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1. Introduction

Several decades ago, classical calculus underwent a transformative phase, propelled by remarkable
innovations. Researchers unanimously acknowledge the remarkable efficacy and accuracy of outcomes
derived from fractional-order equations. Presently, fractional calculus finds widespread application
across various domains, including chaos theory, simulation, and modeling. A myriad of elegant
definitions and operators, such as Riemann, Caputo, Hadamard, Katugampola, Atangana-Baleanu, and
many others, exemplify the beauty of fractional calculus [1-7]. For a comprehensive overview of the
origins, advancements, and applications of fractional calculus, we direct the reader to the esteemed
monographs [8, 9] and compelling articles [10-15]. The Hermite-Hadamard inequality stands as
a cornerstone in mathematical analysis, offering profound insights into the properties of integrable
functions.

Convexity stands as a cornerstone in solving several problems in general and applied mathematics.
Its robustness has led to the generalization and extension of convex functions and convex sets across
numerous branches of mathematics, with many inequalities stemming from convexity theory present
in the literature [16-20]. Among these inequalities, the Hermite-Hadamard (H-H) inequality shines
as a strikingly useful result in the realm of mathematical inequalities [21-25]. This inequality holds
pivotal significance due to its close connections with other notable inequalities such as the Holder,
Opial, Hardy, Minkowski, Ostrowski, and Young inequalities.

The H-H inequality, expressed as follows [26]:

%)
50(%1+%2)S 1 f o () dv < W(%1)+50(%2)’ (L.1)
2 Hy — N1 Uy 2

holds for ¢ to be a convex function on the interval [x%;,%,]. This double inequality encapsulates
profound insights into the behavior of convex functions over intervals, serving as a fundamental tool
in various mathematical contexts.

In recent past several generalizations, refinements, and extensions of (1.1) are developed, which
attracted the attention of a wide range of researchers both in applied and pure mathematics.

Suppose A C R and ¢ : A — Ris a differentiable function on A° (the interior of A) such that %, %, €
A° with %, < %,. In this case, the well-known Ostrowski inequality [27] states that

2

N
< |2+ L - ) S, 1.2
| (12)

1 %2
k@— f‘mwm
Hy — K1 Uy

for all v € [xy,%,] if |9’ (u)| < S forall u € [x%,x%,].

Ostrowski-type inequalities, which give error estimates for numerous quadrature rules, have
important applications in numerical analysis. These disparities have been widened and applied to a
wider range of disciplines in recent years.

Researchers in this intriguing field of study explore the applications of these variations in
applied sciences and also examine the existence and uniqueness of solutions to fractional differential
equations. By employing K-fractional integrals, the authors in [28], proposed several generalizations
of Ostrowski-type estimations.
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Definition 1.1. [29] Let s € [0, 1]. A real valued function 9 : A — R is called s-type convex on A if

Py + (1 —pra) < (1= s (1 =) p () + (1 = sp) 9 (%),
forall x,,x%, € A and pu € [0,1].
In [30], Iscan gave the definition of n-fractional polynomial convex functions as follows.

Definition 1.2. Let n € N. A non-negative function ¢ : A C R — R is called n-fractional polynomial
convex (FPC) function if

1 & 1 <& |
9 (s + (1 = pyxy) < ;;wwo + ;;a — ) 9 (),

forall »xy,%, € A and u € [0,1].

Note that, every non-negative convex function is an F PC function [30].

Now, we demonstrate key concepts related to the fractional integral, primarily originating from the
work of Mubeen et al. [31].

Leta,R > 0, %, <x,,and ¢ € L[x;,%,]. Then, the K-fractional integrals of order « are given by

a,K _ 1 ‘ _ %—1
3. 9@ = KTr @) le z-0)c " p(0)do (z>0)
and . "
a,K _ N |
35 9 (@) = KTx (@) j; (2 =2 p(O)do (z<0),

where 'k (@) is the K-Gamma function [32] given by

Ik () = f ,u“_le_#?d,u.
0
Recall that
I'n (K +a) =alkx (@)

and for K = 1, the K-fractional integrals coincide with the RL-fractional integrals.
Now, we recall the concepts of the Euler’s Beta function 8 and hypergeometric function ,F ,

respectively.
FGol' (y) f b -1
()= =——== | p(1-p'd
B.y) = T iy o M Ky dp
and 1
F ,b, . — b-1 1= c—b—1 1= —a g ,
2F1 (a,b;¢;7) =" =™ (A -7 du

where I' (%) = fooo u* e du is the Euler Gamma function [33,34].

Motivated by the aforementioned findings and existing literature, in Section 2, we will initially
introduce the concept of a generalized n-fractional polynomial s-type convex function. Subsequently,
in Section 3, we will establish a novel generalization of the H-H type inequality for the new class of
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functions. Moving forward to Section 4, we will obtain novel estimates for differentiable generalized
n-fractional polynomial s-type convex functions. Notably, the results presented herein encompass
RL-fractional integral inequalities and quadrature rules as special cases. The findings of our study
prove beneficial in crafting fractals through iterative methodologies, an engaging research domain
with implications for refining machine learning algorithms. Finally, Section 5 concludes with a brief
conclusion.

2. Definition of generalized n-fractional polynomial s-type convex functions

In this section, we introduce a new concept called the generalized n-fractional polynomial s-type
convex function and explore its fundamental algebraic properties.
Definition 2.1. Letn € N, s € [0,1],a, > 0 (u = I,_n) such that y,,_, a, > 0, A C R be an interval.

A non-negative function ¢ : A C R — R is called a generalized n-fractional polynomial s-type convex
function if for every %, %, € A and p € [0, 1],

9 (e + (1 — p)x) (2.1)
Y ay (1= s(1 =) Y a, (1 — sp)e
a Dt Gu p o)+ Doy Ay 9 0e).

We denote the class of all generalized n-fractional polynomial s-type convex functions by GF PC—s.

Example 2.2. Consider the function p(x) = X2, and the parameters s =05, n=2,a, =1, a, =2, and
u = 0.5. According to Definition 2.1,

" ay (1= s(1 = p))e " ay (1= su)i
o (s + (1 = pywy) < 2t @A ZsA 2 o Zum a2 507

u=1“u u=1“%u

Fork, =1 and k, =3,
905-1+05-3)=p(2) =2%=4,

Y a, (1 -0.5(1 —0.5) ' a,(1-05-0.5)

ST a P(k1) + S P(k2)
_1(1-025""+2(1-0.25" 2, L= 0.25)"" +2(1-0.25)"? 32
= 3 : 3 :

0.75 + 2 - 0.8660 0.75 + 2 - 0.8660
= 3 . 1 + 3 . 9

0.75 + 1.732 0.75 + 1.732
= -1+ -9

3 3

2.482 2.482

= Z—1+=—=-9
3 3

= 0.8273-1+0.8273-9 =0.8273 + 7.4457 = 8.273.
So, one has

4 < 8.273.
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According to Definition 1.2,

| 1 & |
9 (uky + (1 — ) < ;;wmm = ;(1 — )i (k).

Fork; =1 and k, = 3,

0(0.5-1+0.5-3)=p2) = 2% = 4,

(0.5'p(1) +0. 52 p(1)) + ! (0 5'0(3) + 0.52¢ 0(3))
(0.5-12+0.7071 - 17) + 3 (0.5 .32 40,7071 - 3%)
(0.5-1+0.7071 - 1) + % (0.5-9+0.7071 - 9)
(0.5 +0.7071) + % (4.5 + 6.3639)

-1.2071 + % -10.8639
60355 + 5.43195 = 6.0355.

oNI*—*l\JI'—‘l\)I'—‘NI'—‘NI’—‘

So, one gets
4 < 6.0355.

Because the generalized n-fractional polynomial s-type convexity (GFPC — s) is a generalization
of the n-fractional polynomial convexity (F PC), the resulting bounds extend those obtained for F'PC.
Note that every GF PC — s is an h-convex function with

D=1 @ (1= s(1 —,u))
Zu 1au

Remark 2.3. For s = 1, Definition 2.1 reduces to the definition of generalized n-fractional polynomial
convex (GF PC) functions.

h(p) =

Remark 2.4. For s=1anda, =1 (u = I,_n) Definition 2.1 coincides with Definition 1.2.
Remark 2.5. For s = 1 and n = 1, Definition 2.1 coincides with the definition of classical convexity.

Remark 2.6. Every non-negative n-fractional polynomial convex function is a GF PC — s function. It
is clear from the inequalities

_Z S a, (1= s (1= )

ulau

and

1 {— _ulau(l )’
Z( pe < S

forallneN, s e€[0,1], and u € [0, 1].
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Note that not every GF PC — s function needs to be an F'PC function.

Remark 2.7. If ¢ is a GF PC — s function, then ¢ is a non-negative function. Indeed, from the definition
of GFPC — s function, one can write

it (L=s (L) 34 (1= sp)-

7 0 (),
ZMZI ay Zu:l ay

PO =p+ -y <

forall v € A and u € [0, 1]. Therefore, one has

[zzzl a, (1= s(1 - ) L S a1 su)*

n 7 -1 gO(V) > 0.
Zu:l ay Zu:l a, ]

Since

\%

1 1 n n

Z:lau(l _S(l —,Lt))ﬂ ﬁ:l ay (1 - S:u)E 1 1 1 1

+ - E "4 — E I —p)o
ZZ:] ay ZZ:] ay n+= H n ( 2

u=1

%§u+%;(l—u)

= prd-pw=1

W%

forall u €10,1], one obtains ¢ (v) > 0 forall v € A.

3. New generalizations of H-H type inequalities using generalized n-fractional polynomial
s-type convex functions
Now, we obtain a new generalization of H-H inequality for the GF PC — s function .

Theorem 3.1. Letn € N, a, > 0 (u=1,n), s € [0, 1], @ € [0,1],K > 0, and ¢ : & = [x1,%,] - R be
a GFPC - s function such that ¢ € L[x,%;,]. Then,

n_ ) +
Zu_la |80(%1 2%2) (31)
T a(1-3)
I'vr (K
< HEED 5080 ) + 525 (o)
(2 —21)* : 2
80(%2)"'80(%1) R 2 _ _ % _ %
< | ;au/x (1= (1= + (1= sp)* | dp.

Proof. From the definition of the GF PC — s function, one obtains

X1+ X
50( 2 )
B ((,u%] + (1 = wsp) + [(1 = p)xy +,U%2])
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1 1
= 9 (5 (woey + (1 = p)aer) + 3 ((1 = p)oey + poer)

1
ZZ: a, 1 - 3)
_ Zhiafi-9
Zu:l au
Multiplying both sides of the above inequality by %~ and taking the integral with respect to u € [0, 1],

one gets
1
X+ x a_
50( ¥ z)f”K a
0

Shaa(1-3)"1 ', L,
< ST 4 fﬂK 50(#%1+(1—ﬂ)%2)dﬂ+fﬂK © (1 = ey + poes) du
u=1%“%u 0 0

ZZ: a,|1- )" 1 [ _ k1 %2 — K1
1 ( 2) _ f w— % go(w)dw+f ) o (@) dw
D=1 Qu (2 = 21)% | Juy \ %2 — %1 % \X2 — ¥

Zu ay 1-3 % [
Tl -3) & @D J52K 0 (i) + 3050 Gan)|.
Z:u=1 ay Gty —n)x L 7 2

So, one has

[0 (ot + (1 = p)22) + 9 (1 = s + piatr)]

D Qu %+ IR(R+a) [, N
: 1 ( 12 2)< : H[S%%RSO(%Z)"‘S%;—RW(%I)],

S (1-3) CEEDL
which completes the left-hand side of inequality (3.1). Now, we prove the right-hand side of
inequality (3.1). Let u € [0, 1] . From the definition of the GF PC — s function, one obtains

" a,(1=s(1 =) " a, (1= sp)
p(um(l—u)xz)le . s go(x1>+z L P 0 G)
u:lau u:lau
and ] 1
a1 =5 —p)- o iay (1= su)e
P (1 = pys + pn) < 2o B 0 () + 2=l y o).
u=1“*u u=1“%u

Adding the above inequalities, one gets
© (oey + (1 = o) + 9 (1= ey + paeo)
1 n 1
et G (1= s (1 = ) N D=1 @ (1 = sp)
D=1 Gu Diu=1 Gu

Multiplying both sides of the above inequality by u%~!, taking the integral with respect to u € [0, 1],
and changing the variable of integration, one obtains

< e () + 9 ()] (

B2 D gk () + 325 o)
(2 — %1)R
< @(%2)+80(%1)f2 u,UK (l—s(l—,u)) +(1_sﬂ)]
This completes the proof. O
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Corollary 3.2. If one takes s = 1 in Theorem 3.1, one gets the H-H inequality for GF PC functions
with K-fractional integral operators:

n

u=1u (%1 +%2)
: 2

n 1\u
u=1 ay (E)

< HEED 5050 ) + 525 e
(%2 —21)%
8’)(%2) + 9 (1) f
S K u + 1 —_ u
S Z k= e+ (1= v | dp.

Corollary 3.3. If one takes K = 1 in Corollary 3.2, one gets H-H inequality for GF PC functions with
RL-fractional integral operators:

n a, + I'a+1
D=1 18O(%l %2) < m—)a 8§+50(%2)+5ﬁ—@(%1)]
2 (%2 — 1) ! :

Diu=1 Gu (%)7
< 80(%2)+80(%1)Z f /Ju+(1—,u)“]

u 1 Gu

Remark 3.4. If one takes @« = 1 and n = 1 in Corollary 3.3, then one gets the inequality (1.1).

4. New generalizations of Ostrowski type inequalities using generalized n-fractional polynomial
s-type convex functions

In this section, we find novel estimates that refine the Ostrowski-type inequalities for the functions
whose first and second derivatives in absolute value at certain powers are GF PC — s. First, we give the
following crucial lemma [35]:

Lemma4.1. Leta € [0,1], K > 0, % < %5, and ¢ : [0, 1] — R be a differentiable function on A° such
that 9’ € L([x1,%5]. Then,

(v = %)K + (g — V)& I'x (K + )
p ) - ———|
Xy — X %y — A
(v — k™!

1
= b s (1 -
0

Hy— A

I35 (1) + 3550 ()|

(2, — v)EH!

%2 — A

1
f pkQ’ (uv + (1 — ) 2y) du.
0

Theorem 4.2. LetneN, a, >0 (u = I,_n), s€[0,1], a, K >0, %, <%y, and ¢ : A = [%1,%] = R be
a differentiable function on A° such that o € L[xy,%]. Let |9’ (v)| be a GFPC — s function on A with
|9’ V)| < S forall v e[x,x,]. Then,

o)t 2 G =)y - K D g0k ) 4 5750 o)
Hy — Xy i
) 4y — ) g L, | L l
B [(v %K+ ey = v) ] nS > a [f uk (1-s(1 —u))udu+f px (1 ‘Sﬂ)”d“]‘
Xy — %1 D=1 G 0 ‘
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Proof. Using Lemma 4.1 and a property of the GFPC — s function |¢’|, one has

(v — %)% + () — V)E Tk (K+@)[., N
1 0 (1) - ———— 35 (1) + T 9 ()
Ho — X Hy) —
(V —x )%+1 1 o (% _ V)%-H 1 .,
< — | uk g w+ (= wuldu + o | uf |’ (v + (1 = ) %)l dpe
My — A 0 My — A 0
@ 1 1
(70 LARNN SN YRR Y ¢ IR € 7)) RN Dot Ay (1 = sp)e
< —lf s 1 n lp" (V)| + — l9" (1)l | du
%2 - %1 0 Zu:l all Zu:l au
G —-ET L2 a, (= s (- ) S a, (1= s
TRt L f i | S e BP0 1o o) + 2t = 0o (el |
%2 - %1 0 Zu:l au Zu:l au
(V Y )%+1 + (% _ V)%_H S n 1 N f 1 N |
< [ ‘ 2 : Zau fuK(l—S(l—u))udﬂ+fMK(l—SM)"d,u-
Hy — A u=1Gu =1 0 0

O

Corollary 4.3. If one takes s = 1 in Theorem 3.1, one gets the following inequality for GF PC functions
with K-fractional integral operators:

(v = %)% + (g — VK Tk (K+@)., .
1 0 (1) - ———— 3550 (1) + 59 ()|
My — X1 Hy —
_ g+l _ )\ &+l S n 1 v 1 N
< |:(V %) t V) ] — E a, [f /lK’uudlu+f ux (l—lu)?lz d,u]
| D=1 du =y 0 0

Corollary 4.4. If one takes K = 1 in Corollary 4.3, one gets the following inequality for GF PC
functions with RL-integral operators:

_ @4 —_ )¢ I +1
(V %1) (%2 V) SO(V)_ M [83780(%1)4‘ Sg+80(%2)]
%y — X, Hy — K
(v — %1)(”1 + (ot — V)(HI] S n [fl A fl 1 ]
< u ¢ “d + ¢ 1 - ud :
[ — ZZ=1au;a My Ou( W) dp

Remark 4.5. If one takes a = 1 and n = 1 in Corollary 4.4, then one gets inequality (1.2).

Theorem 4.6. Letn € N, aq, > O(u = ﬁ) s€[0,1], , K >0,%; <x,g> 1,and ¢ : A = [x1,%] —
R be a differentiable function on A° such that © € L[x,%,]. Let |9" W)|? be a GFPC — s function on
A with |9’ (V)| < S forallv e [x,%,]. Then,

(v =2)E + (33 —V)¥ o) — M [Sf;Kg) () + SSLKKJ (%2)]
My — X Ky —
( K )l_; (v = x)F*! + G - )FH!
K+a My —

Sq . ! a 1 ! a 1 4
§ . K(1—s(1-p)ed (1 —spyedull| .
X[anau 4 a [fou (1=s(1—-w) u+f0u (1 = sp) uD
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Proof. Using Lemma 4.1, a property of the GFPC — s function |p’|?, and the power mean inequality,

one has
o)t =Ty T KD a4 57K ()|
%y — % %2 =
(V— %1)%+1

1 @41 1
(4 ’ (%Z_V)K @ ’
—— | prlp v+ -wr)ldu+ ———— | prlp" (uv+ (1 —p)x)ldu
X2 — 0 Xy — A 0

1
-0, N,
ASAD v a f’UKd'u f,uKlg) (/.1V+(1—/l)%1)|qd,u
H2— 0 0

@ l—l 1
(% —V)?_'—1 ! a ! : a . ., !
GV fwzu fmp (v + (1 = )l dp
Hy— 0 0

() [(v — [Z a, fy 1wt (1 =5 (1 - )}

Q1=

- lp” I du
K+a My — X Zu=1 a,
1
1 a 1
Sy au fo k(1= sp)i !
+ 2 l9” (x1)|? du
Zu:] u
o - i (Tia [ gt A -sQ-p)h
+ m lp" W du
Hy) — X u=1Gu
1
1 a 1
Set @y fy uE (1= sy !
+ Z" 9" (e2)|? du
u=1“u

K+«

( K )1—!,[(v—xl)?«“+(%2—v)%“‘

Hy —

Sq = ! a 1 ! a 1 é
E ” K(1=s(1—p)d K (1 — s dull| .
X(Zﬁzlau MZIa [foﬂ (1-s-p) u+f0u (1= sp) ﬂD

Thus, the proof is completed. O

Corollary 4.7. If one takes s = 1 in Theorem 4.6, one gets the following inequality for GF PC functions
with K-fractional integral operators:

o)t + G-t | TeK+a) 5956 (e1) + 3% 9 )|
Hy — % Ay — X

u=

1

K A\ [0 =a)E + oo -nE (57 ¢ e b, 1)

- " Kuud k(1 =w)ed .
(K+a) [ - ] Zﬁzlauz;a [foﬂ u u+f0u (1-p) ﬂ]

Corollary 4.8. If one takes K = 1 in Corollary 4.7, one gets the following inequality for GF PC
functions with RL-integral operators:
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V=2 + (y — V)ap (v) — m [S;’_p (1) + S;ﬁp (%2)]
Hy — % Hy) — Ny

-4 e+l e+l n 1 | 1 ) g
( 1 ) [(v %)+ (2 —v) ]( nSq Zau[f #“M“dﬂ+f/1“(1—/l)"dﬂD :
1 0 0

a+1 Xy — X . a
2 1 u=1 uu:

Theorem 4.9. Letn € N, a, > O(M:I,_n),s € 0.1}, . K > 0.2 < 22, t,q > Lwith L+ 1 =1,

and ¢ : A =[x,%] > Rbea differentiable function on A° such that @ € L[x1,%]. Let |9p' (v)|? be a
GFPC - s function on A with |9’ V)| < S forallv e [x,x%,]. Then,

Vv =ux1)% + (%, — V)X o) — M [ch’;Kgo () + SfLKKJ (%2)]
Hy) — X Ha—

( K )1 (v = %) ¥+ Gy — 1) F*!
K + at Xy — A

S4 n 1 ! 1 : i
X( T Za[fo (1—5(1—ﬂ))”d#+f0(I—Sﬂ)“dﬂ]]-

u=1"u -

Proof. Using Lemma 4.1, a property of the GF PC — s function |p’|? , and the Holder inequality, one has

Y =n1)k + (s — V)X o) — w [S;’;Kgo (1) + 33;1(50 (%2)]

Hy) — X1 Hoy —
(V —x )%+1 1 ., (% _ v)%+1 1 .
< — | pk v+ A= pa)ldu+ ——— | uF o (v + (1 - p) o)l dpe
Xy — 0 Hy— A 0

1 1
(V—% )%+1 1 " T 1 ) q
O[] ([ i - mor a
Xy — X 0 0
1

ol 1 i
+(%2—V)(f ukdu) (f IsO’(W+(1—u)%z)quu)
0 0

Xy — X%,
e (3 [ = s (1= )
(v =) [ u=1a fo( s(1—pw) o ()1 du

)
K+ at ZZ:] ay

n 1 1
, Zier J (= s
ZZ:] aM

R 25| "_ u 11— 1 - % n_ u ll_ %
+ (%2 V) [Zu—la’ j(; ( S( /J)) |§)/ (V)|q d,u + Zu—la {(; ( S,Ll) |SO/ (%2)|q d,u

Xy —

1

9" Gen)l? dﬂ]

1

q

n
a u=1 “*u

Xy — A u=1Qu

( K )1 [(y — ) 4 Gy — v)%”]

K+ at My — A
; 1

q 1 | 1 | 7
X[ nS Za[f (1—5(1—/1))”dll+f(1—Sﬂ)“d/1]]-
7 0 0

14
u=1"u | _

O

AIMS Mathematics Volume 9, Issue 9, 2392423944,



23935

Corollary 4.10. If one takes s = 1 in Theorem 4.9, one gets the following inequality for GF PC
functions with K-fractional integral operators:

(v — %)% + () — V)T Ik (K + @)
o) - ————

Hy— %2

1 @ a n 1
( K ) v =2)E + (g —v)k*! S Z 2u \)’
a,|—— .

K+ at Xy — %) D=1 Gu = u+1

u=1

[5950 Ger) + 3559 ()|

Corollary 4.11. If one takes K = 1 in Corollary 4.10, one gets the following inequality for GF PC
functions with RL-integral operators:

(V — %1)a + (%2 - V)(YKO(V) 3 F(a’) [83780 (%1) + Siﬂs{)(%z)]
Xy — X Ha =%
L\ [0 =)™+ G =)™ ST N, (2 é
(a/t+1) [ xy — X ](Zz=la“;au(”+l)] |

Now, we establish new Ostrowski type inequalities for twice differentiable functions. First, we give
the following lemma, which will be used in what follows [36].

Lemma 4.12. Let a, K > 0, %, < %2, A = [%1,%,], and @ A = R be a twice differentiable function
on A° such that 9" € L[x,%,]. Then,

(l—K)[(%Z_V)K _(V_%I)K]@'(v)+(1+%—K)[(V_%1)K +(%2_V)K]@(v)

Hy— Hr—

I'x (2K+ Q’)
Hy — X1

[w —%1)K 9 (2) + (62 — V)¥ 9 (1)
+K
My — X1

[3950 Ger) + 35K ()]

(V_%)%+2 1 o .,
- —lfu(K—uK)so (v + (1= 1) d
My — XA 0
(% _V)%+2 1 o .
+2—f (= pE) 9" (v + (1= ) s,
| 0

holds for all v € [»,%,] and k € [0, 1].

Theorem 4.13. Letn € N, g, > 0 (u :1,_11), se€[0,1], o, K >0, %, < xy,and ¢ : A=[x,%] >R

be a twice differentiable function on A° such that 0" € L[x,%,]. Let |9" (v)| be a GFPC — s function
on A. Then,

(I—K)[(XZ_V)K_(v_%l)x]p'(v)+(1+%—K)l(v_%1)l(+(%2_V)K]80(V)

Ay — X Xy — XA

FK (2K + a)
Ho — X

[w — %K 9 (ey) + (62 — V)¥ 9 (%2)
+ K
My — X

3559 Ger) + 3559 ()|

n
Hy — %) u=1 =y

B2 41 _ e AP n 1 X
< [(V—%l) lp” Ger)l + G2 — V)7 | (%2)|]Z la Z%L ,u(K—,u%)(l—su)Ed,u

(v = %) K 4 (ty — v) &2

ZZ=1 a, (% —x1)

n 1
" ) Zaufo plk—pF) (1= s (1= )+ dp.
u=1
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Proof. Using Lemma 4.12, a property of the GFPC — s function |p”|, and the property of modulus,
one has

‘(I_K)[(%Z_V)K_(V_%I)K]XJ,(V)+(1+g_K)|:(V—%1)K+(%2_V)K:|SO(V)
%y — % K g
4 K[(V —x) PO + 0 = VX9 00a)| Tk CK+a) | 3050 Ger) + 3559 ()|
Hy — X1 Hy — Ay
. Mf (k=) 0" Gy + (1 - )l d
N My — U] olu H® S

(2, — v)E*?
+—
My — XU

1
fou(K—uZ)go"Kuw(l—u)xzndu

a 1 1
(v =) (! o et @ (1= sp)e ) w1 @ (I =s( =)
—lfﬂ(K—/lK) L 9" Ge)| + 2= 9" )| du
%2 - %1 0 Zu:] au Zu:] au
a 1 1
(%7 — v) &+ f‘ o | 2y a, (1= sp)e S a, (1 =s(1—p)s
e K — [k m lp” ()| + n lp” W4,
| 0 ,u( H ) Zu:1 a, v 2 Zuzl a, v H
(v = 5)E 219" ()| + ez — v)E 2 [ (%2)|] 1 < f‘ .
= — ay, K—=pux)(1 = su)ed
[ - Zuzlau; O (k= %) (1 = sy dp
v — %)+ (0 — V)& P - ! . .
n lp” (V) auf K—=uk)(1 = s —p)edu.
Zu:] ay (ty — 1) ; 0 #( K ) K H
So, the proof is completed. O

Corollary 4.14. If one takes s = 1 in Theorem 4.13, one gets the following inequality for GF PC
functions with K-fractional integral operators:

|(1 —K)[(%2 ki (V_%I)K]SO' () + (1 + % —K)[(V_%I)K + _V)K]SO(V)

%2 — A %2 — A

I'x (2K + Q’)
X —

< [W—%l)%*ﬂw(%l»+(x2—v)f”<+2|ga"(%2)| 1 <

1
My — U ]Zzzlauz;a”fo'U(K_”K)(l_”)‘l'dr“

u=

K [W —%)F 9 (1) + 062 = VK 9 (%) 3950 Ger) + 35K ()|

Hy— A

v =)E + Gty —WE? L : N
— - 9" O D an | (k= pF) i,
u=1 0

ZZ:l a, (%2 - %1)

Corollary 4.15. If one takes K = 1 in Corollary 4.14, one gets the following inequality for GF PC
Sfunctions with RL-integral operators:

‘(1 S [(%2 -V = (v —x)"

X2 —

v —=2)"+ (s =)
% —

]@’(v)+(1+a—/<)[ ]so(v)

'+a
Ny — X1

+K[(V —2)" 9 (1) + G2 — V)" 9 (%) (399 (1) + 359 (22)]

Xy — X%
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a+2 | a+2 | n 1
(V_%l) |80 (%1)|+(%2_V) |8/‘) (%2)| 1 Zauf /l(K—/la)(l _’u)% dﬂ
0

- n
Hy — Ay ] =1 du =

(V - )(Y+2 + (% - V)a+2 ” C 1 a -
e : 9" O Y | k=i
u=1 0

22:1 ay (%2 - %1)

Theorem 4.16. Letn € N, q, > 0 (uzl,_n), s €[0,1], o, K > 0,%; < %3,q > 1,and ¢ : A=
[%1,%2] — R be a twice differentiable function on A° such that @’ € L[xi,x%,]. Let |9 W)|? be a
GFPC - s function on A. Then for every v € %1, %3], one has

(I—K)[(%Z_V)K _(v_xl)K]ﬁ)'(v)+(1+%—K)[(V_%1)K +(%2_V)K]W(v)

| Hy — X

FK (2K + Q’)
Ho — X

[W—%O%@WO+OQ—W%@Wﬁ
+K

[3950 (1) + 35K ()]
My — Xy

< M“i(a,K,K)

@ 1
v—x)?( (! oy | 2t G (1 =)
x{—l ,u(K—,M) L lp” Gl
Ho — X 0 u=1Au

1

" a, (1= s(1 = p)) d]q
m M
Zu:] au

lp” I

@ 1
(3y — v)K P f‘ oy | 2ot @ (1 = sp)w
e S n 9" Geo)|
% — 0 ,u( K ) Zuzl a, 2

1

+_ZLMMU—Sﬂ—ﬂD%

. lp” I |du| |,
Zu:]au
where
1
M(a,K,x) = f[,u(K—,uZ)]qd,u
0
K(1+q)+aq
Kk o R(1 K
_ Bk v r(1+q)r(w) F1(1,1+q,2+q+ﬂ,1))
10 ) 10
R(1 K(1
+ﬁ(1+q’_ ( +q)+aq)_18(K’1+q,_ ( +q)+0161)'
10

Proof. Using Lemma 4.12, a property of the GF PC — s function |p”|?, and the power mean inequality,
one has

‘(1 —K) [(%2 Sk (V_%I)K} 9 (v) + (1 + % - K)[(V_%I)K =) _} P ()

Xy — X Ay — XA
FK (2K+ CY)
Ay — XA

' [(%2 —V)E 9 (e) = (v — %) ¥ 9 () 3050 (1) + 35K (o) |

Hy — %
v —x)E*? (! .
Hy— A 0 "U(K_#K)
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(% _VK+2 1 17
e f‘MK ,UK lp” (v + (1 — @) x2)| dp

Hy — Ay

< ([[wte-rra)

a 1
(V—% )E+2 ! a ZZ: au(l - Sﬂ); ’”
X[Tl%l /.l(K—/lK) lzn a |80 (%l)lq
0 u=1"u
S (L= s =), '
+ 2l - lp” WI| dp
u=1“u
a 1
G —=W)E ([ o\ | 2zt @ A — s
+ i—% f /,l(K—,UK) lzn a |K‘) (%2)|q
2T 4] 0 u=1"u
1
. 1
Yot @ (=5 —)e !
e i L
u=1“u
= Ml_é (a, K, k)
(V_% )%+2 ! Q ZZ: au(l - S/'l)lll 173
X[}Q—]%l fﬂ(K—ﬂK) IZ” P |80 (%l)lq
- 0 u=1%u
1
. 1
2=t @ (1 =s A=)~ '
» Bt 97 17| i
u=1"u
1
Gty — v)E*? Dt G (1= sp)
+ ﬁ f ﬂ(K J7 2 ) lzn a |§) (%2)|q
u=1“u

1
d,u] .

Corollary 4.17. If one takes s = 1 in Theorem 4.16, one gets the following inequality for generalized
n-fractional polynomial convex functions with K-fractional integral operators:

(I_K)[(%z—V)K—(v—%l)K]SO,(V)Jr(l+%_K)[(%z—V)K _(V_%l)K]SO(V)

%y — Xy — Ay

S ay(l=s(1—p)e
.- lp” )|
Zu:] au

O

+ FK(2K+ a)
Hy) — X1

[(%2 — WK 9 (ey) = (v = %) 9 (%2)
+K
Hy — X1

3250 Ger) + 35K ()|

< M (a,K. k)

a 1 1 q
-2 ( ! Sea(l-p Sujamus
x| ————| | nlx—u¥)|==5 9" Genl? + = " (I | d
%2 - %1 0 Zu:] al/l Zu:] au
a 1 1 ri
(e =) [ o\ | Doy @ (L= Dot Qufl® |, !
= | u(-p¥)| == 9" Gl + S o ) | du| |
%2 - %1 0 Zu:] ay Zu:l ay
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forallv € [%y,%,], where

1
M (a,K, k) = L[M(K—pz)]qdp

K(1+gq)+aq
Kk R(1+g¢g) + R+
K—[F(l+q)f‘($) F1(1,1+q’2+q+u,1)
@ @ ) @

_M) _ﬁ(K, | +q,_w)
aq aq

+ B (1 +q,
Corollary 4.18. If one takes K = 1 in Corollary 4.17, one gets the following inequality for GF PC
functions with RL-integral operators:

(Gt = V)" = (v =21)"
Hy — A

(ot = V)" = (v —21)"
Xy — X

(1—K)[ ]50'(1/)+(1+a—/<)[ ]@(V)

[(%2 V) ) — (v=121)" 9 (x2)
+K
Ho — X

+F(2+a/)

(379 (er) + Ty (22)]
Hy) — X

< M (a, k)

| Ly
v —u) [ [ e -, Shoaius
x| | | - | 2 9" Gep)|? + 2L o ()l
0

My — A Zu:l ay ZZ:l ay

1

dﬂ]"
m

1
q

9

o \at2 1 n_ " 1 - % ”_ " 117
+ M( f u(x—;ﬂ)[z“—l G20 1o et 4+ 2L D
0

Ay — XA u=1Au u=1%u

forallv € [%y,%,], where

1
M(a, k) = f[p(K—u“)]qd,u
0
e l+g+a 1+
= r(1+q)r(L) F1(1,1+q,2+q+—q,1)
a 2 a
I+qg+ I+qg+
+ﬁ(1+q,—#)—ﬁ(l<,l+q,—$) .
aq aq

Theorem 4.19. Letn € N, a, 2 0 (u=T,n), s € [0, 1], @, K > 0, %) <, ,q > L with + + 1 =1, and
P A = [%1,%,] = R be a twice differentiable function on A° such that 0" € Lxy,x%,]. Let |p” (v)|? be
a GFPC — s function on A. Then

(l—K)[(%Z_V)K _(V_%I)K]KJ'(V)+(1+%—K)[(%2_V)K _(V_%I)K]@(v)

Hy— A Hy— A

+ FK(2K+Q’)
Hy — X1

» [(%2 — MK () — (v — 2 9 (%2) |30 (o) + 35K ()|

Xy — A

< M7 (a,K,K)

AIMS Mathematics Volume 9, Issue 9, 2392423944,



23940

% (V—%1)%+2 1 ia fl [(1—5 )71¢| 7 el + (1= s(1 — ))%‘l "(v)|‘7]d i
o \Sia &, 17w D9 O
(%Z_V)%+2 1 - ! 1 ’” 1 17 é

M (zgzlau;“ufo [(1 = 50* 197 Gl + (1 = 51 = ) Iy (V)Iq]du] .

Proof. Using Lemma 4.12, a property of the GF PC — s function |¢”|?, and the Holder inequality, one
has

‘(1 —K)[(%Z_V)K _(V_XI)K]@'(V)+(1 + % —K)[OQ_V)K _(V_%l)K]@(v)

My — X Hy— X
I'v K + @)
Xy — X1

[(%2 —VE (1) — (v = %)E 9 ()
+ K
My — X1

3050 Ger) + T2 (%2)]‘

(v_%)%+2 1 o .,
< —‘fu(x—w)lso (uv + (1= ) o)l du
Ny — K| 0
(xz—vﬁ?*zf‘
2 Kk — )" (uv + (1 — @) o)l d
g Oﬂ( 1) lp” (u 1) %)l dye

IA

([ bte-si )

§ l(v )k Ul [Z’;_l a (=gt o S s )t
0

%y — X Dinel Qu Donet Qu

1

d,u)

d,u)
= M% (a, K, k)

‘ (V"‘l)’w( — Y [ 1= s 197 Gl + (L= 1 — ¥ g (V)lq]d#);
Hy =% et @ - 0

1
q

lp” I

1
q

242 1 n _ 1 n _ _ 1
+ (%2 - V) (f [Zu:l ay (1 Slu) |KJU (%z)lq + Zu:l ay (1 s (1 lu)) |80” (V)lq
0

"y — U ZZ:] ay ZZ:] ay

L e y) k"2 ( 1 Za fl = s 19" Ge)l? + (1 = s (1 — ) " )I’] dﬂ) :
Hy) — X1 Zn ‘ 0

u=1%u u=1

O

Corollary 4.20. If one takes s = 1 in Theorem 4.19, one gets the following inequality for GF PC
Sfunctions with K-fractional integral operators:

‘(1 —K)l(MZ_V)K _(V_%I)K]SO' (v)+(1 + % —K)l(%z_V)K _(V_%I)K]SO(V)

Ay — XA Xy — A

. K[(%z — VK P (1) = (v —x)* KJ(’“)] Lk GK+a) |35 Ger) + 3559 (o) |

Hy — X

Ho — X
< M7 (a,R,K)
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1
q

n
Hy — X u=1Qu

B 242 1 n 1 1 1
y {(y %) [Z Za”fo [(1 — e " ()" + v |p” (v)l"] dﬂ)
1

1

q

n
ny—x1 |\ 2oy G

g2 1 n 1 1 1
Y [ Zafo |1 =y 19" Ge)l” + i |80"(V)|q]d“]

u=1

Corollary 4.21. If one takes K = 1 in Corollary 4.20, one gets the following inequality for GF PC
Sfunctions with RL-integral operators:

(Gt = V)" = (v =21)"

l(l —K)[(%Z_V)a_(V_XI)a]g{)'(V)+(1 +a/—/<)[
Ho — X

[(%2 -V )= (v =) @(%2)] '2C+a)
+K -

]go(v)

Hy —

[53—30 (1) + 5340 (%2)]

Xy — Xy Hy — A
< M (a,K)
(V_%l)a'+2 1 n fl | 1 q
X — a, (1 =) |p” Ge)l? + p lp” W d
{ a— Zuzlau; [ =gt 1o G gl 1

1

a2 1 n 1 1 1
L=y [Z” ay f (1= )7 9" Gl + o Ig” (V)lq]d,u) :
] 0

My — Ay

5. Conclusions

We introduced the concept of n-fractional polynomial s-type convex functions and investigated their
related properties. Algebraic relationships between such functions and other kinds of convex functions
were explored. Several novel variants of the well known H-H and Ostrowski-type inequalities were
established using the newly defined class of functions and K-fractional integral operators. Considering
the introduced class and employing fractional operators, we have derived new refinements of the
Ostrowski-type inequalities. Several special cases of our results were discussed. For some special
cases, the definition and results of generalized n-fractional polynomial s-type convex functions reduce
to a novel definition and new results for the class of convex functions, called generalized n-fractional
polynomial convex functions. The results obtained from the future plan are even more exhilarating
compared to the results available in the literature.
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