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Abstract: We consider the energy-minimizing configuration of the Sadowsky-type functional for
narrow rectifying strips. We show that the functional is proportional to the p-Willmore functional using
classical analysis techniques and the geometry of developable surfaces. We introduce hyperelastic
strips (or p-elastic strips) as rectifying strips whose base curves are the critical points of the Sadowsky-
type functional and find the Euler-Lagrange equations for hyperelastic strips using a variational
approach. We show a naturally expected relationship between the planar stationary points of the
Sadowsky-type functional and the hyperelastic curves. We derive two conservation vector fields, the
internal force and torque, using Euclidean motions and obtain the first and second conservation laws
for hyperelastic strips.

Keywords: conservation laws; hyperelastic strips; p-elastic strips; Sadowsky-type functional;
variational calculus
Mathematics Subject Classification: 37K25, 53A04, 53A05

1. Introduction

The variational problem of finding the stationary points of the functional L f(k,A)ds, where
A = 7/k, and « and 7 are the curvature and torsion of a space curve v, arises in a number of applications.
For example, the case f(k,A) = «* is the classical elastic curve problem, in which the physical
state of a thin elastic rod in equilibrium is studied when it is subjected to bending. This elasticity
problem and its various generalizations, such as hyperelastic curves (see [1-3]), generalized elastic
curves and Lie quadratics (see [4—7]), have a rich history and are actively studied today (see [8—11],

etc.). The functional f(x, 1) = «* (1 + /12)2 i1s known as the Sadowsky functional, introduced by M.
Sadowsky (1930) to find the formulation of a Mdobius strip with minimum energy [12] (see [13] for
a translation). Sadowsky transformed the problem of searching for the equations of equilibrium of a
narrow Mobius strip into a one-dimensional variational problem using the geometry of the developable
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ruled surface. In line with Sadowsky’s works on Mdobius bands of infinitesimal width, Wunderlich
in [14] (see [15] for a translation) employed an energy minimization principle. This principle asserts
that the equilibrium shape of the Mobius band has the lowest bending energy among all possible shapes
of the band, reducing the bending energy from a surface integral to a line integral without assuming the
band’s width is small [16]. Using the regression point of the generator (bending line) of a developable
surface and the fact that one of the principal normal curvatures is zero on a developable surface,
Wunderlich showed that the Willmore functional fM H?do, whose critical points are known Willmore
surfaces (see [17]) is proportional to the Sadowsky functional. This implies that a developable surface,
whose base curve is a critical curve for this functional under certain boundary conditions, is a Willmore
surface. In [18], the authors applied a variational geometric approach to elastic strips to define the
characteristic shape of a Mobius strip made from an inextensible rectangular sheet. Chubelaschwili and
Pinkall obtained integrable solutions of the Sadowsky functional, derived conservation laws of elastic
strips by using Euclidean motions, and defined two new integrable systems of elastic strips [19]. The
theory of elastic strip was developed by Tiikel and Yiicesan in Minkowski 3-space with the Poincaré
isometry group (see [20-22]). Yoon and Yiizbasi studied the properties of elastic strips defined along
isotropic curves in a three-dimensional complex space [23]. The authors, in [24], investigated the
force-free consequences for the general functional f (, A) for regular space curves and stated that all
forceless critical points are spherical curves only for Sadowsky-type functional fy CkP(1+A%)Pds, where
C is constant, and p # 0, 1. The Sadowsky functional and its various generalizations, which are useful
for modeling the behavior of developable surfaces, continue to be developed today by researchers
interested in the subject (see [16,25-27], etc.).

The conformally invariant Willmore energy has attracted considerable interest due to its connection
to minimal surfaces in the 3-sphere. Given that many interesting surface measurements depend on
shape, it is important to have a more general framework for studying these curvature-dependent
functionals [28]. Guo [29] introduced a class of conformal invariants, defined as generalized Willmore
functionals, in the most general sense of these energy functionals and presented generalized Willmore
functionals, including structures frequently studied in energy minimization problems such as the
Willmore functional and the Chen-Willmore functional (see [8, 30, 31]). Recently, researchers have
studied the elasticity of biomembranes using geometric and mathematical models, including some
generalizations of the Willmore functional. To explain the mechanical stability and equilibrium shapes
of membranes, they have considered the functional whose integrand is defined as a general function
of the mean curvature and the Gauss curvature of a surface M embedded in Euclidean 3-space R?
(see [32,33], etc.). One particularly interesting application involves the p-Willmore energy functional
discussed in [34,35]. In his doctoral thesis [34], Gruber introduced the p-Willmore functional in 3D-
space forms, which extends the Willmore functional to accommodate different powers of the mean
curvature. Accordingly, the critical points of the p-Willmore functional defined as f L, H'do,p>0¢€Z,
in a 3D-space form are called p-Willmore surfaces (see [28, 34,36]).

In this paper, we show that the Sadowsky-type functional (for C = 1) is proportional to the p-
Willmore functional using Wunderlich’s approach. We define the modified Sadowsky-type functional
and derive the Euler-Lagrange (EL) equations characterizing the critical points of this functional. We
refer to the rectifying, developable surfaces formed by the extremals of the Sadowsky-type functional
as hyperelastic strips (or p-elastic strips). We show that the torsion-free critical curves are nothing but
hyperelastic curves. From an integrable geometric opinion, it turns out that it is more convenient
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to calculate the internal force W, and torque W, in a fixed coordinate system so that W, and W,
become conservation fields along hyperelastic strips. We find vector fields W, and W; by creating
new variations involving Euclidean translational and rotational motions. Then, we obtain the first and
second conservation laws of hyperelastic strips. We hope that these conservation laws will present
an open problem that can be explored in the future, as they allow the finding of two new integrable
systems that will enable the connection between hyperelastic stirps and spherical hyperelastic curves.

2. Hyperelastic strips

The terms ribbon or strip are used to describe elastic bodies where the thickness, width, and length
vary widely. Since their lengths are much greater than their thickness and width, such objects and
their elastic responses are explained according to a 1D theory using the centerline of them. We think
an inextensible strip, when developed on a plane, forms a strip bounded by two parallel straight lines.
Thanks to the developability feature, no matter how deformed the strip is, it can be reconstructed from
an arbitrary reference curve on the surface of the strip. Specifically, the centerline of the strip, which
can be defined by its curvature and torsion, is identified as the most natural and suitable choice for this
reference curve. This detail emphasizes that the geometry of the strip can be completely determined
and interpreted through these intrinsic characteristics (see [25,37,38]).

Lety : [0,£] — R? be a smooth and regular curve with velocity v = ||y’|| . Since a developable strip
is a special case of a ruled surface, we can parametrize the strip with the base curve y as follows:

F,: [0,{]X[-w,w] — R?

(t,0) — F,(t,0) =y () +6(AT (1) + B(1)), 2.1

where T'(t) and B(¢) are, respectively, the unit tangent and the binormal vector at the point y(¢) of 7.
The Frenet formulas for y are shown by

T’ =vukN, N' = —ukT + vAkB and B’ = —vAkN, 2.2)

where N is the unit normal vector of y. The generator of the developable surface F), (f,6) makes an
angle 6 = arctan (1/1) with the positive tangent direction of the curve y (s) [37]. The area element and
the mean curvature of the surface are computed as follows:

K(l + /12)
2(1-61)

F, (t,06) parametrized by (2.1) has zero Gaussian curvature, that is, one of the principal curvatures is
zero. Since F, is developable and the strip is planar when relaxed, the energy functional can be written

do = (1 -6A")dédt and H = (see, [38,39]). (2.3)

as D

2 f f do, 24
where D = 3 (21”’ oy is the flexural rigidity, 4 is thickness, v is the Poisson’s ratio, Y is Young’s modulus,
and k; = 2H, p > 2. Substituting (2.3) into (2.4), we arrive at

¢

kP 1+/l2
ff ld(Sdt:Dwfh(K,/l,/l’)dl, (2.5
5/11)17 X
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where

hk A 2) = & (1+2) V().
(1= )77 = (1 +wl)* P

V(@) 2(p -2’

Note that the equilibrium position for strips with no intrinsic curvature does not depend upon the
material properties: Young’s modulus is a simple factor, and Poisson’s ratio does not enter the energy
expression (see, [14,39]). Also, in the limit of narrow strips wd’” — 0, we have V (wA’) — 1 and no
derivatives enter the integrand in Eq (2.5). This shows that the p-Willmore functional f ,, H'do in these
conditions is proportional to the Sadowsky-type functional. Observe that for A = 0, this is nothing but
a free hyperelastic curve’s functional.

According to the Euler formula for parabolic surface points, the common curvature k = k() of
the centerline of F), is related to the principal normal curvature «; by k = k; (?) sin? @ (¢), and drawing
attention to the familiar relation cotf = A (gives 1/sin*6 =1+ /12) from the theory of space curves,
agreement is reached with Sadowsky for the description of the centerline by

t t ¢
|
Of Kydi = Of K’ (Sinze)pdt: Of k" (1+ %) dr.

Now, we investigate infinitely narrow rectifying strips formed by using extremals of the Sadowsky-type
functional among all space curves with fixed end points and

' 0

6=0

So, we can give the following definition:

Definition 1. If the centerline vy of a rectifying strip F, is a critical curve for the modified Sadowsky-

type functional
¢

S, () = f («” (1 + %) = ) v, 2.7)
0

u is a Lagrange multiplier representing the length constraint, then F, is a hyperelastic strip (or p-
elastic strip).

Lemma 1. [19] Lety : [0, €] — R? be a reparametrized curve with its arc length and

y: [0,€] X [~w,w] — R?
(5,6) - y(5,0) =5 (s) =y (s) + Y (s),

a variation of 'y with a variational vector field

: 0
y(s) = Er R (8) =ur ()T (5) + uz () N () + uz (5) B(s). (2.8)
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We have

v o= U —Kuy, (2.9)
ik + 1wk’ (1= %) = 2u Ak = u3 (AY + 115, (2.10)

k.
Il

and .
— ’ )" (/lK) K 3 A (/lK)’
A=wu +u(K 3 +/1K+/1K)+u2(2 KZ) 2.11)
+ ) —uz A + U (1 + /12) — Uy +uy %

Suppose that a reparametrized space curve y : [0, ] — R? is the centerline of a hyperelastic strip, and
we take a variation of y that has the variational vector field (2.8). Now, we calculate the first variation
of the functional (2.7). To minimize the functional

S, (ys) = f; (Kf; (1 + Af;)” - u) vsds,

we perform the following computation:

(02 =)o) [ (48 -

0

ds.
6=0

0 0
9 -2
% 5:0S# (7s) %5 (?’5)6

Taking into consideration (2.6), we obtain

a ¢ 6 2 P
s = [ S8 -
Now, from (2.9)—(2.11), we obtain

1 0
2 09 ls=0

ds.
6=0

(Kg (1 + /lg’)p - ,u) Us = % (K” (1 + /lz)p — ,u) () — kup) + gKP_l (1 + /lz)p (uik’
e (1 - /12) — 2u Ak — uz (Ak) + uy)

)" (A K
2

-1
+pr/l(1 +/lz)p (A +u2( +/13K+/1K)

K3

A A
+u’2(2K +(K—'§))+u2;—u3m +u3(1+/l2)

K, n’ 1
—uy— +uy’ =).
3 K3 3 K2

If these processes continue, the integrand can be written as follows:

1 0

3 %H(Kg’(l ug)”_ﬂ)w:uzﬁ s+ b, (2.12)

where
fi:= (@Kﬁ‘zk’ (1 + /12)p +p(p—-Dk! (1 + /lz)p_l /1/1’)/
+5((p =D& (1+22) 4+ ) + Brr (14 22) 2
+ (pkp‘3/<’ (1 + /lz)p_l /1), + (pkp‘2 (1 + /lz)p_l /1)”),
fri= - (zKp (1+2) a+ (pr-3,<' (1+2)" A)' T (pr—2 (1+22)" /1))
+ /lk(p(p Dy p2 (1 + /lz)p +p(p-Dw! (1 + /12)1)_1 /M,)’
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and
b=t (14 )
i ((3p/l/ll’<p_l + PKp_z/lzk’) (1 + /lz)p_l - (L;Kp—l (3/12 N 1) (1 N /12)11—1)’)
GW*@%+00+ﬂYU (2.13)
+ U3 ((pk”‘3/<’/l(1 + /lz)p_l)’ + (p/lkp—z (1+ /12)”_1)”)

pr_3K//l(1 + /12)17_1 + (pr_z/l(l + /lz)p_l),) + M’3/ (pr—Z/l (1 + Az)p_l) )

+u

7’
Us

Theorem 1. The critical points of the modified Sadowsky functional (2.7) are characterized by EL
equations

fi=f=0. (2.14)

We also obtain b’ = 0, when vy is an extremal for S , for each variation of vy, which leaves the integrand
of the functional (2.7) invariant.

Proof. Let a reparametrized curve y be a stationary point of S,,. From (2.12), we obtain

¢
%‘ Sulys) = f (uz (5) f1 () + u3 () 2 () ds + b (£) = b(0) = 0.
5=0 0

Using the fact that b(£) = b(0) = O for a proper variation, the boundary conditions are naturally
introduced, and we deduce the desired EL equations. These boundary conditions ensure that the
variations of vy at the endpoints do not contribute to the variation of the functional, highlighting how
geometric properties such as the endpoints’ positions influence the stability and configuration of the
system. On the other hand, it can be observed from (2.12) that 5" = 0 when v is a critical point of the
functional (2.7). i

One can see from the EL Eq (2.14) that critical points with torsion-free of the modified Sadowsky-
type functional are just hyperelastic curves with torsion-free (see [1], for EL equations of hyperelastic
curves).

In the following, we can give an obvious application.

Example 1. Let y(s) be a reparametrized planar curve with non-constant curvature « (s). We know
that vy (s) is a borderline elastic curve if k = Ky sec h (%0 s) , an orbitlike elastic curve if k = kodn (%" S, k) ,

and a wavelike elastic curve if k = kocn (S—IO( s, k) , where dn and cn are respectively elliptic delta and
cosine functions with parameter k, and parameter k, determines the maximum curvature [11]. Now
suppose that a borderline elastic curve vy is the centerline of the rectifying strip F,. Then, we calculate
the second derivative of the curvature k of y as follows:

&
K' = ZO sec h(%s) (1 — 2sec hz(%s)).

K2 .
Moreover, we can obtain u = —='. Putting k,k” and p in EL Eq (2.14) for p = 2, we obtain that F,
is a 2-elastic strip (or elastic strip). Similar processes are also applicable for orbitlike and wavelike

elastic curves.
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Furthermore, it is demonstrated that circular helices solve EL Eq (2.14). Now, we will illustrate this
with an example.

Example 2. Let B (s) = (cos %, sin %, %) be a unit-speed helix with the curvature and the modified
torsion !
K= 3 and A =1 [40]. (2.15)

By using the values (2.15) and EL Eq (2.14), we can see that the rectifying strip
2 2 2
\/_S . \/_S \/_S + \/55)

Fo=
B [cos 2,sm )

with centerline B is a hyperelastic strip chosen u = 1 — 2p (see Figure 1).

Figure 1. The hyperelastic strip and its base curve corresponding to Example 1.

3. Conservation laws of hyperelastic strips

In physics, conserved quantities such as internal forces and torques are interpreted in terms of
fundamental conservation laws such as momentum and angular momentum. In the context of elastic
strips, conserved quantities are often interpreted as internal forces and torques due to the fundamental
conservation laws of linear and angular momentum because they are obtained through Euclidean
translations and rotations. These internal forces and torques are necessary to maintain the structural
integrity and stability of the ribbon under deformation. While internal forces help maintain the linear
stability of the ribbon, torques govern rotational dynamics. In this section, we obtaion the internal
force and torgue vector for hyperelastic strips and prove the first and second conservation laws.

Now, we take a variation that consists only of translations, as follows:

Ys () =y (s) + 6

with the variation vector field
’j/é (S) =I'=u T + u,N + u3B,
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where I is an arbitrary vector in R}, u; =<T,T >, u, =<I,N >, and u3 =< I', B >. The derivatives,
uy, uy and u} are calculated as

u, = —k<I,T>+4+k<I,B>, (3.1)
wy = —Ak<I,N >, (3.2)

and
wy == (k) <T,N>+4> <T,T > -2* <T,B >, [19]. (3.3)

Combine the Eq (2.13) with the derivatives (3.1)—(3.3), and we obtain
b =< I, Wo >,
where

Wy = %((p - l)Kp(l +/12)p +,Ll)T + (@KP_ZK’(] +/12)p +p(p-— l)Kp_l/l/l’(l +/12)p_1)N

- (sa (1 2) + (pewa 1+ 2) ) + (pe2a (1427 ) )8

We know that b is a constant when the Frenet curve vy is an extremal of the Sadowsky-type functional.
Therefore, W, is a constant for any I' € R3.
For a variation consisting only of rotations, I’ ¢ R*, A; € SO(3),u; =<T'xy, T >, u, =<T'xy,N >
and uz =< I x v, B >, we have
0

—| Asy(s) =T xy(s) =u;T + uN + usB.
06 5-0

By using a similar method, we arrive at
b =< F, W1 >,

where

_ 1 1y _
Wy = par™ (1+.2) T+ = (pr_l/l(l v 2y 1) N+ L (14 27 (1-2)B-y x Wy
K 2
is a constant for hyperelastic strips.
We show that hyperelastic strips can be determined by W,, and W, in the following theorems. We
call these theorems the first and second conservation laws of hyperelastic strips, respectively.

Theorem 2. A rectifying strip F,, is a hyperelastic strip if and only if the force vector Wy = a,T +
arN + a3 B is constant, where

a ;= %((p — D (1+22) +4), (3.4)
a = (”(I’T_DKP-ZK' (1+2) +p(p— D2 (1+ 12)”_1), (3.5)

and , ’
as ;= — (g/lkl’ (1 + /lz)p + (pkf”3/<’/l(1 + /lz)p_l) + (pkpfz/l(l + /lz)p_l) ) (3.6)
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Proof. 1t suffices to show

Wy = fiN + 2B, (3.7
because the vector W is a constant if and only if f; = f, = 01in (3.7). By using Eq (2.2), we obtain
W, = (a] — kax)T + (a5 + ka, — Akaz) N + (a; + Akay) B. (3.8)
On the other hand, from (3.4) and (3.5), we find
1,
a2 = —(11.
K

It then follows that the coefficient of T in Eq (3.8) vanishes. Now, by using (3.4)—(3.6), the coeflicients
of N and B are found as follows:

a, + ka, — Akaz = fi, 3.9
ay + Akay = fr. (3.10)
Equations (3.9) and (3.10) show that W, is a constant if and only if f; = f, = 0. O
Theorem 3. For a hyperelastic strip F,, the torque vector W, = 5| T + s;N + s3B —y X W, is constant,
where
-1
sioto=pa (14227, (3.11)
1 -1y
S o= —(p p_l/l(l +/12)p ) ) (3.12)
K
and » ol
. -1 2\P~ 2
531= 2K (1+22) (1-2). (3.13)

Moreover, if W is a constant but y does not define a hyperelastic strip, then |ly|| is conserved.

Proof. Taking into consideration Eq (2.2), we calculate the first derivative of W, as follows:

Wi = (5] —ks2)T +|ks1 + 55 — Aksz — (—=az) [N + | 85+ Aksy + ax | B—y x W|. (3.14)
S——— ~—— ———
0 —az a

Substituting (3.11)—(3.13) and the derivatives s}, s} and s} in (3.14), we see that the coeflicients of 7,
N, and B are zero. Thus, Eq (3.14) is reduced to

W = —y x W, (3.15)

Equation (3.15) implies that W] = 0 when W, is a constant, so we can see from Theorem 2 that W is
constant when y defines a hyperelastic strip.
On the contrary, suppose that W, is a constant vector field but y does not define a hyperelastic strip.
From (3.7), we get
0=W]=-yx(fiN + f2B).

This means that y € Span {N, B}. So we have
<vy,y>=2<y,T>=0.

O
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We give the following example, which provides the condition that a cylindrical helix can define a
hyperelastic strip.

Example 3. Let a unit speed curve vy be base curve for a hyperelastic strip I, with internal force W;,.
Taking the inner product of both sides of Wy = a,T + a,N + a3 B with T, we obtain

<Wo.T>=ay = ((p- D" (1+2) +4).

1
2
Thus, vy is a slope line if a; is a constant. Moreover, A and k must be constants in this case. This means
that a hyperelastic strip is defined by a cylindrical helix when a, is a constant.

4. Conclusions

Sheet, bar, or band-like structures, which are foldable or bendable and deformed solely by bending,
have minimum energy when brought into a flat position. Because of these features, the mechanics of
curved structures are based on the classical formulation of developable surfaces, and as a matter of
fact, the deformation energy calculation resulting from bending combines mechanics with geometry
(see [18,39,41]). Wunderlich showed that the functional introduced by Sadowsky is proportional to
the Willmore functional, which is one of the most important representatives of the minimal surface
studies frequently studied in differential geometry, and proved that the structure of a developable band
looks like the 1-dimensional structure of thin rods and is determined by the classical equations of thin
elastic rods. Elastic strips, which are actively studied today, are developable ruled surfaces formed by
stationary points of the Sadowsky functional. The Sadowsky-type functional is a natural generalization
of the Sadowsky functional. The Sadowsky-type functional offers a different method and perspective to
the problem of finding the extremals of the generalized Willmore functional, which has been frequently
studied recently.

In the present work, we show that the Sadowsky functional is proportional to the p-Willmore
functional. Using a Lagrangian multiplier representing the length constraint, we define the modified
Sadowsky-type functional and obtain EL equations characterizing the critical points of this functional.
We call a rectifying strip whose base curve is the critical point of a Sadowsky-type functional a
hyperelastic strip. We obtain the conservation laws of hyperelastic strips with the help of Euclidean
motions. These conservation laws provide a starting point for the open problem of finding new
integrable systems of hyperelastic strips corresponding to spherical hyperelastic curves. Different
perspectives on the solutions of these derived equation systems can be explored (see [42]). On the
other hand, hyperelastic curves are a useful tool for generating rotational Chen-Willmore hypersurface
samples. It is known that Chen-Willmore hypersurfaces in the Euclidean n-space R"*! and the sphere
S™*! can be obtained with the help of hyperelastic curves in the hyperbolic 2-plane (see for details [8]).
For this reason, Chen-Willmore hypersurface samples can be derived with the help of the Hopf
transform by establishing connections between new strip types obtained by using conservation laws
and spherical hyperelastic curves. There also arises the open problem of studying hyperelastic strips
in n-dimensional Euclidean space to derive more distinct Chen-Willmore hypersurfaces. This problem
can also be considered in non-Euclidean spaces. It may also be useful to work with Minkowski spaces
with Poincaré isometry groups.
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