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Abstract: We present a comprehensive investigation of the long-term dynamics generated by a
semilinear wave equation with time-dependent coefficients and quintic nonlinearity on a bounded
domain subject to Dirichlet boundary conditions. By employing rescaling techniques for time and
utilizing the Strichartz estimates applicable to bounded domains, we initially study the global well-
posedness of the Shatah—Struwe (S—S) solutions. Subsequently, we establish the existence of a uniform
weak global attractor consisting of points on complete bounded trajectories through an approach based
on evolutionary systems. Finally, we prove that this uniformly weak attractor is indeed strong by means
of a backward asymptotic a priori estimate and the so-called energy method. Moreover, the smoothness
of the obtained attractor is also shown with the help of a decomposition technique.
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1. Introduction

In this paper, we are concerned with the following semilinear damped wave model

I (a(Nu) + BOAu + y()du + B(H)g(u) = BN f(x),
uloa = 0, (1.1)

l/l(x, T) = MOT’ atu(x’ T) = u]‘["
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Here, Q c R? is a bounded domain with a smooth boundary, A = —A, g(u) is a given source term,
and the coefficients a(t), 5(¢), and () all depend on time. From now on, we assume the external force
f e LX(Q).

The semilinear wave equations with time-dependent coefficients have been investigated quite
extensively by several authors in recent years, with particular regard to its long-term behavior. For
example, wave equations with time-dependent speed of propagation were investigated by Conti
et al. [12, 13], and very recently this model was generalized to the hyperbolic equations with
time-dependent memory kernel in [15]; Uesaka et al. [19] made some significant progress in the
oscillation property of semilinear wave equations with time-dependent coeflicients, and subsequently
the dynamics of this equation were studied by Aragao et al. in [1], including the continuity of pullback
attractors.

It is worth observing that the nonlinear term g satisfies g(u) ~ ulul*! with 1 < ¢ < 3 in the
aforementioned papers. Thus, it seemed natural to extend these results to the sup-cubic case. The case
of sup-cubic growth rate is a bit more complicated since the uniqueness of energy-weak solutions is
unknown as g > 3, see, e.g., [3,20]. In order to overcome these difficulties, the authors in [4] studied
the semilinear oscillon equation with the growth index 3 < g < 5 by using parabolic approximations
governed by the fractional powers of the wave operator. Another effective way to deal with sup-
cubic nonlinearity is using S—S solutions, which have more delicate space-time integrability, such as
ue L;‘OC(R, L'2(€)). Very recently, based on the recent extension of Strichartz estimates for the bounded
domains, the Eq (1.1) in the case @ = 8 = 1 with a sign changing damping and sub-quintic nonlinearity
(0 < g < 5) was discussed in detail in [5].

In this paper, motivated by the studies in [1, 5, 14], we consider the problem of the existence of
a uniform global attractor for Eq (1.1) with quintic nonlinearity in the natural energy phase space
Hj(Q) x L*(Q). The difficulties with this problem mainly stem from the following aspects:

e How do you generalize the usual Strichartz estimates to wave equations with time-dependent
coefficients? In the case of the whole space Q = R3, the Strichartz type estimates for variable
coeflicient wave equations have been studied by many authors, one can refer to [16] and the
references cited therein. However, when Q c R3 is a general bounded domain, as far as we
known, the corresponding results are still lacking.

e How to establish the asymptotic compactness of the system generated by S—S solutions of Eq (1.1)
with quintic nonlinearity? In the sub-quintic case, one can establish the so-called energy-
to-Strichartz (ETS) estimate (2.2), and based on the ETS estimate, one can obtain the well-
posedness, dissipativity, asymptotic compactness, and existence of attractors in way that is similar
to the classical cubic case. In contrast to this, in the quintic case, the ETS estimate is only proved
in the case when Q = R? or Q = T with periodic boundary conditions. Since the ETS estimate for
a general domain is still an open problem, it is impossible to deduce the asymptotic compactness
by giving any control of the Strichartz norm in terms of the initial data, and the control of this
norm may be a priori lost when passing to the limit # — oo, and the attractor may contain solutions
that are less regular than the S—S ones, for which we may not have the energy equality.

In this paper, in order to circumvent the difficulties mentioned above, we present a new scheme to
study the dynamics of the wave equations (1.1), and summarize the main method in Figure 1 for clarity.

(1) By rescaling techniques for time, we can reduce the Eq (1.1) to an equation of simple form (2.3),
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and then the well-posedness as well as the energy dissipativity of S—S solutions can be proved by
the usual method.

(2) We apply a newly developed framework named evolutionary systems (see [7]) for studying the
asymptotic dynamics of S—S solutions, and obtain the existence and structure of the uniform weak
global attractor .27,. Since the evolutionary systems € (3.3) generated by S—S solutions may not
be closed with respect to weak topology on the phase space, we follow an interesting technique
initiated by Cheskidov and Lu in [10], which is based on taking a closure of the evolution systems
€ (3.4). In what follows, our main task is to show that E((—co, 0)) = E((—0c0, 0)) via a newly
developed approach presented in [20].

(3) Using the energy method developed in [3] and remembering the backward regularity of complete
trajectories contained in €((—co, 0)), we can prove that the uniform weak global attractor <7,
constructed in Step 2 is in fact a strongly compact strong global attractor .7;. Moreover, we obtain
a bounded uniform attractor &> C &' by a decomposition technique.

S-S Solution| 4 E-S€ |

~Q{w = {fu(o)}
&y € §((—00, 0))

A—Property

B-A-R

| BSE S
€((—00, 00))
Aj—Propert i
@ =E((—00, 00))

1. S-S: Shatah-Struwe. 2. E-S: evolutionary system. 3. .o, : weak attractor. 4. o7, : strong attractor. 5. B-A-R: backward asymptotic regularity.
6. A—C: asymptotic compact. 7. E-M: energy method. 8. A;—Property: €([0, o)) is pre-compact in C([0, ); &,,).

Figure 1. Overview of the technique.

We impose the following standing assumptions on the nonlinear damping and coefficients:
Assumption 1.1. (G) g € C*(R) with g(0) = 0 and satisfies
18”7 (9) < Co(1 +1s|"72), g'(5) = —ki +0|s|"”", (1.2)
g(5)s —4G(s) > —k», G(5) > K3|s|""! — k4, Vs € R, (1.3)
Here3 < g <5, G(s) = fos g(ndr, ki (i =1,2,3,4), 6, and C, are given positive constants.
(COEF) a,B,y € Ci(R) satisfying
@) < at) < @, Bo < BE) < Pi.yo <y < i, (1.4)
&' (O] < a2, B/ (0] < B2,y () <2, VEER, (1.5)
where a;, B; and y; (i = 0, 1,2) are all positive constants, and 2yoBy > @51 + a15;.

The outline of our paper is given below. In Section 2, the property of the S—S solutions of Eq (1.1) is
discussed in Theorem 2.2. In Section 3, the existence and structure of the uniform weak global attractor
are studied in Theorem 3.7, and the backward asymptotic regularity of complete trajectories contained
in €((—oo0, 00)) are proved in Theorem 3.11. Finally, the existence and regularity of the uniformly strong
global attractor is established in Theorems 4.3 and 4.4.

AIMS Mathematics Volume 9, Issue 9, 24677-24698.



24680

2. Well-posedness of S-S solutions

Let || - || and ¢-,-) be the usual norm and inner product in L?>(Q). For convenience, we denote
H* = D(A2), & = H*' x H*, s € R. Then, H° = L*(Q), H' = H)(Q), H* = HX(Q) N Hé(Q), and
H~! is the dual space to Hj(Q). In particular, we denote & := &° = H}(Q) X LA(Q).

Definition 2.1. A function u(t) is a weak solution of Eq (1.1) iff &, := (u,0u) € L*(7,T; &) and Eq (1.1)

is satisfied in the sense of distribution, i.e.,

T T
—f (a(l)&,u,8t¢>dt+f B@)}Vu- Ve, 1)dt

T T T
ﬁfwmm¢W+fﬁ®@m@m:fﬂmm@m

for any ¢ € CJ((7,T) X Q). A weak solution is a Shatah-Struwe (S=S) solution of Eq (1.1) on the
interval [t, T iff u € L*(t, T; L'*(Q)).

Theorem 2.2. Under Assumption 1.1, then for every &,(t) = (uor,uyr) € &, the Eq (1.1) admits a
unique global S-S solution u(t) with the estimate

€Dl < e PQUIENe) + QUAP),  VYiz, 2.1)

where the positive constant @ and the monotone increasing function Q are independent of u, t and .
In the sub-quintic case, we have, in addition, the estimate

IEDNls + et 20012 < € TTPQUEN) + QU V. (2.2)

Moreover; if £,(t) € &', then Eq. (1.1) admits a unique global strong solution and estimate (2.1) also
holds.

Proof. (Sketch) Using the change of variable s = ¢(t) = fo '[9 44y and chain rule (see [1, Section 3]

a(w)
for more details), we can rewrite the Eq (1.1) as follows:

v — Av + ()8 + g(v) = f(),

Vo = 0, (2.3)

V(X,/l) = Upr, a[V(.x,ﬂ) = %MIT’
where u(x,t) = u(x,¢”'(s)) = v(x,s), n(s) = W% and u = ¢(r). The local well-posedness
of Eq (2.3) can be verified by using the Galerkin method and Strichartz estimate, and the global
existence and regularity of the S—S solution can be proved by Morawetz—Pohozhaev identity and a

prior estimate; see [17] for further details. Analyzing the term 7(s) and recalling the assumption
(COEF), we have

(Vap), +vy _aB+ap + 2By
Jap = N <mn, VYs>pu 2.4)
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_ 2Boyo—@Bi—ai1fa _ 2B1y1taafitaifs

Here, we can choose 1y = e and n; = 2o Vark . Taking the multiplier d,v + v (¢ > 0

i1s small enough) in Eq (2.3), and allpplymg dissipative assumptions (1.3) and (1.4) and Gronwall’s
inequality, we can obtain the estimate (2.1) for v, e.g., see [5]. In the sub-quintic case, we can also
obtain an estimate (2.2) for v by using the standard bootstrapping method in [17]. Finally, in view of

IEDlls = 1E(DDNle  and [l s 7:2(0)) = VI 400).000:L12(2))» (2.5)

then the theorem is completed. m|
3. Uniform weak global attractors

3.1. Evolutionary systems

Here we recall some basic ideas and results from the abstract theory of evolutionary systems; see [7—
10] for details. Let (X, dy(-, -)) be a metric space endowed with a metric d, which will be referred to as
a strong metric. Let d,,(-, -) be another metric on X satisfying the following conditions:
(1) X is d,,-compact.
) Ifdy(u,,v,) — 0asn — oo for some u,, v, € X, then d,,(u,,v,) — 0.
Due to the property 2, d,(-,-) and d,(-,-) will be referred to as weak metric, and strong metric

respectively. Let C([a, b]; X.), where e = s or w, be the space of d,-continuous X-valued functions on
[s, ] endowed with the metric

do(apx. (U, v) = s[u[;] do(u(t), v(1)).
t€la,

Let also C([a, >); X,) be the space of d,-continuous X-valued functions on [a, c0) endowed with the
metric

dC([a,a+K];X.)(u’ V)
+ de(aarkrx.) (U, V)

I
deasoroW:V) = ) 5 (3.1)
KeN

To define an evolutionary system, first let
T :={l:1=[T,o)CR, orl =(—00,00)},

and for each I € 7, let §(/) denote the set of all X-valued functions on /.

Definition 3.1. A map € that associates with each I € T a subset €(I) C &(I) will be called an
evolutionary system if the following conditions are satisfied:

(1) &[0, o)) # 0.

(2) €U + ) = {u(-) : u(- — s) € &)} forall s € R.

(3) {u() |,z u(-) € €,)} € &(Iy) for all pairs I, I, C T, such that I, C I,.
(4) €((=00,00)) = {u(") : u(:) lir.c0)€ &[T, 0)), VT € R}.

AIMS Mathematics Volume 9, Issue 9, 24677-24698.
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We will refer to €(7) as the set of all trajectories on the time interval /. Let P(X) be the set of all
subsets of X. For every ¢ > 0, define a map

R(@) : PX) = P(X).
R(DA == {u(f) : u(0) € A,u € G([0,0))}, AcCX.
Definition 3.2. A set <7, C X is a d,,-global attractor of € if &7, is a minimal set that is
(1) d,-closed;

(2) d,-attracting: for any B C X and € > 0, there exists ty, such that

w

R(t)B C B, (,,,€) := {u : irg d,(u,x) < E} , Yt=>t.
XE

Definition 3.3. The w,-limit set (e = s,w) of a set A C X is
wa(A) = | JROA .
T>0 =T
In order to extend the notion of invariance from a semiflow to an evolutionary system, we will need
the following mapping:
R(DA := {u(r) : u(0) € A,u € (-0, 0))}, AcCX, teR.

Definition 3.4. A set A C X is positively invariant if

RHACA, Vi=0.
A is invariant if _

RHA =A, VYt=>0.

A is quasi-invariant if, for every a € A, there exists a complete trajectory u € €((—o0, o)) with u(0) = a
and u(t) € A forallt € R.

As shown in [7,10], a semiflow {S(¢)} or a family of a processes {U,(t,7)}, o € X, defines an
evolutionary system. In order to investigate the existence and structure of .<7,, we use a new method
initiated by Cheskidov and Lu in [10] by taking a closure of the evolutionary system €. Let

&([r,00)) = G 00) N vreR.

Obviously, € is also an evolutionary system. We call € the closure of the evolutionary system €, and
add the top-script ~ to the corresponding notations. Below is an important assumption that we will
impose on € in some cases.

o Al €([0, 0)) is pre-compact in C([0, 00); X,,).

Theorem 3.5. [10] Let € be an evolutionary system. Then the weak global attractor 7, exists.
Furthermore, assume that € satisfies Al. Let € be the closure of €. Then

AIMS Mathematics Volume 9, Issue 9, 24677-24698.
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(1) )y = w,(X) = @,(X) = A, = {uyg € X : uy = u(0) for some u € E((—oo0, ))}.
(2) 4, is the maximal invariant and maximal quasi-invariant set w.r.t. .

(3) (Weak uniform tracking property) For any € > 0, there exists t,, such that for any t* > t,, every
trajectory u € €([0, o)) satisfies
de (i ooy:x,) (U, V) < €,

for some complete trajectory v € E((—o0, 00)).

3.2. The existence and properties of <7,

Let U,(t,7) : & — &, t > 7 be the S-S solution operator of Eq (1.1), where o = (@,8,y) € X :=
[Tyo,h e R]cﬁ(R)’ (Tyho)(+) := o(- + h), then T;,Z = . We construct the skew product flow by

S, 0) :=(Uy(t,0)¢,To), t >0, (3.2)

where (¢,0) € E = & x X with norm ||(&, 0)||g = (||§||(27@ + ||0'||32(R))%. Then {S(#)};5o forms a semigroup.
b

Now define an evolutionary systems (ES) on E by

€([0, ) := {(£u(), (")) = (€ul(D), (1)) = SN, 0), &u(r) € X, 0 € X, V1 >0}, (3.3)
where X := {&, € & : IEI7 < 2QUIfIP)}. Let

([0, 00)) := &([0, ooy ) (3.4)

where X, = X,, X Ci(R) and the metric on C([0, 0); X,) defined in the same manner as (3.1).

Lemma 3.6. Suppose o is translation compact in Ci(R), and let &,, = (uy, O:u,,) be a sequence of S-S
solutions of Eq (1.1) with symbols o, such that (&,,(t),0,(t)) € X for all t > ty. Then

&, is bounded in L™ ([ty, T1; &), 0,&, is bounded in L™([ty, T];&™"), YT > 1. 3.5)

Moreover, there exists a subsequence n; such that o, converges in Ci(R) to some o € X and 'fun,.
converges to some &, in C([ty, T); &), ie., (funj, ¢) — (&4, @) uniformly on [ty, T] as nj — oo for all
peé.

Proof. Applying Theorem 2.2 and remembering that &, are the S-S solutions of Eq (2.3), thus we
obtain (3.5). Now applying the Alaoglu compactness theorem to extract a subsequence funj which
w*-converges to some function &, € L([ty, T]; &), i.e.,

funj — &, weakly-* in L™([ty, T]; &). (3.6)
Recalling the following compact embedding

{(u, 0u) € L>([t, T1; &)} N {07u € L ([to, T1; H™ ()}
cc {(u, d,u) € C([to, TT; H'™H(Q) x H™(Q))}

for some 0 < ¢ < 1, we deduce that the weak-* convergence (3.6) implies the strong convergence

gunj — &, in C([ty, T]; &,,)}. The proof is completed. O

AIMS Mathematics Volume 9, Issue 9, 24677-24698.
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Theorem 3.7. Under Assumption 1.1 assume that o is translation compact in Ci(R). Then the
uniform weak global attractor <, for ES € defined by (3.3) exists. In addition, € satisfies A1 and
Gy 1= {(Euy> 00) 1 Eugr00) = (£4(0),0(0)) for some = = (£,,0) € E((—00, 0))). Moreover, Ve > 0
there is some ty := to(€) such that for any t* > ty and every trajectory = € E([0, +c0)) satisfies
de((0.00x,)(Bs BY) < € for some complete trajectory Z* € ((—o0, 0)).

Proof. The existence of the attractor o7, can be established by using Theorem 3.5 directly. Let &,
be a sequence in €([0, o)). Using Lemma 3.6, we extract a subsequence (still denoting by Z,) that
converges to some Z' € C([0,1]; X,,) as n — oo. Passing to a subsequence and still denote &, once
more, we obtain that 2, — =22 € C([0,2];X,,) as n — oo for some Z2 € C([0,2];X,,) with E' =
Z2 on [0, 1]. Continuing this diagonalization process, we get a subsequence E,, converges to E €
C([0, =); X,,), and A1 is proven. The other statement contained in the above theorem can be proved

by applying Theorem 3.5 again. O

Theorem 3.8. Under Assumption 1.1 assume that o is translation compact in Ci(R). Then the complete
trajectory E = (£,,0) € E((—o0, 0)) iff there exists a sequence of times t, — —oco and a sequence of
S-S solutions &, (t) of Eq (1.1):

O (D)0,up) — Bu(D)Atty, + Y (0)0stty, + Br(1)g () = Br(D) f (%),

é:un(tn) = fg eX, t> Iy,
such that (¢,,,0,) — (&,,0) in C([-T, 0); X,,) for any T > 0, where o, = (@, Bn, ¥n) € Z.

(3.7)

Proof. Let E = (&,,0) € €((—0, )) and denote Z, = E|;, «) € C([£,, )), where #, — —c0 as n — oo.
Obviously £, — = in C([-T,); X,,), VT > 0. Since &, € &([t,, 00)), then there exists a sequence
{Eﬁlk)},‘j’zl € €([t,, o)) such that Eflk) — E, in C([t,, ©); X,,) as k — co. By a standard diagonalization
process, we obtain that there exists a sequence Eﬁ,") (denoted by E, = (¢,,,0,)) such that E, — Zin
C([-T, 00); X,,) for any T > 0. Recalling the definition of € and =, we know that &, is the S—S solution
of Eq (1.1).

Conversely, let =, = (&,,,0,) € €([t,,)) and E, — = in C([-T, ); X,,), YT > 0. So {E,|-7.~) :
En € C([t,, )} € E([-T, o)) converges to ZEl_7.c) € C([-T, ); X,,). Thus = € E([~T, o)) for any
T > 0. By definition, this implies Z € E((—o0, 00)). i

Remark 3.9. Since every S-S solution &,, can be obtained as a limit of Galerkin approximations
(see [14,17] for more detail), then for any E = (&,,0) € €((—00, 00)), we can extract a sequence ff,];) by
using a standard diagonalization process again such that §,(£) — &,in C([-T,);X,,) forany T > 0,
and uﬁ(k) = ZL df(t)e, satisfies

{axak(t)atu(k")) — BOALY + Y (D0 + B(DPg®) = Bi(t)Py f(x), 35

k
O (1) = Pedy (1), 1> 1y,

where t, — —oo as k — oo, {e;}, be the orthonormal system of eigenvectors of the Laplacian —A with

Dirichlet boundary conditions and Py is the projector from L*(Q) to Ey := span{e,, e, -+ , ex).

Corollary 3.10. Let the assumptions of Theorem 3.8 be satisfied. Then, for any & = (&,,0) €
E((—00, 0)), we have

f 10u(IPdr < QUIfIP), O € C,R, H™) and Aim {10,u(®lly- =0 (3.9)

(o)
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for any 0 < ¢ < 1, where Q(-) is a monotone increasing function.

Proof. LetE = (&,,0) € €((—o0, 0)), taking the multiplier d,v in (2.3) and combining Theorem 2.2 and
Remark 3.9 to deduce that f_ 0; 16,u(r)|I*dr < Q(|If|I*). In order to prove convergence in (3.9), we note
that €((—o0, 0)) is bounded in (C»(R; &) N C}(R; &7')) X C4(R) and o is translation compact in CX(R),
then the convergence is a standard corollary of dissipative integral in (3.9) and the compact embedding
[Co(R; &) NCH(R; &™) CC CroeR; H' ™ X H™) forevery 0 < ¢ < 1. o

3.3. Backward smoothness of complete trajectories

The following Theorem 3.11 discusses the backward smoothing property of the complete trajectory
included in €((—c0, 00)), and the proof is similar to the ones given in [20, Theorem 2.1], and for this
reason we give a sketch of the main steps of the proof for the reader’s convenience.

Theorem 3.11. Under Assumption 1.1 and assume that o is translation compact in Ci(R), then for
every complete trajectory E = (&,,0) € §(—co, o)), there exists a time T = T(u, o) such that &, €
Co((=00, T1; &) and i€ llc, (-, r1i6m < QUIP o2 ey):

Proof. We divide the proof into several steps.
Step 1. Rewrite Eq (2.3) as follows:

v — Av + n(8)0,v + L(=A)"'v + g(v) = h(s) := L(=A)"'v + f(x).

From the definition of & and applying Theorem 2.2, we have [A(s)|? < Q(IfI*>) and

f:” ||(95h(s)||§{2a’s = SS+1 10,v(s)|I*ds < Q(||f][*). Using Corollary 3.10, we infer that
0h € Cp(R; 7‘(2_L), lim ||0;h(s)||g~ =0, VO<t<1. (3.10)

Step 2. Applying Lemma 2.2 in [20], we know that for sufficiently large L (depending on the
coefficients in Assumption 1.1), the parabolic equation

Asw — Aw + g(w) + L(-A)"'w = h(s), s € R (3.11)
possesses a unique solution w(s) in the class C,(R; H?) with the following estimates:
Wl < QUIAIP),  Ow e CoR;H?), diwe LX([S,S +1;H"), VS eR, (3.12)
and the following convergence
Jm {l105w(S)lle + 03wl ts.5-+11:01)) = O (3.13)
Step 3. For a sufficiently large L, there exists a time S = S (v, L, o) such that the problem
9tz — Az + ()82 + L(-A) 'z + g(2) = h(s), s<S§ (3.14)
possesses a unique regular bounded backward solution &, € &', which satisfies

1852()llzz + lz()llz < QUIAP, llerllcz), s < S and im 1052(5) =@ = 0. (3.15)
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To see this, let z = w + Z, where w satisfying Eq (3.11), then Z satisfies

PZ — AZ +1(5)0,Z + L(~=A)"'Z + g(w + Z) — g(w) = F,.(s5) := =0°w — (5(s) — 1)I,w.

We can apply the implicit function theorem in order to solve Eq (3.16) in the space
D5 := Cp((=00,51,6™)),
where S is small enough. Applying Step 2, we have

F, € L*([s,s + 1], H") Vs € R and Jim IF s ) = 0.

Now, we intend to verify that the variation equation at Z = 0
O?Z — AZ + n(5)0,Z + L(-A)"'Z + g (W)Z = H(s), s<S

is uniquely solvable for every H € L? ((—o0,S],H") such that

loc

||H||Lg((_oo,s],wl) = sup | Hllpssenmny < 0
s€(—00,5—1)

if § is small enough. Firstly, taking the multiplier 0,Z + £Z in (3.18) yields

d
Eaz +Qy = 2H,0,Z + €Z) + (g (W)O,w, Z%),

where

&z = 10, ZIP +1ZII3,1 + (&' WZ, Z) + 26(D,Z, Z) + LI|ZII31

Qz = 2(n = &IOSZI + 28|\ ZIl3,) + 26m(0,Z, Z) + 28LIZII5,- + 26(8' (W)Z, Z).

Choosing L > 4C?k7, we obtain

~2g'WZ,Z) < 2k|IZIP < 2Ck | Zll301 |1 Z g

1 1
< §(||Z||?HI +4C°K1IZI15,) < §<||Z||;l + LIZII%, ).

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Combining (3.19) and (3.20) and recalling (3.12), there exists a sufficiently small parameter € > 0 such

that
CllEZ(I5 < Ex(5) < ClIEZS)IIZ
and

d a
%82(5) +&84(s) < CIH(S)IP + (" (W)dsw, Z*) — ZIIZIIZI-

Using (3.12), (3.13), and embedding H>(Q) c L*(Q), we have

ds

d
—&,(5) + E,(s) < CIlH(s)II%, if s < and S is small enough.
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Applying Gronwall’s inequality, we deduce

S

10, Z()I + IZ($)II7,1 < Cf eI H(PPdr, s<S§. (3.21)

—00

Thus, the solution to (3.18) is unique. Secondly, taking the multiplier —A(0,Z + &Z) in (3.18),
interpreting g’(w)Z as an external force, and using (3.21) yields

10, Z()Ml + IIZ($)Il3p < Cf e INHD;dr < CIIHIIEE((_OO,SWI), s<S. (3.22)

—00

Thus, the Eq (3.18) is uniquely solvable in space (3.17) if S is small enough. Now, applying the
implicit function theorem for Eq (3.16), for a sufficiently small S € R, there exists a unique solution
&7 € Og of problem (3.16) satisfying

10,Z()llz + IZ()Il5 < QISP Nlorllc2), s < S and Jim 10,Z(5)llzr = 0. (3.23)
Combining the estimates of w in Step 2 and (3.23) we have
18,2l + 252 < QUAR Nloli2), s < S(L,v,0)  and lim {l9,z(s)llr = 0. (3.24)
Finally, differentiate equation (3.14) and set 9,z = £, we have
0oL = N+ ()0 + L(=A)'L = h(s) := I (5) = &' ()52 = 1 (5)Dsz. (3.25)
Recalling (3.10) and (3.24), we obtain
lim iA()llg = 0. (3.26)

Similar to (3.22), we have

N

0L + IS < Cf e Nh(Pdr, s<S. (3.27)

—00

Since H? C C(ﬁ), then (3.26) and (3.27) imply (3.15).
Step 4. We need to prove z = v, for s < §. Applying Remark 3.9, there exists a sequence of
Galerkin approximations such that & N &, in C([-T, 00); X,,) for any T > 0, and

Vk

v — AV + ()Y + L(=A) WP + Pg(v)
=hi(s) = LAV + Pif, s> 51 (3.28)

Here s, = fotk B g, m €C llj(R), so there exits a subsequence (still denote) n7; — 7 in C},(R). Now

a(w)
let zx(s) = Piz(s), s < S. According to Step 3, the solution &.(s) is bounded in &' when s < S, and
consequently

lim i€, = &lley i) = 0, 1im 15 = Elley(-ws1x0) = 0. (3.29)
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Here we used the fact that H? cc C(Q) again, and the convergence of the Fourier series is uniform on
compact sets. Now denote V(s) := v(s) — z(s) and Vi(s) := v,(ck)(s) — zx(s), recalling (3.28) yields the
following equation:

PV — AV + ()0, Vi + L(=A) "V + Pilg(Vi + z1) — g(z0)] = Ay, (3.30)

where Ai(s) = [1(s) — (s)]0;zx(s) + Prlg(z(s)) — g(zx(s))]. Taking the inner product between (3.30)
and 0,V + £V}, we have

d
Egvk(s) + &8y, (5) = (Ax(s), 20, Vi(s) + €Vi(s)) — Qy,(s) + G, (5), (3.31)
where
Ev, =0 Vil + IVillsn + 260, Vi, Viy + LIVAllG - + (G (Vi + 2) — G(z0) — 8(zi) Vi 1),
Qy, =2em(s)0, Vi, Vi) + ELIIVAlls -1 + ellVills, — 2670, Vi, Vi) + 2mi(s) = 3810, Vil I,
Gy, =2e[(G(Vi + z1) — G(zi) — 82 Vi, 1) — (€ (Vie + 1) — g(z), Vi 1+
+2(¢(Vi + 1) — 8(z) — &'(2) Vi, 0124

Using the fact that

GO +w) =G —gw = (gv+w) —gMw < K—ZIIWIZ,
8 +w) = g(v) = g MWl < CIwP(L + 72 + [w|"),

we have

K& _ _
Gy, < 17||Vk||2 + Cl0,zill @ I ViP(1 + [zl + Vi), 1).

Combining (3.15), (3.29), and (3.31), we can infer that there exists a time S’ < S such that, for
sufficiently large k, we have

d :
2 Eu(s) + 88y, (s) < ClAIP,  Vs<S
Applying Gronwall’s inequality, we obtain
Evi(5) < Ey(s)e™ ™ + C f e CNAKPdr,
Sk

where constants C and ¢ are independent of k. Indeed, we have
105 V(I + IVi(s)ll <C(1 + ”fv(;‘)(sk)”(zg + €., (slF)e 07+

+C f e SN A(r)|*dr. (3.32)

Sk

Now, passing to the limit kK — oo in (3.32), we obtain [|£y(s)|le = O for all s < S’. The proof of
Theorem 3.11 is now complete. m|
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Corollary 3.12. Let the assumptions of Theorem 3.11 be satisfied. Then the uniform weak global
attractor %, for ES € is in a more regular space: <7, C &' x CE(R).

Proof. Let 2, = (&,,0) be the complete trajectory of Eq (1.1), then E, := (&,, 1) be the corresponding
complete trajectory of Eq (2.3). Recall that there exists time S, such that &,(s) € &' forall s < S,
Due to Theorem 2.2, there is an extension v for s > S such that v(s) = v(s) for s < §¢ and V(s) is a
S-S solution of Eq (2.3) for all s € R. Indeed, we can conclude that &(s) € &' for all s € R. We are
now ready to prove that &(s) = &,(s) for all s € R. Since Z, := (&,,77) € €((—o0, )), and applying
Remark 3.9, we get

2P — AP 4 p()d,v P + Pigv) = Pof,  ER(sp) = Piéi(s0), (3.33)

where s > s, and ]}im s = —oo. Obviously, v, = P, satisfying

02V — Avy + ()00 + Prg(h) = Pif,  &q,(s1) = Prdi(sp). (3.34)
Denote W =v—v, W, = vzk) — ¥, then combining (3.33) and (3.34) we know that W, satisfies
Wi = AWy + ()0, Wi + Pelg(v,) = (0] + L(=8)"' Wy = By, (3.35)
where
By = Plg(¥) — g(W)] + [ — mildsvi + L(=A) ' W

Taking the multiplier d,W; + W, in (3.35) yields

i(SW/((S) + 88Wk(S)
ds
=As(s) 1= 2Bi(s), O Wi(s) + eWi(s)) — Qu,(s) + Gw,(5), (3.36)

where

Ew, = 10, Will> + IWilZ,1 + 26(0, Wi, Wy
+ LWl + 24G(W + 5) — G(B) — 8T Wi, 1),

Qw, = Qemi(s) — 26" )0; Wi, Wiy + eLIWil,, + el Will3,
+ (2ni(s) = 3810 Will,

Gw, = 2e[(G(W; + %) — G(B) — 8B Wi, 1) — (@(W + B) — g(W), W]+
+ 2(g(Wi + V) — 8(0i) — & (D) Wi, 0,01

Choosing L large enough and applying [20, Proposition 2.1], we discover that the right-hand side
of (3.36) satisfies Ax(s) < C||Bi(s)||* and C is independent of k. Invoking Gronwall’s inequality, we
have the estimate

Ew,(5) < C(Ew, (sp)e ™ + C f e S Be(PIdr, ¥s = S,. (3.37)

Sk
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Passing to the limit k — oo and employing the convergence B, — L(-A)"'W strongly in
C((=00,8 0], H°), lIBillc(—wo.501400y < C (C is independent of k), Ey, is equivalent to IISWkIIfg, and the
fact that v(s) = v(s) for s < S, we have

I€,(s) = &I < CL f S e NN () = W(n)IPdr, Vs = S, (3.38)

So

Invoking again Gronwall’s inequality to relation (3.38) and noting v(S () = ¥(S(), we derive that v(s) =
v(s) for all s € R. O

Remark 3.13. The proof of Corollary 3.12 indicates that for any E = (&,,0) € E((—c0, 0)), then &, is
the S-S solution of Eq (1.1), i.e., €((—00, 00)) = E((—00, 00)). Moreover, we have £,(t) € &' forall t €
R.

4. Strong global attractors

We introduce some definitions; see [2,6, 11] for more details.

Definition 4.1. Let S (t) be a semigroup acting on a Banach space M. A set o7, C M is a (strong) global
attractor of S () if

(1) The set < is compactin Y;
(2) The set <7y is strictly invariant: S (t).<f; = <y,
(3) It is an attracting set for the semigroup S (t), i.e., for any bounded set B C Y,

disty(S(t)B, o7;) := sup inf ||S(H)x —y|ly = 0, ast— oo.

XEB Y5
Definition 4.2. A set A C Y is said to be uniformly (w.r.t. o € X) attracting for the family of processes
{U,(t,7)},0 € Z, if for any fixed T € R and every bounded set B C Y

lim (sup disty (U,(t,7)B, A)) =0.

—+00 oes

A closed, uniformly attracting set o/ is said to be the uniform (w.r.t. o € ) attractor of the family
of processes {U,(t,7)},0 € X, if it is contained in any closed uniformly attracting set (minimality

property).
The kernel K, consists of all bounded complete trajectories of the process U, (t, 1), i.e.,
Ko ={u@) | lu®lly < Cp, Us(t, T)u(t) = u(t) Vt>1, TR},
and K, (s) denotes the kernel section at a time moment s € R:

Ko (s) ={uls) [ u-) € K}, Ky(s)C V.

Theorem 4.3. Under Assumption 1.1 assume that o is translation compact in Ci(R). Then the
semigroup S defined in (3.2) possesses a strong global attractor <, in &' x Ci(R), which coincides
with the uniform weak attractor <7, in Theorem 3.7 and satisfies the following properties:
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(i) I .7, = ,Qfsz is the uniform (w.r.t. o € X) attractor of the family of processes {U,(t,T)}, o € X and
I1, is projector from & X X onto &;
(ii) The uniform attractor satisfies > = | K,(0), where K,(0) is the section at t = 0 of the kernel

K. of the process {U,(t, T)} with the s;fjbol o e
Proof. In order to apply [6, Theorem IV.5.1] and [18, Theorem 3.4], we have to check that the processes
{U,(t, T)}ses.>r corresponding to the S—S solutions of Eq (1.1) be (& X X, &)-continuous and uniformly
asymptotically compact.
Firstly, consider two S-S solutions &,, of Eq (1.1) with symbols o; and with initial values &,, , then
correspondingly, &,. are S—S solutions of Eq (2.3) with symbols n;, i = 1,2. Then &,, = &,, —&,, satisfies
the equation

2w = Aw + 10,v1 — 120,v2 + g(v1) — g(v2) = 0. (4.1)

Taking the scalar product of (4.1) with d,w, we obtain

d
DI + On + IO = 2(e(v2) = (1), Dgw) + (1 = ) Dyv1 + Dyva, Dgw). (4.2)
Thanks to Assumption 1.1 (G) and applying the elementary inequality, we have

20(g(n1) = g(n2), AWl < Coq(s)lIElIE (4.3)
|(71(5) = Ma()Dsv1 + Dyva, D) < &lld Wl + Celm(s) = ma(s)P. (4.4)

Where ¢g(s) = (1 + ||v1(s)||‘L*]2(Q) + ||v2(s)||‘L‘]2(Q)). Applying (4.3) and (4.4) in (4.2) and employing

Gronwall’s inequality, we obtain that

€n(IE < el P, GoIE + Cas =l = el ) (4.5)

Then the (& X Z, &)-continuity follows in a standard way from the energy inequality (4.5).
Secondly, we intend to verify the uniform asymptotic compactness of the processes {ﬁn(s, D1
corresponding to the S—S solutions of Eq (2.3), where s = [Ty(n),h € R]C}? ®- Let{m,} C f {—u,} C
(=00,0], u, — o0 as n — oo. &, belongs to a bounded subset in &. Since o is translation compact in
C;(R), without loss of generality, we may assume that 1, — 7 (n — o) in C;(R), and &,, — &, weakly

in & as n — oo. Denote &, (s) = ﬁnn(s,un)gﬂn the corresponding solutions, then v, solves

83\/" = Av, + 0,(8)0gv, + 8(v) = f, s> p,and &, (u,) = &, 4.6)

Taking the multiplier d,v, + ev, with 0 < £ < 1 in Eq (4.6), we derive the following energy type
identity:

%BW(S) +08E,,(5) + Q,,(5) + G, (s) + F,(5) = 0, 4.7

where

&y, = 105vall® + 1vall3 s + 2805V, i) + 260G (), 1) = 2(f, V),

n

AIMS Mathematics Volume 9, Issue 9, 24677-24698.



24692

Qv,, = (277n -2e- Q)”asvnll2 + (28 - Q)”Vn”%{l + 28(nn - Q)(asvm Vn)a
G, = 2[e(8(vn), va) —0(G(vy), D], Fy, = 2(0 — &)f, V).

Now, integrate Eq (4.7) with respect to s € [—u,, 0] to deduce that

0
E,(0) + f (@, (F) + Gop () + Fo (M) = €, (O, 438)

Our intention now is to pass to the limit n — oo in equality (4.8). To do this, we remind that &, is
uniformly bounded in C((—u,,, ],&) and , = n(n — ) inC ,L(R), then we get that

En = (fvn, T]n) —~ 2= (éjva T’)a in C(R, Xw)

and E = (&£,,17) € E(~00,00)) = E((—00,0)) by recalling Corollary 3.12. In addition, we also
know that &, is an S-S solution and &, (0) — &,(0) weakly in &. Applying the compact embedding
Cloc((=00,0], &) CC Cjpe((—00,0], H), we can get that v, — v strongly in C,((—c0, 0], H), including
almost everywhere. On the other hand, from the assumption (1.3), we can choose o = f, which
guarantees that G, (s) > —«,|Q| and choose 0 < & < g small enough such that the quadratic form Q,,
is positive definite and satisfying C,||&,]1% < Q, < C2||§v||2@@. Now, using the Fatou lemma, we conclude

that

0
0 = lim inf (8vn 0) + f e (Q,,(r) + G, (r) + ﬁ,l(r))dr)

n—oo

0
>6,(0) + f e (Qu(r) + Gu(r) + F(r))dr. (4.9)

(o)

According to Theorem 3.11, v is an S-S solution with more regularity in &', and obviously v satisfies
the energy equality. Then, by repeating the derivation of (4.8), for solution v, we obtain the energy
equality

&E,(0) + fo e (Q,(r) + G,(r) + F,(r)dr = 0. (4.10)
Combining (4.9) and (4.10), we ascertain
lirrlrlglf &,,(0) = E,(0). 4.11)
Applying the Fatou lemma and weak lower semi-continuous of the norm, we find that
Iiminf(G(©,(0)), 1) 2 (G(w(0)), 1), liminf 1€, (O > 1,015 (4.12)

Obviously, energy equality is true only when inequalities (4.12) are also equalities. Recalling
£,,(0) — &,(0), we obtain U,, (0, u,)é,, = &,(0) — &,(0) strongly in &. Finally, we get the uniformly
asymptotically compact of the processes {U,(t, T)}ses.»r and the theorem is proved. O

Theorem 4.4. Under Assumption 1.1 assume that o is translation compact in Ci(R). Then the global
attractor <, of the solution semigroup S(t) defined in (3.2) is a bounded set in &' x Ci(R).
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Proof. For any initial data (¢,,, o) € <%, we will prove that

IEOI2: < e FQUIEIE: + IFIP) + Clp.eye V120, (4.13)

where the positive constant A and monotone increasing function Q(-) are independent of u and r. We
proceed in three steps:

Step 1. Claim #1: Denote the restriction of the trajectory in €((—oo, 00)) to the time interval ¢ € [0, 1]
as

F = {uleo,11, E = (&4, 0) € E((—00, 00))}.
Then ¥ is a compact set of L*(0, 1; L'*(Q)):
F cc LY0,1; L"*(Q)). 4.14)

Proof of claim. First note that the attractor .7 is compact in & XCIZJ(R), then there exists T = T'(<7;) > 0
such that

el 220,752 < C

for any S-S solution u(z) with £,(0) € I1,.<7;, where C may depend on <7, but is independent of u.
Indeed, we obtain

llutll 240.7:1120)) < C, YV E = (§u,0) € E((—00, 0)). (4.15)
Using €((—o0, 00)) is invariant with respect to time shifts, for any E = (£, 0) € €((—o00, 0)) we have

sup [lullz4¢ 41020 < Co (4.16)
teR

for some positive constant Cy, independent of u. Now let &,. are two S-S solutions of Eq (2.3) with
symbols 7;, i = 1,2, and denote &, = &,, — &,,, then recalling (4.5) and applying (4.15) or (4.16) to find
that

€4 < CeXIEO)IE + Clip — nzllé;(R)), Ys € [0, 1], (4.17)

where the constants C and K are independent of &,,(0), i = 1,2. Then, applying (1.2) and (4.17), we
have

1
llg(vi) = g(v)llLr0.1:120)) < C‘fo‘ (I+ ”V]”ilZ(Q) + ”vZ“ilZ(Q))”VI — Wollsds
< C(1£,O)lls + Climy — 772||c}7(R))~ (4.18)

Applying Strichartz estimates for Eq (4.1) and recalling (4.17) and (4.18) gives us
v — V2||L4(0,1;L12(Q)) < C(IEOls + llm1 — 772||CL(R))~ 4.19)

Assertion (4.14) is now a consequence of (4.19) and the general fact that .o7; is compact in & X Ci(R).
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Step 2. Claim #2: For any € > 0 and any E = (£,,0) € E((—o0, o)), we can split the solution into
two parts u = it + ii, where

sup lllps 1.2 < € and  [J#()|| w22y < Co. (4.20)
>0

Here, the constant C, depends on &, but is independent of u.
Proof of claim. In fact, Ye > 0, there exists a finite e-net {(y;, o)}, C D satisfying
e
DcC U Bpao 1.ee@xc2®) ((Yi, o), —) , 4.21)

_ 4
1<i<m

where D = {(u, 0)lieg0.17, 2 = (€4, 0) € E((—00, 00))} and By (xo, r) denotes the r-ball centered on x; in
the space X. By (4.16), we also have

sup [[yill z40.1:20) < Co-

1<i<m
Then approximate y; by a smoother function y; such that
- & -
I9: = yillso.1.012¢) < 2 and  |[yillco.1:02) < Ce, (4.22)

where i = 1,2,--- ,m and the constant C; is independent of y;. Combining (4.21) and (4.22), we otain

. e
Dc U BL“(O,I;L”(Q))XC%(R) (()’iaO'i), 5) (4.23)

1<i<m

For every Z = (£,,0) € €((—o0, 0)), we observe that
(W, Dlietnnrny = S)(U, 0)liero,17 € D. (4.24)

So in view of (4.23) and (4.24), there exists (¥;,, 0;,) such that

B >
(, )lietnns1) € BL4(0,1;L12(Q))><02(R) ((Yi,,’ i) 5) . (4.25)

Define the function ii(¢) as
uit)=y,t—-n), iftenn+1), VneN,

and the function i(¢) = u(t) — u(t). Then

(O o @+:2) < sUPI¥illegns1:2) < Ce. (4.26)

neN

Forany > 0, [t,t+ 1] C [n,n+2) for some n, then combining (4.24) and (4.25) leads us to the estimate

etll st ov 1.2y < M — @1, 07 = O'in)||L4(n,n+1;L12(Q))xc§<R)
+ I — i, 00 — U'i,m)||L4(n+1,n+2;L12(Q))xC§(R)

= |IS(n)(u, o) — ()71‘", 0'i,,)||L4(0,1;LlZ(Q))xcg(R)
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IS+ D, 0) = iy Tie Mz 1:.2@)xc2®) < €-

Hence, (4.26) and (4.27) imply the stated assertion (4.20) easily.

(4.27)

Step 3. The following estimates will be deduced by a formal argument, which can be justified by

using Faedo—Galerkin method. Differentiating Eq (2.3) and setting 8(s) = d,v, we see that

020 — A+ ()30 + 17/ ()0 + g (MO =0
with the initial condition

£(0) = (3,v(0), F}v(0)) = (v1, Avg = g(vo) = O, + f) € &.

Taking the multiplier 0,6 + 46 in (4.28), we can discover

d
d—Se(S) + Qy(s) + Go(s) = 0,
S
where

E(s) = 10,01 + IV6I* + (5,6, 6),
Qu(s) = (2n(s) = VIIB,OI + UV + 21’ (s) + ()0, 3,0) + A ()6,
Go(s) = Ag' (1), 6%) + 2(¢'(v)6, 0,6).

Choosing A small enough such that

d A
& = &I}, and 589(@ + 589(@ < Cajgly, I0)IP = 2(8'(v)6,8,6).

ChL®)
We employ the decomposition (4.20) and then let
P(x,5) = a(x, ¢7(9) Vx,8) = Ax, ¢7(s),

to discover

Kg' ()6, 0,0) < (&' (V + ) — &'(M)F, 9,0)| + [(g' (M), 9,0)|
<C{(1+ [0 + [91)I71, 16110,61) + llg’ Pl 16111, 6l

<C+ 91 12y + 1717120 Pl 2 161l o 195611 + C (L + 11911518, 11,6l

A

~n3 -3 ~ 2 2 2

<C+ 91 gy + I Pl + NOIP + Corgy o 10,71
b

A
<L()IEal> + Cacrgint.. NOsVI* + Znaxenz,

Cp(R)

where I,(s) = C(1 + ||¥|]° + 91 1, o DIPllz2 (). Owing to (4.16) and (4.20), we conclude

LIZ(Q)

s+1 s+1 . % s+1 %
f ls(r)dr S C(f (1 + ”‘7”212(9) + ”‘7”212(9))2617') (f ”‘7”212(9)017”)

~113 -3 ~
<C (1 + ||v||L4(s,s+1;L12(Q)) + ||v||L4(S,S+1;L12(Q))) ||V||L4(S,S+1;L12(Q)) <Ce

LIZ(Q)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)
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for some positive constant C independent of €. Combining now (4.30) and (4.31) and employing
Gronwall’s inequality, we deduce

(2 < e h G=MrQqgyO)) + C f e bt 2 (4.33)
0

for some monotone function Q(-) and positive constant A, which are independent of ¢ and v. We
estimate using (4.32) and (4.33):

Es(IZ < e FQUEOIE) + CliE R, o) < € FQUENOIZ) + Cippcr. (4.34)

Recalling now (4.29), we see that in fact

€O < CUEOIE: + 1F1P).

Inserting this estimate into (4.34), we discover that

Ea(s)II5 < e_ng(”é‘:v(O)”(zgl +I£11%) + Cife,o,- (4.35)

Recalling (2.3) and employing (1.2), we deduce that

V(5. < CUIFR + a(s)I). (4.36)

Combining (4.35) and (4.36) and remembering (2.5), we derive the estimate (4.13). The estimate,
together with the invariance of .27, completes the proof. O

Corollary 4.5. Under the assumptions of Theorem 4.4, the family of processes {U,(t,7)}, o € X
corresponding to Eq (1.1) has a compact uniform (w.r.t.o € T) attractor /> which is bounded in the
phase space &'.

Indeed, applying Theorems 4.3 and 4.4, we can state the result on the boundedness of the strong
uniform attractor &7 in &',

5. Conclusions

We have investigated the dynamical behavior of a wave equation with time-dependent coefficients
and quintic nonlinearity on a bounded domain, and established results on the existence and smoothness
of a uniform attractor <7* in natural energy spaces &.

There is still much work that needs to be done in this field. For example, the continuity of pullback
attractors for Eq (1.1) with cubic nonlinearity g was studied by Aragdo et al. in [1]. Hence, a natural
question is: Is it possible to otain similar results for Eq (1.1) when the non-linearity g is assumed to
have a sub-quintic or quintic rate? As we have already mentioned, the key difficulty in this problem
is establishing the so-called ETS estimate (2.2). Nevertheless, we conjecture it is true, at least in the
sub-quintic case. On the other hand, up to the moment, we do not know how to establish an ETS
estimate in the quintic case, and this can be regarded as an open problem.
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