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Abstract: We endeavored to investigate directed strongly regular Cayley graphs (or DSRCG for short)
over dicyclic groups Dicy, = (a,8 | a" = g* = 1,8 'af = a!), where n is odd. We derived several
DSRCGs over Dicy, for n odd. We then derived a criterion for a certain class of Cayley graph to be
directed strongly regular.
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1. Introduction

The directed strongly regular graph (or DSRG for short) is a potential generalization of the well-
established strongly regular graphs. It was introduced by Duval in [4] in 1988. Although it has received
less attention compared to its undirected counterparts, DSRGs have gained popularity in recent years.

A DSRG can be interpreted in the framework of adjacency matrices. The adjacency matrix of a
directed graph X of order n is denoted by A = A(X) = (a;;)ux,. We employ the notation / = I, and
J = J, to represent the identity matrix and all-one matrix of size n, respectively. A directed graph X is
a DSRG with parameters (n, k, i, 4, t) if and only if it satisfies:

(i) JA = AJ = kJ,
(i) A2 = t1 + AA + u(J — 1 - A).

When ¢t = k, X becomes undirected strongly regular graph. Duval [4] demonstrated that DSRGs with
t = 0 correspond to the doubly regular tournaments. Consequently, it is customary to assume that
0<t<k.

From history, many infinite families of DSRGs were constructed in light of several parameters of
DSRGs as well as some sporadic examples. Despite the extensive literature on the existence, structure,
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and construction of DSRGs for various parameter values [8,10], a significant number of DSRGs remain
shrouded in mystery, with their existence yet to be determined. In fact, it is a challenging problem
for the complete characterization of DSRGs. By using representation theory as a powerful tool, He
and Zhang [6] obtained a large family of DSRGs on dihedral groups, which extended certain findings
presented in [10]. S. Hayat, J. H. Koolen and M. Riaz gave a similar conclusion for undirected strongly
regular graphs in [5]. For more results, one may refer to [1,9].

Our objective is to derive novel infinite families of DSRGs. Inspired by the methodology outlined
in [6], we explore directed strongly regular Cayley graphs derived from Dicy,, where n is odd. As
previously noted in [3], the dicyclic group exhibits a distinct nature compared to the dihedral group.
Consequently, it would be intriguing to investigate the potential applications of this group.

This paper is structured as follows. Initially, we introduce several classes of directed strongly regular
Cayley graphs (or DSRCGs for short) over dicyclic groups. Subsequently, we provide a criterion for
the Cayley graph C(Dicy,, M U Mb U Mb* U Mb?) with M N M~V = () to be directed strongly regular.

2. Preliminaries

For comprehensive insights into representation theory and associated concepts, we follow [7].

Let G be a finite group. We denote by IRR(G) (resp. Irr(G)) the set of all non-equivalent irreducible
representations (resp. irreducible characters) of G. Our subsequent discussion needs the characters
associated with cyclic groups.

Lemma 2.1 ( [7]). For a cyclic group C,, = (v) of order n, IRR(C,)) = {{; |0 < s < n— 1}, with
(/) = w* (0 < s,k <n—1), where w, = e represents the n-th primitive root of unity.

We denote the group algebra of a group G over the complex field C as CG. It contains all formal
sums of the form . m,g, where m, € C. The multiplication is defined as:

(Z mgg] [Z nhh] =SS mmh

geG heG g€G heG

Lemma 2.2. [7] For an element A = },,cc meg € CG with G being abelian group, we have

1 -
m == Y, XA, YgeG.

|Gl YEI(G)

We now introduce some notations regarding multisets. Let A represent a multiset characterized by
a multiplicity function, denoted as 64 : S — N. Here, d4#(x) denotes the frequency of occurrence
of x in A. We define x is an element of A (i.e., x € A) if and only if the multiplicity of x, as
determined by d#(x), is greater than zero. For two multisets A and B, with multiplicity functions
04 and Og, respectively, their union, represented as A W B, is determined by the function d4ug =
04 + 0g. For instance, consider A = {1,1,2,3}, and 8 = {1,2,3,3,4,}, then the union AW B =
{1,1,1,2,2,3,3,3,4}.

Let X be an element in CG corresponding to any multisubset X of the group G. X may be expressed
as

X = Z ox(x)x.

xeX
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Let S be a non-empty subset of a finite group G. We denote the set {s7! | s € S} as S©V. If
SN SY = 0, then it is called antisymmetric. Let us assume that the identity element e ¢ S. In this
case, the graph I' = C(G, S) is a directed Cayley graph, its vertex set is V(I') = G, and there is an arc
from x to y, represented by x — y, if yx' € S.

Utilizing the group algebra, the lemma presented below establishes a criterion for a Cayley graph
to be DSRG.

Lemma 2.3. [4] C(G,S) is a DSRG with parameters (n, k, u, A, t) if and only if |G| = n, |S| = k, and

S :te+/l§+,u(5—e—§).

Our primary focus is on a non-abelian group—the dicyclic group. It is denoted as Dicy,, and is
typically presented with the following group presentation:

Dicy, = {x,y | =1, = yz,y_lxy =x ).
For n odd, let x> = @ and y = B. Then, we have

Dicy, = (@.Bla"=B'=1p"af=0a"' (2.1)
= {a/k, a/kﬁ, akﬁz,akﬁ3 |0 <k<n-1}.
The following relationships will be commonly referenced within the context of our discussion.
Lemma 2.4. Given that n is odd, for the dicyclic group Dicy,, we can observe the following properties:
() B = fa~*; B2 = BPat; B = Brat,
(i) (@*B)" = a*f%; (@B = a2,

Proof: Using (2.1), the conclusions are immediate.
3. DSRCGs over Dicy,

We aim to present various constructions of DSRCGs derived over Dicy,, with n being an odd integer.
Any subset S of Dicy, can be expressed as § = So U S b U S,b> U S3b* with S,5,5,,53 C C,.
Our first main result is:

Theorem 3.1. I = C(Dicy,, SoUS 16U S,b* US3b%) is a DSRG with parameters (4n,|S o +|S 1| +1S 2| +
IS 30), i, A, 1) if and only if the following four statements hold:

() So +5, S5+, +5587" = (1= e + (1~ @S0 + Gy

(i) SoS1+5, Sy +5,55+858 “) = (A= )S| + uC;

(iii) 25052+ 81 ST+ 8387 = (A= w)S, +uC,;

(iv) SoS3+81 S +5,8,+858" =-S5 +uC,.
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Proof: According to Lemma 2.4, the following holds:

(SoUSBUS:E? USH)

= S0 +5,S1b+505,0*+505:6° + 5, STVb+ 5, 8052
45, S I + 5, S ) 45, Sob? +5, 5,6+ 5, +5,53b +
S350 +55 80 455 80 b + 55 85082

= S0 458048, +5; 8D

+(s—os—1+s—lsg-l>+s—zs—3+s—35g-l>)b

(3505245187 + 55507
+(S_OS_3+S_IS§‘”+S_ZS_1+S_35§;”)b3.

From Lemma 2.3, the Cayley graph I' = C(Dicy,, So U S b U S,b* U S3b%) is recognized as a DSRG
with parameters (4n, |So| + 1S 1] + |S2| + S 3]), i, 4, 1) if and only if

(SoUSBUSE USH)

te + A(SoUS1bUS,62US3b%) +u(C, + Cb + C,b2 + C,b°)
—pe — 1 (So U S b U S,k U S3bY)

(1= e + (A= S0+ uC,) +((A = Sy +uC,) b

+(( = S5 +uC,) b + (A - S5 + uC,) b*.

From the above two equations, we complete the proof.
LetSo=S,=Mand S; = S3 = N in Theorem 3.1, then we have:

Theorem 3.2. T’ = C(Dicy,, M UNbU Mb*> U Nb?) is a DSRG with parameters (4n,2(|M| + |N|), u, A, 1)
if and only if the following two conditions hold for t = u and M, N:

Q) 2(M2 +NW) — (A= WM +uC,:
(ii) 2N (M + MD) = (1= wN + uC,.

Proof: As So =S, =Mand S| = S3 = N, from (i), (iii) of Theorem 3.1, we derive

2 (W +N N<—1>) — (1= e + (A — WM + uC,,

and

2(W" + NND) = (- + 4C,.
Therefore, comparing the above two equations, we have ¢ = u and 2 (Mz + NN (‘1)) = (A= @M + uC,.
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Similarly, as S¢ = S, = M and §; = S3 = N, from (ii), (iv) of Theorem 3.1, we have
2N (M + MCD) = (A= N + uC,.

This completes the proof.

Setting N = M in Theorem 3.2, we have:

Theorem 3.3. C(Dicy,, MU MbU Mb*U Mb®) is a DSRG with parameters (4n,4|M|, u, A, t) if and only
if the following two conditions hold for t,u and M:

1) t=p
(ii) 2M (M + MD) = (1 = )M + pC,.

Remark 3.1. Theorem 3.3 (ii) also implied that

2MD (M + MCD) = (= )M + uC,.
Thus, by Theorem 3.3 (ii) and Remark 3.1, we derive
-_ _—\2 - —_— -
2(M+ M) = (A=) (M + M) +2uC,.

Next, we can get several classes of DSRGs from the above results.

Corollary 3.1. For an odd number n, suppose that the two conditions hold for M,N C C,:

(i) M+ MY =C, —e;

(i) NNCD - M MY =¢C,, e=0orl.

Then, I' = C(Dicy,, M U Nb U Mb* U Nb*) is a DSRG with parameters (4n,2n—2 +2e,n— 1 +2e,n —
3+2e,n—1+2e).

Furthermore, if M satisfies (i), and N = Mh or N = M“Yh for h € C,, then T is a DSRG with
parameters (4n,2n —2,n—1,n—3,n—1).
Proof: By (i), we have [M| = "3*. By (ii), we have IN* = |M|* + en = (M| + €)*, because & = 0 or 1,
and |[M| = % Thus, we obtain |[N| = |[M| + & = ”2;1 + £. By (i) and (ii), we obtain:

2 (W + N_NH)) 2 (MZ + M MO + gc—,,)
= 2M (M + M<—1>) +2eC,
= 2M(C, - e)+2eC,

= —2M +2(M| + &)C,

= 2M+(n-1+2¢0C,,

and
ON (M + M(—l)) = 2N(C, — e) = 2IN|C,, — 2N = =2N + (n — 1 + 2¢)C,.
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Therefore, the desired result is obtained through Theorem 3.2.

In the following, we denote [ = = where v | n. Given that (a") is a subgroup of C,, a corresponding
transversal within C, consists of the elements {e,a,a’,--- ,a""'}). Let T C {e,a,a’,---,a" '} as a
subset. We define:

(@) = | Ja'(a,

a'eT

where a'{a") are coset of {(a) in C,,, for a’ € T. Then we have:

Corollary 3.2. Let T C {e,a,a?,--- ,a""'} as a subset, with v | n, and the following two conditions
hold for M,N C C,:

(1) N=T(a") = MU(a");
(i) Ny N =C, +{a").

Then, I' = C(Dic4,, M U Nb U Mb?> U Nb?) is a DSRG with parameters (4n,2n,n + L,n —I,n +1).
Proof: According to (i) and (ii), we derive [N| = |M| + | = ”7”, and M + MY = C, — (a"). Therefore,

2(W + NND) = 2(W + (M + @) (M + a)))

=2 (MZ +M M) + (H + MCD) (@) +1 (aV))

= 2(M+ (@) (M + M™D) + 21 (a*)

= 2(M +(@))(Cy - (@) + 21 (a")

= (n+DC, —2M (@) — 2{a’y (") + 21 {a")
= (n+DC, -2 M -2I{a’y + 2[a")

= —20M+(n+1C,,

and
2N (M + M) = 2N (C, - (a")) = 2INIC, - 2N {a’y = =2IN + (n + IC,.
Therefore, the result is obtained through Theorem 3.2.

Corollary 3.3. Let T C {e,a,a?,--- ,a"""} be a subset, with v | n. Assume that the following conditions
hold for M C C,:

(i) M =T(a");
(i) MU MY =C, \ (a@").

Then, I = C(Dicy,, M U Mb U Mb?> U Mb?) is a DSRG with parameters (4n,4|M|,n — I,n — 31, n - ).
Proof: According to (i) and (ii), we derive

oM (M + M(—U) =2M (c_ - <Mv>) = 2|M|C,, - 2IM = —2IM + (n — I)C,,.
By Theorem 3.3, we obtain the result.
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Remark 3.2. If T = C(Dicy,, M U Mb U Mb> U Mb?) is a DSRG in Corollary 3.3 , then we derive
MnMY =0.

Now, we give an example to illustrate our results, whose parameters are listed in [2].

Example 3.1. Let Dicsg = {a,b|a’ = b* = 1,b7'ab = a™") be the dicyclic group of order 36 and v = 3,
then | = 3 =3 and (a3) ={e,a’,a%). Let T = {a*} C le,a,a’}. Then, we have M = {a*}{a®) = {a,a*,a’}
and MY = {a?,a®,a®}. Thus, M U M"Y = {a,a* a*,a’,d’,a®} = Cy \ (a®) satisfies the condition of
Corollary 3.3. By direct computation, we have

S = 60 + 08 + 6(Dicsg — ¢ — S),

where S = MUMbUMB>UMDb3. Therefore, by Lemma 2.3, we have I' = C(Dicss, MUMbUMb*UMb?)
is a DSRG with parameters (36, 12,6, 0, 6).

Suppose that M N MY = @, i.e., M is an antisymmetric subset of C,. We end this paper with a
criterion for certain Cayley graph to be a DSRG.

Theorem 3.4. ' = C(Dicy,, M U Mb U Mb* U Mb®) with M N M©Y = (0 is a DSRG with parameters
(4n,4|M|, 1, A, t) if and only if the following conditions hold for a subset T of {a,a*,--- ,a"~'}:

i) M =T{a");
(ii)) MU M“D =C,\(a"), where v = ;% is an odd positive integer.

Proof: Let W = M U MY C C,. Then, Sw(h) = 0 or 1 for any h € W. Hence, W = M + M.
By Corollary 3.3, if T = C(Dicy,, M U Mb U Mb*> U Mb?) satisfying (i) and (ii) is a DSRG, then
MnMD =0,

Now, we consider the converse part. Suppose that I' = C(Dicy,, M U Mb U Mb*> U Mb?®) is a DSRG
with parameters (4n,4|M|, u, A,t), where n is odd. By Theorem 3.3 and Remark 3.1, we have

= (A= W +2u(C,). (3.1)
Therefore, we have y(W) € {0, A%“} for any non-principal characters y(W) of C,. Now, we define

1, -
W={j]i= 12 0= 1@ = SE

By Lemma 2.2, we have that

1 - 21M
owlh) =~ 3" x(Wi® = L3y + % (3.2)

xelr(Cy) jew

As e ¢ W, hence, we obtain 0y (e) = 0, and therefore,

A- 2IM
Swie) = “ SEwl+ 'n -0,
Then, we have 4|M| = (u — A)|'W|. Thus, the expression (3.2) becomes
Sw(h) = [|W| - mm) (3.3)
jew
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By Eq (3.3), we have |'W| - 3} ;. xj(h) € Q. Note that [W| — 3 cqy x j(h) € Z[w,]. Therefore,

By Eq (3.3), we also have

Swiy =0 W= > Yh=0exh=1ege( )X,
jew jew

where j € W). Let R o N jew Ky, is some subgroup of C,,. Thus, |R|||C,,|. Since |C,| = nis odd, |R| is

odd too. Thus, we have W = C,, — R. Moreover,
W’ = 2(C, — R)* = 2(n — 2IR))C, + 2IRIR = —2|R|W + 2(n — |R)C,,

then, we have |R| = ’“’%ﬁ, n—|R| = u, and |M| = ”_T'm = ‘5‘ Therfore, R = (aﬂ%) = {(a"). Since |C,| = n

and |R| = ’%’l are all odds, we have u = ;% is odd too. Thus, we proved (ii). In this case, by Theorem
3.3, we have

(= )3+ 4G, = 28 W = 23 (€, (@) = G, — 2 @,

i.e., ’%AM =M W. Thus, we have M = T(a") for some subset T of {a,a?,--- ,a""'}; therefore, we
proved (i).
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