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1. Introduction

A large number of fluids exist in nature. Neglecting viscosity and heat transfer, some fluids in
nature can be viewed as ideal fluids [1-4]. The study of ideal fluid flow around a convex corner can
be traced back to 1948, as proposed by Courant and Friedrichs [5]. They discovered the existence of
a solution for this problem. Subsequently, Sheng and You [6] studied the problem of diffusion of the
pseudo-steady supersonic flow of the polytropic gas into a vacuum at a convex corner and obtained
the existence of a solution. Sheng and Yao [7] studied the problem of two-dimensional pseudo-steady
isentropic irrotational supersonic flow of the polytropic gas around a convex corner. They obtained the
structure of non-completely centered simple wave solutions. In 2023, Chen, Shen, and Yin [8] studied
the problem of supersonic diffusion of a non-ideal gas around a convex corner into the vacuum. They
proved the existence of classical solutions in the region of interaction between planar and centered
simple waves. Li and Sheng [9] studied the expansion of the Van der Waals gas into the vacuum
around a convex corner. The problem is studied in terms of the interaction of a completely centered
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simple wave with a backward planar simple wave and an incompletely centered simple wave with a
backward planar simple wave. They constructively obtained the global existence of solutions to the
gas expansion problem. For other studies on the convex corner winding problem, we refer to [10-25].

Since magnetic fields may affect fluids during flow, it is natural to consider compressible
magnetohydrodynamic equations. There have been some results in recent years about the flow of
an ideal magnetic fluid around a convex corner. In 2020, Chen, Yin, and You [26] investigated the
two-dimensional pseudo-steady compressible magnetohydrodynamic equations for the polytropic gas
expansion into the vacuum at the convex corner. They obtained a classical solution for interacting with
centered and planar simple waves.

The two-dimensional isentropic compressible magnetohydrodynamic equations can be written as

pPr+ (pu)x + (pv)y =0,
(o), + (o + p + "8 0%), + (puv), = 0, (L.1)

k2
(ov); + (puv), + (pv* + p + 52p?), = 0,

where ¢ = (u, v) denotes the velocity, u is the magnetic permeability, p is the density, & is the positive
constant, ¢t denotes time, and p is the gas pressure.
The Noble-Abel gas is

Ap”
p(p):(1 O<ap<1, A>0, 1<y<3, (1.2)

—ap)?’
where a > 0 is constant and represents the compressibility limit of a gas molecule, and y represents
the adiabatic index.

It is assumed that the supersonic incoming flow in the second quadrant travels along the horizontal
solid wall to the origin with a constant velocity gy = (uo,0), and the rest of the region is a vacuum
(see Figure 1). The supersonic flow around a convex corner problem has the following initial value
conditions:

(u9,0,00), t=0,x<0,y>0,
(u, v, p)(x, y, 1) = (1.3)

vacuum, t=0,x>0,y>xtan6,

(, v, p) li=0= (10,0, po) j

Vacuum

B

Figure 1. Supersonic flow around convex corners to vacuum.
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And the boundary data
(ov) (x,0,1) =0, x<0,y=0,t>0, (1.4)
(ov) (x,y,1) = (ou) (x,y,t)tand, y<0,x=ycotd,t >0, ’
where p, denotes the incoming flow density, is a constant, and 6 is the solid wall inclination.
For the sake of the discussion that follows, we propose the following notation,
(v —1+2ap)c® + (1 —ap) b*
1w p) =2 ’ - (1.5)
(y+1Dc*+30—-ap)b
4 _ 92 _ _ 2.2
[,uz (p)]/ _ 2ap(y + 1) c™ + [2 (y—=2)"+14ap(y - 1) + ap(18ap 8)] b c , (1.6)
o [()/ + 12+ (1-ap) 3b2}
B -y —4ap)c? + (1 —ap) b*
m(p) = —— L% 2 (17)

(y+Dc?+3(1 —ap)b?
_—ap[y+y +4(0 —ap)| ¢t + [27ap (1 = y) + ap (17 = 36ap) — 4 (y — 2)°] (1 — ap) b*c*

m' (p) = 5 )
(y+ D+ A —ap)b?)" (1 - ap)
(1.8)
A W n 242
MP)=-————[y(y+ 1) =20y + Dap +2a%"], (1.9)
yiy—-1

o Aypr2 (y = 1+ 2ap) + ui (1 — ap)’** . R

' (p) =- — [y + 1) =2( + Dap + 24°p7]
y(&y—=1DA-ap) (1.10)

A2
- ——— [2(y+ ) a+4d°p],
y(y-1 20 d
0w /720 _ 2
@y = arcsin @, a, = Wdﬁ, 0 (p) = arctan \/m (p),
Up £0 q
AD A2 a2 2 Ayp’™! 2 2 2 Aypg_l 2 2

qg =u+v, c :W’ b” = pkyp, COZW’ by = pkopo, (L.11)

- - arctan,/ﬂ(1<7<2) v/ /o2 4 12

0. =0(0) = v+l ., w=NE+Db, wy=\/c;+bg,

1Q2<y<3)

where uy > wy denotes the incoming horizontal velocity as a constant and w, denotes the incoming
magnetoacoustic velocity as a constant. @ is the maximum characteristic inclination of the C,
characteristic curve of the centered simple wave at point O, and «, is the minimum characteristic
inclination of the C, characteristic curve of the centered simple wave at point O, which is determined
by (3.26). The variable (u, v, p) (£, ) is controlled by (£, 7), and in order to solve for the main part of the
properties of the centered simple wave, we have changed the variable to a variable controlled by a single
parameter «, (i, v, p) (@), and W, i1, and ¥ are determined by (3.25). b as the Alfven velocity, ¢ as the
speed of sound, and w = Vc¢? + b? as the speed of magneto-sound. by, ¢y, and wy = 4/ cg + b% denote
the Alfven velocity of the incoming flow at t = 0, the speed of sound, and the speed of magnetoacoustic
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sound, respectively. All other symbols are for ease of expression and calculation and have no real
physical meaning.

For the convenience of the following proof, we assume that there exists a constant p;, such that the
following condition holds for any p < p; when 0 < gp; < 1

£ >0, [12@)] >0, m@ >0, m(p)<0, I(p)<0, II(p)<O0. (1.12)

In this paper, we study the Riemannian problem of a supersonic magnetic fluid with Noble-
Abel gas diffusing into the vacuum around a convex corner, which is essentially the interaction of
a centered simple wave with a planar simple wave and which can be solved by reducing it to a Goursat
problem. The solution’s hyperbolicity and a priori C' estimates are established using characteristic
decompositions and invariant regions. In addition, pentagonal invariant regions are constructed to
obtain global solutions. In addition, the generality of this gas, the sub-invariant region, is constructed,
and the solved hyperbolicity is obtained based on the continuity of the sub-invariant region. Finally,
the global existence of the solution to the gas expansion problem is constructively obtained. The main
results of this paper are as follows:

Theorem 1.1. If uy > wo, 6 < a,, po < p1, max (o — 46 (po) + 46, — %, a0 — @, — 26 (py)) < 0, then
the problem of a magnetoacoustic velocity flow with Noble-Abel gas expanding into vacuum at the
convex corner (1.1)—(1.4) has a global classical solution.

The structure of the paper is as follows: In Section 2, the characteristic forms and characteristic
decompositions related to the characteristic direction, the pseudo-flow direction, and the Mach angle
are given. In Section 3, we provide the expressions for the centered simple and planar simple waves.
In Section 4, the primary study is the interaction problem of centered simple and planar simple waves.
The C°, C', and hyperbolicity estimates of the solutions are obtained. Then, we obtain the existence of
global classical solutions. In Section 5, we discuss the shortcomings of Theorem 1.1.

2. Characteristic analysis of compressible magnetohydrodynamic equations

2.1. The characteristic equations for a, 3 and w

By the self-similar transformation (&£,7) = (x/t,y/t), the system of Eq (1.1) can be written as
©U):+ V), +2p =0,
2
(PU? + p +550%), + (pUV), + 3pU = 0, 2.1)
(PUV)e + (pV2 + p+ 207, + 3pV = 0,

where (U, V) = (u—&,v—n) is the pseudo-flow velocity. The initial edge value condition (1.3) and (1.4)
are transformed into a boundary conditions in the (£, 17) plane (refer to Figure 2).

(10,0,p0), €<0,7>0,+n* — oo,
me@m={ no (2.2)

vacuum, &> 0,n > Etand, & +n* — o,
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and

,n) =0, 0,n=0,
{(pV)(fn) £<0,m 03

(ev) (€, n) = (pu) (£, tanb, 1 <0,&=ncotd,
where 1, and p, are two different constants for the horizontal velocity and density of the incoming
flow, respectively, and 6 is the solid wall inclination.

n

(10, 0, po) Vacuum

Vacuum

B

Figure 2. Initial frontier conditions in self-similar plane.
For smooth solutions, the system of Eq (2.1) can be written in the following form:
U): + V), +2p =0,
UUg + VU, + U + L(p+ 0% = 0, (2.4)
UVe + VV, +V + L(p + M), = 0.

In the case of the irrotational condition u, = v, there exist potential functions ¢ such that ¢, = U and
¢, = V. By the last two equations of (2.4), the pseudo-Bernoulli’s law is obtained as follows:

1 - Apr!
E(U2 + V) + (();/ _alp)) . a f)ap)y + ,uk(z)p + ¢ = constant. (2.5)
We define b = |/ukdp as the Alfven velocity, ¢ = (1{2‘[’;11 as the speed of sound, and w = Vc? + b2

as the speed of magneto-sound. Through the irrotational condition u, = v, the system of Eq (2.4) can
be transformed into

{ W? = UP)ug = UV(tg +v,) + (w* = V), = 0, (2.6)

ve—u, = 0.
The matrix form of system (2.6) is as follows:

TG e e

¢
The eigenvalues A of system (2.7) are given by

W = UHA? + 2UVA + W? = VH = 0. (2.8)

That is
(V=AU = w?(1 + A% =0, (2.9)
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which yields

UV £ (/w2 (U2 + V2 - w?)

Ay = U2 — w2

(2.10)

(2.10) indicates that when U? + V? > w?, the system (2.7) is hyperbolic, with two families of wave
characteristics defined by

dn

— =A.. 2.11

g (2.11)
Taking into account Eq (2.9), it is evident that w is essentially a projection of the pseudo-flow velocity
in the normal direction of the C. feature line. The eigenvectors on the left side that correspond to the
eigenvalues A, are

L= (L3 (U + v -w)). (2.12)

By left-multiplying (2.12) by (2.7), the system of Eq (2.7) can be transformed into the following
characteristic form:

ou+AN_0,v=0,
(2.13)
o_u+AN,0_v=0,
where 0. = 0; + A.0,.
We define the characteristic inclinations a, 8 of A, and A_ as follows:
tana = A,, tanf=A_. (2.14)
Joining (2.14) and (2.10) yields
24/ W2 (U? + V2 —p? V2 — w2
tana —tanfS = \/ Eﬂ—wz ), tanatanf = Uz_v:}z. (2.15)
That is
U*sin® (@ — B) — 2U*w* (cos® @ + cos” B) + w' sin” (@ + B) = 0. (2.16)
The pseudo-streamline inclination is o = % and the Mach angle is ¢ = # as shown in Figure 3, we
have
u=§+wC(.)SU, v=n+w51.n(r, (2.17)
sind sin o
§ = arcsin <L) (2.18)
Vorsve/o '
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Figure 3. The relations between characteristics and local magneto-scoustic speed.

By the first equation of (2.17), we have

ccg+bbscoso V2 + b2 agcosf — Pecosa
+ [—

I aT e 2 ERra
_ ot bb, coso Ve + b2 a, cos B — B, cos @
V2 + p2 siné 2 ko :
Thus ] _
0 cos(o+0) + cos 0-5 wcos B0.a — w cos ad.f3
+U = o + - W= ’
B sind 2sin? s
where

0y = cos @d; + sinad,, 0_ = cosB; + sinBo,.

From the second equation (2.17), we can conclude that

ccg +bbssino V2 + b2 agsinff — Besina

Vé::

Ve? + b2 sin o - 2 sin2 o >
b= 14 S bbysing  Nc* + b* @, sinff - B, sina
! ch + b2 sin o 2 Sil’lz S :
Subsequently ] ]
0.v = sin (o + 8) + Si_no-éiw _ wsinpd.a —wsin 6Y(9¢ﬁ’
sind 2sin?s
5 cDuctbbb Ay [(y= 1)+ 2ap] + i (1 —apy”
+W = = 0.
+ 1/CQ_l_bz 2W(1—ap)7+2 7Y

According to (2.5), we have
Udu+Vd.v+p (0)d.p =0,

where

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

(2.28)
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(2.13) and (2.27) lead to

_ A_D _
Bout = V_p—A_(pl)]mp, (2.29)
5 P -
0,v=—"-0 2.30
+V UA_ —V + ( )
. B 0) 5
u=—""745_ 2.31
0-u VoAU (2.31)
, 7)) -
0v=——"-"-70_ 2.32
=T A 0P (2.32)
Substituting (2.14), (2.17), (2.26), and (2.28) into (2.29)—(2.32) reaches
3 2(c*+b*)sinf_ 3 2 (c* +b?) sinaé )33
T Mpere 7 T T T M e (233
_— 2 (¢ +b*) cosp_ 5 _2(c2+b2)cosa5 5 24
YT T M ere T e v O 239
where 12
-1+
Mp) =29 (2.35)
1 —ap
Associating (2.21), (2.25), (2.33), and (2.34), we obtain
= sin 20
wo,a = ) 2(p)§2(5 ,0) 0. w, (2.36)
tan(S
= - w —2sin® 6, 2.37
wo.p = 20 0+ (2.37)
wo_a = tan O_w + 2sin’ 6, (2.38)
K> (p)
= sin 20 _
wo_p = Q (5, p)0_w, (2.39
where
Q(5,p) = m(p) — tan’ 5. (2.40)

2.2. Characteristic decomposition of the variable w

In this section, we compute the characteristic decomposition of w using the commutator relations
and the characteristic equations of «a, 8, w, and u.

Lemma 2.1. The commutator relations (Li, Zhang, and Zheng [27]).

0.0, —0,0_ =

sin2g) (082005 =0-0) 0. = (9.5 = cos 20)0.-) I} (2.41)
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Lemma 2.2.
_ _ . o_w Q(3,p)cos2o =
W6+a_w =0_w {Sln 20 + W + (1 W + N(p)) 6+W} . (242)
S - ) o.w Q6,p)cos2d -
W3_8+w = 8+W {Sln 26 + W + <1 + W + N(p)) (')_w} s (243)
where 2 ( 2 2) 212 2
a(y+1)pc” (¢ +b”) +c°b”(y -2+ 3ap)
N(p) = > . (2.44)
((y =1+ 2ap)c* + (1 —ap) b2)
Proof. From Lemma 2.1
- - - - —1 _ _ _ - - -
0.0-u =001 = — 5 {(c0s(26) 8.8 - 0-a) d_u— (0.8 — cos (26) d_ax) Ou} . (2.45)
Substituting (2.33) into (2.45), we have
_{ 2(c*+b*)sina._ _ (2 (c* +b?)sinf_
g (- (c ) sin aé_w _5 (c ) 51nﬁ6+w
M (p) ¢ + b? M (p) ¢ + b?
~1 _ _ 2(c*+b*)sina - _ - 2(F+b?)sinB.
= 2 -0_ — _w— — 26)0_
5 {(cos( §) 0.8 —0-a) ( M) @15 d_w — (0,8 — cos (26) 0_a) M) @15 o.w
(2.46)
Simplifying and combining gives
sin @0, 0_w + sin B0_0,w
-1 - - - cosa 20cos’d — cos26 - } -
= 2 —0_a) si 2 ina - - . _
{sin > (cos(26) 8,8 — d_a) sina + 2N (p) sina - wd,w " 655 d.wp o_w
sinf8 - - , - cosfB 20 cos* S — cos 20 - } -
+ {sin 5 (cos (20)0_«a 8+ﬁ) + 2N (p)sinf - wo_w + Osin 2o o_w ¢ 0w,
(2.47)
where S
M
©6.p) = Mpe +b . (2.48)
2 [ZW2 sin“ 6 + M (p) 2 + bz}
Inserting (2.37) and (2.38) into (2.47) and using the commutator relation (2.41), we obtain
w(sina + sin8) ,0_w = i (cos(26) 0,8 — 0-a) (sina + sinB) O_w
sin 20
sin 26 (2.49)
+ 2N (p) (sin @ + sin 8)0,wO_w + (cos & — cos 3) > (p)Q (6, 0) 0. wo_w.
[

Thus, we have

20co0s’6 — 1 - . <2® (4sin* 6 — 1) cos? (26)
—_— w

® sin® (26) +aN 00)) 3+W} d-w. (2.50)
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Using a simple calculation, we have

20 (6,p) (4sin> 5 — 1) cos? § + cos? (26) . Q (8, p) cos 26
= + —
© (6, p) sin” (26) 212 (p)

(2.51)

and
20 (6,p)cos*6 —1 -1

®(@5,p)sin? (26) 242 (p)cos? S’

(2.52)
Therefore, (2.42) is established. The proof of (2.43) is similar, so we will not prove it in detail here. O
3. Centered simple waves and planar simple waves

In this section, we focus on constructing centered and planar simple waves.

3.1. Centered simple wave

In order to construct the centered simple wave solution for isentropic irrotational pseudo-steady
flow at convex corners, we first discuss the nature of the general centered simple wave principal part
of the equation.

According to the definition [28] of a centered simple wave, its solution (u,v,p)(£,n) can be
determined by the direct characteristic line 7 = £ tan @ and the function (u, v, p) (¢£,17) = (u,v,p) (r, @)
defined on the rectangular region A @) ={¢n10<r<{ a <a<a},see Figure 4. It is easy to see
that £ = rcos @ and n = rsin a, there are

g—cosa Q—sina a—a——lsina a—a—lcosa

o0& ©op N Coop r ’

(w,v,p) (& n) = W, v,p) (& a), (3.1)
0 0 0 0 E 0

— = ttana—, —=—2——.
o~ oe "B da costadn

n n=~&tana Zg
A
= ftanay _
! @ ‘
0 ¢ 0 T

Figure 4. The centered simple wave flow region in the (£, 77) and (r, @) planes.
From the systems (2.13) and (2.5), it is clear that the main parts (u, v, p) (¢, 1) of the C, type centered
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simple wave satisfy

i o
P + tanﬁ% = 0,
2 \ov , du o
—£ (1 + tan a) % + 55 +tanay: =0, (3.2)

_ _ —aD 71 -2 _
% [(u — &P+ (V- £tan a)z} + % . (ff;ﬁ)y +b + ¢ = constant.
For the potential function ¢, we have

gaa _ tana + coto dp

06 1+tan’a Oa’ (3-3)
Let ¢ — 0, then (3.2) and (3.3) become
dir dv
a + tan a/La) =0, ¢ (@)= constant, (3.4
da da
1 —ap Apr! N
S (@ @+7 @) + ((77 : f)) G £ 5 B (@) = constant, (3.5)
AN D A ~2 2 () — 2
anq = u(a)v(a/)+w(g) \/u Ea/)+v () —w (a/)’ (3.6)
i (@) —W* (@)
where (4 (0,),v(0,a),9(0,a),p(0,)) = (i (a), (@), d(a),p ().
Lemma 3.1. If the principal part (u,v,p) (r,@) = (i1, v, p) (@) satisfies
dii dv(a)
o + tan Ta 0, (3.7)
1 —ap Apr! R
5 (i (@) + 7 (@) + (Zy _“1‘;) O 7 b (@ = constan, (3.8)

ana - i(@)v(@)+w (Aoz) \/itz Eoz) + 92 (@) — W2 (oz)’ (3.9)
2 (@) — W2 ()
then (u,v,p)(&,n) = (@,9,p) (@) ,n = Etana is the C, centered simple wave solution of Eq (2.13) at
the origin.

Proof. This proof is divided into the following three steps:

Step 1. First: prove that for any given «, the line 7 = £ tan « is the C,, characteristic curve. This only
requires proving that n = £tan a is circular with the speed of sound (& () — §)2 + @ (a) - 77)2 =W (a)?
tangent. In fact, substituting = £ tan « into the velocity circle expression of sound is obtained

(2% +9* =) = 2[2+ Ptana] € + (1 + tan’ @) & = 0. (3.10)
Substituting (3.8) into (3.9) yields the discriminant of the (3.10) root
A =-4[(&" -9*)tan® @ - 2aP tana + (3 - w*)] = 0. (3.11)
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So, for any given line, n = £tan « is a C,. straight eigenline.
Step 2. Prove that (u, v, p) (¢, n) satisfies Eq (2.13) in the theorem. According to the definition of
(u, v, p), it can be known that along C, straight eigenline is constant, that is, d,u = d,v = d,p = 0 and

O,u+A_0,v=0. (3.12)
Under condition (3.4), it is obtained that
O_u+ 1,0y = (d—” +ana® (“)> d_a =0. (3.13)
da o

Step 3. Prove that (u, v, p) (¢,n) satisfies the proposed Bernoulli law in the theorem. This can be
obtained from Eqs (3.4) and (3.5).

1 (y—-A4p) Apr!
d (— U? +V?) + : + UKGp +
" 2< ) y—1 (1 -ap) Hiop T ¢

Ay (3.14)

=u—-8§€0u+(v-ndv+ W +0 +.UK(2)(9+P

=0,

and

1 (y-A4p) Ap!
iR (— U?+V?) + : + uKip +
5 ( ) 1 T oapy TR e

Ayp'”?
(1 —apy™!

=u-8€0u+(wv-nao_v+ 0_p + uKg0_p

odin . dv Ayt dp 2d;§> (3.15)
(- oL 20 9 Lo
<(” Daat O ")da+(1—ap)7+lda Oy e

di .dv  Ayp? dp 2d;3> (da dﬁ)
=0—+V—+————+ug— | 0_@— & | — +tana— | -
(u R 0 —apy ™ da po ) - & o, Ttana—— ) d-a

=0,
(3.14) and (3.15) show that Bernoulli’s law holds. O

Next, we obtain the expression of the centered simple wave solution. Since (u,v,p)(&,n) =
(&1, v, p) (@) is the principal part of the centered simple wave for type C, and « is the characteristic
angle of the C, characteristic line n = £tana. We decompose the pseudo-flow velocity (U, V) =
(i (@) — &,V (@) — i) along the (sina, — cos @) and (cos «, sin ) directions, respectively. I obtain the
velocity components w and g as follows:

w a)=(li(a)—€)sina—(V (@) —étana)cosa, g(& a) = (i(a) — &) cosa+(V () — Etana)sina.
(3.16)
When & — 0, we get
w(a)=i(x)sina -V (@)cosa, g(a)=1iu(a)cosa+V(a)sina,

(3.17)
i(a)=g@cosa+w(a)sina, V(@) =_g(@)sina—-w(a)cosa.

AIMS Mathematics Volume 9, Issue 9, 23786-23811.



23798

It is easy to see that g (@)% + W (a)* = it (@) + D (a)?, derivation of « in each of the last two equations
of (3.17) yields

dit  dg . dw . N v dg . N dw N
— = —cosa—gsina+——sinae+wcosa, — =-—sina+gcésa———cosa+wsina. (3.18)
da da da da da da

Substituting Eq (3.18) into Eq (3.4), we have
8o = —W. (3.19)
The derivation of « in Bernoulli’s law (3.5) and then the union (3.19) yield

(y+1D&2+3(1-ap)b* Wa
R 7 Wqo = A
(y=1+2ap)e* + (1 —ap)b? u*(p)

3= (3.20)

Then the derivation of « in (3.20) yields

y+DE+3(0-ap)b? . [+ Daph? + 2 -y - 3ap)’ 1] (1 - ap) &
~Waa — A~
(y = 1+2ap) e + (1 — ap) b? [(y—1+2ap) & + (1 = ap) ]’

4 (Wo)® + W = 0.

(3.21)
Using the initial value condition (i, ¥, p) (ag) = (ug, 0, po) to solve Eq (3.21), we have

A,

W:fuz(,b)\/ﬂ(ﬁ)+l'[0da/+wo, o= — - T+, (3.22)

1> (P)
in which -
0P)=-———=[y(y+ D=2+ Dap +2a°p], (3.23)
yr-1
and
wg 2 2
Hozué—wfﬁ-m[y(y+1)—2(7+1)ap0+2ap0}. (3.24)

According to (3.17), it is not hard to obtain

it = /I1(p) + Iy cosa + Wwsin«,
b= /I1(p) + Iy sina — Wwcos a, (3.25)

W= f w2 () /I1(P) + Myder + wy.

Lemma 3.2. Suppose py < py and 6 < a,, then R¢ is a complete simple wave that connects the constant
state with the vacuum (see Figure 5), where o and «, satisfy

0 A~ ) )
. Wo W/ g~ —w"
oo = arcsin —, @, = po, (3.26)
MO o q p
and §* = i + 9%
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Proof. Deriving and substituting ## = gcos o and ¥ = §sino into the first equation of (3.4), and also
deriving Eq (3.5), we have

do __coso | VE-W o di_ W (3.27)
dg gsingd qw dp qo

Therefore, we have

DA/ — W2
o= f PV ap, (3.28)
0 q-p
it is easy to see that @, = lim,_,o 0. By deflating @, one obtains
-1
1 (y—apy AP 2
yE —— . + ,0]. 3.29
4 < o ( v=1  (-apy) HKoPo ( )

So «, is bounded. O

3.2. Planar simple wave

By (1.1) and its initial value condition

(MO9 09,00)’ npx+ nyy < 09

(u,v,p)(x,y,0) = { (3.30)

Vacuum, njx+nyy >0,

where n? + n3 = 1.
By coordinate transformations X = nyx + nyy, y = —npx + nyy, let it = nju + nyv, v = —nyu + nyv.
Solving a 1-D Riemann problem, we obtain

Vacuum, 3 > 51,

(l’/\t, fjaﬁ)(ﬁa j}’ t) = (uﬁ Oapr)’ 32 < é‘\: < él’ (331)
(MO’ 0,/30)’ é} < 32’

where & = )—;‘, & = lim,, o u, (p;), & = uy — w(py). The functions u, (é) and p, (é) are implicitly
determined by

Pro\c? + b2 .
ur:uo+f o <) E=uw=wip). (332)
0

Therefore, the solutions of (1.1) and (3.30) are obtained as follows:

Vacuum, &> &,
v, )X, 3,80 = < (M, mou,, p,), & < E<E, (3.33)
(u()’ O,p())’ é < 32'
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4. Interaction of centered and planar rarefaction waves

Suppose that the centered simple wave Rc and the planar simple wave Rp start to interact at

point / (uo — Wo, Wo %) to form an interaction region Q. Q is enclosed by the C_ penetrating
characteristic curve /H of the centered simple wave Rc, the C, penetrating characteristic curve IK of
the backward planar simple wave Rp, and the interface HK between the gas and the vacuum region,
where IH is determined by the centered simple wave Rc and point I, while IK is determined by the

planar simple wave Rp and point I; see Figure 5.

n

(u3 Vap) |l‘:0: (MO, O»,DO)

i AN

Figure S. Interaction region.

According to [29], a simple calculation yields the following parametric expression for IK with
respect to the density p

[ Ayry-1 2
(]—tlT)7+1 +[JK0T

e
f—uo—w+fp0%d‘r,
1
bty 2 g2 2 (4.1)
_ pw 2 Up—w P (-arpy+? 0
n= LOWo o ug+wg ~ PoWo f ~1 dr ’
PO AytY 2
2T a1 +HuKyT
where
-1
Ayp]
— 0 2
woy = \/—y-i—l + UKyPo. “4.2)
(1 = apo)

From (4.1), when p = 0, the coordinates of the point K can be obtained as

00
K(7) = <u0— f Kd,o,o>. (4.3)
o P

The solution of the system of Eqgs (2.1)—(2.3) outside the interaction region a consists of the constant
state (19, 0, wy), the vacuum state, the centered simple wave Rc, and the backward planar simple wave
Rp; see Figure 5. Solving the solution of the system of Eq (2.1) in the interaction region €2 boils down
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to a Goursat problem, i.e., the system of Eq (2.1) as well as the boundary conditions

sy Vi i) (€1, on K,
(u,v,p)(&,n) = N (4.4)
(u_,v_,p-)(& m), on IH,

where (., v, p+) (€, 1) 1s determined by the simple wave Rp (Rc).

Lemma 4.1. For any p € (0, po), Q,, denotes the region enclosed by the C, characteristic curve ﬁ(/l,
the C_ characteristic curve 1H,, and the isomagnetoacoustic velocity line w(&,1) = w,. Here K,
and H, are the intersections of the isomagnetoacoustic velocity line w(&,1) = w, with IK and IH,

respectively. When p is sufficiently close to p, then there exists a unique C' solution to the Goursat
problem (2.1) and (4.4) on Q,, .

Proof. According to the theory of the existence of local classical solutions of hyperbolic equations [28],
there is a local C' solution to the Goursat problems (2.4) and (4.4). Thus, there is a sufficiently small
normal number such that &£ Goursat problems (2.4) and (4.4) have a C! solution on X?, where X is the
closed region bounded by IK, IH, and the straight line

E=uyg—wy+e. 4.5)
Let
I= sup w(n). (4.6)
E=up—wo+e

In the planar simple wave Rp, we have § = —7. Combining with Eq (2.36), on the C, characteristic
curve /K, we obtain

BT (26) < 0 4.7)
— | sin(29) < 0. .
—fa;cz +3b2

—1+2
_ Y ap 6'2
8+W = —

Similarly, in the centered simple wave Rc, from Eq (2.37), on the C_ characteristic curve IH , we have

2
dw=t"0 15 o 26in? 5] <. (4.8)
tan
Combining with (4.7), (4.8), (2.42), and (2.43), we have d.w < 0 in the region X°, evidently, [ < wy.
Therefore, there exists a unique C! solution to the Goursat problem on Q,, . O

Lemma 4.2. On the C, characteristic curve ilv( there is

5(p0)<53%+g, ﬁ:—g. 4.9)
Meanwhile, on the C_ characteristic curve IH, there is
@, <a<ap, min (av 2., —%) <B<ap-25(p0), (4.10)
where
5(0) = arctan \/m(p), 3. = {ar‘:tan JEa<y<d . 3(o(E) =6 (E). @.11)
I(2<y<3)
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Proof. In view of (2.36), we have

- sin (20)

6,0 = —————= — tan® 8] 0, w. 4.12
W80 = =25 [mp) —tan®o] . (4.12)
Due to
m(p) >0, m'(p)<O. 4.13)
We have -
0 (p) <0, limd=0,<-. 4.14)
p—0 4
Moreover -
20 (0g) = ap + 5 > 26 (o) . 4.15)

Due to d,.m (p) > 0, we have the following two possible cases, see Figure 6.

525([)0)

tan® & (po)
7777777777777777 ' m (0)

im(Po)

(0] Po P

Figure 6. Boundary data estimates.

Case 1. If the functions f and g have no intersection within (0, py), then we have

6*563%+%, 2&—%50/5%, ,8:—721, 5>8(p) on IK. (4.16)

Case 2. If the functions f and g intersect at point E in the range (0, py), then we have m (p (E)) =
tan® § (E). Clearly, tan? § > m (p) holds on IE. Then, we get 0.6 |z< 0 and

g, 25(p(E))—g<a<ao, B=-2 on IE. 4.17)

- Qp
5(p(E))S5S?+ 5

Furthermore, there are tan’6 < m (p) holds on EK; otherwise, there exists a point E; on EK such

that 4,6 (E,) = 0, and m’ (p) < 0. According to (4.12), 4.6 (E;) < 0 holds, which contradicts the
hypothesis. It is not difficult to obtain

5((E) <6<8.,, 25(p(E) - g <a<25. - g B = —g on EK. (4.18)
Based on 9, > 6 (py) and 6 (o (E)) > 6 (py), it is not difficult to obtain (4.9).
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Similarly, by (2.39), on the C_ cross characteristic curve [H, we obtain
3.8 = sin (20)
o 22 (p)

we discuss this in the following two cases:
Case 1. If 6 (p) < 0 as @, < @ < . According to Eq (4.19), we have

[m (p) — tan® 5] O_w, (4.19)

—géﬁ<a/o—25*, S()<s on IH. (4.20)

Case 2. If not, there must exist a point F_between 5=6 (o) and 6 = 8, such that 6 (F) = 6§ (o (F)).
Clearly, 6 > ¢ holds on IF. Then, we obtain 6_g |;7> 0 and

- g <B<B(F) on IF. (4.21)

Additionally, there is ¢ < ¢ holds on F\I-/I; otherwise, there exists a point F'; on FH such that 5_,3 (F)) =
0, and m’ (p) < 0. According to (4.19), 0_B(F,) < 0 holds, which contradicts the hypothesis. It is not
difficult to get

@, -25, <B<B(F) on FH. (4.22)
Based on @ — 20, < ag — 20 (py) and B (F) < ap — 26 (py), it is not difficult to obtain (4.10). Then, this
lemma can be obtained. O

Lemma 4.3. If there exists a C' solution to the Goursat problem (2.1) and (4.4) in Q5 and
max (cxo — 46 (po) + 40, — T —a, — 20 (po)) < 0, then the characteristic inclination (a,8) within
Q5 satisfies

a<a<a, B<B<B 20<a-B<mn, (4.23)

where x B
@=25.+a -25(py), a=min (25@0)— E,a/v> C B=ag-25(p),

(4.24)

B = min (av - 2&,—% +25 (po) - 28*) . @-B=25., a-B=25.,

for every p € (0, pg) (Figure 7).
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B
I Iy s
@ |- —
5 0/’7/7 a:{o Ll a
| e
‘ = |
i ! Co
5:%/ 1 / I ]
: o\ I I

Figure 7. Invariant region.

Proof. Assume
:{(a,ﬁ)|g—6<a<5+3,,§—g<ﬁ<,§+g,2§<a—ﬁ}, 4.25)

where ¢ is any positive number close to zero and ¢ is a sufficiently small constant satisfied by 0 < ¢ <
T -3+ 0 (po), such that

(1-cos?6-Q) M,
2 (p)sin(26)

>0 as 6<6. (4.26)

It is easy to see that when max (ao — 46 (0o) + 46, — %, @9 — @, — 26 (p)) < 0, we have

(@+¢)— (,é’—e) =26, + ap — 20 (py) + € — min (av—25*—8,—g+2(_5(,00)—25*—g
i 4.27)
— max (a0+45*—25(p0)+28,a0+45*—45(p0)+ 2 +2g) <n

Therefore, we have 0 < 26 < @ — 8 < m, which shows that X7 satisfies the hyperbolicity condition.

Choose any pomt P in Q;, we have a C, characteristic curve PH, and a C_ characteristic curve PKZ,

where H, € IH and K € IK Qp is a closed region delimited by the corresponding characteristic
curves PKZ, PHQ, IH2 and IKZ
Provide that (a, ) (£,n) € X{ for (£,17) € Qp \ {P}, then we have

(a,p) (&,1m) € 25, (4.28)

for all (¢,7) € Qp, where

Z}’,:{(a,ﬁ)|g—s<a<ap+g,ﬁp—g<,8<ﬁ+g,2§<a—,B<6P—,BP},
_ o - (4.29)
Ep—ﬁ:25p, Q—ﬁPzzdp.
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This lemma can be obtained. From Lemma 4.2, we obtain
(@.B) (&) exs, as (£,1) € lHy UIK,. (4.30)

e )/1:{a:g—s,ép—8<,8<,§+s,af—,8>ZQ},
V) = {g—8<a/<5p+8,,82,5+8,a/—,8>2é},
V3 = {a:5p+8,ép—8§,8<,§+8},
V4 = {Q—8<a’<ap+8,ﬂ:ép—8},
Ys = {CY=5P+8,,3:B+8} ,
Yo={ae=a-ep=p -cf,

V7 = {g—ssa$6p+6,ép—8§ﬁs,5’+e,a—,8:ZQ}.

Assuming that (4.28) does not hold, there exists a point Q in the region Qp for which (a, ) (Q) €
Ul 1 vi and (@, B) (&,m) € X3 hold for all (f n) € QQ \ {Q}, where Q is the closed region bounded
by the characterlstlc curves QK3, QH3, IH3, and IK3 The C_ characteristic curve through point Q
intersects /K at point K3, and the C. characteristic curve through point Q intersects /H at point Hs.

If (@,B) (Q) € 1, on the basis of the assumed condition that (a,8) (£,17) € X7 as (£,1) € Qp \ {P},
we have Q=P, according to (2.36), we obtain

wd,a (Q) = _28;1; ?j) [tan® 5 — tan® & (0 (Q))] B,w > 0. 4.31)
But based on our assumptions, we have
aEn>a@=a-s Y(EneHQO\(Q). (4.32)

Thus, we obtain 9, «a (Q) <0, and that contradicts my assumptions.
If (@, B) (Q) € y,, we can export contradictions similarly.
If (@, B) (Q) € 3, it is not hard to obtain 6 (o (Q)) < 6 (o (P)) < 6 (0 (Q)). Then, we obtain

wd.,a(Q) = 25"; ?j) [tan? 3 — tan’ 5 (0 (Q))] B, w < 0. (4.33)
But based on our assumptions, we have
@ <a(@ =ap+e Y(EmneH0\{0). (4.34)

Similarly, we obtain d,a (Q) > 0. And that contradicts my assumptions.
If (@, B) (Q) € y4, we can export cofrltladictions similarly.
If (,B) (Q) € vs, we define @ on H3Q as follows:

(58— () s
@ (H;) = a(H3).
Let z = tan H%g; (4.35) becomes
{ wd,z = 2(p) sin (26) (1 +22) (tan? 6p — 2%), (436)
z(H3) = tan % < tandp.
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A simple calculation based on the method of Lemma 4.2 in [6] yields
@(Q) < 20p +ap +¢. (4.37)

Combining (2.36) and (4.35), we have

{ wo, (@ — @) = —% [tan? 5p — tan? 5] O, w + 32 [tan2 <5‘_“2”_8> — tan? (#ﬂ o, w,

2u%(p)
(@ —-a)(H;) = 0.

(4.38)

Substituting @ (H3z) = a(H3) into the first equation of (4.38), we obtain d,(@—-a)(H;) > 0. We
assert that (@ — @) (ﬁ) >0, H € I—?;é If not, there must be a point H, € ﬁ;@ \ {H3, O} such
that (@ —a)(H,) = 0 and (@ —a)(&E,n) > 0, V(&) € I-/I?H/* \ {Hs,H.}). Thus, 0, (@ —a)(H,) <
0. On the other hand, according to the hypothesis, there are (a,8) (H,) € X% holds, and we obtain
0; (@ — @) (H,) > 0 according to equation (4.38), which contradicts 0, (& — @) (H,) < 0. Therefore, we
have a (Q) < @(Q) < 26p + @p + &, and that contradicts our assumptions.

If (@, B) (Q) € v, we can export contradictions similarly.
If (o, 8) (Q) € 7, we have 0_6(0Q) <0. According to (2.38), (2.39), and (4.26), it is obtained that

- 1 [ tano - . 5 sin (20)
wéLdQ = E lﬂ—(p)a_w +2sin“ 0 — 2[“2 (p)
3 tan o

2% (p)

(1-cos?6-Q) M\ ,
> 1- sin“ o > 0,

Q6,p)0-w

(1-cos’6-Q) 0w +sin’§ (4.39)

p* (p) sin (26)

and that contradicts our assumptions. Based on the above discussion, when ¢ tends to zero, it is easy
to get this lemma. O

Lemma 4.4. [f there exists a C' solution to the Goursat problem (2.1) and (4.4) in Q, then there exists
a constant My > 0 independent of p such that

1t,v. . @)lco(y) < Mo, (4.40)

where p € (0, pg).
Proof. According to Lemma 4.3 and Eqs (2.5) and (2.17), we have

<Z> - (i) * s (Z?If g) ’ (4.41)

1772 2y 4 =ap)  Ap! 2 _
U=+ V) + G (eapy T HKop + @ = constant,

in the domain €, then the lemma is easy to proved. O
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Lemma 4.5. If there exists a C' solution to the Goursat problem (2.1) and (4.4) in Q5, then we have
(0:w,0-w) € (=M;,0) X (—-M,0), (4.42)

in the domain €5, where

VI,

2 2
Vo — Wy

M, = max { 24 (po), > (po) ¢ - (4.43)

Proof. From Eq (4.7) and u? (o) > 0, we obtain

—142
y—I+zap 2+b2

c
2 2 1-ap
- () - (p)=— |—/—
’ T

] <0, |z< 0. (4.44)

Moreover, according to (3.22), (1.12), and (3.1), they lead to
Wa = 1 (0) \/TL(p) +T1y > 0, (4.45)
o_w I = We (cosﬁ - Ogar +sinf - 6,,(1/) = 2 in (20)
’ 8

(4.46)

=42 (o) VTG Tl 2, T 1),

2 2
Uy —wy

Based on the characteristic decompositions (2.42) and (2.43), we find by calculation that
Q (&, 1) cos (26) (m (p) — tan? §) cos (26) | [(1 =242 (p)) cos® § — sin” 5] cos (26)
= = +

1 1
T %) ’ 242 (0) 242 (p) cos?5

(o) (1 —2cos?(26)) + cos? (26) _ 12 (p) + m(p) cos? (26) -0

- 2u2 (p) cos? & B 2u2 (p) cos? & '
(4.47)

Then, we obtain
Q 2 2+ 0%) aly + 1) p + 2b* (y — 2 + 3ap)*

| QEDs@) (B alyr Dpr G2 30p)

212 (p) [(y = 1 +2ap) + (1 — ap) b?]

Next, using the converse, we prove the consistent boundedness of d.w. Suppose that the conclusion
of Lemma 4.5 does not hold, and that there exists a point Py inside €5 such that 0_w(Py) = —M,,
d,w(Py) € [-M;,0) and (5+w, é_w) € (=M,,0) X (=M,0) in Qp, \ {Po}, where Qp, is the region

—_—

bounded by the C, Chi{ac/t\e/ristic curve PyH, over the point Py and the C_ characteristic curve PyK|
over the point Py and /K, IH. According to (2.42), we have

wd,d_w (Py)

_ 5 212 Raly+ Dp+ b (y =2+ 3ap)* \ -
:(9_w{sin26+ o_w +< Q((S,p)cos26+(c Jtaly+ Dp+ b (y ap) Wl

212 (p) cos? & 21 (p) [(y = 1+2ap) 2 + (1 - ap)b?]’
= . o_w = . 1
>0_w {sm 26 + —2/12 P cos26} >0_-w {sm 26 — os? 6} > 0.
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However, this would contradict the hypothesis, so d_w (Py) € (=M, 0). Similarly, d,w (Py) € (=M, 0)
can be proved, and applying the continuity method yields (5+w, g_w) € (-M,,0) X (=M1, 0) in the
domain €;. |

Lemma 4.6. If there exists a C' solution to Goursat problem (2.1) and (4.4) in Q;, then there exists a
constant My > 0 independent of p such that

1D, D, Dplleo(o,y < Mo, (4.50)

where p € (0, po).

Proof. The derivation of both sides of w? = ¢? + b? in the direction of the C, characteristic curve can
be obtained

2(1 - ap) \/Aypr (1 = ap)™ + i (1 = ap)”"™

Oub = Ayp 2 (y = 1 + 2ap) + uk2 (1 — ap)’*? Our: (5D
Observe . 8 3 3 P
From Lemma 4.5, (2.33), and (2.34), it is known that there exists a normal number M, independent of
0. m|

Lemma 4.7. There is a global classical solution for the boundary problem (2.1) and (4.4) in the region
Q, where the Q region is bounded by the C, characteristic curve IK, the C_ characteristic curve IH,
and the vacuum boundary HK.

Proof. Suppose that the Goursat problem has a C' solution on the area Q;, where p € (0, pg). Similarly
to the proof of Theorem 4.12 in [6], we have that the isomagnetic sound velocity line p (£,17) = p
is Lipschitz continuous. The isomagnetic sound velocity line p (¢£,7) = p is solvable to length. Let
Py, Py, P,,...,P, be p(£,1) = p on sequentially different n + 1 points; Py is located in IH ,and P, is
located in /K. The C, eigencurve through point P; intersects the C_ characteristic curve through the
point P;_; at point I;, where i = 0, 1,...,n — 1. The contour p (¢£,77) = p is a non-characteristic curve,
foranyi=0,1,...,n—1,both P; # [;and P,_; # I;. Forany i = 0, 1,...,n — 1, the system of Eq (2.1)
is characterized by the characteristic curves P;1; and 15:171 The Goursat problem is in the quadrilateral
region 5 bounded by 7’7,-, m, P;_1T;, and /ISTT/, There is a global smooth classical solution on €,

where F,\T/, is the C_ characteristic curve of the point P;, and ﬁ:f ;18 the C.. characteristic curve of the
point P;_;.

Let B =Toand A = Ty Foreachi =0,1,...,n, thereis a0 < p: < p such that there is a C!
solution on the Goursat problem p (£,1) = p;, ﬁ,\f, and P;T;,,; bounded by the characteristic curves F,\f,
and ISE; Let p, = max {]50,]5] s (T, p(T2),...,p (Tn)}. We obviously have a relationship
ps < p established. Then, we obtain the solution to the Goursat problem (2.1) and (4.4) in the region
;. By repeating the above process, we can solve the problem at the regional Q. So we obtain this
lemma. O

Thus, we have completed all the discussions and obtained Theorem 1.1.  The ideal
magnetohydrodynamic system described in Theorem 1.1 can be used to model phenomena in
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astrophysics, laboratory plasmas, solar physics, etc. It represents an ideal plasma flow interacting
with a magnetic field and is described by partial differential equations, including conservation of mass,
momentum, total energy, and magnetic field. The conclusion of Theorem 1.1 shows that we only need
to control the density py and velocity u, of the incoming flow and the solid—wall inclination 6 so that
they satisfy the conditions. We can guarantee that the problem of expanding a magnetic fluid with a
Noble—Abel gas into the vacuum at a convex corner has a global classical solution.

5. Conclusions and discussions

We study the Riemann problem of a supersonic magnetic fluid with Noble-Abel gas diffusing into
the vacuum around a convex corner, which is solved by reducing it to a Goursat problem. The solution’s
hyperbolicity and a priori C°,C! estimates are established using characteristic decompositions and
invariant regions. In addition, pentagonal invariant areas are constructed to obtain a global solution. In
addition, sub-invariant regions are built, and the hyperbolicity of the solution is obtained based on the
continuity of the sub-invariant regions. Finally, the global existence of the solution to the gas expansion
problem is constructively received.

This paper deals with this problem under the special assumption of the solid wall angle 6. For more
general cases, the problem requires further attempts and discussions, for example, when the incoming
flow velocity is not supersonic but sonic or subsonic. The authors will continue to study these issues
later. In addition, we study the complete expansion problem in this work. How about incomplete
expansion problems? These problems are interesting. Follow-up studies are needed.
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