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1. Introduction

All real sequence’s space is expressed by w. Any A C w is called a sequence space. Frequently
encountered sequence spaces can be denoted as ¢, (space of bounded sequences), ¢ (space of
convergent sequences), ¢y (space of null sequences), and £, (1 < p < oo0) (space of absolutely
p-summable sequences). These are Banach spaces with |[ull,, = |lull. = llull,, = sup,qlu,| and
lleelle, = (Z,Iu,l”)% foru = (u,) € w, Y, lul = X3l and N = {0, 1,2,3,...}. Furthermore, bs
and cs denote the bounded and convergent series’ spaces, respectively.

A Banach space on which all coordinate functionals «, defined as «,(#) = u, are continuous is
named a BK-space. Consider the sequence e whose ™ term is 1 and other terms are zero. If each u =
(u,) € A C w can be expressed uniquely as u = Y, u,e"”, then the space A satisfies the AK-property.

Consider the multiplier set (A % T') defined by

(A):é'Y’)={T=(T,)€w:‘ru:(7',u,)e‘r for all ueA},
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for A, T C w. Thus, the a-, B- and y-duals of A are expressed by
A" =(Ax¢), A =(Axcs) and A = (A xbs).

B, refers to the rth row of an infinite matrix B = (b,,) with real terms. Additionally, if the series is
convergent for all r € N, (Bu), = ., b,suy is a B-transform of u € w. The infinite matrix B is a matrix
mapping from A to Y, if Bu € T for all u € A. The class of all matrix mappings described from A to
T is given by (A : T). Additionally, B € (A : Y) iff B, € A? and Bu € Y for all u € A. The set

Yg={u€ew:BueY}, (1.1)

is a matrix domain of Bin .

Spaces A and T, between which a norm-preserving bijection can be defined, are linearly norm
isomorphic spaces, and this situation is denoted by A = Y.

One of the impressive number sequences is the integer sequences consisting of Motzkin numbers
which are named after Theodore Motzkin [21]. In mathematics, the " Motzkin number refers to the
number of distinct chords that can be drawn between r points on a circle without intersecting. It should
be noted that it is not necessary for the chord to touch all points on the circle. The Motzkin numbers
M, (r € N) have various applications in geometry, combinatorics, and number theory, and they are
represented by the following sequence:

1,1,2,4,9,21,51,127,323,835,2188,5798, 15511,41835, . ...

The Motzkin numbers satisfy the recurrence relations

r=2

2r+1 3r-3
M,=M,_, + MM,_;_, = -1+ r=2-
: ; 2Tt : +2 ?
Another relation provided by the Motzkin numbers is given below:
Myiy = My = )~ MM, for r > 0. (1.2)

s=0
Furthermore, there are two other relations between Motzkin and Catalan numbers C,, presented by

3] r

r r
M, = C, d C,y= ( )Ms,
(2S) an +l Z K}

s=0 s=0

where |.] is the floor function.
The generating function m(u) = Y, M,u" of the Motzkin numbers holds

W+ m))P +w—-Dmw)+1=0

and is described by
1 —u— V1-2u-3u?

2u?

m(u) =
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The expression on Motzkin numbers with the help of integral function is as follows:
2 " ) r
M, =— sin“ u 2cosu + 1) du.
T Jo

They have the asymptotic behavior
1 (3\
M, ~ —(—) 3, r— oo
2m\r
Moreover, it is satisfied from Aigner [1] that
. Mr+1
lim

r—+o00

=3.

r

The idea of obtaining sequence spaces with infinity matrices created with the help of integer
sequences, such as Schroder [6,7], Mersenne [8], Catalan [12,13,16], Fibonacci [14,15], Lucas [17,18],
Bell [19], Padovan [28], and Leonardo [29], has been used by various authors for this purpose. In this
context, sources such as summability theory, sequence spaces, matrix domain studies and the necessary
basic concepts can be specified [2,4,5,9,11,24].

The Motzkin matrix M = (M), constructed with the help of Motzkin numbers and
relation (1.2) by Erdem et al. [10] can be written follows:

MsMr—s .
—_— if0<s<r,
Mr+2 - Mr+1

g 1= (1.3)

0 , ifs>r

It is possible to state the Motzkin matrix more clearly as follows:

[ _MoMy
g 00 0 0 0
oM, 1Mo
ils —Aj{/} o 0 0 0 0
MoM> M MMy 0 0 0
%—M3 My—Ms5 My—M;
. oM M, M, MM, Ms Mo 0 0
M=\ Momts  Ms-Mi  Ms—Mi  Ms—Ma
Aj()M4 ﬁ1M3 Mo M, ]\23M] MyMy 0
Me—Ms Me—Ms Me—Ms Me—Ms Me—Ms
oMs MM, 2M3 3My MyM, MsMy
M7—Mg M7—Mg M7—Mg M7—Mg M7—Mg M7—Mg

Furthermore, it is also known from [10] that the Motzkin matrix M is conservative, that is, M €
(c : ¢) and the inverse M~ = (m;!) of the Motzkin matrix M is

M, — M, .
enH—i%T;imﬂ, ifo<s<r,
m! = d (1.4)

0 , ifs>r,

where 1y = 0 and
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M, M, 0 o - 0

M, M, M, o --- 0
=My My My My, --- 0 |

M, M,y M., M, 5 --- M

for all » € N\{0}. From its definition, it is clear that M is a triangle. Furthermore, M-transform of a
sequence u = (uy) 1s stated as
1 r

vei= (M= Z(; MM, (r €N, (1.5)

The idea of constructing new normed sequence spaces as domains of special infinite matrices,
as an application of summability theory to sequence spaces, has appeared as a favorite research area
in recent years. Creating these infinite matrices with the help of special number sequences and thus
obtaining new normed sequence spaces and also examining some of properties (e.g., completeness,
inclusion relations, Schauder basis, duals, matrix transformations, compact operators, and core
theorems) is newer topic of study since Kara and Bagsarir [14].

The primary research question of this study is whether it is possible to obtain new normed
sequence spaces as the domain of the conservative Motzkin matrix obtained with the help of Motzkin
numbers and to examine some of the properties just mentioned above on these spaces.

In this study, two new sequence spaces are obtained as domains of the Motzkin matrix on £, (1 <
p < +o0) and {,. Subsequently, some algebraic and topological properties, inclusion relations, basis,
duals, and matrix transformations of these spaces are presented. In the last section, compactness criteria
of some matrix operators defined on these spaces are investigated.

2. Motzkin sequence spaces {,(M) and (M)

In this part, we introduce the BK-sequence spaces ¢,(M) and £.,(M) with the help of the Motzkin
matrix which are linearly isomorphic to £, and £, respectively. Finally, the Schauder basis of £,(M)
and the inclusion relations of the spaces are presented.

Now, we may present the Motzkin sequence spaces £,(M) and £, (M) as follows:

! iMsMr_sus < oo},

Mr+2 - Mr+1 =0
< oo},

for 1 < p < +oo. Then, ¢,(M) and £, (M) can be rewritten as £,(M) = (£,)p and € (M) = (€ m
with the notation (1.1). The matrix domain Y » is a Motzkin sequence space for each normed sequence
space Y.

p

(M) = {u:(us)ea):z

and

r

MsMr—sus
0

(M) = {u = (Uy) € W : sup

reN

Mr+2 - Mr+1 =
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It should be noted that BK-spaces have a significant role in summability theory. For instance,
the matrix operators between BK-spaces are continuous. Additionally, there is a useful method for
the characterizations of compact linear operators between the spaces as an application of the Hausdorf
measure of non-compactness.

Now we can show that the newly defined spaces are BK-spaces:

Theorem 2.1. £,(M) and €. (M) are BK-spaces with

lele, v = [Z
r

1
]p
b

)

ZM M,_.u,

r+2 - r+1 =0

and

1 r
37 as Z MsMr—sus
Mr+2 - Mr+l =0

lleelle, a1y = sup
reN

respectively.

Proof. In the proof of this theorem, it will be used that £, and ¢, are BK-spaces. It is known
from Wilansky [27] that Yz is BK-space with ||ully, = ||Bully if B is triangle and T is a BK-space.
Consequently, £,(M) and £, (M) are BK-spaces with the norms ||.[l¢,(a1) and ||.[l¢. v, Tespectively. O

Theorem 2.2. £,(M) = €, and t-.(M) = €,

Proof. In order to show that two spaces are linearly norm isomorphic, there must be a linear norm
preserving bijection between them. The mapping K : £,(M) — ¢,, K(u) = Mu is linear and since
K(u) =0 = u=0, K is injective. Consider the sequences v = (vy) € £, and u = (u,) € w with

= Z( py-i M2 = l+17rs_,-v,-. (s € N). 2.1)
For the equation
(Mu) L oYY
ur = —F/ sV —_sUg
Mr+2 - Mr+l —0
_ M Mr ; ( 1)S i z+2 l+17Ts—iVi
r+2 - r+1 Z Z
1
= WZ(Z( 1) Mr s— lﬂs] (Mz+2 i+l)Vi
r+2 = r+1 =0
1

= Mo Mo ((—1)0M07To) M2 = M) v = vy,
for /2L (=1)*M,_,_imy = 0, if r # i, then K is surjective. Additionally, since the relation lleelle, vy =
IMull,, holds, then K keeps the norm.
The proof can be done similarly for the other spaces.
m]
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As a result of the isomorphism between the mentioned spaces, connections can be established
between some properties. However, since the new concepts presented here may enable different
perspectives and open a new door to generalizations, it is useful to express some basic theorems for
newly defined spaces.

For a normed sequence space (A, ||.||) and (17,) € A, (17,) is a Schauder basis for A if for any u € A,
there is a unique sequence (o,) of scalars such that

r
u-— Z O 15
s=0

as r — +oo. This can be stated as u = ;o 7;.

The inverse image of the basis ('), of ¢, becomes the basis of £,(M) (1 < p < +o0) since
K : £,(M) — £, is an isomorphism in Theorem 2.2. Therefore, it will be given the following result
without proof.

Theorem 2.3. The set n'® = (7755)) € £,(M) expressed by

—0,

Ms - Ms
(=2t
() .— M,

r .

if0<s<r,

0 , if s >r,

is a Schauder basis for € ,(M) and the unique representation of any u € £,(M) is stated asu = Y, ;0"
for1 < p < +ooand oy = (Mu),.

It is worth noting that since every normed linear space with a Schauder basis is separable, the
sequence space £,(M) is seperable.

Theorem 2.4. The inclusion €,(M) C €5(M) strictly holds for 1 < p < p < +oo.

Proof. For the first part, it is sufficient to show that every element taken from £,(M) is in £;(M). Let us
take u = (uy) € €,(M) such that Mu € £,. Furthermore, it is known that £, C {5 for 1 < p < p < +o0.
Then, Mu € {5 and u = (u,) € €;(M).

If ¥ = Mii € £ \ €, then the rest of the proof is completed. O

Theorem 2.5. ¢, C {,(M).

Proof. For the proof, it is necessary to show that every element taken from ¢, is in £, (M). For
u = (uy) € €., it is clear that

1 r
lull,opty = sup|————— ) MM, u
M reN Mr+2_Mr+1 =0 e
-
<l sup |[——— > MM,
reN Mr+2_Mr+l =0 T
= ||ullo < +o0.
Thus, u € {(M). O
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3. Dual spaces

In third part of the article, duals of new spaces will be found.

The idea of dual space plays an important role in the representation of linear functionals and the
characterization of matrix transformations between sequence spaces. Consider that & € {@,8,y}. In
that case,

6 =tu, & =cy=c"=¢and €=, where 1 < p,q < +oo withg = e
p —
Additionally, for any A € w, A* ¢ AP ¢ A?. If (b,s)sen € AP for all r € N, then, the B-transform

(Bu), = ), b,su, of any sequence u = (u;) € A is convergent for an infinite matrix B.
Now, consider the conditions (3.1)—(3.12) as

su |bys| < o0, 3.1
w2, @0
su |bysl? < o0, (3.2)
w2,
sup [by| < oo, (3.3)
r,seN
lim b, exists for all s € N, 3.4)
r—+00
lim b,, =0, (3.5
r—+o00

q
sup b, < oo, 3.6)
EETZ ;
su |b,s|? < oo, (3.7
w2,

supz Z b, < oo, (3.8)
supZ Z b, < oo, 3.9

su |b,s| < o0, (3.10)
),

lim S |by| = Z Tlim by, 3.11)
lim Y |b, =0, (3.12)
r—+o0

N

where, the ¥ C N is finite and 1 < p < +o0. It can be now presented the table created using [26] and
characterizing some matrix classes:
Let us consider the sets @w; — w7 which will be used to compute the duals:

q
Mg, — M,
w; = {T =(1y) Ew: supZ Z(—I)HMJTHT, < oo},

Eef s reE Mr
AIMS Mathematics Volume 9, Issue 9, 24193-24212.
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@, = {TZ(TS)Ga)i
w; = {TZ(TS)EQ)
wy = {T:(TS)GQ)'
ws = {TZ(TS)EQ)
we = {T:(TS)E(U
@, = {T:(n)ew:

_ Ms+2 _Ms+1
_1 " S— r—=str < b
s 30 <o
c 2 = v+1
sup ( l)r : u r—sTr| <00,
s 2.\2,

-
. i— Ms+2 - Ms+l .
lim (—1)’ s m;_T; exists for each s € N3,
F—+00 M;
q
i—s s+2 s+l
— T Ti| <0,
reN
v+2 v+1
sup Z( 1)1 : — T T <00,
r,seN
. +2 T +1
hr+n s Mea = Mot imsTi
r—+00
i—s s+2 s+1
) i—sTi } .

Theorem 3.1. The following statements hold:

@ (6,M) =@, (1 < p < +o0),

(i) (LLM))® = @,
(iii) (Lo(M)" = 3.
Proof. (i) From (1.5),

T, U,

(Z( 1), s M., - S+17Tr—svs]

s - Ms
Z(—l)’—-‘—”M LT,

s=0 r

(3.13)

2

Jyi= @0

for all r € N and u € £,(M), where the infinite matrix G = (g,,) can described as

(_

8rs -

M., — M, )
)™ +2M +17r,_s‘rs f0<s<r,

2

0 if s > r.

b

Then by (3.13), Tu = (7,u,) € {; while u € £,(M) iff Gv € £, while v € {,,. Thus, 7 € (fp(M))w iff

G € (¢, : ). From Table 1, (¢,(M))”

=w, forl < p < +oo0.

The proofs of (ii) and (iii) can be seen similarly to the first part through the aid of the conditions

of the classes (¢, : £;) and (£

AIMS Mathematics

: 1), respectively, from Table 1. Therefore, they are ommitted.
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Table 1. Characterizations of (A : T), where A, Y € {{},{,, w,c,co} and 1 < p < +oo0.

AL: T->) t, lo c Co
{ 3.1) 32 (3.3 (33,34 @3.3).,3)5
t, 3.6) ° 3.7 B.4,37 (35,37
{o 3.8) (39 (3.100 (3.4),3.11H (3.12)
c (3.8) (39 (3.10) ° °
Co 3.8) (39 (3.10 ° °

Note: The symbol “e” represents the conditions of the classes that are unknown or not interest to this study.

Theorem 3.2. The following statements hold:
. A

@ (6,M)) =@ nas, (1 < p < +o0),

(i) (LMY = @4 N s,

(iii) (LMY’ = @4 N @5,

Proof. (i) Consider that T = (1,) € w and u € {,(M) with v € £, as (1.5). By considering the Eq (2.1),
we can see that

Uy = SZrO Ty = SZrO T (g(—l)s_iszf/lmﬂs—i) Vi
— 2 [Zr:(_l)i—s MS+2];'MS+1 ﬂi—sTi) v, (3.14)
- on,

for O = (o,y) is expressed by

- My — M,
Z(—l)l_s%ﬂ'i_ﬂ'[ . 0<s< r,
Ors \= i=s l (3.15)

0

for every r, s € N. Then, from (3.14), Tu € cs while u = (uy) € £,(M) iff ¢ = (¥,) € c while v € {,,.

In this case, 7 € (f p(M))ﬁ iff O € (f b c). Consequently, from the conditions of (f b c) in Table 1, the
proof is complete. O

The proofs of the (ii) and (iii) can easily be seen similarly to the first part through the aid of the
conditions of the classes (£; : ¢) and (£ : c), respectively, from the Table 1. Therefore, they are
ommitted too.

Theorem 3.3. The following statements hold:

@ (6M) =@s,(1 < p < +o0),

AIMS Mathematics Volume 9, Issue 9, 24193-24212.
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(i) (6:(M))" = s,
(iii) (Lo(M)” = w5 with g = 1.

Proof. This can be done similarly with Theorem 3.2 by considering with together the classes (€, : €«),
(1 : €w), and ({w : ) from Table 1 with O = (o,,) expressed by (3.15). O

4. Matrix mappings

This section offers to submit the matrix classes related Motzkin sequence spaces described in this
study. The theorem it will be written now forms the fundamental of this section.

Theorem 4.1. Let us consider the A,Y € w, infinite matrices H " = (hf:)) and H* = (h},) described as

i

My — M, .
E (—I)J_S#ﬂj_sbrj s 0<s< L,
JAGIY R J 4.1

and

Z‘” s Mo — Mgy

— —1)/~% . .

hrs - 4 ( 1) Mj ﬂ']—sbr]’ (42)
J=s

forall r,s € N. In that case, B = (b,s) € (A(M) : T) ifand only if H” € (A : ¢) and H* € (A : ).
Proof. Let us consider B = (b,) € (A(M) : T) and u € A(M). In that case,

Z; byt ZO] brs (;(—l)s_jszfdeﬂs—jV/]

i M- M, i
> [Z(—I)J‘S%n,_sbr,] vi= ) hvs (4.3)
j=s J s=0

s=0

for all i, € N. Since Bu exists, then H” € (A : ¢). By passing limit for i — +oo in the relation (4.3),
Bu = H*v. Since Bu € T, H'v € T and so H" € (A : 'P).

Conversely, let us suppose that H” € (A : ¢) and H* € (A : ). Then, h*, € A? which gives us
(bys)sen € (AOM)Y for all r € N. Hence, Bu exists for all u € A(M). Therefore, from relation (4.3) for
i — 400, Bu= H"v. Thus B € (A(M) : ), which is desired result. O

Corollary 4.2. Consider the infinite matrices H” = (hg)) and H* = (h},) described with the
relations (4.1) and (4.2), respectively. Then, the conditions of the classes (I'(M) : ¥) can be deduced
from Table 2, where A € {{,,(,,{}, T € {{1,€,,lw,c,co} and 1 < p < +oo0.

Theorem 4.3. Consider the infinite matrices B = (b,s) and B = (b,,) described with the relation

y Y MM,
b, = — " p 4.4
A ; Mr+2 - Mr+l g ( )

In that case, B € (A : T(M)) iff B € (A : Y) for A € {£1, €y, bw, c.co} and T € {61, €, L),

AIMS Mathematics Volume 9, Issue 9, 24193-24212.
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Table 2. Characterizations of the classes (A(M) : T), where A € {{,(,,l.}, T €
{€1,€,, e, c,co} and 1 < p < +o0.

(AM) |: Y —) 14 ) loo c Co
0O (3.3),(3.4) (3.3),(3.4) (3.3),(3.4) (3.3),(34) (3.3),(3.4)
! 3.1) (3.2) (3.3) (3.3),(3.4)* (3.3)%,(3.5)"
£,OM) GB4,3.7) . GB4,37) GB4,3.7) GB4,3.7)
¢ (3.6)" (3.7 (B4, 3.7 (3.5, (3.7
LM B4, @311y B4, @311y B4, @311y (B4, @311y B4, @311y
« (3.8)" (3.9) (3.10)* (B4, 3.1 (3.12)*

Note: Conditions (1)" and (1)* represent the condition (1) hold with the matrices H") and H*, respectively, for 3.1 < 1 < 3.12.

Proof. Consider that the infinite matrices B and B described with the relation (4.4), A €
{€1,€,, €. .o} and T € {61, €, €} Forany u = (u,) € A,

5=0 =0 r+1 520

This means that B,(u) = M,(Bu) for all r € N, which implies that Bu € Y(M) iff Bu € Y for every
u € A. Thus, B € (A : T(M)) if and only if B € (A : ). O

Corollary 4.4. Consider the infinite matrices B = (b,,) and B = (b,,) described with the relation (4.4).
In that case, the necessary and sufficient conditions for the classes (A : T(M)) can be found in Table 3,
where A € {{’1, tp,lo, C, co} and Y € {51, tp, foo}.

Table 3. Characterizations of (A : T(M)), where A € {£1, £, lw, ¢ cof and T € {£1, €, L.}
AL TM) -) LM M) LaM)

7z G1) (32 (33
¢, 36) e (37
le (3.8) (39 (3.10)
c (3.8) (39 (3.10)
co 3.8) (39 (3.10)

Note: Conditions hold with the matrix B = (b,).

5. Compactness by Hausdorff measure of non-compactness

Measures of non-compactness play an important role in functional analysis. They are important
tools in metric fixed point theory, the theory of operator equations in Banach spaces, and the
characterizations of classes of compact operators. They are also applied in the studies of various kinds
of differential and integral equations. For instance, the characterization of compact operators between
BK-spaces benefits from Hausdorff measure of non-compactness.

Consider the normed space A and the unit sphere D, in A. The notation |[u||} is expressed by

E UsXs

N

llully = sup
xeDA

b

AIMS Mathematics Volume 9, Issue 9, 24193-24212.
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for a BK-space A D Q and u = (uy) € w for all finite sequences’ space, €2, provided that the series is
finite and u € AP,

Lemma 5.1. [20] The following are satisfied:
() & = € and ||ull}_ = llulle,, Yu € €.
(ii) ff = o and lull;, = llulle., Yu € lw.
(iii) [f, = {, and ||u||§p = |lulle,, Yu € €,
The set of all bounded linear mappings from A to Y is denoted by C(A : ).

Lemma 5.2. [20] There exists Kz € €(A : 1) as Kp(u) = Bu for BK-spaces A and Y, as well as for
allue Aand Be (A: T).

Lemma 5.3. [20] If B € (A : 1), then ||K3ll = ||Blla:v) = sup,ey 1B/} < oo for T € {co, ¢, l} and the
BK-space A D Q.

The Hausdorff measure of non-compactness of a bounded set # in the metric space A is stated with
X(P) =inf{e>0:P U Qu;np).u; € Anj < er € N\OJ,

where Q(u, n;) is the open ball centred at u; and radius n; for each j = 1,2, ..., r. In-depth information
on the subject can be obtained from [20] and its references.

Theorem 5.4. [25] Consider that P C €, is bounded and mapping ¥, : €, — €, stated by ¥, (u) =
(uo, Uy, Uz, ..., u,, 0,0, ..) for all u = (u;) € £,, 1 < p < +ocoandn € N. Then,

x(®) = lim Sugll(f - Yol )

for the identity operator I on {),.

A linear mapping K is compact if (K(u)) has a convergent subsequence in Y for all u = (uy) €
{s N A for the Banach spaces A and Y.

The Hausdorff measure of non-compactness ||K||y of K is expressed with [| K|y = y(K(D,)). In
that case, K is compact iff ||K||y = 0.

The studies [3,22,23] can be given as examples of studies on sequence spaces considered in terms
of compactness and Hausdorff measure of non-compactness relationship.

The following results will given for the sequences x = (x;) and y = (y,) which are elements of w
and are attached to each other by the relation

> . M — M,y
—_ 1\~ . .
Vs = E =1 M, Tj_sXj, (5.1)
j=s -

for all s € N.
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Lemma 5.5. Let us consider the sequence x = (x;) € (fp(M))ﬁ for 1 < p < oo. In that case,
y=(ys) € {; and

> xay =y, (5.2)

forall u = (u,) € £,(M).

Lemma 5.6. Let us consider the sequence y = (yy) described with relation (5.1). In that case, the
following statements hold:

@) X2 p = T sl < 00 for all x = (x,) € (M.
(i) (X1, g, = SUP, Iyl < 00 for all x = (x,) € (LMY

(iii) ||x||Zp(M) = (3, |ys|‘1)é < oo forall x = (x,) € (fp(M))ﬁ and 1 < p < +o0,

Proof. Only a proof of the first part will be given because the other parts are similar.

(i) From Lemma 5.5, y = (y,) € ¢; and (5.2) holds for x = (x;) € (£(M)) and for all u = (uy) €
too(M). Since |ulle ) = IIVIle, with (1.5), then u € D,_uy if and only if v € D, _. Thus, we can write
the equality [Id7_ = SUPuen,_y | X5 Xsths| = SUP,ep, |Zsysvi| = lyll;_. By the aid of the Lemma 5.1,
it follows that [Ixll;_,n = IVll; = lylle, = 2 lysl < 0. m

Lemma 5.7. [22] Considering the BK-space A D €;
(i) If B € (A : ), then O < ||K3ll, < limsup, ||B,||} and Kp is compact if lim, ||B,[|3 = 0.

(ii) If B € (A : co), then || Kpll, = limsup, ||B,|[} and Ky is compact if and only if lim, || B[]S = 0.

A)
and Kg is compact iff lim; (supEegcj 1>, ex Brllf\) = 0, where F represents the family of all finite

subsets of N and F; is the subcollection of ¥ consisting of subsets of N with elements that are
greater than j.

(iii) If Be (A : €)), then

B,
rek

>

rek

lim [sup

J \EeF; E€¥;

] < [[Kall, < 4. lim[sup
J
A

The matrices H* = (h;,) and B = (b,,) connected with (4.2) will be considered in the continuation
of the study under the assumption that the series is convergent.

Lemma 5.8. Let T C w and B = (b,,) be an infinite matrix. If B € (€,(M) : ), then H* € (£, : ) and
Bu = H*v hold for all u € {,(M) and 1 < p < +oc0.

Proof. 1t is obvious from Lemma 5.5. So, we omit it. O

Theorem 5.9. For 1 < p < +o0:
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(i) If Be (€,(M) : £s), then

1

q
0 < ||Ksll, < lim sup (Z |, |‘1]
and K is compact if
lim (Z I |q] = 0.

(ii) If B € (£,(M) : cp), then

1

17l = tim sup (Z ;s |q]

and Kp is compact iff

lim (Z A, |’1] =0.

(iii) If B € (€,(M) : €}), then

: ") : (@)]
<
i IBI < IVl < 4 1By,
and K is compact iff
: )
Hm 1Bl ae,) = O

1
" q)q forall jeN.

)
where IBI .0, = sUPger, (

Proof. (i) Let B € (£,(M) : ts) and u = (uy) € €,(M). Since the series ) b,u, converges for each

r € N, B, € (£,(M))’. From Lemma 5.6 (iii), we reach that ||B, || =2, |h’;s|‘1)é. In that case, from

r”gp(M)
Lemma 5.7 (i), we see that
1

0 < 1%l < lim sup [Z I8 |Q)

and Kp is compact if

hm(Z I |q] = 0.

(ii) Suppose that B € (£,(M) : ¢p). Since ||B.]l;

’”t’,,(M) = (Zslhﬁslq)é for each r € N and from
Lemma 5.7 (ii), we see that

17l = tim sup (Z Iy, |q]

and Kp is compact iff

1
lim (Z |h:s|q] = 0.

N
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(iii) Let B € (£,(M) : {;). From Lemma 5.6, ||Zr€EB,||;p(M) = ||Z,€EH;“||2I. Thus, from
Lemma 5.7 (iii), we see that
Q];

1
) < |Ksll, < 4. hm[sup Z Zh’;s

Ee?"] K reE
1
]q

llm[sup > Do,

EeF; s |rekE

and K is compact iff

>,

reE

llfn [sup Z

EeF; =5

Theorem 5.10. The following statements hold:

(i) If B € (L(M) : L), then
0 < 1Kl < limsup > Ih;,

and Kp is compact if

(ii) If B € (Loo(M) : ¢p), then
15l = limsup " 1h7 ],

and Kp is compact iff

11mZ | =
(iii) If B € (Cc(M) : £y), then

. )] : (@)
W 1B ) < 1Kl < 4 5mIBI

and Kp is compact iff

- 5) _
hﬁn 1Bz rter) = 05
5)

Proof. This can be proven in the same manner as Theorem 5.9, so we omit the proof here. i

0))
where Bl o) = SUPser (

Theorem 5.11. (i) If B € (¢;(M) : .,), then
0 < ||KBll, < lim sup (sup Ih,sl)

and K is compact if
hm (sup |hr3|) 0.
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(i) If B € (6;(M) : cp), then
KBl = lim sup (Sup Ih’;sl) :
and K is compact iff
lim (sup |hf_v|) =0.

Proof. It can be seen this in a similar way to the proof of Theorem 5.9. O
Lemma 5.12. [22] If A has AK property or A = €, and B € (A : ¢), then

1. o . o

> limsup 1B, — bll; < %Gl < lim sup B, - bl
and Kp is compact iff

lim[|B, - bll} = 0,

where b = (by) and b, = lim, b,,.

Theorem 5.13. If B € ((,(M) : ¢) for 1 < p < +o0, then

1 1

1 . * * ‘ . * * ‘
5 lim sup [Z h — ) < Kol < lim sup [Z by~ ) ,

s s

and Kp is compact iff

1
lim (Z b, — b "]q = 0.

Proof. Let B € (£,(M) : ¢). In that case, it is obtained that H* € (£, : ¢) by Lemma 5.8. By the aid of
the Lemma 5.12, we reache that

1 . * *11<¢ : * *)1<¢
5 limsup |H; = B°ll;, < 1Kl < lim sup||H, — A7ll;,.

This implies that, by Lemma 5.6 (iii),

1 1
1 : * * ! : * * !
5 lim sup [Z by - q} < Il < lim sup (Z by~ 4) ,

s s

holds. Hence, we conclude with Lemma 5.12 that Kj is compact iff

1

lim (Z K, — b q]q = 0.

O
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Theorem 5.14. If B € ({..(M) : ¢), in this case

b — I

rs

% limrsup (Z

N

] < || K5I, < limsup (Z n -k ]

and Kp is compact iff

lim (Z K, — b ] = 0.

Proof. 1t can be seen this in a similar way to the proof of Theorem 5.13. O

Theorem 5.15. If B € ({;(M) : ¢), then

1
3 lim sup (sup h, —h h, —h

)

) < 1Kl < lim sup (sup

and Kp is compact iff

hﬁrﬁs - ht

J-o

Proof. 1t can be seen this also in a similar way to the proof of Theorem 5.13. O

lim (sup

6. Conclusions

In this study, as an example of the application of matrix summability methods to Banach spaces,
two new sequence spaces are constructed as the domains of the Motzkin matrix operator defined by
Erdem et al. [10] in the sequence spaces ¢, and {.,, some algebraic and topological properties of these
spaces are revealed, their duals are calculated, some matrix classes concerning the new spaces are
characterized and finally, the compactness criteria of some operators on these spaces are expressed
with the help of the Hausdorff measure of non-compactness.

In our future work, we plan to act with the idea expressed above and obtain new normed and
paranormed sequence spaces in this direction.

Creating infinite matrices with the help of special number sequences and thus obtaining new
normed or paranormed sequence spaces and also examining some properties in these spaces (e.g.,
completeness, inclusion relations, Schauder basis, duals, matrix transformations, compact operators
and core theorems) can be suggested as an idea to researchers who want to study in this field.
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List of abbreviations and symbols

SS o oe §§

(A:T)

A
Dy
CA:T)
X(P)
1K
Q(Mj, l’lj)

: r'" Motzkin number

: Motzkin matrix

: space of all real sequences

: space of bounded sequences

: space of convergent sequences

: space of null sequences

: space of absolutely p-summable sequences

: space of bounded series

: space of convergent series

: class of matrix mappings described from A to Y

: matrix domain of B in 1

: linear isomorphism between the spaces A and Y’

: floor function

: set of positive integers with zero

: collection of all finite subsets of N

: subcollection of ¥ consisting of subsets of N with elements that are greater than j
: a-dual of the sequence space A

: B-dual of the sequence space A

: y-dual of the sequence space A

: unit sphere of the normed space A

: set of all bounded linear mappings from A to I’

: Hausdorff measure of non-compactness of a bounded set
: Hausdorff measure of non-compactness of a linear mapping K
: open ball centred at u; with radius n;
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