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1. Introduction

The Ricci curvature in Finsler geometry naturally generalizes the Ricci curvature in Riemannian
geometry. However, in Finsler geometry, there are several versions of the definition of scalar curvature
because the Ricci curvature tensor is defined in different forms. Here we adopt the definition of scalar
curvature, which was introduced by Akbar—Zadeh [1, see (2.1)]. Tayebi [11] characterized general
fourth-root metrics with isotropic scalar curvature. Moreover, he studied Bryant metrics with isotropic
scalar curvature. Later, a locally conformally flat (@, 8)-metric with weakly isotropic scalar curvature
was studied by Chen—Xia [4]. They proved that its scalar curvature must vanish. Recently, Cheng—
Gong [5] proved that if a Randers metric is of weakly isotropic scalar curvature, then it must be of
isotropic S -curvature. Furthermore, they concluded that when a locally conformally flat Randers metric
is of weakly isotropic scalar curvature, it is Minkowskian or Riemannian. Very recently, Ma—Zhang—
Zhang [8] showed that the Kropina metric with isotropic scalar curvature is equivalent to an Einstein
Kropina metric according to the navigation data.

Shimada [9] first developed the theory of m-th root metrics as an interesting example of Finsler
metrics, immediately following Matsumoto and Numata’s theory of cubic metrics [7]. It is applied to
biology as an ecological metric by Antonelli [2]. Later, many scholars studied these metrics ( [3,6,10—
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12], etc). In [13], cubic Finsler manifolds in dimensions two or three were studied by Wegener. He only
abstracted his PhD thesis and barely did all the calculations in that paper. Kim and Park [6] studied
the m-th root Finsler metrics which admit (a, 8)—types. In [12], Tayebi—Razgordani—Najafi showed
that if the locally conformally flat cubic metric is of relatively isotropic mean Landsberg curvature
on a manifold M of dimension n(> 3), then it is a Riemannian metric or a locally Minkowski metric.
Tripathia—Khanb—Chaubey [10] considered a cubic (@, 8)-metric which is a special class of p-power
Finsler metric, and obtained the conditions under which the Finsler space with such special metric will
be projectively flat. Further, they obtained in which case this Finsler space will be a Berwald space or
Douglas space.

In this paper, we mainly focus on m-th root metrics with weakly isotropic scalar curvature and
obtain the following results:
Theorem 1.1. Let the m(> 3)-th root metric F be of weakly isotropic scalar curvature. Then its scalar
curvature must vanish.

Let A := aj,.; (X)y1y2---ym. If A = F™ is irreducible, then the further result is obtained as
follows:
Theorem 1.2. Let F = /A be the m(> 3)-th root metric. Assume that A is irreducible. Then
the following are equivalent: (i) F is of weakly isotropic scalar curvature; (ii) its scalar curvature
vanishes, (iii) it is Ricci-flat.

Based on Theorem 1.1, we obtain the result for locally conformally flat cubic Finsler metrics as
following:
Theorem 1.3. Let F be a locally conformally flat cubic Finsler metric on a manifold M of dimension
n(= 3). If F is of weakly isotropic scalar curvature, then F must be locally Minkowskian.

2. Preliminaries

In this section, we mainly introduce several geometric quantities in Finsler geometry and several
results that will be used later.

Let M be an n(> 3)-dimensional smooth manifold. The points in the tangent bundle 7'M are denoted
by (x,y), where x € M and y € T:M. Let (x',y) be the local coordinates of TM with y = y'-%. A
Finsler metric on M is a function F : TM — [0, +o0) such that
(1) F is smooth in T M\{0};
(2) F(x, dy) = AF(x,y) for any A>0;
(3) The fundamental quadratic form g = g;;(x, )dx' ® dx/, where

1
gij(x,y) = [EF 2% Yy

. o, . . 2 12
is positively definite. We use the notations: F := gTF’ F.:= %, yz,.yj = %
Let F be a Finsler metric on an n-dimensional manifold M, and let G be the geodesic coefficients

of F, which are defined by
. 1 ..
G = Zglj(Fz yk _ Fij)’

xk yl

where (¢/) = (g;;)™". For any x € M and y € T,M\{0}, the Riemann curvature R, := R ,(x,y)Z ® dx*
is defined by
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R, :=2G, - G,y +2G'G,,, - G,G,.

yl
The Ricci curvature Ric is the trace of the Riemann curvature defined by

Ric := R,.
The Ricci tensor is

iy -

1
Ric;; := =Ric
ic;; := SRi
By the homogeneity of Ric, we have Ric = Ric;;y'y/. The scalar curvature r of F is defined as
r := g"Ric;;. (2.1)

A Finsler metric is said to be of weakly isotropic scalar curvature if there exists a 1-form 6 = 6;(x)y’
and a scalar function y = y(x) such that

0
r=n(n-— 1)(F + X)- (2.2)
An (a, 8)-metric is a Finsler metric of the form
F = ag(s),

where @ = 4/a;j(x)y’y/ is a Riemannian metric, 8 = bi(x)y' is a 1-form, s := ~and b :=[ B [lo< bo. It
has been proved that F = a¢(s) is a positive definite Finsler metric if and only if ¢ = ¢(s) is a positive
C® function on (—by, by) satisfying the following condition:

B(s) — s¢'(s) + (B —5)¢"(s) >0, |s| <b < b, (2.3)

where B := b°.
Let F = +/a;(x)y'y/y* be a cubic metric on a manifold M of dimension n > 3. By choosing a

suitable non-degenerate quadratic form @ = +/a;;(x)y’y/ and one-form B = b;(x)y', it can be written in
the form

F = \pBa® + g,

where p and g are real constants such that p + gB # 0 (see [6]). The above equation can be rewritten as
F=a(ps+ qs3)%,

which means that F is also an (a, §)-metric with ¢(s) = (ps + qs3)%. Then, by (2.3), we obtain

— pZB + pdp + 3qB)s2 > 0. 2.4)

Two Finsler metrics F and F on a manifold M are said to be conformally related if there is a scalar
function k = x(x) on M such that F = ¢““F. Particularly, an (a, 8)-metric F = ong('g) is said to be

conformally related to a Finsler metric Fif F = ¢WF with F = ag(s) = 5(;5(’%). In the following,

we always use symbols with a tilde to denote the corresponding quantities of the metric F. Note that
a = eWa, B = Mg, thus 5 = s.
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A Finsler metric that is conformally related to a locally Minkowski metric is said to be locally
conformally flat. Thus, a locally conformally flat (a,8)-metric F' has the form F = ¢™F, where
F = b?gb(%) is a locally Minkowski metric.

Denoting

1
(blu +bji), sij = _(bilj = bj),

i il i il
r = a'ry, st =a'sy;,

e i e e L
rj .—brij, V.—br,', S .—bSij,
- iJj [ A | j R i
Too = "ijyyj, Sog:=9 .,-yj, So = 81y,
where b’ := a"b;, b;; denotes the covariant differentiation with respect to «.

Let G' and G, denote the geodesic coefficients of F and «, respectively. The geodesic coefficients
G of F = a¢(§) are related to G/, by

G' =G +aQs' ; + (=2Qasy + ry)(Pb' + Ba™'y'),

where

0= g. 98508 +¢9¢)
S g 2004~ 5¢) + (B—sH)¢"]
_ ¢’
2P - 54+ (B- )]
Assume that F = a¢(§) is conformally related to a Finsler metric F = quﬁ(g) onM,ie., F = OF.
Then

aij — eZk(x)"

@y, bi = €Vby,b =) B llz= \a,bbi = b.

bll] =e Kx )(bl\lj jK, + blK Cl,j)

"Fl = Fl + Kjél + K,(Sl K aij,

Further, we have

rij= eV + %e"(x)(—bjki - b,-Kj + ZElklﬁij),
Sij = e’((x)?ij + %e’((x)(l;ikj —iji),

=T+ %(EZKZZ,' — b’k), r = e,

si =5+ %(b2’<i _ZIK[Ei)7

ro=e P+ (n— De ™ i,

. - =
s =Y+ 3¢ “O(bIk; — bi).

Here b,H ; denotes the covariant derivatives of b; with respect to a, “T", ; and ai:’"i ; denote Levi-Civita

connections with respect to a and @, respectively. In the following, we adopt the notations «; := agif),
2 . . —~. .~ —~ . ~ . —— . ..

Kij = gxgg, K :=a"k;, b :=7a"b;, f = bk, fi 1= kb'y, fo = k', ko 1= k)Y, Koo 1= k;jy'y! and

|| vk ||~ = a’fK,KJ
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Lemma 2.1. ([4]) Let F = EDF, where F = 5¢(§) is locally Minkowskian. Then the Ricci curvature
of F is determined by

Ric = Dq|| vk |I§5 + D2K(2) + D3K0ﬁ + D4f2’C~L’2 + D5f15 + D@?ZQ + D7kqp,

where Di(k = 1, ...,7) is listed in Lemma 3.2 in [4].
Lemma 2.2. ([4]) Let F = ¢DF, where F = Eqﬁ(%) is locally Minkowskian. Then the scalar curvature
of F is determined by

1 e Pl
r= e p IS, - (74 )%, - L5 - 25 %4),
2 a a
where
0 u 1 e—90s
Ti= ——, = =
1+68 T 1+ 1 1+ 0B
. po — Ep2 _ P _ P2
6:=—"=, eg:=—, u:i=-—,
P P2 P

Y= \JA,;YY), Aj:=a;+6bb;,

pi=¢@—s¢), po:=¢d” +¢'¢,

p1:==s(@¢" + ¢'¢") + ¢¢',  pr:= sls(@d” + ¢'¢") — ¢¢'],
and Z,(i = 1, ...,4) are listed in the proof of Lemma 3.3 in [4].
Lemma 2.3. ([14]) Let m-th root metric F = {”/ail,-z...,-m (x)yiry2 - - - yin be a Finsler metric on a manifold
of dimension n. Then the Ricci curvature of F is a rational function in y.

3. Proof of main theorems

In this section, we will prove the main theorems. Firstly, we give the proof of Theorem 1.1.
The proof of Theorem 1.1. For an m-th root metric F = {/a;,;,...,, (x)y"'y™ - - - yi» on a manifold M, the
inverse of the fundamental tensor of F is given by (see [14])

1
(m—-1)F?

g/ = (AA7 + (m = 2)y'y)), (3.1)

where A;; = ﬁ% and (AY) = (A;;)”". Thus, F?g" are rational functions in y.
By Lemma 2.3, the Ricci curvature Ric of m-th root metric is a rational function in y. Thus, Ric;; :=

Ric,,; are rational functions. According to (2.1), we have
F’r = F?g"Ric;;. (3.2)

This means that F°r is a rational function in y.
On the other hand, if F is of weakly isotropic scalar curvature, according to (2.2), we obtain

F°r = n(n — 1)(OF + yF?),

where 6 is a 1-form and y is a scalar function. The right side of the above equation is an irrational
function in y. Comparing it with (3.2), we have r = 0. [
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In the following, the proof of Theorem 1.2 is given.
The proof of Theorem 1.2. By Theorem 1.1, we conclude that F is of weakly isotropic scalar curvature
if and only if its scalar curvature vanishes. So we just need to prove that (ii) is equivalent to (iii).
Assume that the scalar curvature vanishes. Hence, by (3.1), 0 = r = g"Ric;; = —=F2(AAY + (m -
2)y'y/)Ric;; holds. It means that

0 = (AAY + (m — 2)y'y/)Ric;; = AAYRic;; + (m — 2)Ric.

Since A is irreducible, Ric must be divided by A. Thus, Ric = 0.
Conversely, if Ric = 0, then by the definition of r we have r = 0. ]
Based on Theorem 1.1, we can prove Theorem 1.3 for locally conformally flat cubic metrics.
The proof of Theorem 1.3. Assume that the locally conformally flat cubic metric F is of weakly
isotropic scalar curvature. Then, by Lemma 2.2 and Theorem 1.1, we obtain the scalar curvature

vanishes, i.e.,

A
X —(t+ 77/12)22 - :TIZ3 - %24 =0.
a 04

Further, by detailed expressions of 2,(i = 1, - - - 4), the above equation can be rewritten as

B(4p +3qB) — 4(4p + 3gB)Biof + 4paPf> T 0 a3
— + — =0, .
(4p + 3gB)8a’s*y’ ¥°

where y := pBa&? — (4p + 3gB)B? and T has no y~'.
Thus, the first term of (3.3) can be divided by y. It means that there is a function A(x) on M such
that
B(4p + 3gB)i; — 4(4p + 3gB)Bof + 4patf? = h(x)y.

The above equation can be rewritten as
B(4p + 3gB)K2 — 4(4p + 3qB)Bkof + 4paPf? = h(x)[pBa? — (4p + 3gB)B*]. (3.4)

Differentiating (3.4) with y' yields

B(4p + 3qB)xok; = 2(4p + 3gB)(biko + i) f + 4pany' f* = h(x)[pBany' = (4p + 3gBPb1. (3.5
Differentiating (3.5) with y/ yields

B(4p + 3qB)kik; — 2(4p + 3qB)(bikj + b)) f + 4pai;f> = h(x)[pBai; — (4p + 3gB)bib;].
Contracting the above with b/ yields
Bf*(8p + 9gB) = 3B*h(x)(p + qB).

Thus, we have

_ (8p+9gB)f?
h(x) = TR (3.6)

Substituting (3.6) into (3.5) and contracting (3.5) with b yield
(4p +3¢B)f(fB - Bxo) = 0. (3.7)
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Furthermore, by (2.4) and 4p + 3¢gB # 0, we have f( fﬁ— Bkg) = 0.
Case I: f = 0. It means h(x) = 0 by (3.6). Thus, one has that «; = 0 by (3.4), which means

K = constant.
Case II: f # 0. It implies that fﬁ— Bk = 0. Substituting it into (3.4), we obtain
B> = —-B&,

which does not exist.
Above all, we have k = constant. Thus we conclude that the conformal transformation must be
homothetic. [ ]
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