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Abstract:  In this paper, we discuss a higher-order convergent numerical method for a two-
parameter singularly perturbed differential equation with a discontinuous convection coefficient and
a discontinuous source term. The presence of perturbation parameters generates boundary layers, and
the discontinuous terms produce interior layers on both sides of the discontinuity. In order to obtain
a higher-order convergent solution, a hybrid monotone finite difference scheme is constructed on a
piecewise uniform Shishkin mesh, which is adapted inside the boundary and interior layers. On this
mesh (including the point of discontinuity), the present method is almost second-order parameter-
uniform convergent. The current scheme is compared with the standard upwind scheme, which is used
at the point of discontinuity. The numerical experiments based on the proposed scheme show higher-
order (almost second-order) accuracy compared to the standard upwind scheme, which provides almost
first-order parameter-uniform convergence.
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1. Introduction

Singularly perturbed problems (SPPs) frequently appear in several fields of applied mathematics,
such as fluid dynamics [22], chemical reactor theory [26], etc. These problems are characterized
by the presence of a small positive parameter multiplying the highest-order derivative, but other
small parameters may appear affecting other terms. Depending on the parameter location and the
smoothness of the coeflicients of the SPP, the solution shows steep gradients on the boundary and
interior parts of the domain, which are characterized as boundary and interior layers. The layer
occurrence causes several hurdles (which include huge computational costs in the case of uniform
meshes) in the numerical analysis, which is the reason to consider an adaptive mesh. The simplest
adaptive mesh in this context is due to Shishkin [9], who proposed a piecewise uniform mesh to capture
the layer behavior. In contemporary literature, numerical methods for SPPs (involving only a diffusion
parameter) with smooth data can be seen in [6,9,20], while for non-smooth data, the works [1,7,8,10]
considered Shishkin meshes.

Two-parameter problems involving convection (g.) and diffusion (g;) parameters extend the
convection and reaction-dominated models. In recent years, several higher-order accurate boundary
layer resolving numerical methods based on hybrid schemes, cubic spline schemes, asymptotic
expansion methods, etc., have been presented in [11, 12, 15, 24, 25, 27] for two-parameter problems
with smooth data. The non-smooth data produce interior layers in addition to the boundary layers,
whose sharpness depends on the sign of the convection coeflicient and has been investigated by various
researchers for both singularly perturbed ordinary and partial differential equations (for instance,
see [2—4,17,19,21]). The works [7, 10, 14] (involving only a diffusion parameter) are devoted to
the numerical analysis of interior layers due to the presence of a discontinuous convection coefficient.
A rigorous analysis of the effect of all possible subclasses of discontinuous convection coefficients can
be found in Riordan [14, 18]. These above works motivated us to develop a higher-order numerical
approximation for a two-parameter singularly perturbed problem where some of the coefficients have
jump discontinuities.

Motivated by the studies in [14, 18], we consider the following two-parameter singularly perturbed
problem with a discontinuous convection coefficient and a discontinuous source term:

Lu(x) = gau”"(x) + eca(x)u’(x) — b()u(x) = f(x) Y xe I UT), (L.1)
u(0) = ug, u(l) = uy, (1.2)

where a(x) < —a; <OforxeIl " anda(x) > a, >0forx eI, (1.3)
| [al(d) < C, |[f1@) |< C. (1.4)

Here ¢, and &, are known as singular perturbation parameters, where 0 < ¢; < 1,0 < ¢. < 1. For
simplicity, we consider the domain as r = [0,1], withT = (0,1), " = (0,d) and I'* = (d, 1). Here
b(x) is assumed to be a sufficiently smooth function in r satisfying b(x) > S > 0 and a(x), f(x) are
sufficiently smooth in (" UT*) U {0, 1}. Also, a(x) and f(x) have a jump discontinuity at d € I', where
the jump of w(x) at x = d is denoted as [w](d) = w(d*) — w(d™). These assumptions ensure that the
SPP (1.1)-(1.2) has a solution u(x) € CO(T) N CY(') N CAX~ UTH).

Note that . = 1 reduces the general problem in (1.1) to a convection-diffusion problem [7], and
g. = O reduces (1.1) to a reaction-diffusion problem [8]. The nature of the solution behaves differently
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with respect to the ratio of the parameters &,/&2. The solution behaves similarly to a dissipative case,
when ed/gg — 0 as . — 0, and it acts as in the dispersive case when g? /e — 0asg; — 0[16].
Hence, we consider the following two cases for the numerical analysis of (1.1):
Case (i): Vae. < \yeq,
Case (ii): Vae. > +\fyey,
. b(x)

where y = mlnr{@}, where a(x) = a1, x <d, and a(x) = a,, x > d.

Apart from the assumptions considered in (1.3), we have also noted the case when the sign of the
convection coefficient is reversed inI'" and I'* (i.e.,a(x) > a; >0, xe " anda(x) < —a, <0, x€I'")
as a remark.

For two-parameter singularly perturbed problems with smooth data, Riordan et al. [15] analyzed the
upwind scheme on a Shishkin mesh and obtained a uniform accuracy of O(N~" In® N), where N defines
the number of partitions in the domain. Later, Gracia et al. [11] established a higher-order numerical
method for this problem, which is based on the combination of upwind, central difference, and mid-
point schemes in various partitions of the domain. Their numerical method provided parameter-
uniform convergence of accuracy O(N~2 In® N), if Vae, < \Y€q, and O(N 21n? N), if Vas, > \VYea
on a Shishkin mesh. In [23], the authors introduced a discontinuity in the source term for this problem
and obtained O(N~'In> N), for vae, < /yg; and O(N~'In’ N), for vae, > +fyg; on a Shishkin
mesh. Several other adaptive meshes, based on arc-length equidistribution [13] and curvature-based
monitor functions [5], have also been considered to improve uniform accuracy up to the first-order.

The above articles motivated us to develop a higher-order numerical analysis for two-parameter
problems with a discontinuous convection coefficient and source term. The discontinuous data make
the numerical analysis different as it gives rise to the interior layer in addition to the boundary layer.
We consider the error analysis on the Shishkin mesh and show that the error is independent of the
convection and diffusion parameters.

Throughout this article, we denote C as a generic positive constant independent of the number of
nodal points and the perturbation parameters &4, €.. The convergence is estimated in the infinity norm,
which is denoted as |Ju||o = maX,cq |u(x)| for a function u(x) defined on a general domain Q2. We also

write ||.|| = ||.]lq, if the norm and domain are obvious. Accordingly, the corresponding discrete norm is
denoted as ||.|| = ||.|[qv. Without loss of generality, we assume that the number of mesh intervals N is
divisible by 2.

The paper is arranged as follows: In Section 2, we note the existence of the solution and derive
a minimum principle for (1.1)-(1.2), from which it follows the stability of the solution u(x). Some
estimates of the solution and its derivatives are also stated here. Section 3 presents a discrete problem
based on a hybrid finite difference scheme corresponding to the continuous problem. A decomposition
of the discrete solution is introduced in Section 4, which helps us evaluate the truncation error estimate.
In Section 5, we have shown that this estimate provides a higher-order &;-¢. uniform numerical
approximation in the discrete maximum norm. Numerical examples, given in Section 6, validate the
theoretical findings. In the end, we draw a conclusion by highlighting the major contribution of the

paper.
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2. Derivative bounds of the continuous solution

In this section, we consider a few analytical properties of the solution of (1.1)-(1.2). The solution
1s decomposed into regular and singular components, which describe the solution behavior at the outer
and inner regions of the boundary and interior layers, respectively. This decomposition will be used
in the subsequent sections to obtain a parameter-uniform error estimate. We begin this section with an
existence theorem.

Theorem 2.1. The SPP (1.1)-(1.2) has a solution u(x), which belongs to the class C'C)ynCcl) n
C* T~ uT™).

Proof. By using the constructive method presented in [8, 10], a solution of the SPP (1.1)-(1.2) can be
obtained. O

The operator L at (1.1) satisfies the following minimum principle on .

Lemma 2.1. If a function u(x) € C°(') N CX(I'~ U_F*) satisfies u(0) > 0, u(1) > 0, Lu(x) < 0 for all
xeT Ul and[u](d) <0, thenu(x) >0V xeT.

Proof. For the proof and the existence of the solution of the SPP (1.1)-(1.2), the reader is referred
to [18]. O

As a consequence, we get the following stability estimate:

Lemma 2.2. Let u(x) be a solution of (1.1)-(1.2), then

1
lu()llr < max {{u(0)], lu(D)I} + E”f”ﬂ{d}-
One can also obtain the following bounds for the solution derivatives when a(x) and f(x) have a
jump discontinuity at x = d (see [18]).
Lemma 2.3. Let u(x) be the solution of problem (1.1)-(1.2), where [u(0)| < C and |u(1)| < C. Then, for

all0 < k <4, it holds
u® Ol < _C 1 +( & )k .
(Ve Veu

Proof. Let us begin the discussion on the domain Q. Consider any point x € (0, d) and a neighborhood
N, = (p, p + r), where r is positive, such that x € N, C (0, d). Since u is differentiable in N,, the Mean
Value Theorem implies that there exists g € N, such that u'(q) = M Now, we obtain

|M(P+”)|+|M(P)|<M
r o

' ()] <

We can define u’(x) as

W) = i (q) + f W (mydn

q

g+ f (FGn) + bpu) — soald () din
q
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=u'(q) + e f ( f(m) + b(nu(n) + e.a' (n)u(n)dn — i—; (a(x)u(x) — a(q)u(q))) .
q

Further, the result for the first derivative can be deduced assuming that x — ¢ < r and r = /g, from
which we obtain

1 .
' (x)] < C(; + -+ i)max{nuu, £}

&d &4

C Ec
< N (1 + ( @)) max {|lul, [l f1I} -

The bounds for the second derivative will be

u?(x) = 8l (f(x) + b(u(x) — eca(u’' (x)),
d

1 g C
u® 0l < — max (11| + 1Bl [lull) + = lall (—
Eq f E4q VE4

C & 83)
<—|1+ + = | max {|[ull, £} »
Sd( VE4 Eq f

(1 . j;_d))max{nun,nfu}

C &, 2
lu®(x)|| < 3 [1 +( - ) )maX{llull,||f||}~
(vt

Now, we differentiate (1.1) to obtain the third derivative bounds, which result in

1
u(x) = = (f () + G(u(x) = ecalx)u'(x))),

2 3
Pl < 4o+ var+ o S ) ma gl 1AL )
84 VEa Véa  Ned  eavEa
3
()l < 3 (1 +( = ) )max{llull,||f||,||f’||}.
(vea) \ \ Ve

Finally, we derive the bounds for the fourth derivative as follows:

u®P(x) = gl (f"(x) + b" (X)u(x) + b’ (x)u' (x) + b(x)u” (x) + b’ (x)u' (x) — .a’ (x)u’’ (x)
d
—g.a” (XU’ (x) — e.a' (Du” (x) — e.a(x)u”(x)),

C
4
()] < = AL+ 171 laell + 21161 eI+ 1161 e 1] + 2 Mla’ (Y"1 + &clla” ' l| + ecllall 1l 1]) .
d

After simplifying it, we can write the required result as

C g &g
@ (x| < : (sd + 1+ Vg + 8+ e VEd+ —— + ———
Vea (Ve

(v¥)

& &t

R TR vgidy)max{uuu, ALLE LN
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C £ 4
()]l < 7 [1 +( = ) )max{llull,llfll,llf'll,IIf”II}-
(vaf |

The proof for the domain Q* can be obtained using similar arguments. O

Before going into further details about the decomposition of u(x) into regular and singular
components, we will consider the following: Let F(x) be a smooth function in (I'” U I'"), such that
F(x) and its derivatives have a jump discontinuity at d € I'. Consider u(x) € C'(I') "N C>(I'" UT™"), such
that

{Lu(x) = F(x), xe (T UT), 2.1)

u(0) = p, u(1) = q.

It can be proven that problem (2.1) has a unique solution [7]. Let

FO(x), x € (0,d),

Fro(x) =
) {F(k)(d—), atx = d,

and further let u;(x) be the solution of

Luj(x) = F*(x), x € (0,d),
u;(0) = p, u(d) = u(d).

Similarly, one can define u(x) on the interval [d, 1]. Now

' (x), x €[0,d),
u(x) = qu;(d) = u;(d),
uy(x), x € (d,1].

To establish a sharper bound on the error analysis, the solution u(x) is decomposed into a regular
component v(x) and a singular component w(x) such that

Y(x) = {v‘(x), xel-,

vi(x), xeI™,

and w(x) = wi(x) + w,(x) where

wi(x), xeI™, wo(x), xel,
wi(x) = and w,(x) =
wi(x), x eI, wi(x), xeTI™.

We now define the regular and singular components as the solutions to the following problems,
respectively.

Lv=f, xe UIl"),
v(0) = u(0), v(1) = u(1), and v(d™), v(d*) are chosen suitably,
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and

Lwi(x) =0, xe T UT"),
wi(0) = u(0) - v(0) — w,(0), w(1) =0,
Lw.(x)=0, xe T UI™),
where w,(0) is suitably chosen, w,(1) = u(1) — v(1),
wl(d) = =[vI(d) = [wil(d), [w)(d) ==[V1(d) = [w](d).

Now, let us consider the case (i): Vae, < /y&q.
We first define vo(x), vi(x) and v,(x) as the solutions to the following problems:

“bve(x) = fx), xe @ UTY),
POV = —a(x(x) + Vg (), xe (T UT™),
Ea

ia(x)v’1 (x) + Ve (x), xe (T UTH).
Veu

Choose v3(x) € C%(T) N CHI) N CXI'~ UT*), such that

b(x)v2(x)

Lvs(x) = _—ja(X)v;(X) — Veay (x), x € (T UTY), v3(0) = v5(1) = 0.
d

Adopting the procedure from [11, 18], we obtain the upper bounds of the derivatives of the regular and
the singular components given in the following Lemmas 2.4 and 2.5.

Lemma 2.4. When +Jae, < \[yeg, the regular component v(x) and its derivatives satisfy the following
bounds:

IO < C y0sks4

1
1 -
(+<¢%w3

Lemma 2.5. When +as. < +[ygy, the singular components wi(x) and w,(x) and their derivatives
satisfy the bounds

W (@lra) < C_Je™ xel 0<k<4
w, (X = T B
p i = Ve |e =D x e T,
C e—H] (d—x) xel~™
*) —— ’ T0<k<4,
|Wr (X)lr\{d} = (\/5_d)k {e—ﬁz(l—x), X € 1"+’ SRS
where
Vya Vya
0, = and 6, = :
Vea 2Veu
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Now consider the case (ii): Vae, > \/y&,.
Let vo(x), vi(x), and v,(x) be the solutions of the following problems, respectively:

gcavy(x) — bvo(x) = f(x), x € I" UT™), vy(l, &), is chosen,
gcavi(x) —bvi(x) = vy (x), x € I UIT), vi(1, &), is chosen,

and g.avy(x) — bvy(x) = =V (x), x € " UT™), vy(1, &), is chosen.
Choose v3(x) € CO(T) N C'(I) N C2(C~ UT™) such that
Lvs(x) = =vy(x), x € T UT™), v3(0) = v3(1) = 0.

Using the reasoning given in [11, 18], the following Lemmas 2.6 and 2.7 can be proved for the case
Vae, > \[yeq.
Lemma 2.6. When ae, > +\/ygy, the regular component v(x) satisfies the following bounds

3—k
IO < C(l + (@) ) 0<k<d.

2

Lemma 2.7. When ae, > +\/yg, the singular components w;(x) and w.(x) satisfy the bounds

k —bhx —
g\ |e, xel™,
Wi @l < C(S—) { : 0<k<4,
d

1\ [e?@™ xeT,
|W(rk)(x)|r\{d} <C (—) 0<k<4,

glg e—é)z(l—x)’ xe F+,
where
ae
91 = < and 92 = Y .
&4 2&,

It can be verified that v(x) + w;(x) + w,(x) satisfies the problem (1.1)-(1.2). Therefore, the unique
solution to the problem is

V() +w (x)+w (x), xel,
u(x) = v (d-) + wy(d-) + w,(d-) = v (d+) + w(d+) + wi(d+) at x = d,
Vi) +wi(x) +wix), x eI,
3. Discretization of the problem using a Hybrid scheme
In this section, we introduce a difference scheme to discretize the continuous problem (1.1)-(1.2).
The discrete problem combines the standard upwind, mid-point, central difference, and five-point
difference schemes. The five-point difference scheme is applied at the point of discontinuity to ensure

higher-order (in this case, second-order) accuracy. This scheme is reduced to a three-point structure
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to preserve the monotonicity property with almost second-order accuracy. The numerical scheme,
obtained by combining all these operators, maintains the monotonicity property.

The discrete problem will be defined on an a priori adaptive piecewise uniform mesh, which is
dense inside the boundary and interior layer regions. To construct this mesh, we first divide the domain
T into six subintervals:

T=[0,7]U[r;,d-1]U[d—12,d]U[d,d + 73] U[d + 73,1 =1, U[l — 14, 1],

) —N )
for some 7y, 7,73, and 74. The mesh points are denoted as I’ = {x; 3’ , where xy,, denotes the point
of discontinuity, xy» = d. On these mesh points, we define the discrete solution as U;. The transition
parameters 7y, T, T3, and 74 in I are chosen as follows:

d 2 d 2
T = min{Z,g—zlnN}, Ty = min{z,g—llnN},

. [1-d 21N . [1-d 21N
T = min ,— In , T4 = Min , — In s
: 4 0, ! 4 6,

(3.1)

where 6, and 6, are defined in the previous section. Now we construct a uniform mesh on each of
the subintervals [0, 7], [d — T2, d], |d,d + 73] and [1 — 74, 1], so that each one contains N/8 + 1
uniform mesh points, and the subintervals [1,,d — 7] and [d + 73, | —74] contain N/4 + 1 uniform mesh
points respectively. The mesh sizes in each of the subintervals from left to right of I' are denoted as
h1 = 8T1/N, ]’lz = 4(d—T2—T1)/N, h3 = 8T2/N, h4 = 8T3/N, ]’15 = 4(1—d—T3—T4)/N, and h6 = 8T4/N.
On the above adaptive mesh I:N, we discretize the BVP (1.1)-(1.2) as

LNU,' = 8d62Ui +e.a;D*U; — b;U; = ﬁ fori=1,...,N-1,

D*Uyj, — D Uyp = 0 with Uy = uy, Uy = u;. (3.2)

The discretization (3.2), based on the upwind scheme, is almost first-order accurate [23] (see the
numerical Section 6). Hence, our goal is to improve the order of accuracy. Now, we construct an almost
second-order accurate hybrid scheme for (1.1)-(1.2) by combining the following central, upwind, and
mid-point difference schemes with a five-point scheme:

LQJUI = 8d62Ui + SCCliDOUl’ - biUi = ﬁ,
LU, = £,6°U; + e.a;D*U; — b;U; = f;,
LNU; = £,6°U; + e.a;D*U; — b;U; = ?i’

m>1

Uipr — Ui Uit — U; U;— Uy 1 _
where, D°U; = = —=L pry, = 2L 2 py, = 2L S2U, = — (DU, - D U), % =
hi + his his h; hi
i+ Z; D, ifi<N/2,
Ti T Zi+l and D* = 1 l /
2 D*, ifi> NJ2.

At xy;» = d, we use a five-point difference scheme by combining the second-order accurate one-
sided forward difference approximation u’(x) ~ (-3U(x) + 4U(x + h3) — U(x + 2h3))/2h; with the
backward difference approximation u’(x) =~ 3U(x) — 4U(x — hy) + U(x — 2hy4))/2hy4. At the point of
discontinuity, we define the scheme as:

~Unpsa +4Upnj241 — 3Unp2 _ Unpa— 4Uyjr-1 +3Upnp2

INU =
b YN 20 2h

=0, (3.3)
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where h = max{hs, hs}.
The finite difference scheme, which involves the central, upwind, mid-point, and five-band
difference schemes on the piecewise uniform mesh, will be written as

LNUI' = si_Ui—l + S?U,‘ + S?—Ui+1 = ﬁ
where LY is defined as follows:

When +ae, < +fyeq,

LY, if x; € (0,7)U(d - 12, d) U (d,d +13) U (1 =74, 1),
LV = LY, if x; € (11,d — 1) U (d + 73, 1 — 74), with 2& ||allh < &4, k = 2,5,

Liv, if Xi = d,
and for Vae. > +/ygy
LY, if x; € (0,7) U (1 =74, 1),

2e |lallhy = &4,
2bllhy < ., k=2,5,
2e |lallh > €4,
216\l = ., kK =2,5,

LN, if x; € (r1,d — 1) U(d + 13,1 —74), with{

LN

Lﬁ:’, ifx; €e(ri,d—1)U(d+713,1—14), With{

LY, ifx; € (d-12d)U(d,d +13),

LY, ifx; = d.
At the transition points 7; and (d + 73), the scheme is defined as
1
Ly =] 8
d+t3=d+ -,

8

LN
71, where 7 < 3 for 2||b||h, < .,

LN

m?

ifxi =

1
d+ 13, whered + 13 <d + 3 for 2||b||hs < €.,

LY, otherwise.

u

At the transition points (d — 7;) and (1 — 74), we define the scheme as

1
d— 1 =d - = for 2¢ ||allh; < &4,
LICV, if Xi =
1 —14=1- = for2¢e/lallhe < &4,
d—1,=d - = for2e.|allhs > g4,
N _ LZ, if X; =
L"= L=y = 1~ 2 for 2eclallhg 2 eq.
1
d — 1, where d — 7, > d — = for 2||b||h; < &,
fo, if Xi =
1—714, wherel — 74> 1— 3 for 2||b||he < .,
LY, otherwise.
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Now, we define the discrete scheme as
LNU; = QVfifori=1,...,N -1, with Uy = u Uy = u,,
fio ifLN=LNorLV,
where, QVf; =1 f,, if LN = LV,
0, ifLN=1LVN

(3.4)

The matrix associated with (3.4) does not satisfy the M-matrix condition at the point of discontinuity
x; = d. But, without loss of generality, we can convert this five-point difference scheme into a three-
point difference scheme (say, Lj}’ U;) by estimating Uy/>-2, Uy/2+2 from L]CV U; so that the new equations
have the monotonicity property. To do this, we take

2]’13 28d
Unpo = h g+ |—=— + by | Unjae
N/2-2 28d—h386a1\//2_1[ 3fN/2 1 (h3 3UN/2 1) N/2—-1
B 28d + ]’1386611\//2_1 U
2]13 N/2 |
2hy 2e,
U = h +|— + hyb U
N/2+2 28d + h48ca/\//2+1[ 4fN/2+1 ( h4 4 N/2+1) N/2+1

_ 2g4 - h48caN/2+1 U
2 N/2

Now we replace the above expressions of Uy, ,-2, Uy/2+2 at the five-point difference scheme (Lf’ Unj2)
to construct a three-point scheme (LY Uy),) that preserves the monotonicity property and leads to a
higher-order accuracy at the point of discontinuity, as given by

2e4 — hyecay i 2g4 — h3ecay -1
LYUy), = -6+
TN (28d + hygcanay 2e4 + hzgcay - Nz
—4g, — 2h2b —4e, — 2h2by o
+( d 1ON/2+1 +4) Unpoe +( d 30N/2-1 +4) Unpo,
2e4 + hyecay i 2e4 + h3ecay -y
_ 203 faje-1 N 203 frjos
24+ h3ecayp-y 284 + huscayire
So, the reformulated discrete operator (say LY U;) of (3.4) can be written as
LNU; = QY ffori=1,...,N -1, with Uy = ug, Uy = uy, (3.5)
where
INU = LYU; fori=N/2,
" LNU; fori# N/2,
and
212 fy /o 2h?
, sIne-i N N2 fori = NJ2.
Q. fi =12¢eq+ mecanp-1  2&q + hygcan i
" f; fori # N/2.
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The entries of the stiffness matrix corresponding to LY are given by

_ &q Ec; Ed Ea; _ .
- e s e
hh;  2h; highi  2h;
_ Ed Ecd; E4 . _ . .
S = =~ ;ll’ S;—: —,S;:_s;—_si_bi, lfLiVEL{:]andl<N/2,
hih; i his1h;
_ Eq Eq E.A; _ X .
S = ——, s = ——+——, s =—s" — 57 —b;, if LY =LY and i > N/2,
hihi hi+l hi hi+l
_ g4 &4 &y bi.i . = .
R ey 2* , s =—s"—s7 —b;, if [V =LY and i < N/2,
hih; i his1h
_ Ed &4 £.4; b; = )
S = ——, §f = ——=+—— =, s =—s —s7 = b, if LY = L andi > N/2,
hih; hisih; hisi 2
2
_ —deq — 2h5by o N —4e4 — 2I5by a4
S = Ky =
N/2 9 N/2 )
/ 28d + h380aN/2—1 / 28d + h4scaN/2+1
h? h?
C _ - + 3 4 . N _ +N
SN2 = TSNj2 T Sz T 2bnjr-1 ,Af L) = L.

24 + gcanp-1hy  2e4 + ecanjpiiha

Now, we state a few conditions that are used to preserve the monotonic properties of the discrete
problem (3.5). In (0, 71) and (d, d + 73), note that

2e ||allhy /eq = 16¢.|lallTi/eaN < 64|lal| In N/aN,
2¢e.|lallhs/ €4 = 16&.||allT3/eaN < 64]|al|In N/aN. (3.6)
For vae, < fygqin (d — 15,d) and (1 — 14, 1), we get
2e |lallhs/eq = 16¢.llallt2/eaN < 64lall InN/aN,
2¢e.||allhe/eq = 16¢€.||allts/e4N < 64|lal|In N/aN. 3.7
For Vae, > +fygsin (d — 1,d) and (1 — 74, 1), we get
2||bllhs/ae. = 16||bl|T2/ae.N < 64]|b||In N/ayN,
2||bllhe/ae. = 16||b||T4/ae.N < 64||b||In N/ayN. (3.8)
At x; = d, we have
MblIR* < &4, 2& |lallh < &4, if Vs, < \fyegand h = hs = hy,
21bllhs < eca, |Ibllha < €4/4, if Vae, > VYEa. 3.9)

We note that in order to guarantee that the operator LY is monotone, it is necessary to impose the
following assumption:

N(nN)! > 64max{M, M}, (3.10)

a  ay
which will be evident in the proof of the following lemma. Thus, the discrete problem is

LNU, = QVf fori=1,...,N -1, with Uy = uy, Uy = u. (3.11)
The following lemma shows that the discrete operator LY has stability properties analogous to those of

the continuous operator L.
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Lemma 3.1. If a mesh function U; satisfies Uy > 0, Uy > 0, LYU; <O foralli = 1,2,...,N — 1 and
LYUnj, <0, thenU; 2 0 foralli=0,1,...,N.

Proof. The system LYU; = QY f; forall 1 <i < N — 1 is a linear system of N — 1 equations. We show
that the corresponding matrix is diagonally dominant. To show this, it is sufficient to check that the
conditions

s; >0, 57 >0, 57 +s{+5s <0, (3.12)

are fulfilled for the operators defined in (3.11).

For Vae, < \Y€4, the central difference operator (LY) is used in all the subintervals of I:N.
Therefore, s; > 0 is guaranteed in the subintervals (d — 75, d) and (d, d + 73) by the definition of 43 and
hy. In the remaining regions, the Lé\’ operator is used when e.h||all, e.h>l|all, echsllall, echgllall < 2eq4,
and thus, s;7 > 0 is satisfied from (3.7), (3.8), and (3.10).

For +ae, > \/Y€4, the central difference operator is applied in (d — 72,d) and (d, d + 13). Here, h3
and hy are given by s; > 0 and s7 > 0. The mid-point operator is applied to the layer region (0, 7).
&4 bis1

>0

. . € . . &
Here, the inequalityh;s; = zd eca; > 0 1s guaranteed since €.h||a|| < Ed and sf = — >
h; his1h;

is satisfied if ||b||hf < %. The inequalities (3.6) and (3.10) make it obvious. The sign pattern of

sT + s¢+ 57 < 0is direct using the condition s = —s/ — 57 — b;. When the mid-point operator is used
: .. : . : ea; b .
for the interval (1 — 74, 1) the condition (3.12) is satisfied if s+ = % - EI > 0. This is guaranteed
i+1

since ||b||lhe < g./2.

In the coarse mesh region (7;,d — 75) and (d + 73,1 — 74), 57 > 0 also follows from the mid-point
operator since 2||b|lh, < e.a and 2||b||hs < &.a on each of the intervals. If 2||b||h,, 2||bl|lhs > ., the
upwind operator L) is used to preserve s; > 0.

At the point of discontinuity, xy,, = d, where Vae, < \VYEas s;rv/z =24+ 2hsg.an; — bN/zhi > 01s
guaranteed since [|bllhy < 2e.a. For sy, = 2&4 - bh; — 2&.hzay, > 0 is assured with [|b||h3 < £,/4 and

% ) %
24+ canp-1hy  2e4+ ecanpihy
SICV/Z < 0. For +ae,. > \Y€4, We have s;/z > 0 and Sy > 0 since IIbIIhf1 < g4/4 and 2||b||h; < ..
Similarly, we can show s 1 < 0.

Hence, combining all the above relations defined at various mesh points, it can be noted that the
matrix corresponding to LY is an M-matrix, and hence it satisfies the discrete minimum principle. O

ehsllall < g4/2. Again, s, = =5, s;(,/z = 2bnja-1 follows,

N2 = TShp T

Lemma 3.2. If U; is the solution to (3.11), then
1
|Uil < max {|Uo|,|Unl} + éllQinII,

wherei=0,1,2,...,N and 0 = min{a,/d, a,/(1 — d)}.

Proof. Let us define the mesh functions

@ir:MJ,—x"”C];"” LU YO0<i<N/2

N (1 = x)IIAN .

O =M+l yyN2+1<i<N,
l 01 —d) / !
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where M = max {|Uq, Uy} + —IIQNfII
It is obvious, ©F > 0, Oy, >Oand also
hill fill xillfill N
VOt < —¢, —b; | M+ +INU; <OV1<i<N/2-1,
e D0 = TEM Ty ( “od <N/
—hill fill (1 = x)IIf N .
LYO: < s.a bilM+ —————"|+IL U, <OVN/2+1<i<N-1.
e i =W gy T ( o0 —d) ) / :

Similarly, L),®7 < 0 and L)@ < 0 for the above values of i.
At the point of discontinuity, it is

M + xypllfn2ll
6d

Ly®y, = LfTV( ) + LNUy;, <0.

Applying Lemma 3.1, it follows that

which leads to the desired bound on U;. |
4. Truncation error analysis

We address the error analysis in this section. The nodal error is denoted by e¢; = U; — u(x;). To
bound the nodal error |e;|, we first decompose the discrete solution (in a similar manner, as was done
with the continuous solution) of (3.11) as U; = V; + W;; + W,;. The discrete regular component (V;)
and singular components (W;; and W, ;) are again decomposed to obtain sharper bounds. Let us define
the mesh functions V" and V", which approximate V; on either side of the point x; = d. In addition,
we construct the mesh functlons W, WJr and W WJr to approximate W;; and W,; on the left and
right sides of x; = d. Here, W and W correspond to the left boundary layer and right interior layer,
respectively. Similarly, W/} and W, are the solutions of the left interior layer and right boundary layer.
These mesh functions are useful to show the convergence of the nodal error |e;| inside and outside the
layers.

Let the regular components V;, V" are the solutions to the following discrete problems:

LYVo = fV1<i<N/2-1, LNV+:fVN/2+1<i<N—1,
an
Vo =w0), Vy, =vd), N/2 =v(d"), Vy =v(1).

Similarly, the discrete problem corresponding to the left singular components W;; and W/’ is defined
as follows:

LYW, =0on1<i<N/2-1, Wy =w0), Wy, =w/(d),
LYW/ =00onN/2+1<i<N-1, Wy, =w(d), W, =0.

The corresponding right singular components W, and W, can be described in a similar way.
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Consequently, the solution of the discrete problem (3.11) can be written as

Vi+ W+ W,V 1<i<N/2-1,
Ui = VI\_J/Z + WITN/Z + W;N/Z = VI-:’/Z + WITN/Z + W:,—N/Z’
Vi+ Wi+ WV N2+ 1<i<N-1

The following lemma provides the bounds for the singular components.

Lemma 4.1. The bounds of the left and right singular components W, W/, W_, and W, are as

Li®
Jollows:

ki
Wil CTI+ 6" =y v, = C.
]:

ky
|[WiisC 1 +60,h) = Wi Winn =G,

j=N/2+1
. N/2 " -
| WoI1<C T A+6h)™ =y, ¥y, =C,
]:k1+1
N
W51 C T (L+ 0™ =y, vy =G,
Jj=ko+1

where ki = i, k; = N/2 + i, and C is a positive constant independent of €., &,.

Proof. Define the barrier functions

¢ =y xWiand o, =y £ W,

i

where
ki 1
(1+6:h;) . 1<k <N/2,
;=177 and
I, k=0,
N/2 1
[T (1+6h) . 0<k <N/2,
Y = =kt '
I, k =NJ/2,
and also

Vya | vya .
, if Ve, < \fyeg, , if Vae, < \fyey,
0, =1 2Vea and 6, = { 2Vea 4.1

aE . )
< if Vae, > +fyeq, if Vae. > \fye,.

28d ’ 2SC ’

Now we will prove that LY Y <0, LY ¥,; < 0. Applying the discrete operator (3.11) on ¢;;, we have

_ Y his;
Livw,’l. =y, (si + 55+ 57— 92(1 O - hi+1s;“)).

Again, for the central difference operator, it follows that
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¥ h;
Livl//Zl = 1+ 102]/1 [ dez (h 2) + (28519% + sca,@z - 2bz) + sca,-Qg - bihigzl
wl,i v)
< 15 6.1 (28d92 + g.a;60, — b,-).

Applying (4.1) in the above equation for both the cases Vae, < \fyg; and vae. > +/[yg;, we obtain

Vi (ya  va;
PRI O  L E
Vi< Tron\ 2 T2 1+ 92h (yai = b)
9”1_,- b;
s _ < 0
= T4 0.h" (7 )

In a similar way, the upwind and mid-point difference schemes on ¢, lead to

_ wl_,z hi
LuNa,l/l’i < T+ 0 [aﬁ% (f, — 2) + (28d9§ + £.a;6, —,8) —2¢.a;0, — b;h;60,
= l//l_l (8d92 + 8ca,-92 - bl) < 0,
1+ 6,0 N2
and
LNy7 Vi (22463 + £.ai, - b;) < 0.
HES T o 0, h; -

Combining all the above inequalities, we can conclude that LY Y;; < 0. Now we find that, ¢,, >
0, ¢, 5, > 0and LY ¢;; < 0. Hence, by using Lemma 10 in [11], we can prove that ¢;; > 0. Therefore,

k
Wl < CTI(L + 62",
d=cll

Now co_nsider the right layer barrier function ¢ ;. Applying the discrete operator defined in (3.11)
over i/, ;, we obtain

Liv _.:w_. s._+s?+sf—01 ﬂ—h,-s-‘ .
rl 1, 1 1 1 1 + thi+1 i

Applying the central difference scheme in the place of LY, we get

hi
Livlﬂr_l = l//’,H_l [28d92 (—;ll — 1) + 28d9 —&.a;60 — 2b;
) 2,

h;
+8ca,‘91(1 - 01]11‘) il + b,‘glh,‘_H]
2h;

<Y (28(19% —&g.a;0) — bi) .

Using (4.1) for both the cases Vae. < fyg; and Vae. > /ygs, we obtain
L < W (5 - 26) <0

AIMS Mathematics Volume 9, Issue 9, 24998-25027.



25014

Similar arguments can be used to show that the upwind difference and mid-point difference satisfy
LNy <y (€t — 2caih — by) <0,
and

LN r_,i < w;,i+1 (Sde% - 8cai91 - E,) <0.

Hence, it is clear that, ¢, > 0, ¢, > 0 and LY ¢,; < 0. Therefore, applying Lemma 10 in [11], we

NJ2

obtain ¢~ > 0 and hence |W_| < C [] (1 + 6,h;)"". Similarly, we can prove the bounds of W}, and
’ ' Jj=ki+1 ’

W:l. as i varies from N/2 + 1to N — 1. O

Now, we examine the truncation errors based on the three different operators. At the transition
points, the mid-point scheme provides better accuracy in the convective terms compared to the central
difference scheme on a non-uniform mesh. On a non-uniform mesh, we have

(LY = Lyu(x)| < e4hillu®) + echillall [[u®]],
ILYeil = SILY — Lyu(x)| < eahllu® || + echillall lu®|l,
(LY — Dyu(x)| < gqhillu®|| + Cech,, (||H(3)|| + ||u(2)||),

where h; = (h; + hi+1)/2, and on a uniform mesh with step size s, we have

(LY — Lyu(x;)| < e |lu®]] + eh*lall lu®]],
ILYei| = SILY - Lyu(x)| < eah*[u®|| + echllall [1u® ],
(LY — Lyu(x)| < ghl|lu®|| + Ce h? (||M(3)|| + ||u(2)||) _

In the following lemma, we present the local error of the regular component.

Lemma 4.2. The regular component of the truncation error satisfies the following estimate:
Vi = vl SCN?Y1<i<N-1

Proof. For both the cases Vae, < +/yg; and Vae, > +/yg;, when the mesh is uniform, i.e., 7; = 75 =
73 =74 = 1/8, we have for 1 <i < N/2,

ILY (V7 = v ()l = ILYV; - OV
5’ ) - D* 4),-

€a|\0" = o3|V (x;)| + |ecalx;) - (xi)

< Ceg (xip1 — )2 10PN = e.a(x) (i — x) 1)l

ILN(V: = v (x))| < CN2.

<

+

Similarly, we obtain

LYV = v ()| <CN*VYN/2+1<i<N-1.
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When the mesh is non-uniform, we have

ILY(V; = v (x))| < CN72 for x; € (" ND\{71,d — 12},
ILY(V = v (x) < CN7% for x; € T ND\{d + 13,1 — 14).

At the transition points, the upwind difference scheme is used if 2||b||h; > e.a fori = 2,3,5,6;
otherwise, the mid-point difference scheme will be used. For both of these schemes, we obtain

ILY (V= v (x) < CN Y (eqg + N7Y).

Define the barrier function y; = CN2{(x;) + (V; — v(x;)), where

1’ ifOS)C,‘ST],
(xi = 71) )

[ RS VA fr<x <d-1,
2d-1-1) Hn=x n
_@-x) ifd—1,<x <d,

=1 2
CO B A ifd < x <d+1s
2T31
— T4 X .

1- , Hd+13< x5S 1 -1y,

|2 -@rrT) Hdr s T4

_xi, ifl—T4SX,'S1.
T4

Then, y; satisfies

52!# Oforx; #711,d—71p, d+13and 1 — 14,
E i =
¢ O(N7'g,), otherwise,

and D%; < 0, D™y; < 0. Now, applying Lemma 3.1, we obtain
IV =vE)l| SCN Y1 <i<N-1.

Therefore, we get the required result. O

The subsequent lemma provides the local error of the left and right singular components W;; and
W, associated with the boundary and interior layers.

Lemma 4.3. Let us assume (3.10). Then, the left and right singular components of the error satisfy the
following estimates:

CIN"'InNY, if Vae, < Jyea,

YVI<i<N-1,
CN72I0’ N, if ae, > \vea,

[IWi = wi(x)ll < {
and

YVI<i<N-1

<
W, = w,(x)ll < C(N InNY?, if {\/ESC < e
Y

Vae, > \Jyg,
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Proof. Firstly, consider the uniform mesh, i.e., 1) = 7, = 13 = 74 = 1/8, and for Vae, < +fyg, for
i=1,---,N/2 -1, we have

ILY (W, = wy (x| = I W = Lwy |
< [ChPe,w)®| + [ChPe(w))®|
< CN7 (edllwp) @ + ecllov) 1)
< CN /ey,

ILY(W;; = wi (x)] < C(N "' InN)”.

Similarly, |LiV(W[;. — W) < C(N"'InNP*VYN/2+1<i<N-1.
Again when +ae. > +/yg,, the above inequalities lead to

ILY (W, = wy ()l = LYW, — Lwy |
< CN7 (eallwp) @ + ecllov) 1)
< CN_Zsﬁ/ez,

ILY(W;; = w; (x)] < Ce.N*1n’ N.

Similarly, |LY (Wi =whH(x)l < Ce.N21In® N.
Now, we consider the error analysis on the non-uniform mesh. In the left boundary layer region
(0, 71), the truncation error is

ILY (W, — wi ()l < 1LY (W = wi (o)
< leqw;” + aigcw;’ — biw; — (846 + aje.D° — b)) Wy |
< |Chieaw))®| + [Chie.(wp)P),

LY (W = wi (el < CN7 (earillovp) @l + et lov) ). (4.2)

If Vae, < \fyeg, from (4.2) we obtain

&

ILY(W;; = w] (x))] < C(N"' InN)? (1 + ) < C(N'InN)*.

&4

Similarly, we can obtain the result |LY(W}, — w} (x;))| < C(N~"InN)* on the left interior layer region
(d, d+ T3).
If \ae. > +/ye;, we obtain from (4.2),

2
LY WS = wr ()] < CZ2 (V' In V)2,
, =

Now consider the barrier function on [0, 7], see [11]

¥, =C(N?+ W ' InN)*(r; - xi)g)-
Ed
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It is easy to check that the barrier function ‘¥; is non-negative at the boundary points of [0, 7;] and
Lﬁ’ ¥, < 0. Hence, from Lemma 10 of [11], it follows ¥; > O for all [0, ;]. Therefore

W, —w )l < <C (N-2 + (N 'InN)*1, ‘9—) <CN2In*N.
, .

Similarly, we obtain |W;;. -w/(x)| <CN 2In® N for x; € (d,d + 13).
When x; € [11,d) for \ag, < \y€q4 and Vag, > \/Y€4 we obtain the truncation error
LY (Wi = wi el < Iwy ()l + W)
<C(em + N7
<C(etm 4N,
ILY(W;; — w; (x;))] < CN.

Similarly, we have |LY (Wl:. - w/(x) < CN =2 for x; € [d + 13, 1). Following the above procedures, we
can prove the bound for the right singular components. O

The above estimates provide the truncation errors at the boundary and interior layer regions
(I'" UT™) except at the point of discontinuity. Estimating the error at the point of discontinuity is not
straightforward. The following lemma gives an estimate for the local error at the point of discontinuity.

Lemma 4.4. At the point of discontinuity xy,, = d, the error e, satisfies the following estimate:

CR/&)?,  if Vas. < \vea,
Ch?gl/e), if Vae. > \Jyeq.

LY (Unps - M(XN/z))| < {

Proof. Consider the case Vae. < +/yg,;. Then

203 f (xXnj2-1) 212 f (xXnj241)
LN U _ — LNU _ 3 _ 4
- (Unp2 M(XN/Z))| SOV 2gy - hseca(xyp-1)  2&4 + haeca(xyoe)
vy - 215 f (Xnj2-1) _ 205 f (xny241)
TENE T g, - hsecalxyn-1) 284 + hasca(xypn)|’

LY(Uyy - u(xN/z))| < Chz/sf/z.

For vae. > +[yg,, we have

2h3 f(xnja-1) 202 f(xn/2+1)
LY(Uy - =|LNUy), - = - 4
 Unp M(XN/Z))| N Dey — meativn-) 264+ hagcaingaa)
_ vy 283 f (xnja-1) 205 f (xnj241)
= . — _
PENE T g, - hieca(xyp-1) 284 + haeca(xyye)

+C |L Unjr-1 — LZUN/2—1| +C |L Unjre1 — LQIUN/ZHI
2h?
2g4 — hzeca(xyy-1)

LYUyjpp-1 - fN/2—1|

< |L§VUN/2 + [I/t/(d)” +
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2h?

2eq + hyeca(xnye1)

LYUyjpp - fN/2+1|

Unj2 +4Unjpe1 —3Unp
< —u'(xn2)
2h
Uy —4Unp_1 +3U
L |Uni-2 2/2/2 i N2 W (o)

+C |LM(XN/2—1) - LZVUN/Z—1| +C |LM(XN/2+1) — LY Unppa|,
LY(Unp — u(xnp))| < CH?El /€],

where we have used Lemma 2.3 and a similar procedure adopted in [1]. m|

Remark. When the sign of the discontinuous convection coefficient a(x) is reversed, the above
result at the point of discontinuity x; = d takes the form
Chz/ezﬂ, if Vae. < \fyeq,

Ch*/g},  if as, > +fyeq.

LY (U2 — ulxnp))| < {

5. Error estimate

This section presents the main contribution of the paper. The following theorem provides the g,—¢.
uniform higher-order error estimate of the computed solution.

Theorem 5.1. Let u(x;) be the solution of the continuous problem (1.1)-(1.2) and U; be the solution
of the discrete problem (3.11) at x = x;. Then, for sufficiently large N satisfying the stability
condition (3.10), we have

CN"'InNY,  if Vae, < \¥ea,
IU; - uGll < VO<i<N.

CN*(InNY’, if Voe. 2 e,

Proof. From the results of Lemmas 2.3, 4.2, 4.3 and using the procedure adopted in [11], it follows
that

CN2In’ N, if Vae. < \/yey, _
e/ s{ R vV x e T \{d). (5.1)

CN2In’ N, if Vae. > \/yeq,

The presence of the discontinuity leads to the interior layers in a neighborhood of point d. We consider
the following two cases to prove the error at the discontinuity point:
Case (i): Vae, < /y&y, define the discrete barrier function @; to be the solution of the problem

£40°D; + .’ DD, — O, =0V 1 <i<N-1,
(1)0:0, (Ddzl, (I)N:O,

where

*

a =

-aj, ifx;<d,
a,, ifx;>d.
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A straight-forward application of the discrete minimum principle on the intervals [0, d] and [d, 1] leads
to0 < ®; < 1. Also

LY, = (& + a)e.D*D; + [B-b;]D; <OV 1 <i<N-1.
Now, define the ancillary continuous functions u;(x) and u,(x) by

gqt) (x) — g.’uj(x) — Bui(x) =0, u1(0) =0, uy(d) =1, if x eI,
Equty (X) + £."u5(x) = Bua(x) = 0, up(d) = 1, up(1) =0, if x e ",

It is to be observed that the solutions of the above equations are

_ n(d—x) sinh Ax d _ id—x) sinh A(1 — x)
i) =e (sinh ) e = s )
where
a‘e, d1 (a*e.)” + 4e,f
= s— an = .
7 2gd 28d

Define

~ uy(x), ifxe(0,d),

i(x) = '

u(x), ifxed,l).

Now

—8¢, — 8he . a* dgg + he.a* — 2h*B

LYy, = e Thea w(xyy) + 2ort o [u(d + h) +u(d - h)]
—8¢g; — Shsca*N( )+ d4gg + he.a* — 2h*B
= — u(x
2g4 + he.a* Nfz 2g, + he.a*

sinh (A(1 — d)) sinh (Ad)
e—(T]+/l)h .
_ ,=2A(1-d-h)
(1 — e—M(l—d)) (1 ¢ )

e+ h .
—2A(d-h)
+(1_e—2/ld)(1_e )]

>C [(1 _ e—z/l(l—d—h)) (1 _ e—Z/l(d—h))] ’

y [e‘"h (sinh Al -d- h))) ot (sinh (A(d = h)) )]

2C1+C2

N~
Lyuyp > ——.
&d

Hence, following the analysis given in [8] on the interval [0, d] and [d, 1], we obtain

|D; — u1(x;)| < C(N"'InN)?, ifi < N/2,
|D; — uy(x;)] < C(N"'InN)?, ifi > N/2,
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and at the point of discontinuity, i.e., for i = N/2,

C
Lo, > —.
T e

Now, define the mesh function

212 Ch* .
yl(xi):CN InN“"N+ —@;+¢; V1 <i<N-1.
&d
It can be clearly checked that y;(0), y;(1) > 0, LYy, (x;)) <0V x; € T and LYy (xy/2) < 0. Hence,
Lemma 3.1 implies that y;(x;) >0V x; € 1_"N. Therefore

le] < CN~21n” N. (5.2)

Case (ii): Vae. > fyg,. To show the error on the discontinuity point, we define the mesh function
v2(x;) = W; £ ¢; on the mesh points in (d — 7,,d + 13) where,

2143 Ch’e] .
CN~=In" N + N (xi—(d—-1p)), ifx;e(d-m1,d],
= &
Wi= Cis:
CNZIPN + ——(d+13-x), ifx €ldd+1s)
N-g;

Applying the central difference operator inside the domains (d — 1,,d] and [d, d + 73), we obtain
Edézﬁ/i =0, DOW,' <0, and Livﬁ/l < 0.
Also, N N N
WN/2+1 < O, WN/2_1 < 0and LIZYWN/Z < 0.

Hence, we have .
LYW, < 0 for x; € (d — T2, d + T3).

Now, y>(d —13) > 0, y2(d +13) > 0, and LYy,(x;) < 0 for x; € (d — 15, d + 73). Applying Lemma 3.1 to
v2(x;) in the above domain, we get

Chitsel CN°1iel
<

lej| < —5— < ——"— < CNIn’ N for x; € (d — 72, d + T3). (5.3)
€ €
d d
Hence, combining (5.1)—(5.3), we obtain the desired result. O

6. Numerical examples

This section experimentally demonstrates the applicability of the hybrid scheme (3.11) and
compares it with the existing upwind scheme (3.2) for two test problems. These problems have a
jump discontinuity in the convective coefficient and source term. For these problems, the signs of the
convection coefficients are different to show different boundary and interior layers. The numerical
experiments are conducted on piecewise uniform Shishkin mesh, which changes with the various
convection coefficients.
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Example 6.1. Consider the two-parameter problem (1.1)-(1.2) with the following discontinuous
convection coefficient and source term:

a(x):{ —(1+x(1 =x)) for0<x<0.5, b(x) = 1,

1+x(1-x) for05<x<1,

[ 20+ xY) for0<x<0.5, B 3
fo = { 31+x%) for05<x<1, and u(0) = u(l) = 0.
Example 6.2. Consider the singularly perturbed two-parameter BVP (1.1)-(1.2) with the following
discontinuous convection coefficient and source term:

a(x):{x+2 for0<x <05, b(x) = 1,

-2x+3) for0.5<x<1,

2x+ 1 for0 < x<0.5,

flo) = { —Gx+4) for05<x<1, WduO)=ud)=0.

As the exact solutions of Examples 6.1 and 6.2 are unknown, we use the double mesh principle [5]
to calculate the maximum pointwise error and the corresponding order of convergence of the numerical
solution provided by the scheme (3.11). The error EQ’I &, and corresponding order of convergence pf;; .
are computed as follows:

EN

N _ N 2N N _ EasEc

Eepe. = max|U; — U and o, = logz( Ty )
Ed,Ec

Here UY denotes the numerical solution obtained with N number of mesh intervals, and U?" denotes

the solution on 2N number of mesh intervals obtained by bisecting the previous original mesh.

Similarly, we find the error EY and order of convergence pV of the existing upwind scheme (3.2)

for a fixed value of &. and various values of &, taken from the set S = {g le; = 1072, 1074, --- ,107"4}:

N N N EY
E" = rsr;gg( E. . and p” =log, (ﬁ)
Here, the numerical experiments are performed by choosing the constant values @=1.25, f=1.0 and
v=0.8 for Example 6.1 and @=2.0, 8=1.0, and y=0.5 for Example 6.2.

We present the maximum pointwise errors EQZ & for Examples 6.1 and 6.2 in Tables 1 and 2,
respectively. The corresponding orders of convergence pé\;"gc for Examples 6.1 and 6.2 are shown
in Tables 3 and 4, respectively. These tables show that the order of convergence is almost second-
order O(N~2In* N) when +ae, < +y&; and O(N~21In’ N) when +ae, > +/yg; for the above two
examples. Table 5 presents the maximum error EV and order of convergence p" using the standard
upwind scheme (3.2). This table shows that the existing scheme gives first-order parameter uniform
convergence, while Tables 3 and 4 show almost second-order convergence using the hybrid difference
scheme. Note that the errors are also lower in Tables 1 or 2 compared to Table 5.

Furthermore, we have plotted the numerical solution and the corresponding error for Example 6.1 in
Figures 1 and 2. This shows that the interior layer (due to the discontinuity of the convection coefficient
and source term) becomes sharper as &, decreases from 1072 to 10~ for fixed &; = 107 (i.e., the case
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Vae,. < \y€q and Vae, > \Y€4)- Similar behavior can be observed for Example 6.2, whose solution
and error graph are depicted in Figures 3 and 4. The Loglog plot of the maximum pointwise error for
these problems in Figure 5 also demonstrates the uniform convergence of the numerical solution. From
this figure we observe that the numerical (hybrid) method provides parameter-uniform convergence of

ON21n® N), if Vae. < \fygg and O(N21In*> N), if vas. > /ye; on Shishkin mesh.

Table 1. Maximum pointwise errors E

N
&d-Ec

for &, = 10~* for Example 6.1.

Number of mesh points N

128

256

512

1024

2048

3.01720E-05
1.55370E-03
1.30140E-03
1.45400E-03
4.45260E-03
4.48230E-03
4.48260E-03

7.03000E-06
7.67900E-04
6.03150E-04
3.22960E-04
2.01520E-03
2.03110E-03
2.03130E-03

1.21160E-06
2.02340E-04
2.63820E-04
1.05520E-04
7.84000E-04
7.90700E-04
7.90800E-04

1.77190E-07
5.52550E-05
1.09680E-04
2.74780E-05
2.43460E-04
2.45440E-04
2.45460E-04

2.39400E-08
1.32040E-05
3.83720E-05
8.60100E-06
7.18400E-05
7.25100E-05
7.25150E-05

Table 2. Maximum pointwise errors EZ e, fore.

10~* for Example 6.2.

Number of mesh points N

128

256

512

1024

2048

2.16050E-05
7.06770E-04
1.05360E-03
2.48800E-03
2.32030E-03
2.31830E-03
2.31830E-03

3.74720E-06
2.80330E-04
4.48120E-04
8.44720E-04
8.00430E-04
7.99880E-04
7.99880E-04

5.75700E-07
7.20170E-05
1.83550E-04
3.04080E-04
2.58070E-04
2.57530E-04
2.57530E-04

8.04480E-08
1.80630E-05
7.82630E-05
9.67350E-05
7.99000E-05
7.97050E-05
7.97030E-05

1.06510E-08
4.33770E-06
2.75830E-05
3.07670E-05
2.37830E-05
2.37520E-05
2.37520E-05

Table 3. Orders of convergence p’s\;’gc for &, = 10~* for Example 6.1.

&4

Number of mesh points N

128

256

512

1024

2048

1072
10~
107°
1078
10—]0
10—12
10—14

2.101589829
1.016671183
1.109475717
2.170649483
1.143741186
1.141926332
1.141916350

2.536670744
1.924101248
1.192935556
1.613839022
1.361997468
1.361094457
1.361018549

2.773525566
1.872640276
1.266280804
1.941167564
1.687198524
1.687760037
1.687824928

2.887791549
2.065184608
1.515174609
1.675700690
1.760795875
1.759118509
1.759136585

2.944105039
2.476653267
1.550321966
1.594048784
2.076963082
2.075855289
2.075787013
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Table 4. Orders of Convergence pg,& for &, = 107 for Example 6.2.

Number of mesh points N

128

256

512

1024

2048

2.527493178
1.334090700
1.233358139
1.558447064
1.535478921
1.535226517
1.535226517

2.702411030
1.960740570
1.287701271
1.474000771
1.633037441
1.635030415
1.635030415

2.839182775
1.995266679
1.229764652
1.652356870
1.691476399
1.692017043
1.692047210

2.917005920
2.058073050
1.504539747
1.652669823
1.748244574
1.746641478
1.746611310

2.957896449
2466032116
1.532088543
1.741087508
1.746602194
1.748178614
1.748212622

Table 5. Maximum errors EV and orders of convergence p" for Examples 6.1 & 6.2.

g €8, . =10

Number of mesh points N

Example 6.1 128 256 512 1024 2048
EN 1.16250E-01 1.00500E-01 7.58210E-02 5.27330E-02 3.30160E-02
pN 0.210035215 0.406526112 0.523891410 0.675540731 0.748636031
Example 6.2 128 256 512 1024 2048
EN 8.51980E-02 6.88640E-02 4.79440E-02 3.11440E-02 1.81550E-02
pN 0.307069581 0.522399704 0.622396029 0.778587320 0.802674063
= =

Solution

S h A b v A o N w

0 01 02 03 04 05 06 07 08 09 1

Mesh points

(a) Numerical solution

Error

0.014

0.012

0.008 [

0.006 -

0.004

0.002

0

0 01 02 03 04 05 06 07 08 09 1

(b) Error = |UN — UX|

Mesh points

Figure 1. Numerical solution and pointwise errors for &; = 1075, &. = 10~ with N = 256

of Example 6.1.
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Solution

0 0.2

0.4 0.6
Mesh points

0.8

(a) Numerical solution

of Example 6.1.

Solution

0 0.1

Mesh points

02 03 04 05 06 07 08 09

(a) Numerical solution

of Example 6.2.

1

Solution

0 0.1

Mesh points

02 03 04 05 06 07 08 09

(a) Numerical solution

of Example 6.2.

AIMS Mathematics

1

0.035

0.03 ]

0.025

0.02

Error

0.015

0.01

0.005

+Err0r=\UIN-U‘2N|

0

0

0.1

0.2

0.3

04 05 06
Mesh points

07 08 09 1

(b) Error = |UN — UX|

Figure 2. Numerical solution and pointwise errors for &; = 107%, &. = 1072 with N = 256

i

+Error=\U|N-U‘2N|

0.04

0.035

0.03 1

0.025

Error

0.015F

0.01 1

0.005

0.021

0.1

0.2

0.3

04 05 06
Mesh points

07 08 09

(b) Error = [UN - U]

Figure 3. Numerical solution and pointwise errors for &; = 107%, &. = 10™* with N = 256

1

—i—Error=|UN-UPY|

0

0

0.1

0.2

0.3

04 05
Mesh points

0.6

07 08 09

(b) Error = |UN — UX|

Figure 4. Numerical solution and pointwise errors for &; = 1075, &. = 1072 with N = 256
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= —A—N?2og® N —A—N2j0g® N
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== -2 -4
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10 4 4 104 -©-c =107, ¢ =10
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Number of mesh interval(N) Number of mesh interval(N)

Figure 5. Loglog plot of maximum errors for Examples 6.1 and 6.2, respectively.

7. Conclusions

In this paper, an almost second-order uniformly convergent numerical solution is obtained for a two-
parameter singularly perturbed problem where the convection coefficient and source term have a jump
discontinuity at an interior point of the domain. The present hybrid difference scheme is a combination
of upwind, mid-point, and central difference schemes at the interior points with a five-point scheme
at the point of discontinuity so that it preserves the monotonicity property on the Shishkin mesh.
Both theoretical and computational results based on this scheme produce almost second-order uniform
convergence in the discrete maximum norm. Numerical experiments for the test problems validate the
theoretical results. As an extension of this work, in the future, we aim to solve the proposed problem
by considering a hybrid difference scheme using a Shishkin-Bakhvalov mesh.
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