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Abstract: From the perspective of ecological control, harvesting behavior plays a crucial role in
the ecosystem natural cycle. This paper proposes a diffusive predator-prey system with predator
harvesting to explore the impact of harvesting on predatory ecological relationships. First, the existence
and boundedness of system solutions were investigated and the non-existence and existence of non-
constant steady states were obtained. Second, the conditions for Turing instability were given to further
investigate the Turing patterns. Based on these conditions, the amplitude equations at the threshold
of instability were established using weakly nonlinear analysis. Finally, the existence, direction, and
stability of Hopf bifurcation were proven. Furthermore, numerical simulations were used to confirm the
correctness of the theoretical analysis and show that harvesting has a strong influence on the dynamical
behaviors of the predator-prey systems. In summary, the results of this study contribute to promoting
the research and development of predatory ecosystems.
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1. Introduction

The study of predator-prey systems is increasingly becoming an important topic in biology and
mathematics because it helps us to better understand the connections between populations. Turing
pointed out in 1952 that stable homogeneous states in reaction-diffusion systems can destabilize under
certain conditions and spontaneously generate a wide variety of ordered and disordered patterns [1].
Populations do not remain in a fixed space for a variety of reasons, so it is relevant to introduce diffusion
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into the predator-prey systems. Many scholars have begun to study the effect of diffusion terms on
system patterns (see [2—6]).
Among many ecological systems, the Leslie-Gower system has the following form

{% =ru(l — 2) —vQ(u),

dv _ _ v
a = sV =30,

(1.1)

where v and u denote the densities of predators and prey, respectively; Q(u) denotes the functional
response; K stands for the environmental capacity; & measures the translation of prey food quality into
predator birth rates; and s and r represent the intrinsic growth rate of predator and prey populations,
respectively. This system has been studied by many researchers, such as the simplified Holling IV
O(u) = -5 [7]. Meanwhile, the generalized Holling I'V functional response can describe an ecological
phenomenon: When the density of the prey population exceeds a critical value, the group defense
capability of the prey population can increase, which not only does not promote the increase of the
predator population, but also inhibits its increase [8,9]. Thus, we use the generalized Holling IV
functional response function Q(u) = —=%— to describe the interaction between predators and prey,
where @, c, b are biologically meaningful positive numbers.

At the same time, according to experiments [10], it is known that the fear effect in prey cannot
be ignored. The fear effect can have an important impact on the dynamical behavior of the system
(see [11-15]). Also the harvesting of predators is often of great practical importance (see [16, 17]).
Thus, we can continue to add these factors to the system (1.1), and a new system can be represented

as follows .
du _ ru(l1-¢) __aw
dt —  l+av u+cu+b’ (1 2)

% = sv(l = 3-) — gmEv,

where a, g, m(0 < m < 1), and E are biologically meaningful positive numbers. Due to the inevitability
of the diffusion effect, by adding the diffusion to the system (1.2), we can obtain the system (1.3)

{@ — rul—%) _ _ ow +dAu

dt 1+av u+cu+b
o (1.3)

o =sv(l = 5) —gmEv + d)Av,

where A indicates the Laplacian operator, and d; and d, represent the diffusion rates of the prey and
predators, respectively.
For simplicity, by taking the following transformations:

u v ark? c

—bu — PV, rtet, >k —bd — e,

K rK? a K K2
K s g ImE Ly By,
ah rK r r

One can attain a new diffusive predator-prey system as follows

Ou _ u(l-u) uy

dr — 1+kv | ul+dute +d\Au, x€Q,1>0,

v _ v

E—év(ﬁ—;)—/lv+d2Av, xeQ,t>0, (14)
ou _ dv _ :
a_n—a_n_o’ x €0, t >0,

u(x,0) = up(x) =2 0,v(x,0) = vo(x) 20, x€Q,
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where Q ¢ R¥(N > 1) denotes a smooth bounded domain and AQ is its boundary; n and dn denote
outward unit normal vector and directional derivative, respectively; and uy(x) and vy(x) stand for non-
negative smooth initial conditions.

Its ODE system is as follows:

d_u _ u(1-u) _ uy

dt —  1+kv u>+du+e’ (1 5)

4 .
G=ov(B— ) - A,

whose dynamic behaviors have been studied by us [18]. It is obvious that the positive equilibrium
points of the system (1.5) are the intersection of two intersecting curves 11;1:; — ——— = 0 and the

straight line 6(8 — 2) = A in the first quadrant. That is, they are the positive roots of the following
cubic equation:

Pl 1
ﬂm:f+(ﬂ—?%+d—1ﬁ+$—g—d+@u—a

Let I = p*—d4gr, g =m*-3n, p=mn+9e, r=n*+3em,
where m=B-5’k+d-1, n=p-4-d+e.
The conditions for the number of positive equilibrium points have been obtained in detail in [18],
so they are not given here, but they are the basis for subsequent numerical simulations in this paper.
The Jacobi matrix of the system (1.5) at the internal equilibrium point is not difficult to obtain

U2+ Qd-Dul +e—d . 1+2kv}
Jg- = U; (+kv)) (@ +du’ +e) U; (I+kv) (@ +dui+e) | |
1

58— 4 ~0(8 - 4)

It is easy to find that the equilibrium point ES is always a saddle for the reason that Det(Jg;) < 0.
However, Det(Jg:) > 0 at the other equilibrium point E}. Therefore, the equilibrium point E7 is locally
asymptotically stable if the condition a;; + ay, < 0 1s satisfied, where

__ 0F(uv) _ 0G(u,v)
amn =~ 5 ax» = —(5—

() =G} v7)

and F(u,v) = "0 — 8 G(y,v) = 6v(B— L) — .

The framework of the article is organized as follows. In Section 2, the boundedness and
existence conditions for solutions of the system (1.4) are given. Then, we analyze the existence and
non-existence of non-constant steady states of the elliptic system corresponding to the system (1.4) in
Section 3, which facilitates the determination of the existence of Turing patterns. In Section 4, we give
the conditions for Turing instability and the amplitude equations at the neighborhood of the threshold
of Turing instability. The existence and direction of the Hopf bifurcation are explored in Section 5.

Finally, numerical simulations and short conclusions are presented in Sections 6 and 7, respectively.

2

(u,v):(u:.‘,v;‘)

2. Boundedness and existence of solutions

In this section, the existence and boundedness conditions for solutions of the system (1.4) will
be given.
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Theorem 2.1. Suppose that k,d, e, 6,8, A, up(x) > 0,vo(x) > 0, and d; > 0,d, > 0in Q Cc R¥(N > 1),
then solutions of the system (1.4) are unique and positive, i.e., u > 0 and v > 0 for (u,v) € A, ¢ > 0 and
x € Q, where A = {(,v) : k(1 — u)(u? + du + €) + (1 + kv)? > 0}. Also, if k¢ + ¢ — e < 0 holds, where
¢ =pB- 4, we have

(1) hm supma;zxu( , D <1, hm supmang( ,H) <c,

(11) hm mfmmu( Hn>1- 9(1 + kc), 11m mfmmv( 1) =c[1 -0+ ko).

Proof. Let (u,v) = (i(?),¥(¢)) and (u,v) = (0,0), where (7(z), ¥(¢)) is the unique solution to the
following system
du _ u(l-u)

dt 1+kv

L= (B - L) - Ay,

u(0) = it = supreauto(x), (0) = ¥ = supyeqvo(x).

Then
on u(l — i) uy ou u(l —u) uv
—diNi+ ————>—-= = —diAu+ ———,
at  1+kv T R date” o 1 +kv 154 w+du+e
and
ov

ov
E—év(ﬁ——)+/lv—d2Av> a——év(ﬁ——)+/1v—d2Av

This shows that (i#,v) = (i), ¥(t)) and (u,v) = (0,0) are the upper and lower solutions of
the system (1.4), respectively. Furthermore, we have 0 < uyp(x) < & and 0 < vy(x) < 9. By a

) . . __ k(—w+dute)+(1+kv) -
simple calculation, we can easily find F\(u,v) = —u=——1 rimane — < 00 Gu(u,v) = T for

(u,v) € A, where A is written as A = {(u, V) k(1 —w)(W? +du+e)+ (1 +kv)* > O}. By the well-
known conclusion in [19], we find that the system (1.4) is a mixed quasi-monotone system, which
owns a globally defined unique solution (u, v) that satisfies 0 < u(x,#) < @(r) and 0 < v(x, 1) < ¥(2).
Furthermore, we have u(x, 1) > 0 and v(x, ) > 0 for > 0 and x € Q by the strong maximum principle.

Next, we begin to explore the boundedness of the solutions u(x, ) and v(x, ). We find that (i)
is easily obtained by comparison principle. However, (ii) is the one that needs to be worked out.
Observing the first equation of the system (1.4), we have

—diAu> = [1 - £(1 + ke) —ul, x€Q,>0,
g_z:o, x € o, t>0,
u(x, 0) = up(x) = 0, X€Q,

where ¢ = 8 — § Using the comparison principle again, there exists 77 > 0 and & > 0 such that
u(x,t) =2 1 = <(1 + kc) + & holds forz > T and x € Q. Similarly, we still have

- dzAV > 6V(C - m), X € Q,t>0,
& =0, x€0Q,1>0,
v(x,0) = vo(x) > 0, x€Q,
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where ¢ = 5 — g Thus, the comparison principle helps us to obtain that there exists 7, > 0 and &, > 0
such that v(x, 7) > c[1 — £(1 + kc¢) + £1] + &; holds for 7 > T, and x € Q. By the arbitrariness of & and
&, we complete the proof. O

3. Non-existence and existence of non-constant steady states

In this section, we will focus on the elliptic equations of the system (1.4):

~diAu = uﬁ;:) - uz-:z;u+e’ xeq,
—dAv =6v(B—2)— v, x€L, (3.1
M=, x €0Q.

Next, the conditions for the existence and non-existence of the steady states of the system (3.1) will
be given.

3.1. A priori estimates

Theorem 3.1. Assume that k,d, e, 6,8, 1,d,,d, > 0 and 1 > —5(_“2— Vk“‘”“” — ) holds, we have

— (I +keo)<u(x) <1, c[1-£(+ke)] <v(x)<c, wherec=p-
Proof. Let (u(x), v(x)) be a non-negative solution of the system (3.1), and

SO bV

u(xo) = maxu(x), v(yo) =maxv(x), wu(x;)=minu(x), v(y;)=minv(x).
xeQ) xeQ xeQ xeQ)

By maximum principle [20], the system (3.1) follows

u(xo)(1 — u(xo)) u(xo)v(xo)
= 1+ kv(xp) - u(x0)? + du(xp) + e < uxo)(1 = ulxo)),
and
0<-a+68-6"0 < _qiop— 6tV
ulyo u(xo)

Thus, we obtain a set of upper bounds for u, v
A
O<ulx)<l, 0<v(x)§,8—g.

Similarly, using maximum principle again, we can derive

I —u(xy) _ v(Yo) < I —u(xy) _ v(x1)
1+ kv(yo) e ~ 1+kvix)) ul(x)?*+du(x)+e”
and
Sa-s0) gy s g g
u(xy) u(yr)

The above two inequalities indicate that

u(x) >1- g(l + kc), v(x) > c[l - g(l + kc)] hold.
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Next, we would like to explore whether an unrestricted positive lower bound exists in the priori
estimates for positive solutions.

Theorem 3.2. Let d be a given positive constant; then, there exists a positive constant C, which depends
onk,d,e,o,p, A4, J, such that the solution (u, v) of the system (3.1) for dy,d, > d satisfies

C <ulx) <1, C’(,B—g)<v(x)<,8—§.

Proof. Itis clear that 0 < u(x) < 1,0 < v(x) < B - ’31 with the help of the maximum principle.
Denote
u(x;) = minu(x), v(y;) = minv(x).
xeQ) xeQ)
We have
I —u(xy) _ v(x1) <0, _/1_6("(%)
1 +kvix))  u(x)?+du(x)+e u(yr)

~p) <0.

Then

| <u(e) + max v(x)(;u-:xlf )max v(x)) <ux) + max v(x)(1 ; k max v(x))D1 max u(x)

1
= min u(x) + C(+kC)D1 max u(x),

where ¢ = 8 — g and D, is a positive constant.

Define
1 1-u v

d_1(1+kv_u2+du+e ’

Z2(x) =

then, u satisfies the condition
. ou
Au+z(x)u=0 in Q, o =0 on 0Q.
n

Using Harnack inequality [21], it can be easily pointed out that
max u(x) < D, min u(x),

where D, depends on |z],.
Therefore, we can get

1
N c(1 + kc)

1
1 <(1 D D,) min u(x) = z min u(x),

which means u(x;) > C.
Furthermore,

A
vy = (B - g)u(xl),
which means v(y;) > C’(,B - % . O
Next, we will prove the non-existence of non-constant steady states of the system (3.1).

We assume that all eigenvalues of the operator —A with zero-flux boundary conditions in € are
O=po<py Spp<---<pj<ocoand limpy; = co.
Jj—oo
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3.2. The non-existence

Now, we set i1 = IIEI fQ u(x)dx,v = ﬁ fQ v(x)dx, where (u(x), v(x)) is a solution of the system (3.1),
and if = u — i1,y = v — v, then we have fQ ¢dx = fg Ywdx = 0. Thus, we have Theorems 3.3 and 3.4.

Theorem 3.3. Assume A > —5(=¥*< — B) for ¢ and y, the following inequalities hold
2 (1+ )e’ I
(@) fQ dx + fg |V¢| dx < 16d12(1+klel~)12(e—kc2)2;1%’
i 2 2 (L+us*cHQ)
(i) [ ydx+ [ |Ivyl dx < o
where p; denotes the first positive eigenvalue of the operator —A and ¢ = § — g.
Proof. Using the first equation of the system (3.1) and Cauchy-Schwarz inequality, there holds

d1f|v¢|2dx:f¢<”“_”)— W g
Q Q

1+kv  u+du+e

e

= 0+ ke k) L‘W(l ~udx
e

10+ kc)(e —ke?) f 91dx

= 4(1 +kc)(e kcz)(f 91 dx )2

2
d, f IV dx = f W(ev — 6 )dx
Q Q u

< 6cf:,//vdx < 5c2fx//dx <6 \/@(f W dx)z.
Q Q Q

and

Through Poincaré’s inequality, we have

\/_

y e ol ;
dlf Vo dx < o - c2)(f " )’ = X1 + ko(e — k) (f Vot dx)?,
d f Ivyl? dx < 6¢® \IQI( f W dx)z sacz,/@( f vy dx)?.
Q Q M1 Jao

This means
f vl d s f vyl dx 'Q'.
16d2(1 + ke)2(e — ke2)uy
Again with the help of Poincaré’s inequality, we have
Jo#dx+ [ 1908 dx < o,
o wdx+ [ vyl dx < —“*“;;‘i ] o
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Theorem 3.4. Assume that k,d, e, 9,5, 4,d;,d, > 0, then the system (3.1) has no non-constant steady
states if d; > dy,d, > d,, where

=1 6 (k+24)® +4de(l1+2¢)+4d+4+8c - 1 oct ke’ +4e+4d+4
d = 2 L e paed 20 Oy = — (O + o+ 21 ).
1 2C? 8e2 M 2C? 8e?

Proof. Multiplying the first equation for the system (3.1) by ¢ and integrating it by parts

2 . u(l—u)_ uy
d1L|V¢| dx—L¢( 1 +ky u2+du+e)dx
:f¢(u(l—u)_ uv )dx—f¢(u(l_lf)—_ W \ix
Q Q

1+kv  w+du+e 1+kv wl+diu+e

u(l — u) f uy
= dx — —d
fg¢1+kv x Q¢u2+du+ex

= W1 +W2,

where W, := fQ gy, W, = >

1+kv Q u2+du+e

Through Theorem 3.2, we get

C(ud-w (e -
Wl_fgd’ukvdx L¢l+k\7dx

o(1 + kv)(1 — (u + i) + kpu(u — 1)

-, (1 + kv)(1 + k) gdx

= u+a) , |G — 1)

0 14k #dx fg(l (1 + k) 91 W dx
<3f¢2dx+ f|¢||w|dx

and

uv uv
Wz_f('2+du+e u2+du+e)¢dx
3 f d(uvii — ev) — y(eu + u*i + duii)

u? +du + e)(i? + dii + e)

uvii — ev eu + v + duit
gf uvid ~ edl ¢2dx+f : T
Q Q (Lt

(u? + du + e)(@® + dii + e) +du + e)(@® + dii + e)

c(l+e) e+d+1
< — f ¢dx + ——— f || | dx.
e Q e Q

Therefore,

4 [1vofar <o D) [ gaxe G+ G [ olwiax
Q e Q 4 e Q

S(k+24)ez+4e(1+2c)+4d+4+8€f¢2dx+k€2+4€+4d+4fwzdx_
Q

odx

8e? 8e?
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Similarly, multiplying the last equation of the system (3.1) by ¢ and integrating it by parts

2
d, f IV dx = f W(ev — 6 )dx
Q Q u
2 =2
:6fw(cv—v——a7+vf)dx
) u u

2_ —_
:5f9//(c€0+¢v wu(v+v))dx
Q

ul

2
S(Scfwzdx+5fv—_|¢llwldx
Q QMM

oc? oc?
< (6c + — 2dx + — f 2dx.
( 2C2)fg¢/ 202 Q¢

With the help of Poincaré’s inequality, we finally have

d, f IVo* dx + d» f Ivy> dx < d, f IVo|* dx + d> f |vy|? dx,
Q Q Q Q

7 2 k+24)e? +4e(14+2¢)+4d+4+8 7 2 2
where d) = (35 + E2RRCRORER) d) = L(e + 35 + Ay and ¢ = B - 5.

H1~2C? 8e? a 2¢? 8e?
Clearly, as soon as d; > d; and d, > d, are satisfied, there is V¢ = Viy = 0, which means that all
solutions of the system (3.1) are constant steady states. O

3.3. The existence

To simplify the calculation process, we set z = (u,v) and

u(l-u) uy ) A
D= (dl 0)’ L(z) = ( 1+kv u2+du+e) , LZ(E;_“) = ( Ti p’)’

—_ry_ 2 _
0 d, ovpB—1)—Av oc oc
3u2+2d-2)ut +e—d 1+2kv? 2
=yt i = 5 =pyf—1 =hH—-=
where 7; L1+ ) +dul+e) 21 U; (I+kv)) 2 +du’ +e) andc =f 5°

Let T'(u;) be the eigensubspace generated by eigenfunctions corresponding to the eigenvalue y;,
j=0,1,2.... Set
D)X :={ze [CH@QIXIC' DL =2=0 on 00},
(i) Xj; := {h(ﬁjslh € Rz}, where {qus cs=1,.., n(,uj)} is an orthonormal basis of T'(u;), and n(u;) =
Then, X = P, X, and X; = B X,
In addition, the system (3.1) can be re-represented as

—DAz = L(z).
Therefore, finding a positive solution to the above system if and only if z satisfies
gd.dy:z) =2 (- A" {D7'L(z) + 2} = 0,
where (I — A)~! is the inverse of I — A. Obviously, simple calculations show that

Dg(dy, dy; Ef) = 1= (L= A D' L(E}) +1}.
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Furthermore, it is easy to know that { is an eigenvalue of D,g(d;, d»; E}) on X, which is equivalent
to (1 + u;), which is an eigenvalue of the following matrix

T Pi
Tj = ,UJ'I - D_le(E;k) = (ﬂj &zd] ¢ 66) :

If we set
Mi(dy, dy; ) = didaDet(ud — D' L(E})) = didops’ + (di6¢ — doTpj + pidc” — Ti6c,
then we can get the following equation

index(g(dy,dy; ). E) = (-1, o= > nu).

Jj=0,M;(d,d> ;/,lj)<0

where n(u;) denotes the multiplicity of u;.
Therefore, we only need to discuss the sign of M;(d,, d,; it;) to obtain the index of g(d,,d,;-) at
the internal equilibrium point E}. Suppose that

(d\6c — do1))* > 4dydrdc(pic — ),

then, M;(d,, d»; u;) has two real roots,

7,dy — 6cdy + \(1idy — 6cd,)? — 4dydrdc(pic — 1))
2d,d, ’

7,dy — dcdy — \(1idy — 6cdy)? — 4dydrdc(pic — 1))
2d,d, '

u(dy, dy) =

u(dy, dy) =

Next, we will discuss the existence of non-constant steady states of the system (3.1) based on the
number of internal equilibrium points.

First, we consider the case when the number of internal equilibrium points is one.

Theorem 3.5. Suppose that I' > 0 and 3u}* + (2d — 2)u} + e — d > 0, then the unique equilibrium point
E}(uj,v}) is locally asymptotically stable, which implies that no non-constant steady states exist near
the neighborhood of E7.

Proof. Let

J= dlA + T —P1
B Yo drA - 6¢c)’

{ being an eigenvalue of J in X; is equivalent to { being an eigenvalue of the following matrix

J= —dipj + 7 —p1
oc? —douj—oc)’

Thus, the characteristic equation of the above matrix is given as follows

O+ Udvuj + dap; — 71 + 6¢) + My(dy, dy; ) = 0.

AIMS Mathematics Volume 9, Issue 9, 24058-24088.
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Since 3u72 + Q2d - 2u; + e —-d > 0, then 7y < 0, which means M(d,,d,;u;) > 0 and
dpuj + douj — 71 + 6c > 0. By the Routh-Hurwitz criterion, both roots {j;,{j, of the characteristic
equation have negative real parts and Re(;;, Re{j» < —y, where vy is a positive constant. This assertion
1s valid. m|

Clearly, for a sufficiently large d,, we define dlim udy,dy) = ;—: ;= u! and dlim ud,, dy) = 0.
2—00 2—00

Theorem 3.6. Suppose that I' > 0 and 3u;* + (2d — 2)u} + e —d < 0. If u! € (1, ptg+1) for some g > 1,
and o, = Zf.zl n(u;) is odd, then there is a positive constant d such that the system (3.1) has at least
one non-constant positive steady state solution when d> > d.

Proof. Tt is easily found that there exists a sufficiently large d such that 7,d, — 6cd; > 0 holds for
d> > d . Thus, we get u'(dy,d») > 0,u"(d,, d») > 0. By ' (dy, d») — !, " (d,, d») — 0, then there
exist two positive constants d > d and ¢ > 1, and we have

0 < 1dy, da) < i, pg < 0y, do) < pigur
when d, > d. In addition, there exists dy > d, which can satisfy
0 < uV(dr,dy) < pi(d. d}) < pl + &.
Therefore, it is valid that there exists d;* > dJ such that ;—11 < uy; we get
0 <ud},d}) < u(dy. dy) < .

Next, we will assume that the assertion is not valid and introduce the contradiction by means of a
homotopy argument.

We define
(1 = nd; +1td, 0

b = 0 (1= Dd + tdy)”

for ¢ € [0, 1], and consider the problem
-D(1)Az = L(z).
Therefore, z is a solution to the above problem if and only if z needs to satisfy the following equation
fz)i=z—-A-A)" {D—l(t)L(z) + z} =0, zeX.

By Theorem 3.2, we set
. . .2 p _
@z{(u,v) eX:C<um <1, CB-2<v0<p-, er}.

Then, we can get f(z;f) # 0 when z € 90 and 0 < r < 1. Homotopy invariance of the Leray-Schauder
degree indicates

deg(f(-;0),0,0) = deg(f(:; 1), 0,0).

AIMS Mathematics Volume 9, Issue 9, 24058-24088.



24069

So we have
deg(f(;0),0,0) = index(f(:;0), E}) = (-1)° =1,
deg(f(31),0,0) = index(f(-; 1), E}) = (=1)7 = —1.
This gets the contradiction, which shows that the assertion is correct. m]

We now proceed to explore the existence of non-constant steady state solutions for the
system (3.1) when the number of internal equilibrium points is three. Therefore, it is always guaranteed
thatT < 0,(8 -4k +d—1<0,8—-4—d+e>0.Next, we give different conditions to prove it. At
the same time, assume that e < d is valid, in order to better distinguish the sign of 7;.

There are three cases that need to be considered: (1)u* < uy, 2)u; < u* < ug, (3)u™ > ug where

g = e V(d-1)2-3(e-d)

- 3

Theorem 3.7. Suppose that u* < u} holds, if 1(di, d>) € (U, pms1) and o7, = 2o n(u;) is even for
m > 1, then the system (3.1) has at least one non-constant positive steady state solution.

Proof. Since u* < uj, we get 74,75,7¢ < 0. In addition, since p40¢* — 140¢ > 0, pedc? — T6oC >
0, psoc? — s8¢ < 0, we have

{,Ui(d]adQ) < 0,/12(071,612) € (Ums> Mm+1)s
My(d,, do; pj) > 0, Mg(dy, dy; pj) > 0.

Next, assume that the assertion is not valid. We still use the homotopy argument to introduce a
contradiction. For 0 <t <1, we set

u(l-u) tuy
L(z;1) = 1+kv u?+du+e ,
1) (6\/(,8 -3 -

and think about the problem
—DAz = L(z;1).

Therefore, z is a solution to the above problem if and only if z needs to satisfy the following equation
pat):=z-A-N)" DLz +2f=0, zeX

Similarly to Theorem 3.6, we set
_ T N A A A _
.::{(u,v) eX:C<ulx) <1, C(,B—g)<v(x)<,3—g, er}.

Then, we get p(z;f) # 0 when z € 0= and ¢ € [0, 1]. Homotopy invariance of the Leray-Schauder
degree shows

deg(p(;0),Z2,0) = deg(p(-; 1), E,0).

Therefore,
6

deg(p(-;1),E,0) = Z index(p(:; 1), E}) = (=1)7" +2 = 3.

i=4
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Moreover, if t = 0, p(z;0) = 0 only owns a positive solution z*(1,8 — ’51), by repeating the previous
work, we get
deg(p(-;0),E,0) = index(p(-;0),z") = (-1)° = 1.

This gets the contradiction, which shows that the assertion is correct. m]

Theorem 3.8. Suppose that u* > ug holds, lf/,li(dl, dz) S (,um,umﬁ),u‘l(dl, dz) S (/,lp,,up_,.l),/.li(d], d2)€
(ﬂq’ﬂqﬂ)a,u(_)(dla dZ) € (/~1sa/~1s+1)’,u-?.(d1a d2) € (;ug’:ug+1) and Om = ZT:O l’l(/,lj),O'q = Z;I‘:[H.l n(ﬂj)ao-g =
Z‘j’.:s .1 1(u;) as long as there are at least two odd numbers or all even numbers, then there exists
a positive constant d* such that the system (3.1) has at least one non-constant positive steady state
solution for d> > d*.

Proof. Since u* > uj, we get 74,7s,7¢ > 0. In addition, since ps6c* — 146¢ > 0, pedc® — Tdc >
0,ps6c*> — T56c < 0, we have that there exists a positive constant d* such that there is ' (d;,d,) >
0,1 (dy,dy) >0 (i=4,6)whend, > d".

In addition, we have

ﬂi(dladZ) < O’ﬂi(dl,dZ) € (/'II’H’/'[m+])7
ﬂi(dl’dz) € (:up’ﬂp+l)’/’ti(dlad2) € (ﬂq’/’tq+l)a
1o (dy, dy) € (s, pgrn), pS(dr, da) € (g, ).

Repeating the proof of Theorem 3.7, we have

6
deg(p(-;1),E,0) = Z index(p(; 1), E) = (=1)™ + (=1) + (=1)7 = 30r — lor — 3.

i=4
Obviously,
deg(p(:10), E,0) = index(p(0),2") = (-1)° = 1.
Our assertion is ultimately proven correct. O

Theorem 3.9. Suppose that u < u* < u} holds, if 1 (d\,d2) € (s pns1), 12(d1,d>) € (Wps fps1),
,uft(dl, dy) € (g, pg+1) and oy, = ZT:O n(w;), oy = Z?:p+l n(u;), then when o, + o, is even, there exists
a positive constant d* such that the system (3.1) has at least one non-constant positive steady state
solution for d, > d*.

Proof. Since u; < u* < ug, we get 74 > 0,76 < 0. Regardless of whether the sign of 75 is positive or
negative, we have

{,Ui(dl’dZ) < 0,13(dy, d>) € (s 1),
Me(dy,dy; ) > 0.

Moreover, there exists a positive constant d* such that there is y*(d;, d,) > 0, ,ui (d,,d») > 0 when
d, > d*. Then, we get
(1 (dy, da) € (pps prpe), 15 (dr, o) € (gs pigen)-

Repeating the proof of Theorem 3.7, we have

6
deg(p(:;1),E,0) = Z index(p(+; 1), E}) = (=1)" + (=1)7 + (=1’ =3 or— 1.

i=4
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Obviously,
deg(p(-;0), E,0) = index(p(-;0),z") = (-1)° = 1.

The assertion is valid. O
4. Turing instability and weakly nonlinear analysis

In this section, we derive the conditions for Turing instability. At the same time, the amplitude
equation derived from the weak linear analysis [22-26] facilitates the differentiation of different
patterns. For simplicity, we first set the spatial region Q as a one-dimensional interval (0, ), then
the system (1.4) becomes the following system

Ou _ ull-uw) _ uv

dr = l+kv Prdure T dittxy, x € (0,7),1>0,
o _

B = §y(f— L) — A + dyv, x€,7).t>0,

u(0,1) = u,(m, t) = v (0,1) = v(m, 1), t>0,
u(x,0) = ug(x) > 0,v(x,0) = vo(x) =0, xe€(0,n).

Now we can consider the following eigenvalue problem
Wi +pw =0,  w(0) = wi(n) =0, xe(0,n),

which has eigenvalue y; = j* and eigenfunction w i(x) = cos(jx) for j€{0,1,2...}.

(9

A; ) . . . .

Suppose that (Z) = X0 ( B] ) cos(jx) is the eigenfunction corresponding to the eigenvalue &; of
J

the matrix J;, thus we have

2 =& ( B{) cos(jx) =0,
J=0 !

2
. . . . _|[Ti—jdy —pi _ 2 32+ (2d-2)u +e—d
where I is the identity matrix and J; = ( ) Ti = W Gnadere Pl T

oct  —bc— j2d,)
« 1+2kv} _np_ 2
U} Troneranse € = B~ 5
Clearly, the characteristic equation has the form

&= -TiE+D;=0, je{0,1,2...},

where
T;=1;—6c— jAd + dy),
Dj = dydyj* — (1;dy — Scdy) j? + dc(pic — T)).

The roots of the above equation are

T:+.|T?>-4D

J j J

2 2

£ = je{0,1,2...1.

Based on the characteristic equation, we quickly have the following theorem.
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Theorem 4.1. If 3u? + (2d — 2)u} + e — d > 0, then the positive equilibrium point E7(u}, v}) is locally
asymptotically stable, expect for E%.

Proof. Since 3uf2 +(2d - 2)u: + e —d > 0, then 7; < 0 holds. In addition, we have p,c — 7; > 0,
expect for i = 5, thus it is easy to find that 7; < 0 and D; > 0 hold, which means E; is locally
asymptotically stable. O

4.1. Existence of Turing instability

Theorem 4.2. Suppose that 3u;.*2 +Q2d-2u;+e-d<0,7,—6c <0and d> > o'd, are valid, where
—T,'+2p,'C+2 m
72

implies that the system suffers Turing instability at A = A7 with the wave number j* = j3 = ,/ %,

where A7 is a root that can satisfy the equation (—520,’% +4d ldzépi) (B—2)* —2d,drT(BS— ) —d57; = 0.

Proof. Since p;6c* — 1;6¢ > 0, expect for i = 5, we can get that the internal equilibrium point E7 of the

ODE system is locally asymptotically stable if 7; — dc < 0, i.e., a;; + ax; < 0. Next, we will explore the

conditions for Turing instability under the assumption that 3u’? + (2d —2)u; +e—d < 0 and 7, — 6¢ < 0,

1.e., a;; > 0and ap +ax < 0. Itis well known that we only need to ensure that there exists j > 1 such

that D; < 0, which causes the equation x(¢) to have a positive real root and a negative real root.
Obviously, if

ol = éc , then E? is unstable for the reaction-diffusion system apart from EZ, which

F(d],dz) = Tidz - (5Cd1 > O,

then D; will reach a minimum value

idy — Scd,)?
minD; = D;. = Se(pe — 17) - 2= 0N

4d,d, ’
) _ Tidy—dcd
wherejz—ﬁ>0.
LetO':j—fand
(tid> — 6cdy)?
I(d,,d>) := 6c(pic — 1)) - —————,
(di,dr) := 6c(pic — 17) 1aid,

we have the following equivalent condition

F(d],dz) >0 0> f_—f,
II(dy,d>) > 0 © G(o) = ‘1'1.20'2 + 26c(=2pic + T:)o + 6%c* > 0.

It is not difficult to find that

2pic — 7
2

T

462c2(—2p,-c +1;)° - 471-252c2 = 16p,-(‘52c3(p,~c -1 >0, ©6c > 0,

because p;,c — 7; > 0 and p; > 0.
Therefore, G(o) has two positive real roots, which are

T

1 —Ti+2pic+2 \pic(pic—T;)
o =dc o ,
i
o2 = Sc —7i+2pic=2 \ PiC(PiC_Ti).
i

AIMS Mathematics Volume 9, Issue 9, 24058-24088.



24073

In addition, we have G(£) < 0, which means o2 < £ < ¢'. So, from the above analysis, d, > o”'d,
can be obtained. O

Remark 4.1. To verify the validity of the Theorem 4.2, the relation between Re(¢;) and wave number
Jj 1s described in Figure 1. It is easy to find that there exists a threshold 4 = Ay = 0.4004 for Turing
instability when k = 0.63,d = 9,¢ = 0.01,6 = 0.1,8 = 9,d; = 0.118,d, = 0.6. This means that we
should control A < A7 to induce the Turing instability.

0.05

-0.05

-0.1

Re(¢)

A=0.43
A=0.4004
A=0.35

-0.2

-0.25 | | | | | | | | |

Figure 1. The relation between Re(¢;) and wave number j .

Remark 4.2. We fix the parameters k = 0.8,d = 0.8,e = 02,6 = 04,8 = 6,4 = 1.6,d; = 0.15
to explore the effect of the diffusion coefficient d, on Turing instability; then, we can obtain 3u;‘2 +
2d = 2u; + e —d = -0.6066 < 0 and 7; — 6c = —0.6078 < 0, which means that the positive
equilibrium point E? is locally asymptotically stable in ODE system (1.5). Furthermore, if d, = 7 is
valid, then o' = 66.3106 and d, — o'd; = =2.9466 < 0, so the positive equilibrium point E} remains
locallyasymptotically stable in PDE system (see Figure 2). If d, increases to 20, then o' = 66.3106
and d,—o'd; = 10.0534 > 0, so the positive equilibrium point E7 will become unstable in PDE system
(see Figure 3).
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0.125

0.12

0.115

u{x,t)

0.11

0.105

0.1
1000

u(x,t)

0.24

0.235

0.23

v{x,t)

0.225

0.22

0.215 .
1000

Figure 2. Stable state of PDE system with d, = 7.

0.23

022
1000

Figure 3. Turing instability state of PDE system with d, = 20.

4.2. Weakly nonlinear analysis for Turing pattern

In this subsection, in order to distinguish the different patterns, multiple-scale analysis will be
used to obtain the amplitude equation near A = Ar.

Since the weak linear analysis method will be used next, we need to rewrite the system at the
positive equilibrium point E;(u},v;) and still use (u,v)" to represent the perturbation solution (u —

AIMS Mathematics
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uf,v—vi)T of the system (1.4)

uuu + HL V +

5 un uv + uuvu v+ uuuu + 19.(4) + dlAl/t

{ B = 1 — py + 220 + Fuv + 3 >

% = 6c*u — dcv + ”v + G uv + G““u + V”v + ““uv + & u v+ G"““u + 9(4) + drAv,
where , , .
2k (1-uy) _ 2kui-k u;“—e _ 1-u; uw”=3eu;-de
Fvv - (1+kv;f)3 ’ Fuv - (1+kv,f)2 (u;‘2+dui +e)2 H Fuu - 1+kv + 2 l+kvjf (u72+du;‘+€)2 ’
F 6k (1-uy) Foo— 2k Qu;-1) Foo— 2k _ u®=3eu;—de
vy (l+kv;‘)4 s uvy — (1+kv:.‘)3 ’ uuy — (1+kvf)2 (u;f2+du;.*+e)3 s
1—ut | =7u?=5dut +e—d?* w* Qut+d)y? 2(B65—1
Fow = 6 . y : T G, = _2_(*5’ G = M’

L+kv? (2 +du; +e)? @2 +du}+e) |’ u; ul

25(8-%) 4(1=6p) 65(8—4)
Guu = ——, vav = 07 Guvv = *Z,Guuv = ﬁ Guuu = To

u; l Mi

u . )
LetU = (v)’ then the above system can be equivalently written as

ou
— =PU+Q,
ot Q
where P and Q are linear and nonlinear operators, respectively,
7{(Ar) + diA —pi(dr) np N
P=Pr+r—A)N = +Ar—A
r+dr =4 ( 6c2(/lT) se(an) + dod) T T Ve 1)
Q _ (G1| V + Fuvuv + Mllu + ‘lV v3 + F;‘VV uvz + F;Ll) u v + FMMM 3 + 19'(4)’
vy v + Guvuv + uu u + VVVv + MI/] uv + llllt I/l V + MMM
with ny = —% and nipp = % .
A=At A=Ar

Then, the variables are expanded using the small parameter &:

Ar — A=l + &8 + 4 + I,

o-cffef)relt) e

4 _ o 2 9 3

5= a T T ae T E + (Y,
Q=0 +&0; + Y,
&V% + F,uv +

Q Fuuu%
2 =
G”vl +G, % ’
F F, Fuw
(—;‘,u% + z”fvu Vi + “‘Vulv1 + B v1 + Fuuy + Foy (Uva + upvy) + valvz)

6(83 )

where

3!

8 w4 G2 i+ “Wulv1 + 3;;‘ Vi + Gty + Gy (1va + 1) + Gy v

Qs

Substituting the Variables from the above expansion into the equation and combining the terms
about &, for the order ¢, &% and &>, we have

uj
Pr =0,
V1

Ul _ 5 (M u
PT 1%} - M(vl)_/llN( _QZ’
us g [U2
Pr V3 et) (Vz) * 6(821) ( -4 N( 2) /lZN( ) 0s.
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By solving the equation, we obtain that: - (f) (Zizl Wexp(ik; - 1) + c.c) where ¢ = —£U2)

di jr-ti(Ar)’
W; denotes the amplitude of exp(ik; - r) under first-order perturbation, and its form is controlled by the
higher-order perturbation term.

According to the Fredholm solvability condition, the vector function at the right end of the
equation needs to be orthogonal to the zero eigenvectors of the operator L7, which can guarantee
the existence of nontrivial solutions. A simple calculation gives the zero eigenvector of L. as

1
("0) exp(=ikj-r)+cc, j=1,2,3,

2
where ¢ = %. Applying again the Fredholm solvability condition, one has

(@ +@)gis = ldn +niz + 2e(Ar)d = DIV +2s1 + ps) W - W,
(@ + P = Aildmn +niz + @Qe(Ar)d = DIW2 + 2(s1 + ps)Wi - Wi,
(@ + @)a= = Ailgni + niy + @Qc(Ar)p — DIWs + 2(s1 + o)W1 - Wa,

with 51 = 5447 + Fiup+ 58 5 = 4447 + G + 5, and

(zz) = (32) + Zizl (3;) exp(ik; -r) + Z§=1 (3 )exp(2zk r) + (3 )exp(z(kl k;) - 1)

+ (U23) explitks — ks) - 1) + (U“) explitles — ki) 1) + €.
Vi3 Vi

where

U() U0 Up 2
o T L

Uj=¢V-,(Uab) (UZZ)W W,
Vab

V22
Uoo _ 2 ( 5166'(/1]‘) — pi(/lT)SZ )
Voo T 8c(Ar)(i(Ar)e(Ar)~Ti(A7)) S15C2(/1T) —1;(A7)s2 >
up) | ( 51(6c(A7) + 4da j2) — p,-(/lr)sz)
Vi) A=A )(=0en)=4dzjpoinec ) \ 51 5cX(Ar) — (Ti(Ar) — 4d, j2)s2 )
ux) ) (sl(éc(/lr) +3dyj2) - pi(/lT)sz)
Va|  @A0-3dij)(=0en)3d e n) \ 51 5cX(Ar) — (ti(Ar) — 3d, j3)s2)

Substituting (vz) into the equation, the Freudian solvability condition shows
2

(@ + )y + ) = [pny + niz + 9(2c(Ar)p = DIV + L, W)

+2(s1 + @)Wy - V3 + W3 - Vo) + [Z, WP + Z(\Wo* + (W5 [)]W,,
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where
Zi =Ry +¢R3, Z,=R;+ @Ry,

Rl - (uOO + ull)(¢Fuu + Fuv) + (VOO + Vll)(¢Fuv + Fvv) + ¢l

3¢ FHLH 3¢FL£¥¥ FV\\
2 + 2 + 2

R, = (ll()() + u22)(¢Fuu + Fuv) + (VOO + V22)(¢Fuv + Fvv) + ¢3Fuuu
+3¢2 wy T 3¢Fuvv +F,,

R3 - (uOO + ull)(¢Guu + Guv) + (VOO + Vll)(¢Guv + GVV) + uuu

’%¢ Gllbﬂ 3¢Guw G\\\
2 + 2 + 2

Ry = (ll()() + u22)(¢Guu + Guv) + (VOO + VZZ)(¢Guv + va) + ¢3Guuu
+3¢2Guuv + 3¢Guvv + Gy,

and the other two equations can be obtained by transforming the subscripts of V and W.
Since the amplitude can be expressed as follows

Dj=¢eW;+ sZVj +9(&),
we obtain the amplitude equation by combining the variables

ko2t = £D, + sD, - Ds — [ |Di* + L(D,I* + |Ds/)1D,
ko2 = ¢Dy + sDy - D3 — [ IDsf* + L(DyI* + D5 )1Ds,
Koa§3 = £Ds + sD, - D, — [ |Ds* + L(D,f* + |D,*)1D;.

with
K P+¢ é‘: — Ar—A2 — 2(s1+¢s2)
0= /1T[¢n11+n12+90(26(/lr)¢ Dy’ T’ Ar[pnii+ni+e2e(Ar)p-1)1°
I = Ri+¢R3 I, = — Rat+oRs
1 T Arlgni tnntee(ir)g-D]’ 12 Arlgni+nia+eQ2c(Ar)p-1)]"

Next, we can decompose the amplitude into D; = gjexp(if;)(j = 1,2, 3), where ¢; and 6; denote the
mode length and phase angle, respectively. Then, we will substitute it into the amplitude equation, and
separate the real and imaginary parts of the equation; thus, we can yield the following result

Kol = - UCAlL )
do1 010203 3 5 5
Ko%= £o1 + 50203 c0s 0 — 110} — hor (loaf” + losF)
do 3 2 2
Ko = &pa + 50103 €080 — 1105 — hos (|Q1| + losl ),

Ko% = £03 + 50201 €08 0 — 1,03 — D05 (|Ql|2 + |Q2|2) ,
with 6 = 6, + 6, + 65. Meanwhile, we are only interested in the stable solutions of equations, then we
get the following equations

Ko%= £01 + Isloa0s — 1103 = Dor (o2 + losl’).

Ko%2 = €02 +sl010s = 1103 = s (loi + losl).

Koagf = £o3 + |sl0201 — 1103} — 103 (|Ql|2 + |Q2|2)-

On the basis of the theory of [23], the above amplitude equations have four solutions, which will imply
four different patterns.
(i) Spotted pattern:

o1=0=03=0.
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It always exists and is stable if £ < & = 0 and unstable if £ > &, =0

(i1) Stripe pattern:
01 = ﬂf #0, 02=03=0.
11

It exists when & > 0 and is stable if £ > & =
(iii) Hexagonal pattern (Hy, H,):

szll

%1y and unstable if & < &3 = 7.

(II

Is| + /s + 4&(1 + 21)

01 =02=03=

2(1] + 212)
. _2 Isl+ Vs2+4&(I1+2D) . . 202 +1
Itexists when & > & = MTYZU Furthermore, solution o* = Th;z isstableif ¢ < &, = w
. _lsl= \/s2+4§(11 +21,)
and. solut}on 0 = —Sgmm is always unstable.
(iv) Mixed pattern:
K é- ot
01 = 12_11792 03 = L+l

. 2 .
It exists when I, > [1,& > & = ﬁ and is always unstable .

5. Existence, direction, and stability of the Hopf bifurcation

In this section, we will explore the existence of spatial Hopf bifurcation of the system (1.4) with
Q € (0, ) and further derive the stability and direction of the Hopf bifurcation.

5.1. The existence

In the previous discussion of Turing instability, we have obtained the characteristic equation of
the PDE system as

X&) =-TiE+D;j=0, jef{0,1,2...},
where
Tj =T1,—0c— jz(dl + dz),
DJ' = d1d2j4 — (T,’dz — 5Cd1)j2 + 6C(pl’C - Tl').
In order to find the Hopf bifurcation value Ay and verify the transversality conditions, we need to
explore whether the PDE system satisfies the following conditions [27], i.e., there exists j > O such that:

Ti(Ag) =0, Dyay)>0, T (Ax)#0, DAg)#0 for [+

and i’ (1) # 0 for complex eigenvalues 7(1) + iy(Q).

For the.existence .?f Ti(Ag) = 0, it is only necessary to satisfy 7;(1y) — 0c(Ay) — jdy+dy) =0
ie., Ay = /lfH = w > 0. Obviously, we must make it valid so that 7; > 0, i.e., 3u;"2 + (2d -
Qui+e—-d<0.

Therefore, there exists a positive integer j* > 1 such that

>0, j=0,1,2...75=1, A,<0, j=j,7+1,...
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and it is clear that there is 7)(1y) # 0. Furthermore, 1’ (1) = i M;’ o # 0 can be verified by numerical

simulations. With the expression for D;(1y), we can easily find out that

DA} > didyj* — (tidy — cd) (= 1), DoY) = c(pic — 17) > 0,

where E% is not considered.
Thus, if the following inequality holds

d]dz - (T,‘dz - 5Cd1) > O,

then D;(Ay) > 0. Similarly, we have D;(1y) > 0.
Therefore, assuming ?,u;."2 +2d -2)u; +e—-d < 0and did, — (1;d, — 6cd;) > 0, we know that all
roots of the characteristic equation for A = /1‘;{ = Ay have negative real parts except for the imaginary

roots +i 1/DO(/I%). However, at least one of the roots of the equation for A = /UH (I=1,...,)7-1)
has a positive real part.

Theorem 5.1. Assuming that 3u;.k2 +@2d -2u; +e—d < 0and did, — (1;d, — 6cd;) > 0 are valid,
then the system (1.4) undergoes Hopf bifurcation at E7 except EZ with 4 = /11{1 G=0,...77=1).
Furthermore, for A = /lf{ (j=1,...j° = 1), the bifurcating periodic solutions are non-homogeneous,
and for 4 = /121 = Ay, the bifurcating periodic solutions are homogeneous, which means that it can
coincide with the periodic solution of the ODE system.

5.2. The direction and stability
First, make the following definition: U; = RU, where U = (u,v)",R = DA + J(EY), J(E) =

( 67;2 :g(":) ,D = diag(d,,d,). Meanwhile, we set R* as the conjugate operator of R, which is defined as
R'U:= DAU +J'U.
We let @ (1) be the imaginary part of the roots of the characteristic equation

E — (1: = 8¢)é + 6c(pic — 1) = 0,

which has the following form

1
w(l) = 3 \/4(5p,-c2 — (1; + 6c)?.
Meanwhile, we set

. Al 3 X 1 . A’; B 1 1D'0+‘i56'0
q = B1 = 600(&2—1130) , q = B,lk = 27_[@_0 % ’

where @ = w(dy), ¢ =6 +w,, co=P- %0_
It is easy to get that (R*v, 1) = (v, Rut) , R(do)q = iwoq, R (A0)q" = —imoq*,{q". @) = 0,{q",q) = L,
where (v, u) = foﬂ ! udx indicates the inner product. From [28], the complex space is decomposed into

X = X°@® X*, where X¢ = {zg + Zg|z € C} and X* = {w € X|{q",w) = O}.
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For any U = (ug, vo)”, we have that there exist z € C and w € (wp, w;) such that
y

Uuo _ __ Wo
o) a1

Apparently,
Up = 72+ 7+ wy,
8cd(Sco—img) | _dch(Sco+iwo)
Vo =2 7 z wiy.
Thus, the system (1.4) is represented as
dz _ s . o~
& =iz +(q".8),
L = Rw + G(z,Z,w),

where

8 =28@q+7q+w),

G(Z,Za W) = g - q<q*’ g) - 51(‘?*,?) .
From [28], g can be written as

gW) = %H(U, U) + éP(U, U, U) +0(UI),

where H, P have a complex symmetrical form, and direct calculations show that

g =1H(q, )2 + H(q, 92z + 1H(@G, )7 + O( , Iz] - Wl , wP),

(q".8) = 3(q". H(q. 9)) 2 + (q", H(q. D)) ZZ + 3 (q", H(@, D) Z* + Ol , Iz] - W], W),
(G.8) = 3G H(q, ) 7 + (7", H(q, D)) 2+ 547", H(@ ) Z + Oz , o] - W], IwP).

Thus,

1
G(z.2.w) = 52°Gao + 2261 + 527G + O (1. Il - wl. IwF)
where

Gy = H(q,q9) —{q",H(q,9))q —{q", H(q,9)) g,
G =H(q,9) —<q",H(q,.9))q —<q", H(q,9)) G
G = H(q,9) —{q",H(q,9))q—<q",H(q,9))q.

Meanwhile, we get Gog = G1; = G, = (0,0)! and G(z,z, w) = Oz, Iz| - wl, w*). From [28], it is

clear that the system has a center manifold, and we can write it as

1 1

w= EWZOZZ + Eszzz + Zzwiy + O(I2]).

Then, we have
way = QRiwol —R)'Gy = 0,
wi =-R'Gy; =0,
wo = (2iwl — R)_IG()Z =0.
Thus, the system that is confined to the center manifold can be represented as

dz _

1 1 1
i@z + =007°Z + =0’ + =007 + 012z,
T woZ > 21272 5 023 ) 20< 11ZZ

AIMS Mathematics

Volume 9, Issue 9, 24058-24088.



24081

where
81 = (¢ (E.K)), 80=(q"@AB"), 81=(q(CD)),

and

F.A% +2F,,A B, + F,,B3,

GuA? +2G,,A B +G,,B,

C = FulAi* + Fu(ABy + BiA) + F,, |Bi[*,

D =G, A" + G, (AiBy + BiA)) + Gy, |Bi,

E = FuulAiP Ay + Fun(21A1* By + A2B)) + F,0,(2|BiI* Ay + B?A) + F.,, |Bi|’ By,

A
B

K = G |AiIP A + Gun(21A By + A2B)) + Gy (2|BiI Ay + B2A)) + G,y |B1* By

A straightforward calculation demonstrates

. (K 1 e:]
0y = Ewy + l(% — 5COE)] , Oy = - [A’ZD'Q + l(% —0coA)|,

2@'0 0 0 0

1 D
01 = — |[Cmg + i(é;—2 —dcoC)].
213'() 500
Therefore,

1 1
Re(c(Ap)) = "2y [Re(820)Im(11) + Re(811)Im(8y)] + §R€(521)-

Based on the above analysis, we have the following conclusion.

Theorem 5.2. Assuming that 3u;‘2 +Q2d-2)u; +e—d < 0and dd, — (1;d, — dcdy) > 0 are valid, then

the system (1.4) undergoes Hopf bifurcation at A = A%, = A, for E} except E:.
(i) The direction of the Hopf bifurcation is supercritical (resp. subcritical) if

Re(c1(A%) <0 (resp. > 0).

7' (A))

(i1) The bifurcating periodic solutions are unstable (resp. stable) if Re(cl(/lOH)) >0 (resp.<0).

6. Numerical simulations

In this section, in order to verify the correctness of the previous theoretical derivations and explore
the impact characteristics of harvest on the ecological relationship of predator populations, we will

perform numerical experiments.

6.1. Turing pattern

In this subsection, we set the bounded region Q = [0, 200] % [0, 200], while the time step is limited
to At = 0.01 and the spatial step is determined to be Ak = 0.8. The initial condition is set as a random
perturbation at the positive equilibrium point E?. Moreover, we only give different spatiotemporal
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pattern formations for prey u, since the spatiotemporal patterns of v are similar to u. Now we will fix
the following parameters

k=0.63,d=9,6=0.01,6=0.1,=9,d, =0.118,d, = 0.6,

then, we have

Ar = 0.40036,% =1.9039 = 2,¢&; = -0.0042,&, = 0,& = 0.0985, &4 = 0.3847.
2

Now it is not very difficult to get 4 = 0.39 < Ay and ¢ = 0.02588 € (&;,&3). Thus, it is easy to
find from Figure 4 that the pattern formation of prey u is spot patterns and stripe patterns coexisting
with each other when time is short. As time continues to increase, the spot patterns dominate until the
stripe patterns disappear; the spot patterns are the final form and no other structures appear. This result
suggests that the prey populations ultimately form a high-density interconnected spatial distribution
trend, while the predator populations have its own capture space and are not interconnected, which
means that they have a separate capture space.

0.1612

0.16115

0
Q0L 1)
o O, 0 alo b ol A003 0.18
s g = am ! -
o i ety O L | 695950 Dt‘“oa nuou £os Bnnr
: ho

0.16105
0.161
0.16095

0.1609

\.ID1-' c’., ool

0.16085 s -.gm.r
-J

d
0.1608 ; noﬁ
2 mu' oqh‘“do o :.u*.w:“

Flgure 4. Spot patterns appearing in the system (1.4) with 4 = 0.39.

If we choose the parameter 4 = 0.35 and € = 0.12579 € (&3, &,), itis obvious from Figure 5 that the
whole region appears as an irregular patterns, in which the spot and stripe patterns are in competition
with each other. Thereafter, as time grows, the spot and stripe patterns have a stable distribution until
both coexist; finally, mixed patterns are presented in Figure 5.

0.1314
0.13135
0.1313
0.13125
0.1312
0.13115
0.1311
0.13105
0.131

0.13095

Flgure 5 MlXCd patterns appearing in the system (1.4) with /1 0. 35
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Furthermore, we similarly give the formation of spot patterns of prey u with the parameter A =
0.21 and ¢ = 0.4755 > &4 in Figure 6. As the number of iterations increases, we can clearly observe
that eventually, only spot patterns exist , which is not consistent with the theoretical analysis. This
phenomenon occurs for the following reasons. In the relationship of &€ > & > & > &, > &, the value
of A is far away from the threshold A7, which means that some active modes will dominate compared
with the primary slave modes. Consequently, they are very difficult to be adiabatically eliminated in
the derivation of the amplitude equation. In addition, during the transition from uniform state modes
to active modes, the amplitude equation of D, has an extra third-order term DODZ Ds. Similarly, the
amplitude equations of D, and D; have extra terms DoD; - D5 and DD, - D,. The inclusion of these
terms leads to the re-stabilization of the spot patterns, which is why the numerical simulations do not
match the theoretical analysis. Similar numerical simulation results can be found in [29, 30]. More
details of the theory can be found in [23].

0.0598

3:-
-u"f
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2020005

T-1

“‘icg;“';"'

0.0596

0
2]
Q&al.'l-

-
LB

0.0594

Ay

(7
=

0.0592

0.059
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Flgure 6. Spot patterns appearing in the system (1.4) Wlth A=0.21.

By comparing and analyzing the results of Figures 4-6, it can be concluded that the spatial
distribution of prey and predator populations undergoes essential changes as the predator harvesting
parameter values decrease, and the spatial distribution density of the prey populations gradually
decreases. Furthermore, the final spatial pattern transitions from a spot pattern to stripe and spot mixed
patterns, which means that, as the spatial distribution density of the prey populations decreases, the
predator populations must spread to the predation domain in order to survive. Therefore, it is worth
emphasizing that the size of the predator harvesting not only affects the predation dynamics between
predatory populations, but also affects the density spatial distribution characteristics of the populations.

6.2. Hopf bifurcation
In this subsection, we will fix the following parameters
k=02,d=2,6=024,6=0.1,=3,d, =0.3,d, =2.5.

By a simple calculation, we can get A%, = 0.1346, and the parameters can satisfy the conditions
in Theorem 5.2. In addition, we can get Re(ci(1%)) ~ —1.3526 < 0 and 77(1%) > 0, thus it is
worth pointing out that the PDE system undergoes a supercritical Hopf bifurcation at 4 = A% and
produces stable bifurcated periodic solutions (see Figure 7). This result means that appropriate predator
harvesting behavior can promote the formation of a stable periodic growth coexistence mode between
prey and predator populations, which is beneficial for their sustainable survival.
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Figure 7. Stable bifurcated periodic solutions of PDE system with A = A9, = 0.1346.

7. Conclusions

This paper mainly proposed a predator-prey system with harvesting and diffusion to explore how
harvesting affects predatory ecological relationships. Within the framework of theoretical analysis, we
first give the existence of solutions of the system (1.4) by using the methods in [19] and boundedness
by using the comparison principle, and prove that the solutions of the elliptic system (3.1) are upper
and lower bounded. Second, with the help of Poincaré’s inequality, the non-existence conditions for
the non-constant steady states of the elliptic system (3.1) are investigated. At the same time, the
existence of the non-constant steady states is analyzed by homotopy invariance of the Leray-Schauder
degree. Moreover, we obtain the condition for Turing instability, and derive the amplitude equation at
the threshold of Turing instability by weak linear analysis, which gives different patterns such as spot
patterns, mixed patterns, and so on. Finally, the existence, direction, and stability of Hopf bifurcation
are analyzed through theories like central manifolds. Under the framework of numerical simulation,
we first validate the effectiveness and feasibility of the theoretical analysis results and dynamically
display the trend of spatial distribution changes in population density. Second, through comparative
analysis of numerical simulation results, the impact characteristics of harvesting behavior on predatory
ecological relationships and spatial changes in population density are pointed out. Finally, based on the
numerical simulation results, it is clear that appropriate harvesting behavior can promote the formation
of a stable periodic growth coexistence mode between the predator and prey populations. Based on
the above results, it can be clearly emphasized that harvesting has a significant impact on predatory
ecological relationships.

One innovation of this paper is the introduction of the generalized Holling IV functional response
to describe the interaction between predator and prey, which can not only enrich the dynamic properties
of the system (1.4) but also make it more suitable for exploring the spatial distribution trends of prey
and predator in natural ecosystems. Another innovation of this paper is to reveal the spatial coexistence
mode of prey and predator during the gradual enhancement of group defense in the prey populations
from the perspective of the dynamic evolution process of Turing patterns. Furthermore, it is also worth
emphasizing that prey and predator populations have a stable periodic oscillation growth coexistence
mode, which can indicate that appropriate harvesting behavior can not only effectively control the
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growth of prey populations but also maintain sustainable survival between prey and predator. This
research result can be applied to the control of Microcystis aeruginosa bloom outbreaks by monitoring
the its population density and of filter-feeding fish. If the dynamic change law of Microcystis
aeruginosa population density is a stable periodic oscillation mode under low density, and the dynamic
change law of filter-feeding fish population density is a stable periodic oscillation mode, this can
indicate that filter-feeding fish can effectively control the outbreak of Microcystis aeruginosa blooms.

To emphasize the feasibility of the theoretical and numerical results in this paper, we conducted
comparative analysis on the published papers separately. The paper [18] has thoroughly explored the
bifurcation dynamics behaviors of the system (1.5), and we have compared and analyzed the research
results of this paper with those of [18]. It is worth pointing out that the systems (1.4) and (1.5) have
stable periodic solutions, which means that the predator and prey populations can eventually form a
stable periodic oscillation growth coexistence mode with time. This indicates that the system (1.4)
continues some of the dynamic characteristics of the system (1.5) in the time state. Furthermore, these
papers [2,31-33] have obtained some excellent research results on steady states and spatiotemporal
patterns of predator-prey system with generalized Holling IV functional response, Holling type I
functional, and Beddington-DeAngelis functional response. Under the same theoretical analysis and
numerical simulation framework, we have investigated all possible stationary distributions of prey
and predator in two dimension habitats (for example, spots and mixture of spots and stripes). These
research results are similar to those presented in the papers [2,31-33]. Based on the above, it is
necessary to demonstrate that the theoretical and numerical results of this paper are reliable.

In summary, although this paper obtained some theoretical and numerical results in steady states
and spatiotemporal patterns, there is still much to be explored in subsequent work, such as using
laboratory or field monitoring data to calibrate the values of system parameters, investigating the impact
of population migration behavior on the dynamic relationship between prey and predator, etc. Finally,
we hope that the research results of this paper can provide some theoretical support for the control of
Microcystis aeruginosa blooms.
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