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Abstract: Let R be a ring with identity. An element r was called to be nil-clean if » was a sum of
an idempotent and a nilpotent element in R. The nil-clean graph of R was a simple graph, denoted by
Gne(R), whose vertex set was R, where two distinct vertices x and y were adjacent if, and only if, x +y
was a nil-clean element of R. In the absence of the condition that vertex x is not the same as y, the
graph defined in the same way was called the closed nil-clean graph of R, which may contain loops,
and was denoted by G_NC(R). In this short note, we completely determine the diameter of Gy¢(Z,).
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1. Introduction

Using special elements to characterize the properties and structure of rings is a very common
method, and it is also a very popular research field, which has attracted widespread attention by many
researchers. Idempotents, nilpotent elements, and units are three very important types of elements that
play a crucial role in characterizing the properties and structure of rings, and have also sparked many
new concepts and the classes of rings, for example, clean rings, nil-clean rings, 2-good rings, and fine
rings (see [8,9,13,17]).

On the other hand, using graphic properties and invariants to characterize the structure and
properties of rings has been a hot research field in recent decades. After Beck [6] introduced the
zero-divisor graph of a commutative ring in 1998, especially after Anderson and Livingston [3]
modified the definition in 1999, various graph structures on rings were defined and studied, for
example, unit graphs of rings, total graphs of rings, comaximal ideal graph of rings, zero-divisor
graphs with respect to ideals of rings, and cozero divisor graphs (see [2,5, 12, 14, 18]). This greatly
enriches the methods for studying the properties and structures of rings. In 2017, Basnet and
Bhattacharyya [7] introduced the nil-clean graph of a ring and studied its basic properties. Due to the
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complexity of the nil-clean elements of a ring, the properties of the nil-clean graph of the ring are less
known. Even the diameter of the nil-clean graph for a basic finite commutative ring, such as the
residue class ring of integers modulo 7, is not completely clear. As usual, we use Z, to denote the
residue class ring of integers modulo n. In [7], the authors have only showed that diam(Gyc(Zx)) = 1;
diam(Gyc(Zyy)) = 2 for k > 0 and [ > 1; diam(Gyc(Z,)) = p — 1 for a prime p; and

Qg

diam(Gyc(Z,,)) = diam(Gyc(Zsp)) = p — 1 for an odd prime p. Let n = p{"---p§* be a prime
factorization and p; < - -- < p,. We show that diam(Gyc(Z,)) = ps — 1.

Diameter is one of the important invariants of a graph. Many papers are devoted to the diameter of
the resulting graph in this research area (see [1,4, 11, 15]). For the unit graph of a ring, Heydari and
Nikmehr [10] proved that the diameter of the unit graph of an Artinian ring only has four possibilities:
1,2,3, 00, and they classified all Artinian rings via its diameter of unit graphs. In 2019, Su and Wei
generalized the result to self-injective rings in [16]. They also proved that there exists a ring such that
the diameter of its unit graph is more than three.

Let R be a ring with identity. We use I/d(R) and Nil(R) to denote the set of all idempotents and the
set of all nilpotent elements of R, respectively. An element r is said to be a nil-clean element if  is a
sum of an idempotent and a nilpotent element in R. The set of all nil-clean elements of R is denoted
as the notation NC(R). The nil-clean graph of R, denoted by Gy¢(R), is a simple graph with R as its
vertex set, and two distinct vertices x and y are adjacent if, and only if, x + y € NC(R). In the absence
of the condition that vertex x is not same as y, the graph defined in the same way is called the closed
nil-clean graph of R, which may contain loops, and is denoted by Gyc(R). Some basic properties are
studied in [7], for example, they have showed that Gyc(R) is a complete graph if, and only if, R is a
nil-clean ring; the degree of a vertex x in Gyc(R) is either | NC(R) | —1 or | NC(R) | depending on if 2x
belongs to NC(R) or not; and Gy¢(R) is a bipartite graph if, and only if, R is a field.

We recall some necessary notions in graph theory. Let G be a simple graph, meaning it has no
loops and multi-edges. We use the symbol x ~ y to denote when two vertices x and y in a graph G are
adjacent. A walk of lengths k with endpoints vy and v, in G is a sequence of vertices (vo, Vi, - - - Vi1, Vi),
in which v;_; ~ v; foreveryi = 1,...,k. A pathin a graph is a walk that has all distinct vertices (except
the endpoints). A graph G is connected if there is a path between each pair of the vertices of G;
otherwise, G is disconnected. The distance between two vertices x and y, denoted by d(x,y), is the
length a shortest path between x and y. If there is no path connecting two vertices, the distance between
them is defined as infinite. The longest distance between all pairs of vertices of G is called the diameter
of G, and is denoted by diam(G). Let G, G, be two graphs. Their tensor product, denoted by G| ® G,
is a graph with vertex set G; X G,, where (x, x;) ~ (y1,y») if, and only if, x; ~ y; in G; and x, ~ y, in
Gz.

2. Main results and proofs

To begin, we decompose the graph G_NC(Z,,) into G_NC(ZI;]Y.) ® - ® G_Nc(Zpgx) for the prime
factorization n = p{'---ps*. On this basis, we mainly provide a complete characterization of
diam(Z,). In addition, a mechanical way to find a path between two vertices x and y in Gy¢(Z,) is
given.

For two isomorphic rings, their nil-clean graphs are clearly isomorphic as well. Due to the Chinese

remainder theorem, there is an isomorphism of the rings, Z, = Zpal X -+ X Zyos, where n = p‘f1 e pe
1
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is the prime factorization. Therefore, we are now investigating the nil-clean graph of the ring Zp;n X
-+ X Zes, and denoting it by Gyc(Z,) by abuse of notation.

Let R, and R, be two rings. We have that Nil(R; XR,) = Nil(R;)XNil(R,) and Id(R; XR,) = Id(R,)X
Id(R,). For a prime p and a positive integer @, Z,. is a commutative local ring, having the unique
maximal ideal Nil(Z,.) = (p), and Id(Z.) is trivial. Then, NC(Z.) is the disjoint union (p) U 1 + (p),
where 1+ (p) = {I + x € Z, | x € (p)}. We have that NC(Z, X Z,n) = NC(Z,n) X NC(Z,). The
following proposition characterizes the form of nil-clean elements in prln X e X Lyos.

Proposition 2.1. Give x = (xy,...,X,) € Zptln X -+ X Zyes. Then, x is a nil-clean element Oprtlm XX
Zyes if, and only if, x; is a nil-clean element szpf.”" foreveryi=1,...,s.
Proof. Suppose x = (x1, ..., x,) is anil-clean elementinZ, o X - -XZys , then there exists an idempotent
y=0...,y,) and a nilpotent element z = (z1,...,2), such that x = y+z =01 +21,..., )5 + 25)-
Note that y; is an idempotent element of Z, i and z; is a nilpotent element of Z, i foreveryi=1,...,s.
Thus, x; is a nil-clean element of Z P for every i=1,...,s.

Conversely, suppose that x; is a ml clean element of Z P foreachi = 1,...,s. Then, there exist
an idempotent element y; € Z P and a nilpotent element z, €7 i such that X;i = y; + z;, for each
i=1,...,s. Notethaty = (yl, ...,Ys) 1s an idempotent and z = (zl, ...,Zs) 1s a nilpotent element in

Zp:q X +++ X Zys. The equality x = y + z implies that x is a nil-clean element in Zp‘l” X+ XZys. O

We can determine the adjacency relation of Gyc(Z,) completely by Proposition 2.1.

Corollary 2.1. Suppose that x = (x1,...,x5) andy = (yi,...,ys) are distinct vertices of Gyc(Z,).
Then, x and y are adjacent if, and only if, x; + y; is a nil-clean element of Zp;h', foreveryi=1,...,s.
More precisely, x and y are adjacent if, and only if, x; + y; € (p)) U1 + (p;), foreveryi=1,...,s. In
short, Gnc(Z,) = GNC(ZP(]" )®---® GNC(Zp‘S"S)-

It is a fact that Z . /(p) = Z,, and it is easy to study the nil-clean graph of Z,. In particular, we can
determine the diameter of Gy¢(Z,), as stated in Proposition 2.2 below, which has been shown in [7].

Proposition 2.2. Let p be a prime. Then, Gyc(Z),) is a path with p vertices and its diameter is p — 1.

Proof. Z, is a field with characteristic p. There are only two nil-clean elements, 0 and 1, in Z,. For any
vertex x € Gyc(Z)p), the only adjacent vertices are p — x and p — x + 1. This implies that Gyc(Z)) is a
path. For two vertices x and y in GNC(Z,,) the path between them is unique. Note that d(0, p—“ =p-1.

Therefore, diam(Gyc(Z,)) = |

Proposition 2.3. Let p be a prime and « be a positive integer. Then, diam(Gyc(Z,0)) = p — 1.

Proof. The facts that Z,./(p) = Z, and Nil(Z,.) = (p) are evident. Let x,y € Z,« and X,y € Zpy./(p).
Thus, by Proposition 2.2, there is a unique path from x to y in the graph Gy¢(Z,). We may assume that
the path is (x, x2, ..., x;-1, X;}, where x; = x and x; = y. It is easy to see that (x, x5, ..., x,_1,y} 1s a path
from x to y in Gyc(Zpe). Thus, diam(Gyc(Z,0)) < diam(Gyc(Zy,)) = p — 1.

Next, we show that d(0, p—“) = p — 1 in the graph Gyc(Z,«). Assume, to the contrary, there exists a
path from 0 and % to a length less than p — 1. This forces that d(0, ”T”) < p—11in the graph Gy¢(Z,),
which contradicts Proposition 2.2. This completes the proof. O
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Lemma 2.1. Let p be a prime, q be an odd positive integer, and q > p, x and y be two vertices in
Gnc(Zpe). Then, there exists a sequence {ﬁk}l,:f consisting q elements (allowing repeat) of Z ., where
B = x,B, =, such that By + Bi+1 is a nil-clean element of Zp., for everyk =1,...,q— 1.

Proof. In the case p = 2, Zy« is a nil-clean ring, and Gy¢(Zy) is a complete graph with 2¢ vertices. Let
ﬁl = :ﬁq—l :X,,Bq =)y

For p is an odd prime, we discuss the case where ¢ = p since we just need to repeat the last two
elements of the sequence when g > p. Without loss of generality, suppose that
d(0,%) = min{d(0,x), d(x, & “) d(0,y),d(y, & ; } in Gyc(Zy). There exists a unique shortest path from
x to 0 in Gyc(Z,) by Proposition 2.2, denoted by (vi,...,Vgom+1), where X = v; and vgox+1 = O.
Similarly, there exists a unique shortest path from O to y, denoted by (u, ..., ug05+1), where u; = 0
and ugyy+1 = Y.

Let B1 = x,82 = va, . Baoxn = Vaom = LBaom+1 = -+ = Bg-aoy = 0,B4-a05+1 = U2 =
L, Bg-aoy+2 =uzs =p—1,--,Bs_1 = Uagoy,B4 = y- The sequence {ﬁk}ij is desired. O

Now, we prove the main result in this note.

Theorem 2.1. Let n = p{'---p{’ be the prime factorization, where p;, < --- < p, Then,
diam(Gnc(Z,)) = ps — 1.

Proof. It holds for the case n = 2%, and Gyc(Zy) is a complete graph. In other cases, give two vertices
(x1,...,x5), (yl,...,ys)eZalx X Zps.

For i =1, p = py, and g = py, there exists a sequence {ak}k by Lemma 2.1, where ] = xj,

b =V such that ak +akJrl ENC(Z "1) foreveryk=1,...,p,— 1.

k=p
For i =2,p = py and g = py, there exists a sequence {axi}k by Lemma 2.1, where a? X,

s = Yy, such that ak +cxk+1 € NC(Z az) forevery k =1,...,p; —1

k=p
Contlnumg this process fori = s, p = py, and g = pj, there exists a sequence {ak}k by Lemma

2.1, where @} = x,, @}, = y;, such that cxk +aj,, € NC(Zys), foreveryk=1,...,p, —

We obtain the sequence {(ak, .. ak)} » , Where (al, o)) = (xg,...,x) = xand (cx1 @y ) =
01, --.,ys) = y. In addition, (a; + @, ,,...,a; + @;,,) is a nil-clean element in Z pn X X Z s, for
every k = 1,...,ps — 1. Then, there exists a path from x to y according the above sequence by

removing those consecutive duplicate vertices (if applicable). Thus, diam(Gyc(Z,)) < ps — 1. On the
other hand, it is clear that d((0,...,0,0),(0,...,0,2 Y“ )) is py — 1 in Gyc(Z,) by Proposition 2.3, and
diam(Gyc(Z,)) > ps — 1. This completes the proof O

We finish this note with an example to helping in understanding Theorem 2.1.

Example 2.1. Let n = 2*7311% = 664048, Zeoaoas = Los X ZLgs X Zyp2. Given (1,339,20), (12,55,114) €
Zot X Zys X Zyy2, then 1 =1,12=0€7Z,,339=3,55=6€7,,20=9, 114 =4 € Z,,.

For p =2 and g = 11, we obtain the sequence {1,1,1,1,1,1,1,1,1, 1,12} by Lemma 2.1.

For p =7 and q = 11, then d(3,4) = min{d(0, 6),d(0, 3),d(3,4),d(6,4)} in the graph Gync(Z;). We
obtain the sequence {339,4,4,3,5,2,55,2,55,2,55} by Lemma 2.1.

For p = 11 and q = 11, then d(4,5) = min{d(0,9),d(0,4),d(4,5),d(9,4)} in the graph Gnc(Z1,).
We obtain the sequence {20,3,8,4,7,6,5,5,6,7, 114} by Lemma 2.1.
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According to the proof of Theorem 2.1, we obtain the sequence: B, = (1,339,20), 8, = (1,4, 3),
Bz = (1,4,8), By = (1,4,4), s = (1,4,7), Bs = (1,4,5), p7 = (1,4,6), Bs = (1,3,6), By = (1,5,5),
Bio = (1,2,7), B11 = (12,55, 114). We do not need to delete any vertices of this sequence, and obtain
the path from (1,339,20) to (12,55, 114) in the graph Gyc(Zys X Z73 X Z112).

Remark 2.1. For a finite commutative ring R, we have the Artin’s decomposition in local rings of
R = R; X --- X R,. Next, we may study the nil-clean graph of the finite product of finite fields, ignoring
the impact of nilpotent elements on calculating the diameter. For a finite field GF(p*), Gyc(GF(p*))
is the union of a path with p vertices and - kle_l 2p-cycles [7]. In particular, diam(Gyc(GF(p*))) =
o when £ > 1. Note that graph G ® H is disconnected when one of G and H. In other words,

diam(Gyc(R)) = p — 1 for some prime p or co.
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