AIMS Mathematics, 9(9): 24610-24635.
DOI:10.3934/math.20241199
ATMS Mathematics Received: 11 June 2024

Revised: 11 August 2024

Accepted: 15 August 2024
https://www.aimspress.com/journal/Math Published: 22 August 2024

Research article

An accelerated adaptive two-step Levenberg—Marquardt method with the
modified Metropolis criterion

Dingyu Zhu, Yueting Yang* and Mingyuan Cao*
School of Mathematics and Statistics, Beihua University, Jilin 132013, China
* Correspondence: Email: yyt2858@163.com, cmy0918 @beihua.edu.cn.

Abstract: In this paper, aiming at the nonlinear equations, a new two-step Levenberg—Marquardt
method was proposed. We presented a new Levenberg—Marquardt parameter to obtain the trial step.
A new modified Metropolis criterion was used to adjust the upper bound of the approximate step.
The convergence of the method was analyzed under the Holderian local error bound condition and
the Holderian continuity of the Jacobian. Numerical experiments showed that the new algorithm is
effective and competitive in the numbers of functions, Jacobian evaluations and iterations.

Keywords: nonlinear equations; Levenberg—Marquardt method; Metropolis criterion; Holderian
local error bound; Holderian continuity
Mathematics Subject Classification: 65K05, 90C30

1. Introduction

The nonlinear equation is a popular topic in many research fields [1-5], including engineering
design, physics, computational science, etc. However, with the increase in data scale and problem
complexity, solving nonlinear equations has become incrementally challenging. Therefore, studying
effective numerical methods to solve nonlinear equations has highly theoretical and practical
significance.

We consider solving nonlinear equations

F(x) =0, (1.1)

where F (x) : R* — R™ is continuously differentiable and the solution set of (1.1) is nonempty
denoted by X*. There are many numerical methods [6—12] to solve nonlinear equations. Among
them, the Levenberg—Marquardt (LM) method [13, 14] has attracted much attention by introducing the
LM regularizer into the Gauss—Newton method, which enables the algorithm to be well-defined when
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the Jacobian is singular or close to singular. It computes the LM step d;, as
dy = —~(J I + 4DV F, (1.2)

where F;, = F (x;) and J; = F’(x;) is the Jacobian of F(x) at xy, A, > 0 is an appropriate LM parameter
updated with each iteration, and 7 € R™” is the identity matrix. Throughout the paper, |-|| denotes the
Euclidean norm.

The choice of the LM parameter is essential for the LM method. Yamashita and Fukushima [15]
proved that the LM method had the quadratic convergence rate under the local error bound condition
when A; = ||F||>. Fan and Yuan [16] proposed Ay = ||Fy|l, which overcame the shortcoming that the
LM step was too small when the iteration x; was far away from the solution. Subsequently, Fan [17]
chose A as u||Fill, in which p; was updated by a trust region technique. Amini [18] proposed the LM
parameter %, and proved the convergence under the local error bound condition. On the other hand,
Ma and Jiang [19] chose the LM parameter as 6||F;|| + (1 — H)IIJkTFkII with 8 € [0, 1] and obtained the
quadratic convergence rate under the local error bound condition. Fan and Pan [20] proposed the LM
parameter

A = i (OIF Ll + (1 = O Fll) (13)

and preserved the quadratic convergence. From this, we can find that the LM parameter is an important
component of algorithm research and deserves further study.

To improve the convergence rate and efficiency of the algorithm, Fan [21] proposed the modified
LM algorithm with the LM step d; in (1.2) and the approximate step

di = ~(JL T+ D7 ITF (), (1.4)

where y;, = x; + d, and A, = willFell° with 6 € [1,2]. Using J; instead of J(y;) could effectively save the
calculations of the Jacobian. Under the local error bound condition, the modified LM method achieved
a cubic convergence. Fan and Zeng [22] introduced a new correction step:

dAk = (JkTJk + ﬂkl)_lﬂkgk,

where Ay = l|Fill° with § € (0,2] and the convergence rate was min{2, 1 + 25} under the same
conditions. Above all, the trial step of each iteration became

S; = C?k +C?k,

and the step size was a unit. Then, Fan [23] proposed the accelerated modified LM method, which
introduced a line search along d of (1.4). The step size was the solution of

max IFGOIP = IFG) + adidil* := ¢(a), where & > 1. (1.5)
a€[l,a

By a simple derivation,

Ad! dy ;
@ = argmax ¢(a@) = 1 + —— > 1, when Jid; # 0. (1.6)
LI Jidy

k
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If ch?k was close to 0, @; would be too large. An upper bound & > 1 for @ in (1.5) was set and the step
size was chosen as @, = min(@;, &). Moreover, the trust region ratio was introduced by

_ Aredy IFWP = \F(xi + dy + ard|)?

Iy = = — = . (17)
Predy  ||Fi|? = |1Fy + Jdil? + IFOOIP = IF ) + arJidil2

which was used to decide whether to accept the trial step and updated the parameter y;,. However,
the choice strategy of @& and its influence to the convergence of the algorithm is not mentioned. This
inspires us to consider an adaptive updated strategy to the upper bound of the step size in each iteration,
which enables the algorithm to preserve the cubic convergence and not increase the computational cost
of the Jacobian evaluations. Note that the different choice strategy of A, also leads to the different LM
method. We will propose a new LM parameter and construct a new two-step LM method with adaptive
step size.

When proving the convergence rate, some problems do not satisfy the local error bound condition,
but practically satisfy the Holderian error bound condition. Zhu et al. [24], Wang et al. [25], Zeng et
al. [26], and Chen et al. [27] studied the local convergence rate of the LM method under the Holderian
local bound condition with different LM parameters, respectively. To expand the scope and practicality
of the algorithm, we devote our research to giving the global and local convergence under the Holderian
conditions.

The aim of our research is to propose an effective accelerated adaptive two-step LM algorithm

based on a modified criterion for solving nonlinear equations. The key innovations of this paper are as
at I/ Fil

Tiea A0d Ty

the trial step. Second, considering that different approximate steps may have different upper bounds,

we introduce a new modified criterion to update the upper bound of the approximate step size, rather
than changing at a constant. Third, the convergence of the new method is proved under the Holderian
local error bound condition and the Holderian continuity of the Jacobian.

The paper is organized as follows. In next section, a new two-step LM algorithm is described and
the global convergence under the Holderian continuity of the Jacobian is presented. In Section 3,
we derive the convergence rate of the new algorithm under the Holderian local error bound condition
and the Holderian continuity of the Jacobian. In Section 4, numerical experiments show that the new
algorithm reduces the numbers of function and Jacobian evaluations. We conclude the paper in Section
S.

follows: First, we use the convex combination of as a new LM parameter to update

2. Algorithm and global convergence

In this section, we propose a novel two-step LM method with a new parameter A;. The upper bound
of the approximate step size is adjusted by the modified Metropolis criterion. The global convergenceof
the new method is proved under the Holderian continuity of the Jacobian which is weaker than the
Lipschitz continuity.

Since the LM step dy in (1.2) and the approximate step c?k in (1.4) rely on the choice of 4;, we
construct a new LM parameter

F JI'F
Il L(1-0) I/, Fll

A= |0 — |,
1+ 1R 1+ T Fyll

where 6 € [0, 1]. 2.1
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. . . J'F
When x; is far from the optimal solution, ||F|| and ||JkTF «|| are large enough to make I'J‘j;”k” and 1!”"],1"!1”
k

close to 1. At this time, Ay is close to u. Conversely, when x; approaches the optimal solution, -2

T+IFkl
T

and (1 —6) llﬂ’}fﬂl” degenerate into || Fy|| and (1 — 6) ||JkTF I, which indicates that 4, is close to the LM
k

parameter mentioned in (1.3). The new LM parameter in (2.1) provides flexibility with the iteration
process and enhances the performance of the LM method.
The trial step of the new method is

Sk = Jk + a’deka

where a; is the step size along dy. Unlike the reference [23], we will propose a new upper bound &
of the step size in (1.5). Similar to the Metropolis criterion suggested by [28], we give a new modified
Metropolis criterion

-1l ) with k> 1, 2.2)
e T, otherwise,

) { 1, if e —-1]<T,
ay =

where 0 < 7 < 1 represents a sufficiently small constant and 7} is the temperature decreasing to 0
as k — oo by the cooling schedule. If |r,_; — 1| < 7, r—; is close enough to 1, and we set @; as

. —_ —‘rk_l_ll B . R
1. Otherwise, |r,-; — 1| > 7, we set @y = e 7« , which can be regarded as a probability and also

decreases to 0 as k — oo. This is similar to the simulated annealing. We define the upper bound of the
step size as & = 1 + @;. In each iteration, &; is self-adaptively updated by (2.2). Now, we set the step
size along dy as

@ = min (@, &), (2.3)

where @; is given by (1.6). Moreover, since ¢(a@) has the monotonically increasing property on [1, @]
and a; € [1, @], it is easy to find ¢(ay) > ¢(1). This implies

IFGOIP = IFG) + ardidill> = IFGOIP = 1F ) + Jdil (2.4)

Based on the above description, we present the accelerated adaptive two-step Levenberg—Marquardt
(AATLM) algorithm.

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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Algorithm 1 AATLM algorithm.

Step 0. Set xo € R", Fo = F(xo), Jo = J(x0), € >0, up >my>0,1>26>0,a >0, 7>0,Ty =1,
C=09,1>¢>q>qgo>0,u>1,a,>1>a,>0.Letk:=0.

Step 1. If ||JkTFk|| < g, stop, else compute A; by (2.1).

Step 2. Solve

LT+ 4Dd = —J] Fy (2.5)

to obtain d, and solve
(JL Ty + 4Dd = =T F(yp) with y = x; + di

to obtain a?k. If ||cfk|| <&, set s, = d,, else compute @, by (1.6), (2.2), (2.3), and set s, = d, + a/kc?k.
Step 3. Compute r; = ;‘,::Zi by (1.7). Set

= Xi + Sk, if . > qo,
R B otherwise.
Compute Fyy; and Jiy .
Step 4. Choose 1 as
a i, if re <q,
Mi+1 = Mk if g1 <n < q, (2.6)
max{auy, mo}, otherwise.

Set Tyy1 = CTyand k := k + 1, and go to step 1.

Remark 2.1. In Step 2, @, is computed by (1.6), which is proposed in [23] with Jid, £ 0. In [23],
when chfk was close to 0, @ was set as the upper bound of @&,. However, the case of ch?k = (0 was not
mentioned. Note that, if c?k # 0, then chfk # 0. In fact, if ch?k = 0 holds, from the definition of c?k, we
have

—JLF () = (J{ T+ Ad) dy = T} Jedy + dy = Ay # 0.

Due to d; being the solution of

min [|F(y) + TP st lldll < Aa = ldll, 2.7

it is easy to obtain

IIJkTF(yk)II}

IFGOIF = 1FGi) + Jidill* = 1] F(y)limin {nc?kn, -
177 Tl

At this time, the left side of the above equation is 0, but the right side is larger than 0. This leads to a
contradiction. Therefore, if d; = 0, we set s, = dy, and the algorithm degenerates into a general LM
algorithm.

To prove the global convergence of the algorithm, we give the following assumption.

Assumption 2.1. (a) The Jacobian J(x) is Holderian continuous of order v € (0, 1], i.e., there exists a
positive constant kyj such that
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V) = JOIl < kajlly — ", Yo,y € R (2.8)

(b) The Jacobian J(x) is bounded above, i.e., there exists a positive constant ky,; such that
IVl < kpj, Yx € R (2.9)

By using (2.8), we have

IF() = F(x) = J()(y = x|

1
f Jx+t(y —x)y—x)dt — J(x)(y —
0

IA

1
||y—x||fO I (x + 1(y = %)) = J(0)lldt

1
WW—WWIfW
0

— x| (2.10)

IA

1+

Lemma 2.1. Under the conditions of Assumption 2.1, the sequence {x;} generated by the AATLM
algorithm satisfies:

- Fl 5 IEFOD
Predy > ||J{ Fyllmin {Ildkll, ¢ + I Fyo)llmin 3 lldgll, —————
¢ T I Jil
for all &.
Proof. Since d, is the solution of the following trust region subproblem,
min [|Fy + Jdl? st ldll < Acy = lldill,
for any 8 € [0, 1], it follows:
2 3112 2 BA1 r :
WFl® = IFx + Jkdill” = NFWll” = || Fie = S i Fe
IITFill™*
> 2B Fill = B2 I Sl
Then,
IFP = I1Fe + Jedel? = max (2BA I Fill = BA3 I Jul
- EF
> ||J{ Fillmin {Ildkll, : (2.11)
‘ I il

Ifd, = 0, (2.11) implies that the conclusion of Lemma 2.1 holds. Otherwise, d, is the solution of 2.7,
and it holds that

BAk2

2
F
17T Foll ™ 00

\%

IFGOIP = IFO0) + TdilP = IFOOIP —HF(yk)— T
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\%

28N FGoll = B2AL I Jill.

According to (2.4), we have

IFQOIP = IF G0 + aphidd = max (2BAIEFOll = AL i)
- on o IEEGOI
> ||J{ F(y)llmin {Ildkll, ——=1. (2.12)
1/ Jill
The conclusion follows from adding (2.11) and (2.12). O

Now, we give the global convergence of the AATLM algorithm.

Theorem 2.1. Under the conditions of Assumption 2.1, the sequence {x;} generated by the AATLM
algorithm satisfies

l}im lJ7 Fill = 0. (2.13)

Proof. We prove by contradiction. Suppose (2.13) is not true. There exist a positive constant ¢ and
infinitely many k such that
IJ{Fil > 6, Vk. (2.14)

Let the sets of the indices S; and S, be

S1 = {KlI{ Fill > 6},

0
S2 = {KIJTFll > 5 and e # .

where §; is an infinite set. Consider the following two cases.
Case 1: 5, is finite. We have

S5 = {kllIlJ{ Fell 2 6 and xp.; # x

is also finite. Let k be the largest index of S3, which means x;,; = x; holds for all k € {k > klk € S4).
Define the indicator set
Sa={k>KIJ[Fdl 26 and x = xi).

We notice that ||J,{T+1Fk+1|| > o0 and xp.0 = x4 for all £ € S4. Otherwise, if xp0 # Xiyq, then
k+ 1 € S5, which means that & is not the largest index of § 5. It is easy to get k + 1 € S4. By induction,
/T Fill > 6 and x¢yy = xi hold for all k > k.

According to Step 3 in the AATLM algorithm, r; < go means that x;,; = x; holds for all k > k, and
from (2.1), (2.5), and (2.6), we obtain:

U — +o0o and A — +oo, (2.15)

which implies that
C?k - 0.

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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From (2.9), (2.10), (2.7), (2.15), and the definition of c?k, we find

(2.16)

lddl = Nl = LT+ 4D I EG)|
_ _ 5 Knj 5 14y _
< NI T+ 4D I E + WD T+ 4D T Ty + : +’V||dk||1+ NI T+ D)7 I
< < KnjKpj T l+y
< ldell + ldell + ————
lIdell + 11| (HMH [
< elldll

for all sufficiently large k, where ¢ is a positive constant. So, we conclude

IIsell = ||67k + akCik” < (1 +cay) ||67k||-

On the other hand, it is clear from (2.10) that

{

and

IEGON = IFx + Jidilll < 11l

1+v

. . P
F e + sll = 1Fi) + ardidilll < 22 lsell™ + 2L 1dill™,

1+v 1+v

1+v

k " P
F e + soll + 1Fx) + aridilll < 20Fy + Jesill + L llsell™ + L]1dil) ™

{ IEQON + IFx + Jidilll < 201Fx + Jidill + 75 I1dill™*,

1+v 1+v

From the above formulas and Lemma 2.1, (2.10), (2.14), and (2.17), we have

ric = 1

IA

Ared, — Pred,
Pred,

IF (i + sl = 1Fx + Jedil P + IFGOIP = IIF ) + awJidi]?

T . <o T Fell T . 51 WTFGI
177 Fillmin {1, B2+ 177 Folmin {1l S50

1Fs + TdillO (Iell™*”) + 1y + TesellO (il + llsill )

+ -

Il
O (IGelP*? + Idill ™ Ilsell ™ + llsil2)

b

]|

(2.17)

(2.18)

which means that r, — 1. According to the updating rule of 14, we know that there exists a positive
constant M > my, such that g, < M holds for all sufficiently large k, which contradicts with (2.15).
Now, we point out that the assumption (2.14) is not true.
Case 2: S, is infinite. From Lemma 2.1, (2.10), and the fact that s; is accepted by the AATLM

algorithm, we have

\%

IFP 2 > (1P = IFlP) 2 > qoPreds

k€S2

\%

S a

keS,

AIMS Mathematics

keS,
- TF ~ ITFOl
JTFImin d (|dell, —£=224 4 00117 F(yp)|Imin 4 ||d,]], ="
{II  Frll {II kll Tl qollJ; FQoll Il T

B
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) ~ 0
> %mm{nduL 2—2} (2.19)
kGSZ ij

and x;,1 — x; = 0if k ¢ S, which implies that
di =0, k€S, (2.20)
and from the definition of d, we obtain:
A = 400, ke §,. (2.21)

Similarly to (2.16) and (2.17), there exists a constant ¢ > 0, which makes it true for all sufficiently
large k € S, so,

Isill = lldi + ardill < (1 + o) |l (2.22)
It follows from (2.19) that
Dollsdl = lidi + endill < +oo.
keS, keS,

Moreover, combining with Assumption 2.1, we get

T T
DI Fll = 1 Frall] < +oo.
keSo

Since (2.14) holds for sufficiently large k, there exists a large k, such that||J kT F;ll > 6, and

)
Z |”J"TF"” - ”JkT+1Fk+1||| < 5

keSo k>k

By induction, we find that ||JkT F > g holds for all k > k, and then, we can derive from (2.19)—(2.22)
that
1m&:0mmgmﬁza

k—o0

and thus,
Mr — +00.
Similarly, to the analysis of (2.18), we have
Iy — 1.

Therefore, there exists a positive constant M > my such that y; < M holds for sufficiently large &,
which contradicts (2.14). Above all, we get the conclusion immediately. O

Theorem 2.1 indicates that there is x* € X* such that the sequence {x;} generated by the AATLM
algorithm converges to x*. For the sufficient large &, if x; lies in a neighborhood of x*, then x;,; and y;
also lie in the neighborhood.

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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3. Convergence rate of the AATLM algorithm

In this section, we give the properties of the trial step and the boundary of the LM parameter. In
order to establish the convergence rate of the AATLM algorithm under the Holderian local error bound
and Holderian continuity of the Jacobian, we use the following assumption.

Assumption 3.1. (a) F(x) provides a Holderian local error bound of order y € (0,1] in some
neighborhoods of x* € X*, i.e., there exist constants ¢ > 0 and 0 < b < 1, such that

cdist(x, X*) < ||[Fx)|", Yxe N(&",b) = {x]||lx — x*|| < b}, 3.1

and when y = 1, F(x) provides the local error bound.
(b) The Jacobian J(x) is Holderian continuous of order v € (0, 1], i.e., there exists a constant k; > 0
such that
V) = J(OIl < kpjlly — xlI", Yx,y € N(x",b). (3.2)

From (3.2), we immediately have
Knj 1+v * b
IF() = F(x) = J(xX)(y — 0l < mlly = x|, where Yx,y € N|(x", 5] (3.3)
and there is a constant «,¢ > 0 such that
. b
IF(y) = FOll £ kpylly — xIl, where Vx,y € N(x , 5). (3.4)

Moreover, we denote X as the closest point to x; in X", i.e., dist (x;, X™) = [|xx — xxll-
Combining the results given by Behling and Iusem [29], we assume that rank(J(X)) = r for all
X € N(x*,b) N X*. Suppose the singular value decomposition (SVD) of J(X;) is

NS AV 1 Y-
I = OV =(0..0) ol vr )= 0,5, V!,
where £, = diag(c, ...,0,),and &y > 05 > ... > &, > 0. Thus, we obtain:

% VT
Ji = ULV =(U,U,y,Us) %, ][ VI ]: U Vi + UE, VY
0

4

where X, = diag(oy,...,0,.), 01 20, > ... 20, >0,and Xy = diag(0 41, ..oy Orig), Op = Opis) = i >
... 2 0pyq > 0. Following from the theory of matrix perturbation [30], and the Holderian continuity of
Jr, we know

lldiag(Z; — 21, Zo, Ol < Ik = Jell < &njllZe — xill”,

which yields
121 = Zill < kpjllXe — xell” and |[Zal < kpjllXe — Xl (3.5)

Lemma 3.1. Under the conditions of Assumption 3.1, if x, vy € N (x*, %), and

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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1 1
y > maX{Z(— - 1),—},
Y 2y
there exists a constant ¢; > 0 such that

[lsell < crdist(xg, X™). (3.6)

Proof. Since x; € N (x*, %) = {xlllx — x°|| < £}, it follows from the definition of % that

1% = X711 < 11X = Xl + Nl = 271 < 2l — X7 <

SN

which means x;, € N (x*, g)

iti lIF, (1=OIIT Fil .
From the definition of A, we set Ay = '“;ﬁr|||lpkk||||, and Ay = #k1+||J—T;k|\k Then, together with (3.1) and
k
M > mg, we have
i34 mof L 1 ) '
/11]( > T”Fk” 2 Tocy”xk - _xk”y, if ”Fk” <1
Sl otherwise.

As we know, ||Fk||2 = FkTFk = FZ[F(Xk) + Jk()_Ck — xk)] + FZH](, in which H,=F,— F()_Ck) - Jk()_Ck - Xk).
So, we have F] Ju(¥ - x¢) = ||F¢|l* = F] Hy. From the Assumption 3.1, and v > 2 (L — 1), it is clear that

T Al = 2-1
e Fill 2 éll%e — x>

holds for some ¢ > 0. In the same way, we obtain:

1-6 1-6) A1 = 2. .
I B L e e R N VA E
- #k(lz_e) Z mo(é—e)’ otherwise.

Thus, we find that the LM parameter A; satisfies:

[LF%ll I Fill
A = p (9—+(1—9)—
S W T AT L+ 1T Fl
6 mob 1-6 1-6
> max {7 C;”*’C‘xk”;%ma"{m()(z ), mls )(enxk—xku?‘l)}
S = 1
> X — xll”, 3.7)
where ¢ > 0.

In addition, the equivalence problem of (2.11) is

min [|F + Tl + Al £ g (d),

which has the optimal solution d,. Combining with (3.7), we have that

i1 (X — Xz)

4l <
[A ™

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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IFe + (T — xol* )
= + [[Xk — x|
Ak

k,%jH)_Ck — X

- 2
< + (X — xll

_ 1
(1 + v)[Ixe — xell”

i 1
S C]’lll)z'k _ xk||2m1n{l,1+v Zy}

holds for some c;; > 0, which means that

~ ; 1
1dill < crallE — xelmlb1 -5

holds for some ¢;, > 0.
By the definition of d, and (3.3), we obtain

lddl = 11 = (J T+ 4D T FO
< NI T+ 4D E + NI T+ 4D I 3|
Knj 5 vy T -14T
+ d, + A4 d
1+VII Wl N T+ D)™ Tl
5 Knj \ ~ v -
< 2lldill + 7 NN T+ 4D I
+v
By using the SVD of J;, we have
(E? + 4D)7'Y, UIT
W T+ DI = ||(Vi, Va, Vi) &+ 475, Ul
0 U3T

(Z% + )T

< (2?1 1 )
= s,

IA

(2% + /lkl)‘122
0

(3.8)

(3.9)

(3.10)

Due to the sequence {x;} converging to the nonempty solution set X*, if ;[|Xx — x| < % for any

sufficiently large k, from the lower bound of A;, we get

2
1= < = — - < —,
O — KnjllXx — xel]” —

and _ ,
Khj||xk — x| P
—_ 1~ ¢l X — x|
CllXe = xill”

b

14; ' 2o <

where ¢ > 0 is a constant. Then, combining with (3.9), (3.10), the lower bound of A;, and the range of

v, we can deduce

Khj

Idell < 2||cik||+1
+v

NI T+ 4D I

AIMS Mathematics Volume 9, Issue 9, 24610-24635.
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~ 26‘Khj ~ 1
1 - —_ 2
20ldill + ————= Il 1% = x>

<

a(1+v)
L 28kt . ,

< 2||dk|| + = hjt12 ||Xk _xkl|m1n{l+2v—%,l+3v+v2—ﬁ—%}
a.(1+v)

< llE - xel™t,

where ¢ > 0 is a constant, and
1 1 v 3
r=min{l+v—-—,1+2v—— 1 +3v+v* - — - —1. (3.11)

2y Y 2y 2y

From assumption v > max {2 (% - 1) , ziy} and the condition v,y € (0, 1], we know v > % -1, and

Y € (%, 1]. Itis easy to find v € (%, 1]. As the exponent y increases, smaller values on the exponent v
are allowed. We obtain:

1 1
T1-1=1+v—-——-1=v-—>0,

2y 2y
1 1
T=-1=1+2v-=--1=2|yv-——1|>0,
Y 2y
3 1 1
7'3—1:1+3v+v2—l———1:3 v——|+vlv—-—|>0,
2y 2y 2y 2y
which implies
Idill < O (1% = xilD) Nl < O (1% — xell) - (3.12)
Due to the definition of s, it is easy to know
llsell = lldx + axdill < O (1% — xell) -
The proof is complete. O

Lemma 3.2. Under the conditions of Assumption 3.1, if x, vy € N (x*, i—’), and

1 1
v>max{2(——1),—},
Y 2y

there exists a constant M > my, such that
u <M (3.13)

holds for all large k.

Proof. We consider the following two cases.
Case 1: If |5, — xi|| < [|d.]l, it follows from (3.1), (3.3), and v > 2(§ - 1) that

\%

WEl = 1Fx + Jedill = Nl = 1Fx + J(% — x|

1 _ 1 _ 1
e[l = xll” + O (115 — xell'™)

\%
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1
> cp X — il (3.14)

where ¢, ; > 0 is a constant.
Case 2: If ||%, — x¢|| > ||dill, it follows from the second and third inequalities of (3.14), that we have

~ I dell _
IFell = 1Fx + Jedill = el = ||Fx + ———— Ji(Xk — X)
[ — xill
(Al _
> ———— ([|Fill = [[Fx + Je(Zx — x)I)
1% — xll
x|l _ 1
2 - C2,1||Xk — x|l
1% — xll
~ 1
> cplldillll® — xell? ™. (3.15)

Using the same analysis as (3.14) and (3.15), we deduce

IFGOI = IFO0 + Jdidl 2 IIFGI = IFO0) + LG = vl
> IFGOI = IFw) + Jo0 G = yoll = 1k = Jo0)Ge = yol
> eIy — yull” + O (15 = yell ™) + O (Iell"lFe = yill)
> cpallyi - will7, (3.16)

where c¢;, > 0 is a constant with |[y; — yi|| < lldll, and

. [EA _
IEQ = 1Fr) + Tkdill = [[FQll = ”F(Yk) + _—kfk(Yk - Vi)
¥k — Yl
Il i
—— (IFGI = IF3) + TG = vl
[¥x — well
lIdll _ 1
— ool = il
||Yk _yk”
> coalldillllFe — yell ™" (3.17)

holds for || = yell > lidll.
Hence, it follows from (3.14)—(3.17), and the definition of Pred that

Pred, 2 Nl (IFell = IFx + Jidill) + IF GOl (IF GOl = 1F () + Jidill) = Ci,
where
Ci = coullFellmin {I15 = xill7 el — xll> ™'}
+eaolIFllmin {I15 = vl Idellive = el 7}
From (JkTFk)TJk < 0, we can derive that ||F(y,)|| < |[|F¢||. Combining (3.1) and (3.3) with (3.12) yields

Aredk - Predk

r—1 =
lk | Predk
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IF (e + sOIP = 1Fx + Jedil P + IFGOI? = IIF ) + awJidi]?
Cx

1Fs + TdillO (Iell™*”) + 1y + TesellO (el + llsill )
~ _ 29
O (Il = xill7 ™)
O (el + ell ™ llsell ™ + llsil>2)

O (Il — xdl7~")

IA

+

Due to v > max {2 (— - 1) } it is clear that r, — 1. Therefore, we conclude that (3.13) is valid
from Step 4 in the AATLM algorlthm and Lemma 3.2 is proved. O

Lemma 3.3. Under the conditions of Assumption 3.1, if x;, . € N (x*, %) andv >?2 (% - 1), we have

1
T 1 - 2 =
Xk — xill” < A < MOKpgll Xy — xill + M(1 = O)k, 1% — el
where ¢ > 0 is a constant.

Proof. It follows from (3.7) that
cllxe — xill” < A

By using Lemma 3.2, (3.2), (3.4), and the definition of 4;, we conclude

F JiF
. uk(e IFl_ gy Wil )

L+ [[Fl 1+ ||V Fll
< OIFl + p(1 = O JiFi|
< MOkl X — xill + M(1 - H)Kifllxk — x¢ll, (3.18)
which means that 4, is bounded. Above all, we have the conclusion immediately. O

We use the SVD to calculate the convergence rate of the AATLM algorithm. By the SVD of J;, we
get

di = —Vi(Z3 + 4 D) 7' UL Fy = Vo (25 + A4d) 'S, US Fy, (3.19)
di = =Vi(E2 + A5 UTF(n) = Va(E2 + 4" S, UL F(y), (3.20)
Fi+idy = Fir—UZ(C+ WD) 'S UTF — UsZo (23 + 4 D) ' S,UL Fy

= LUICH+ 4D UTF+ 4UxE5 + 4D ' UTFy + Us UL Fy, (3.21)

F(y) + Jidy F(yp) — UiZi(Z7 + 4D 'S U F(y) = UsZo(Z5 + 40" ZU5 F(yr)
ZUNE + 4D UTFO) + 4Ua(Z3 + 4D UTF()

+ U3U5 F(yp). (3.22)

Lemma 3.4. Under the conditions of Assumption 3.1, if x, vy € N (x*, %), we have
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@) U U Fll < be|_|76k — xill;
() 102U Fill < (7% + rn )X — 2l

Khi 11— 1
(©) 1U3U] Fill < T I1E — el

Proof. We could obtain (a) directly from (3.4). Let §; = —J; F, where J;" is the pseudo-inverse of Ji
and 5y, is the least squares solution of min||F; + Jis||. Then, we obtain (c) from (3.3) that

Khj

NUsU;3 Fill = [IFx + JiSill < e+ Ji(X — xp)ll < T+

= 1
1% — il

Let J; = U,Z, V! and §, = —J/ Fy, where J;/ is the pseudo-inverse of J; and 5 is the least squares
solution of min||Fy + J;s]|. Together with (3.4) and (3.5) implies

((U,U; Fi + UsUS F| |Fi + TSl

< | Fx+ Ju(x = x)ll
< IFe+ JeE = xoll + 1k = )& — x|

Knj 1= 1+v Ty =
< 7 1% = il + [I[(U222 V) ) (X — x|

+v

K .
< I =l k1 w1

Khj = 1+v
< (1 7 k1% = Xl
which means that we obtain (b) from the orthogonality of U, and U;. The proof is complete. m|

Lemma 3.5. Under the conditions of Assumption 3.1, if x;. yi € N(X*’ {f) and v > max {2 (% - 1) ; %}
we have

@ UL UTFOll < 0(||5Ck _ xk||1+v);

(0) UL U F(ypll < 0(||5Ck — xk||v+y<1+v>);

© IUsUTF)ll < 0(||;Ck _ xk||v+7<1+v>),

Proof. From (3.21), Lemmas 3.3 and 3.4, and the range of v, we have

IF + Jedill < A INUUT Fill + 102U Fill + U3 US Fl
< O(I1% = xdP) + O (1% — xll"™)
< O(lI% - xll"™), (3.23)

and from (3.3), (3.8), and (3.23), we have

IFGOIl = I1F(x +dol
1 Knj = sy
< Fe + Jidill + 1 |lckll
+v
< O(IF = xdl™) + O (1% - xll™)

O (115 = xdl'™).

Thus, it is clear that
10 UTFOOI < IIFGI < O (15— xdl™).
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which indicates that the following condition of the Holderian local error bound,

is obtained.

1
15 = yell < ZIFGOIP < O (115 = xd ). (3.24)

Then, we let py = —JF(yi), and py is the least squares solution of min||F(y;) + Jipll. From (3.2),
(3.3), (3.9), (3.24), and the range of v, we have

WUsUSFOll = IIFOx) + Jipill
< FGr) + TG — ol
< NFQe) + I — yoll + 1Tk = JG)) Gk — yoll
Khj = 1+v T 1=
< - + Knjlld, -
" V”yk Vill Knjlldill" 3% — vl
< 0 (||)_Ck _ xk”min{y(l+v)2,v+y(l+v)})

IA

O (Ilx = 2 +).

Let J, = U,Z, VlT and p; = —f;F(yk), where py is the least squares solution of min||F(y;) + Jepll. Tt
follows from (3.2), (3.3), (3.6), (3.8), (3.24), and the range of v that

I(UU; + UsU)FOll

= NF) + Jepil

< IFGW) + TG =yl

< NFO) + GG = yoll + 10k = TG G = vl

< 1Kijv||)_’k =yl + (e = TG e = yoll + 10222V G = vl
< Tl I = el + K = = vl
< 0 (||5Ck - xk||min{7(1+v)2,v+y(1+v)})

<

O (1% = xell™7+7),

and then, together with the orthogonality of U, and U3, we obtain (b) and Lemma 3.5 is proved. O

Theorem 3.1. Under the conditions of Assumption 3.1, if X, yx € N(x*, f{), yv>2 (% - 1), and v > 2%
the sequence {x;} generated by the AATLM algorithm converges to the solution set of (1.1) with order

vy + y2(1 + ).

Proof. From (3.5), (3.20), Lemma 3.5, and the upper bound of ||/l,;122||, we have

lIdll

AIMS Mathematics

= ||= Vi(EF + 4D ' U Fyy) = Va(Z3 + 4D ZU5 F)ll

< IZTNOT Gl + 14 ZIUS Fooll

v v-1
< O(I1F = xll™) + O (115 — el 7 +7)
<

0 (”)_Ck _ xk”min{1+v,2y+y(1+v)_%}) .

It follows from (3.18), (3.22), and Lemma 3.5 that

IF ) + aridill < 1F i) + Jedil|

(3.25)
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N UL(ZT + D) UTFOn) + 4Ux(Z5 + D)7 UL F(yy) + Us UL F(yy)|

< AEPINUUTFOOI + 102U Fooll + I1UsUS Fowll
< O(I% = xlP*) + O (1% — )
< O(lI%e - ). (3.26)

Hence, combining with (3.8), (3.25), (3.26), and Assumption 3.1, we know

1o 1
|| Xke1 — Xl

< NIF o)l = IF G + end)l
4 Khj vy 5 14y
< ||F(yk)+0!1J(yk)dk||+1 " ||dil
+v

3 ] Knj v g v
< |F () + axJidill + arll(J () — J)dill + ] +jV0!;1+ Il ||

5 Jung Knj i v
< FOw) + ardidil + knjauldil ||| drll + 1+]Va/;£+ lldell™*
< 0(||)_Ck _ xk”v+y(1+v)) + O(H-)_Ck _ xkl|min{1+2v,3v+'y(l+v)—%})

+O (||5Ck _ xk”min{(l+v)2,(1+v)(2v+y(1+v)—%)})

< O(lI% - xdf), (3.27)

where & = min{v +y(1+v),1 +2v,3v+y(1 +v) — %, 1T+, +nQ2v+y(1+v) - %)} Consider
y € (3,1]1and v € (3,1], and we have

1+2v=(+y(1+v) =0 -y)A+v)>0,

and
(1+v)>=(1+2v)=v*>0.

Byv> ziy andy € (%, 1], we derive

3v+7(1+v)—1—(v+)/(l+v)):2(v—i)>0,
4 2y

and
1 1 1 1
(1+v)(2v+y(1+v)——)—(3v+7(1+v)——):v(2v+y+vy———1)>v(y——)>0.
Y 4 4 2

These mean that & = v + y(1 + v) and {x;} converges to some solution of (1.1) with the rate of vy +

Y21 +v).
Moreover, together with ||xX; — x|l < [|Xkr1 — Xkll < 11%kr1 — Xee1ll + |skl] and (3.27), we have

Xk — xill < 20l sl
for all sufficiently large k. It is clear from Lemma 3.1 that

2(1
Istetll < O (llselp7++7)

By the above explanation, along with the condition that v > max {2 (% - 1), %}, we can conclude that

Theorem 3.1 is valid. The proof is complete. O
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In addition, when the values of v and vy are different, we have convergence rates as follows

O(llsl?7), if v=1;
Iseetll <9 O (sl ), if y=1;
O (llsilP). ifv=1andy = 1.

4. Numerical experiments

This section shows the numerical results of the AATLM algorithm. All experiments were performed
on a PC with an Intel i7-13700UH CPU with 32.00 GB RAM and MATLAB R2022a (64-bit).

We compare the AATLM algorithm with that of LM1 in [26], the MLM algorithm in [21], and the
AMLM algorithm in [23]. Their parameters are chosen as follows:

LMI : gy =107, ¢, =0.25,9, = 0.75, o = 1,my = 107%;

MLM : gy = 1074, g, = 0.25,9, = 0.75, 9 = 1,my = 1078,6 = 1;

AMLM : gy =107, g, =0.25,¢, = 0.75, 0 = 1,mo = 103, 6 = 1,4 = 4;

AATLM : qdo = 10_4,ql = 025,6]2 = 075,9 = 06, C_ZO = 1,/1() = l,mo = 10_8,7' = 0.1,0] = 4, a = ‘l—t

The termination condition of the algorithm is ||JkTF «l < 107° or k > 1000. In the listed numerical
results, “NF”, “NJ”, “NT = NF + NJ x n”, “NK”, and “Time” represent the numbers of functions,
Jacobian evaluations, total evaluations, iterations, and CPU time, respectively. Examples 4.1 and 4.2
are two singular problems from [26]. These problems do not satisfy the local error bound condition, but

satisfy the Holderian local error bound condition. J(x) of these problems are not Lipschitz continuous,
but are Holderian continuous.

Example 4.1. [26] Consider the following Function I:

Fi(x) = x; + 10x,,
Fa(x) = x3 — x4,
F3(x) = (x; - 2x3)%
Fa(x) = (x) = x3)? .

The initial point is xo = (3, 1,0, 1)7, and the optimal solution is x* = (0, 0,0, 0)”. The results are listed
in Table 1.

Table 1. Numerical results of Example 4.1.

LMI MLM AMLM AATLM

(n,m) %o NFE/NJ/NT/NK/Time/||F| NE/NJ/NT/NK/Time/[[E NE/NJ/NT/NK/Time/[[F] NE/NJ/NT/NK/Time/|[F]

@4 “10x, 11/11/55/10/0.00/7.99¢—6 19/10/59/9/0.00/7.98¢—6 17/9/53/8/0.00/4.62e—6 17/9/53/8/0.00/2.23¢—6
—xo 10/10/50/9/0.00/4.14e—6 15/8/47/7/0.00/2.76e—6 13/7/41/6/0.00/8.90e—6 13/7/41/6/0.02/2.77e~6
Xo 10/10/50/9/0.00/4.14e—6 15/8/47/7/0.00/2.76e—6 13/7/41/6/0.00/8.90e—6 13/7/41/6/0.00/2.77e—6
10x, 11/11/55/10/0.00/7.99¢—6 19/10/59/9/0.00/3.15¢—6 17/9/53/8/0.00/4.62e—6 17/9/53/8/0.00/1.63e—6

100xo 13/13/65/12/0.00/7.90e—6 23/12/71/11/0.00/6.77e—6 21/11/65/10/0.02/1.14e-5 17/9/53/8/0.00/1.59¢-5

Example 4.2. [26] Consider the following Function 2:

AIMS Mathematics Volume 9, Issue 9, 24610-24635.



24629

Fi1(x) = x; + 10x,,
Fr(x) = x3 — x4,
F3(x) = (x2 — 2x3)3
Fa(x) = (x) — x4)5 .

The initial point is x, = (3,-1,0,1)", and the optimal solution is x*

= (0,0,0,0)". The results are

listed in Table 2.
Table 2. Numerical results of Example 4.2.
LM1 MLM AMLM AATLM

(n,m) X0 NF/NJ/NT/NK/Time/||F|| NF/NJ/NT/NK/Time/||F|| NF/NJ/NT/NK/Time/||F|| NF/NJ/NT/NK/Time/||F||

4,4) —10x0 11/11/55/10/0.00/1.47e—6 19/10/59/9/0.00/7.46e—7 19/10/59/9/0.00/1.26e—6 15/8/47/7/0.00/1.75e—6
% 9/9/45/8/0.00/4.88¢~6 15/8/47/7/0.00/7.98¢~7 13/7/41/6/0.00/7.14e—6 13/7/41/6/0.00/2.44¢—6
X0 9/9/45/8/0.00/4.88e—6 13/7/41/6/0.02/8.13e—6 13/7/41/6/0.02/2.30e—6 13/7/41/6/0.00/1.58e—6
10x 11/11/55/10/0.00/147e=6 ~ 19/10/59/9/0.00/6.73¢~7 17/9/53/8/0.00/1.27¢~6 15/8/47/7/0.00/9.30e~7
1002, 12/12/60/11/0.00/2.6Te—6 23/12/71/11/0.00/1.43¢—6 21/11/65/10/0.00/2.31e—6 17/9/53/8/0.00/8.23e—7

Tables 1 and 2 show that the numbers of iterations and the function and Jacobian evaluations of the
AATLM algorithm are less than that of the LM 1, MLM, and AMLM algorithms. Due to the dimension
of the problems being small, there is almost no difference in the CPU time.

Similar to [21,23], we also consider the following singular problem [31]
F(x) = F(x) — J(x)AATA) AT (x — x7),
where F(x) is a nonsingular test function given by Moré, Garbow, and Hillstrom in [32], x* is the root
of F(x), and A € R™* has full column rank with 1 < k < n. There exists

J(x*) = J(xH)U — A(ATA)'AT),

with rank n — k. In this paper, we define

AeR™, A=(,1,.

which means that the rank of J(x*)isn — 1.

LD

Example 4.3. [32] Consider the extended Rosenbrock function

The initial point is xo = (=1.2,1,-1.2, 1, ...)7, and the optimal solution is x*

are listed in Table 3.

Faioy(x) = 10(xy; — X7,

Fi(x) =1 = x2i-1.

(1,

4.1)

1,..., DT, The results

Table 3. Numerical results of the extended Rosenbrock function.

LM MLM AMLM AATLM

(. m) ) NF/NJ/NT/NK/Time/[[F NF/NJ/NT/NK/Time/[[F NF/NJ/NT/NK/Time/[[Fl NEF/NJ/NT/NK/ Time/|[F]

(500,500)  —10x, 18/18/9018/17/1.56/2.50e—3 259/130/65259/129/18.61/2.23e—2 __ 339/170/85339/169/53.36/2.73¢—2 __ 31/16/8031/15/4.38/1.59¢3
—xo  141/141/70641/140/16.06/3.56e-2  171/86/43171/85/7.77/2.02e-2 313/157/78813/156/27.23/2.84e=2  31/16/8031/15/4.67/1.38¢—3
X0 55/55/27555/54/4.27/1.38e~2 223/112/56223/111/11.09/2.00e=2  337/169/84837/168/28.22/2.78¢=2  101/51/25601/50/13.80/3.60e~1
10xg  21/21/10521/20/1.53/2.76e-3 187/94/47187/93/9.14/2.17e-2 339/170/85339/169/39.33/2.65e—2  31/16/8031/15/1.31/2.03e—3
100xg  24/24/12024/23/4.72/2.40e~3 63/32/16063/31/3.36/2.12e~3 379/190/95379/189/49.78/2.66e=2  35/18/9035/17/2.53/1.23¢~3

(1000,1000) —10xp 19/19/19019/18/11.58/1.89e—3 323/162/162323/161/224.11/3.48e-2  411/206/206411/205/245.09/4.56e-2  31/16/16031/15/28.98/2.37e—3
—xo 172/172/172172/171/88.95/5.66e=2  307/154/154307/153/152.39/3.46e~2 421/211/211421/210/333.70/4.51e~2  31/16/16031/15/36.92/2.10e3
X0 62/62/62062/61/70.03/2.00e—2 321/161/161321/160/236.45/3.28e-2  447/224/224447/223/306.64/4.52e—2  181/91/91181/90/199.53/6.03e—2
10xp  22/22/22022/21/33.22/1.91e~3 305/153/153305/152/246.50/3.19e~2  455/228/228455/227/218.16/4.53e~2  31/16/16031/15/10.45/3.00e~3
100xg  25/25/25025/24/12.39/1.65¢—3 61/31/31061/30/51.36/2.0de—3 55/28/28055/27/41.64/1.75¢—3 35/18/18035/17/15.00/1.71e—3
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Example 4.4. [32] Consider the extended Powell singular function

Fi3(x) = x4i-3 + 10x4;2,

Fuio(x) = 5" (x4 — x4,
Faio1(x) = (Xai-2 — 2x41-1)7,
F4i(x) = 101/2(3641‘—3 - X4i)2-

The initial point is xo = (3,-1,0, 1,...)T, and the optimal solution is x* = (0,0, ..., 0)". The results are
listed in Table 4.

Table 4. Numerical results of the extended Powell singular function.

LMI MLM AMLM AATLM

(1, m) o NF/NJ/NT/NK/Time/|[F| NF/NJ/NT/NK/Time/|[F| NF/NJ/NT/NK/Time/|[F]| NF/NJ/NT/NK/Time/|[F|

(500,500)  —10x, 15/15/7515/14/0.95/5.29¢e—5  35/18/9035/17/1.09/1.77e=5  27/14/7027/13/0.11/1.51e—5  21/11/5521/10/0.14/4.31e-5
—xo  12/12/6012/11/0.25/3.80e=5  21/11/5521/10/0.48/5.28¢—=5  19/10/5019/9/0.09/3.35e=5  17/9/4517/8/0.11/2.45¢-5
Xo 12/12/6012/11/0.11/3.80e=5  21/11/5521/10/0.42/5.28¢=5  19/10/5019/9/0.03/3.35¢=5  17/9/4517/8/0.06/2.45¢—5
10x, 15/15/7515/14/0.485.29e~5  35/18/9035/17/0.39/1.77e=5 ~ 27/14/7027/13/0.13/1.51e=5  21/11/5521/10/0.13/4.31e-5
100x, 19/19/9519/18/0.48/2.06e—5  29/15/7529/14/1.17/3.96e~5  45/23/11545/22/0.14/5.18e=5 27/14/7027/13/0.13/1.19¢~5

(1000,1000) —10x, 15/15/15015/14/0.59/2.37e~1 25/13/13025/12/0.89/4.42e~1 25/13/13025/12/1.53/1.94e—1 21/11/11021/10/0.81/2.52e~1
—xo  12/12/12012/11/0.58/3.80e~1 21/11/11021/10/0.45/3.60e~1 19/10/10019/9/1.19/3.80e~1  17/9/9017/8/0.75/3.73e~1
Xo 12/12/12012/11/0.61/3.80e—1 21/11/11021/10/0.75/3.60e—1 19/10/10019/9/1.14/3.80e—1  17/9/9017/8/0.34/3.73e~1
10x,  15/15/15015/14/0.69/2.3Te—1 25/13/13025/12/0.56/4.42e~1 25/13/13025/12/1.18/1.94e~1 21/11/11021/10/0.50/2.52e~1
100x, 19/19/19019/18/0.58/1.40e—1 31/16/16031/15/1.00/2.10e—1 31/16/16031/15/1.58/2.85e—1 27/14/14027/13/1.11/1.08¢e—1

Tables 3 and 4 show that the AATLM algorithm performs better than the LM1, MLM, and AMLM
algorithms on the numbers of iterations and the function and Jacobian evaluations. For most problems,
the AATLM algorithm has less CPU time than the other algorithms.

We tested 100 experiments and all functions are listed in Table 5. Problems 1 and 2 are Examples
4.1 and 4.2 from [26], Problems 3 and 4 are Examples 4.3 and 4.4, Problems 3—12 are from [32] and
have the same form as (4.1), and Problems 13—16 are transformed from the CUTEr library in [33]. All
of the test problems satisfy the assumptions required in this paper.

Table 5. Test functions.

Prob. Function (n,m) X0 Prob. Function (n,m) X0
1 Function 1 4,4) —10xp, —xg, X0, 10x0, 100x0 2 Function 2 4,4) —10x9, —x0, X0, 10xp, 100xo
3 Extended Rosenbrock (500, 500) —10x9, —x0, X0, 10x0, 100x0 4 Extended Powell singular (500, 500) —10x9, —x0, X0, 10xp, 100x0
(1000, 1000) —10x0, —x0, x0, 10xp, 100x0 (1000, 1000) —10x0, —x0, X0, 10xq, 100xg
5 Freudenstein and Roth (2,2) —10x0, —x0, X0, 10x0, 100x0 6 Powell badly scaled 2,2) —10x9, —x0, X0, 10xp, 100x0
7 Beale 2,3) —10xp, —xg, X0, 10x0, 100x0 8 Helical valley 3,3) —10x9, —x0, X0, 10xp, 100xo
9 Wood (4,6) —10x0, —x0, X0, 10x0, 100x0 10 Extended Wood (500, 750) —10x9, —x0, X0, 10xp, 100x0
11 Trigonometric (500, 500) —10xp, —xq, X0, 10x0, 100x0 12 Brown almost-linear (500, 500) —10x9, —x0, X0, 10xp, 100xo
(1000, 1000) —10x0, —x0, X0, 10x9, 100x¢ (1000, 1000) —10x¢, —x0, x0, 10x0, 100x0
13 EG2 (500, 500) —X0, X0 14 ARWHEAD (500, 500) —10x0, 10xq
(1000, 1000) —X0, X0 (1000, 1000) —10x¢, 10x¢
15 LIARWHD (500, 500) —10x0, x9, 10x0 16 TRIDIA (500, 500) —10x0, x9, 10xp
(1000, 1000) —10x0, xp, 10x0 (1000, 1000) —10x9, x9, 10x9

According to Dolan’s [34] evaluation criteria, we show the performance profiles for the numbers
of function evaluations, Jacobian evaluations, iterations, and CPU time of the algorithm in Figure 1.
The parameter 7 represents the performance ratio. When 7 is close to 1 and ¥ remains constant,
the numbers of Jacobian evaluations or iterations of the current algorithm are closer to the minimum
value than the other algorithms. When 7 is a constant and ¥ is close to 1, this means that the current
algorithm can solve more problems.

AIMS Mathematics Volume 9, Issue 9, 24610-24635.



24631

It can be seen from Figure 1 that the AATLM algorithm performs better than other algorithms in
the numbers of Jacobian evaluations and iterations. From Figure 1(a), the AATLM algorithm performs
better than the MLM and AMLM algorithms in the number of function evaluations. Since the LM1
algorithm calculates F; only once in each iteration, the LM1 algorithm has a higher curve in Figure
1(a) when 7 € [1,2.38]. In Figure 1(b), the AATLM algorithm can solve more testing problems with
less Jacobian evaluations. When 7 € (1.49,5], the LM1 algorithm performs better than the MLM
and AMLM algorithms. According to Figure 1(c), the AATLM can solve 86% of the problems with
the least number of iterations, while the LM1, MLM, and AMLM can solve 12%, 32%, and 34% of
the problems, respectively, which means that the AATLM algorithm could solve more problems with
fewer iterations. In Figure 1(d), the LM1, MLM, AMLM, and AATLM algorithms can solve 60%,
54%, 42%, and 68% of the problems with the least CPU time, respectively. In summary, the results
indicate that the AATLM algorithm is a promising method for solving nonlinear equations.

AMLM
AATLM:6=0.6
L

AATLM:6=0.6
L

1 1.5 2 25 3 35 4 4.5 5 1 15 2 25 3 3.5 4 4.5 5

T T
(a) Performance profiles for the number of function (b) Performance profiles for the number of Jacobian
evaluations. evaluations.

ooF ey

08 A a---- S -
. ‘!

N
0.6

os5- /S |o.o.

AMLM
AATLM:6=0.6

AATLM:6=0.6

C . . . . . . 0.4 . . . . . .
1 15 2 25 3 3.5 4 4.5 5 1 1.5 2 25 3 3.5 4 4.5 5
T T

(c) Performance profiles for the number of iterations. (d) Performance profiles for the CPU time.

Figure 1. Performance profiles of the numerical results.

In addition, we also consider the influence of different 6 on the AATLM algorithm. We show
the performance profiles for the numbers of Jacobian evaluations and the iterations of the AATLM
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algorithm in Figure 2, where 6 is chosen from the set {0.2,0.4,0.6,0.8}. We find that when 6 in the
AATLM algorithm is 0.6, the curve is higher than the others. This means that the new algorithm with
6 = 0.6 can solve more problems with fewer Jacobian evaluations and iterations.

----- 6=0.2 Rl -----0=02

----- 6=0.4 -----0=04
6=0.6 | 0.84 - 6=0.6 |
6=0.8 6=0.8

1 15 2 25 3 3.5 4 4.5 5 1 1.5 2 25 3 3.5 4 4.5 5
T T

(a) Performance profiles for the number of Jacobian (b) Performance profiles for the number of iterations.
evaluations.

Figure 2. Performance profiles of the numerical results with different 6.

5. Conclusions

In this paper, we constructed a new LM parameter in the form of a convex combination to obtain
the LM step and the approximate step. A new modified Metropolis criterion was introduced to update
the upper bound of the approximate step size, so as to obtain an adaptive acceleration two-step LM
algorithm. The global and local convergence of the new algorithm were studied under the Holderian
local error bound condition and the Holderian continuity of the Jacobian, which are more general than
the local error bound condition and the Lipschitz continuity of the Jacobian. The numerical results
showed the efficiency of the AATLM algorithm. In the course of research, we noticed that different
LM parameters could be considered at different stages of the algorithm. In future work, we will explore
a new LM parameter and introduce a nonmonotone technique into the two-step LM algorithm to solve
nonlinear equations.
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