
x(t)

¥4t
¥,(t)
0.4 ¥4t 1

0.5 |-

04§

0.3
0.3

0.2 0.2

0.1 f!

0\7- M\/
L . or \

02 L M M N L 041 N N N N N
0 5 10 15 20 25 30 0 5 10 15 20 25 30

Time t Time t

mRNA concentrations x(t)
Protein concentrations y(t)

() (ii)

Figure 1. (i) mRNA concentrations x(¢). (ii) Protein concentrations y(7).
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Figure 2. (iii) mRNA concentrations x(¢) with p, = 0.05. (iv) Protein concentrations y(?)

with p. = 0.05.
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Figure 3. (v) mRNA concentrations x(¢) with p, = 0.1. (vi) Protein concentrations y(#) with

pe. = 0.1.
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Figure 4. (vii) mRNA concentrations x(¢) with p, = 0.5. (viii) Protein concentrations y(?)

with p, = 0.5.
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Figure 5. (ix) mRNA concentrations x(7). (X) Protein concentrations y(7).
0.6 T T T T T T T T T T T T T T 3

x,(t) ¥,
X,(t) 251 ¥,
0.4

*;(t)] ] N ¥4t |
0.2 ¢ b 15[ b

WY e\l

,\V,Vw . - =gy R _V-v__"
-04 F ‘

mRNA concentrations x(t)
(=)
]
Protein concentrations y(t)
-

-0.6

o 1 2 3 4 ; Eli 7" l; !;l 1‘0 1‘1 1‘2 1‘3 1.4 15 -1-50 1 2 3 4 ; Eli ; ;3 E.) 1‘0 1‘1 1‘2 1.3 1‘4 15
Time t Time t
(xi) (xii)
Figure 6. (xi) mRNA concentrations x(#) with p, = 0.1. (xii) Protein concentrations y(?)
with p. = 0.1.

5. Conclusions

In this paper, our focus is on investigating how leakage delays affect FTS in GRNs characterized
by interval time-varying delays. To begin, we introduce GRNs that incorporate interval time-varying
delays as well as leakage delays. These models consider lower bounds on delays, which may be either
positive or zero, and allow for the derivatives of delays to be either positive or negative. Subsequently,
we delve into the consequences of leakage delays through the construction of a LK function. We
then enhance the criteria for FTS by employing estimates of integral inequalities and a reciprocally
convex technique. This refinement enables us to express the new finite-time stability criteria for genetic
regulatory networks in the form of LMIs. Finally, we present a numerical example to demonstrate the
effect of leakage delays and validate the significance of our theoretical findings.
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