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1. Introduction

The spectral parameter power series (SPPS) method, introduced in [1], expresses the solution of the
Sturm-Liouville equation

(Y'Y +qy = Ay
as a power series with respect to the spectral parameter A, where the coefficients are given in terms of
a particular solution of the homogeneous equation

(0y') +qy=0.

In [2], the SPPS method was used for solving spectral problems for Sturm—Liouville equations. This
method is an important and efficient tool for solving a variety of problems involving Sturm—Liouville
equations. In most publications devoted to the SPPS method, the coeflicients of the differential
equations are assumed to be continuous. In [3], it is shown that the SPPS method is valid for
Sturm-Liouville equations with coefficients in the Lebesgue space L([a, b]).
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There are problems that are described by Sturm-Liouville differential equations with highly
oscillatory coeflicients, and the Lebesgue integral is not enough to integrate some coefficients of this
type. The Kurzweil-Henstock integral is more general than the Lebesgue integral, and it is well known
that it integrates highly oscillating functions, so in this work we study the SPPS method for solving
spectral problems for Sturm-Liouville equations with coefficients in the space of Kurzweil-Henstock
integrable functions.

2. Preliminaries

The Kurzweil-Henstock integral was discovered independently by J. Kurzweil in the context of
differential equations and R. Henstock, who made a systematic study. It is an integral whose definition
is as simple as the Riemann integral but is more general than the Lebesgue integral. It has good
convergence criteria and the advantage that it is not necessary to introduce improper integrals. A
particular difference with the Lebesgue integral is that it is not an absolute integral.

We denote by KH([a, b]) the space of Kurzweil-Henstock integral functions. The Alexiewicz
seminorm for this space is given by

meﬂw{fZYMﬂgmm}
The space KH([a, b]) with the seminorm || - [|j,5 1s not complete, contrary to what happens with the
Lebesgue space L([a, b]) with its norm ||f]|; = fa ’ | f]. The space of all functions of bounded variation

on [a, b] is denoted by BV([a, b]), and the variation of a function ¢ € BV([a, b]) is denoted by V|, ;;¢.
It is well known that the multipliers of KH integrable functions are functions of bounded variation, i.e.,
if f € KH([a, b]) and g € BV([a, b]), then

/& € KH([a, b]). 2.1)

Moreover, even though the integral is not absolute, we have an estimate for the integral of this product:

b b
[ rel=<| [ s
This is a Holder-type inequality for the Kurzweil-Henstock integral. See [4, Lemma 24].

A useful result, given in [5, Theorem 7.5], which we will use later, says that if f € L([a, b]), then
F, defined by F(x) = fa ! f, 1s of bounded variation on [a, b], and

<

[lcflbfl gl + 11 f1liap1 Vian1 8- (2.2)

b
VianF = f |£1. (2.3)

The space of absolutely continuous functions (respectively, generalized absolutely continuous
functions in the restricted sense) on [a, b] is denoted by AC([a, b]), respectively, by ACG.([a, b]).
See [6]. In these spaces, a fundamental theorem of calculus is stated in its general form.

Theorem 2.1. [6, Fundamental Theorem of Calculus] Let f,F : [a,b] — C be functions, and let
Xo € [a, b].
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a) If f € KH([a, b)) (resp. f € L([a,b])) and F(x) = fxzf for all x € [a, b], then F € ACG.([a, b)),
(resp. F € AC([a, b])) and F’ = f almost everywhere on [a, b]. In particular, if f is continuous at
x € [a, b], then F'(x) = f(x).

b) F € ACG.([a,b]) (resp. F € AC([a,b)])) if and only if F’ exists almost everywhere on [a, b]
and fx z F’' = F(x) — F(xp) for all x € [a,b]. In the case of absolutely continuous functions, the
Lebesgue integral is used.

In the study of differential equations, Sobolev spaces become relevant. The classical Sobolev space
is defined by

b b
W ([a, b)) = {u € L([a, b)) : Ag € L([a, b]) such that f ug = — f g,V € cj.(a,b)}, (2.4)

where Cl(a, b) is the space of continuously differentiable functions on (a, b) with compact support in
(a,b). In [7], the authors introduce a generalization of this space using the KH-integral; this space is
known as the KH-Sobolev space, and it is defined by

b b
Wku(la, b]) = {u € KH([a, b]) : g € KH([a, b]) such that f up' = —f gp, Yy € V}, (2.5)

where V is a suitable test function space (for additional details, see [7]). The function g given in (2.4)
and (2.5) is known as the weak derivative of the function u and is denoted by #&. It is well known
(see [7, Theorem 3.6]) that if u = v a.e on [a,b] and v € AC([a, b]) (resp. v € ACG.([a, b])), then
u € Whl([a, b)) (resp. u € Wxu([a, b])). Furthermore, the weak derivative coincides pointwise with the
classical derivative whenever it exists, i.e.,

iw(x) = v'(x), (2.6)

for all x in which V'(x) exists. For example, if u is defined by u(x) = xcos (’)—Z) for all x € (0,1] and
u(0) = 0, then u € ACG.([0, 1]). Thus, u € Wi ([0, 11) \ W'([0, 1]), and ie(x) = cos (%) + Z sin (%) for
all x € (0, 1], and it(0) = 0.

3. SPPS method for the Sturm—-Liovuille equation

Blancarte et al. [3] study the SPPS method for functions that are Lebesgue integrable. In this section,
the convergence of the SPPS method is performed for the Sturm—Liouville differential equation with
Kurzweil-Henstock integrable coefficients. First, let us introduce some concepts that will be necessary
to deal with this generalization.

Definition 3.1. Let f,g : [a,b] — C be functions, and ¢t € [a,b]. If there exists U, an open
neighborhood in [a, b] of t € [a, b], where

a) f is continuous, then we say that f is locally continuous at t;
b) fis of class C!, then we say that f is locally of class C' at t;
¢) f(x) = g(x) for all x € U,, then we say that f is locally equal to g at ¢.
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The set of points x € [a, b], where é is locally continuous at x, is denoted by E,. While the space of
functions that are locally of class C' at every point of E,, is denoted by C ll,
Consider the Sturm-Liouville (S-L) equation

(oy) +qy = Ary a.. on [a,b]. (3.1)

Through this paper, we assume that g and r are functions such that g, r € KH([a, b]) and p is a function
such that ;l) € L([a, b]). Also, we assume that E, # (). Define the space

A={ye AC([a,b)) N C} : py = g a.e. on [a,b] for some g € ACG,([a, b])}. (3.2)

Sanchez—Perales et al. in [8] use this space to guarantee the existence of the solutions of the
Sturm-Liouville type differential equations with KH-integrable coefficients. It is clear that if y € A,
then y’ exists a.e. on [a,b], especially at every point of E, and y = y’. Also, since there exists
g € ACG.([a, b]) such that py = g a.e. on [a, b], it follows that (py) = g’ € KH([a, b]).

In Example 4.2, p is defined by p(x) = +/r + x. Note that % € L([-n,0]) and E, = (-x,0]. An

example of an element of A is the function y defined by y(x) = +/(x + 7)3. Indeed, y is absolutely
continuous on [—, 0] and y is locally of class C I at every point of (—m,0], soy € AC([-n,0]) N C 1.
moreover, p(x)y(x) = 3 \x + x for all x € (-, 0], and this function is ACG, on [, 0].

By the form of the S-L Eq (3.1), we consider the differential operator L : A — KH([a, b]) defined
as L[y] = (py) + gy. The next lemma lets us rewrite the operator L in terms of a non-vanishing solution
of the associated homogeneous equation of the S-L equation.

Lemma 3.2 (Polya factorization). Let y, € A be a solution of the homogeneous equation L[y] = 0 a.e.
on [a, b], with yo(x) # 0 for all x € [a, b]. Then,

Lyl = ~ [pyg(l) ] a.e. on [a, b].
Yo Yo

Proof. Lety € A. Then, y, yo, py, pyo are derivable in the weak sense. Since y, is continuous and does
not vanish on [a, b], there exists @ > 0 such that @ < |yy(x)| for all x € [a, b]. Therefore, ;_o also has
weak derivative and

, for all x € [a, b].

v\, 3@)ye(x) = y(X)ie(x)
=) (x) = ;
Yo y ()(x)

Moreover, as L[yy] = 0 a.e. on [a, b], there exists a set B C [a, b] with measure zero such that for every
x € [a,b] \ B, L[yo](x) =0. Let x € [a,b] \ B, then

1 5 [ ¥)yo(x) = y(x)yo(x) ||
e )[p( x)yg(x )( )( )] e )[P(X)YO(X)( 20 )]

1
= T[(py)(x)you) Py y@)| = e ——[(03) @)yo(x) = (P30 (X)y()]

= T [((Py) (x) + q(x))’(X))yo(X) ((pyo)'(x) + q(x)yo(x))y(x)]
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1 1
= ——|LIyI(0yo(0) = LIyol(x)y(0)] = —=|LIyIx)yo(x) = 0 y(0)]
Yo(x) Yo(x)
= LIyl(x).
O

Now, we will define a family of functions that allow us to write the representation of the general
solution of the S-L Eq (3.1) as a spectral power series. Let x € [a, b], and yy € A be such that yo(x) # 0
for all x € [a, b]. Define

f X" D(s)r(s)ys(s)ds, if n es odd;
%O =1, K0y = {7 (3.3)

v d
f X(”_l)(s)—i, if n es even;
%0 P($)yy(s)

x d
f X (59— ifnis odd;
X0

p(8)y5(s)

X0 =1, X" (x) = (3.4)

f XD (s)r(s)y2(s)ds, if n is even.

X0

These functions are bound by the coefficients of the series of an exponential, as illustrated by the
following proposition:

Proposition 3.3. Let xy € [a, b] and yy € A be such that yy(x) # 0 for all x € [a,b). Then, for each
n € NU{0},

XD € ACG,([a,b]) and X € AC((a, b]), (3-5)

XD e AC([a,b]) and X* e ACG.,([a, b]). (3.6)
Furthermore, the following inequalities are satisfied:

(sen(x - x)0() (sen(x - x0)0()

|X(2n)(x)| < ||ry8||’[1a’b] o , |X(2n+l)(x)| < ||ry§||[’a+,i] -~ , (3.7)
n n+l
(sgn(x = x)Q(x)) (sgn(x = x0)Q(x))
'X(2n)(x)‘ < ||ryé||'[1a’b] . , & ‘X(z’“l)(x)' < ”ry%”?a’b] —— , (3.8)

for all x € [a, b], where Q(x) = fx o

X0 Jo(s)y3(s)|”

Proof. We will only show (3.5) and (3.7). Since y, € A, it follows that yo € AC([a, b]) € BV([a, b]).
Then by (2.1), y3r € KH([a, b)), and hence, by Theorem 2.1, X = [*)2(s)r(s)ds € ACG.(la,b)).

Now, suppose that X?**) € ACG.([a, b]). By hypothesis L € L([a, b]), then f‘j;’;” € L([a, b]), which
0

implies by Theorem 2.1 that X2 = f O XV g e AC([a, b]). Thus, y2X?"*2 € BV([a, b]) and

X0 p()V5(s)
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so by (2.1), X?®"2y2r € KH([a, b]). Hence, by Theorem 2.1, X2 = fx E) XCmD(s)y2(s)r(s)ds €
ACG.([a, b]). By induction (3.5) holds.
To prove (3.7), first note that for each x € [a, xy) and n € N,

X0
v(2n+1 2
1% D00 < 12l f
X

Indeed, by the inequality (2.2),

X(Zn—l)( S)

—— 3.9
P()y5(s) 59

X X0
] = | [ %@ oo = | [ X @riwas
X0 x
X0
= f r(S)y(Z)(S)dS tei[fclgo] X(Zn)(t)‘ + ”ry(z)”[x,XOJle,XOJX(zn) = “ry(z)”[x’xﬂjV[x’XOJX(zn)' (310)

Since X" (x) = f o _X ) ds, it follows from the equality (2.3) that

X p(S)Y3(s)
X0
v (2,
V[x,xo]X( "= f
x

Substituting (3.11) into Eq (3.10), we obtain that the inequality (3.9) holds.
Now, we show again, by induction, that
. (Fom)

 (-ew)

X(Qn— 1)(5)

ds. 3.11
o) | G-

|5(<zn>(x)| < ”,,y(z)”[a’b] — |)?(2”+1>(x)| < |lryal b~ Y x < Xp. (3.12)
For n = 0, we have that for every x € [a, xo),
X)) = f r()yg($)ds| < Irygllas- (3.13)
X0

By the induction hypothesis, we assume that the second inequality given in (3.12) is valid for the
natural n. Let x < x, and observe that

B X0 Yv(2n+1) Xo | Y(2n+1) o ||ry2]|t) -0(s) ’
|X(2"+2)(x)| = f X—z(s) dsgf X ® Z(S) ssf ol ( 2) ds
x P)yy(s) x| p(s)yy(s) x nl |p(s)yy(s)|
Q") 1
= (=D"lIrygllt, (3.14)
OHlad] n! lp(s)ya(s)|
On the other hand, [3(::3], = (””r)l%f;)Q/(‘) = Q:l(!s) lp(&);% o for almost all s € [x, xo]. Therefore,
Q" (s) 1 J 0"!(x)
§s=- .
x 1l )y (o)l (n+ D!
Consequently,
5 X0 X(2n+1) n+1
XD ()| < f " O s < iy g 229 (3.15)
x| p(9)ys(s) T(n+ 1)!

AIMS Mathematics Volume 9, Issue 9, 23598-23616.
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This proves the first inequality in (3.12) for the natural n + 1. The second inequality in (3.12) for the
natural n + 1 is obtained by (3.9) and (3.15):

n+l1+1 Qn+1(x)

ds < (=1)"lIrygllis; n+ D!

X0
XCDD0] < Myl f (.16)

P()y5(s)

This completes the induction process. Estimates for the case where x > x and for the function X,
with n € N, are shown similarly. O

The next result shows us that we can bound the functions X® and X at any point by constants.

Corollary 3.4. Under the conditions of Proposition 3.3, the functions X, XD X and X+
are bounded by the following constants:

crcr . (jn+1(jn crcr nn+1
|X(2n)(x)| 1 2’ |X(2n+1)(x)| < 1 2, |X(2n)(x)| 1 2’ & |X(2n+1)(x)| < 172 ,
! n! ! (n+1)!
(3.17)
where C; = ||ry0||[ 1 and C, = ' e
Proof. Without loss of generality, we assume that a < x < x(. Then,
X dS X0
0<-0(x) = - _2:f — f— ” Ca.
w @yl s Ip(S)yO(S)I lo()ygl eyl
Thus,
<[-oW]"'=<C} (3.18)
for all n € N U {0}. By Proposition 3.3 and the inequalities in (3.18), we have that
n nen n+1 n n+1,n
x| < " yon[ab < 0wy ey gy < i b]< oWy _cricy
n! ’ n
n non 211 n+1 nn+l
x| < yon[ab < O _CIC gm0 b]< oW+ cyey
n! ’ - n! n!

O

In the following result, we define several functions (related to the representation of the solution
of the S-LL Eq (3.1) as a power spectral series), the space to which these functions belong, and some
aspects related to their derivative.

Theorem 3.5. Let y, € A be such that yo(x) # 0 for all x € [a,b]. If X™ and X" are the functions
given in (3.3)—(3.4), and u,v,w, z : [a,b] — C are defined as

(o9

_ Z/ln)?(zn), v = i/ln+l)'z(2n+l), W= i/lnX(ZrHl)’ & 7= i/lnx(Zn). (3.19)

n=0 n=0 n=0 n=0

Then,
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a) u,w € AC([a, b)), and

= — & wWw=-—= ac. onlabl. (3.20)
PYy PYy
Moreover, the equalities
a= S 2[R0 = L and w= S aF[xeen] = £ (3.21)
> - > e =

are locally satisfied at every point of E,, and so, u,w € C ;
b) v,z € ACG.([a, b]), and

Z/l(nn) (2n+1) _ /lryou and 7= Z/ln (2”)] = /lry w (3.22)
n=0 n=0

a.e. on [a, b].

Proof. (a) First, by Corollary 3.4, we have that 3" [1"X®"| < 31 ) ISV < oo Note that the right-
hand side of this inequality is the expansion in power series of the function exp(|1|C,C;). Then, by the
Weiersstras M-test, we can actually see that the series Y=, "X®? = y. Similarly, this occurs with the
functions v, w, and z.

The next part of this proof relies on [3, Proposition 3]. We have a sequence (A"X®Y in AC([a, b])
such that 3%, "X@" converges uniformly to u on [a, b]. Now, we show that 3'°° ) "X converges to

the function 2 in L([a, b]) with the norm || - ||;. By Theorem 2.1 and the definition of X®”, we have

that (X(Z”)) = X;z; " a.e. on [a, b]. Then,

0
VC2—>0,

N

1:fab Z/l

R I

N-1
< sup Z/ln/+1)~((2n'+1) _
bl | =0

as N — oo. Thus, by [3, Proposition 3], there exists a function F € AC([a, b]) such that 3>, "X
converges uniformly to F and F = ﬁ a.e. on [a, b]. But as mentioned earlier, 3>, 1" X" converges
0

) gen-1 v

Z 21 Ren-b _

N
Z /ln X(zn) v
=0 £ 0

uniformly to u, so by uniqueness of the limits, u = F, which means that u € AC([a, b]) and it = 2 a.e.

on [a, b]. This proves one of the equahtles in Eq (3.20).
Now, let x € E,, then the functlons — are locally continuous at x, which means that there exist

5. > 0 such that 1 Xi} are continuous on [x Ox, X + 0] N [a, b]. Then, by Theorem 2.1,
0
_ ) F@n-1)
| X7 (s) = —z(s) for all s € [x — 8, x + 8,1 N [a, b]. (3.23)
P($)yy(s)

Let U,, = 3™, I"X@". Then, U, — u over [x — 6y, x + 6,] N [a,b], and Uy(s) = 3", A" ’;Z’;y”f;; for
all s € [x —6,,x + 6,] N [a, b]. Observe that

v(s)
p()2(s)|

m

. Z/ln)?(zn—l)(s) —(s)

n=1

= " f((z"‘l)(s) v(s)
P()Y5(s) p(s)y (s)

. 1
'Um(s) - = ‘

p(5)y5(s)

n=1
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<

Z A+ g +1)(s) V(S) (3.24)

ma
SE[x—0y x+6x]ﬁ[a b

P(S)yo(S)

as m — oo. Thus, U,, converges uniformly to 2 on[x—-4d,,x+0d,]N]la,blie.,

N n (2n) v(s)
;/l X ()_p(s)yg(s) (3.25)

for all s € [x — 6y, x + 0,] N [a, b]. Consequently, by [9, Theorem 7.17] and (3.25),

. _ - a0l V(S)
i(s) = Z:; X [X ](s) = (3.26)

forall s € [x — 6y, x + 6,] N [a, b]. From (3.26) and being arbitrary x € E,, we obtain that u € C;.
(b) Define the functions V and Z by

Vix) = f /lry%u and Z(x) = f /lry(z,w.
X0

X0

Then, V,Z € ACG.([a,b]),v=V and z = Z + 1. We will only show that V = v. Let x € [a, x(). Note

that U,, € BV([x, xo]), U,, = X /l”XZ; a.e. on [a,b], and U,, € L([a,b]). Consequently, by (2.3)
0

and from Corollary 3.4, we have that

v (2n—1)
Vi) Un <f |U,u(s)|ds < X"0(s)
x p(S)yo(S)
:ilﬂln fxo X(Z(n l)+1)(s) Zl | fxo C?Cg_l s
2 o | p(syd(s) « (n= D))
m Cncn
<> I/ll”(n_ 1)'ds <00 (3.27)

Il
—_

n

Therefore, (U,,) is a uniformly bounded variation on [x, xo]. Moreover, U, % uon [x, xo] and ryy €
KH([x, xo]). Consequently, by [10, Corollary 3.2], it follows that

fxo r(s)y(z)(s) Z ﬂsz(Zn)(s)dS - fxo r(s)y(z)(s)u(s)ds, (3.28)
X =0 x

when m — oo. Therefore,

|v(x) - V(x)‘ -

lim Z/l(”“)f((z”“)(x)— f Ar(s)ya(s)u(s)ds
m—oo X0

n=0

m

lim Z/l” f X (s)r(s)ys(s)ds — f xr(s)y%(s)u(s)ds

X0 X0

= |4

n=

AIMS Mathematics Volume 9, Issue 9, 23598-23616.
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=4l — 0. (3.29)

Tim f ! FSY3(s) Y| AR (5)ds f ! r(s)yg(s)u(s)
X =0 x

The same occurs for x > x(. Thus, v = V on [a, b], and so v € ACG.([a, b]). By Theorem 2.1 (a),
V= Aryiu (3.30)

a.e. on [a,b]. Now, let V,, = A™*DX®+D Then, V,, = A™DXC"ry2 ae. on [a,b]. For each m € N,
take E,, a set of measure zero, such that for every x € [a,b] \ E,, Vu(x) = A" DX (x)r(x)y3(x).
Define E = |, ey En» then m(E) = 0, and for every x € [a, b] \ E,

D Vax) = r(oyg(ou(x)
n=0

Z ﬂ(n+1)X(2")(x)r(x)y%(_x) - ﬂr(X)y%(x)u('x)
n=0

=] [reosdeo] - [ &2 @) - uw| - o, (3.31)
n=0
when m — co. Thus,
Aryiu = Z Al [gemen] (3.32)
n=0
a.e. on [a, b]. From Eqs (3.30) and (3.32), we conclude Eq (3.22). For the function z, the proof follows
similarly. O
Theorem 3.6. Let xy € E,. If yo € A is a solution of the homogeneous equation
) +qy=0 a.e. on [a, b] (3.33)
with yo(x) # O for all x € [a, b]. Then, the general solution of the equation
(oY) + qy = Ary a.e. on [a, b] (3.34)
has the form
Yy =ciyr + o, (3.35)
where ¢y, ¢, are arbitrary constants, and
yi=yo ) X =yuand yy=yo ) AXOD =y, (3.36)

n=0 n=0

Proof. Let A, be the set of all solutions to Eq (3.34). This is a linear space, because
A, = {yEﬂ:(py)’+(q—/lr)y:O}.

From conditions xy € E,, g — Ar € KH([a, b]), and é € L([a, b]), we have by [8, Corollary 3.3] that
dim(A,) = 2. On the other hand, y, € AC([a, b]) N C!, and there exists gy € ACG.([a, b]) such that

p’

PVo = go a.e. on [a,b].
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By Theorem 3.5, u € AC(la,b]) N CJ, it = * ae. on [a,b], and v € ACG.([a,b]). Therefore,
0
yi = you € AC([a,b]) N C!, and

py1 = p(you) =p

. v . v v
You + —2)’0] = (pyo)u + — = gou + —, (3.37)
PYy Yo Yo

a.e. on [a,b]. Since yo(x) # O for all x € [a,b], it follows that )io € AC([a, b)), thus gou + )10 €
ACG.([a, b]). Consequently, y; € A. In the same way, it is shown that y, € A. Now, as yy is a
non-vanishing solution of the homogeneous equation, we can apply Lemma 3.2 and Theorem 3.5, and
obtain that o .

1 Yol 1 Y I,

Lly] = — [py(z) (L) ] = —[py%—zl = —V = Aryou = Aryy, (3.38)
Yo Yo Yo PYy Yo

a.e. on [a, b]. For y,, the proof follows similarly. Thus, y;, y, € A.. Now, we will verify that y,, y, are
linearly independent. From the definitions of the functions X and X?"* observe that

y1(x0) = yo(xo)u(xo) = yo(xo) Z /1"5((2")(360) = yo(x0) - I = yo(xp),
n=0

[ee)

wixo) = XD (xg) =0,

n=0
y2(x0) = yo(xo)w(xp) = yo(x0) - 0 = 0, and

2(x0) = Z X (xp) = 1.
n=0

Also, as xg € E,, then by Theorem 3.5, w(xj) = ﬁ#%)(m. Therefore,
5200) = (Fo(row(0) + W0)00m) = — 22—y (xp) = — (3.39)
2(X0) = (Yo(Xo)w(Xxo 0)Yo(X0)) = —————Yo(Xo) = ———————~- .
p(xo)yé(xo) £(x0)yo(x0)
Then, the generalized Wronskian at x is
(oW (1, y2)1(x0) = p(xo)(y1 (X0)$2(x0) = Ya(X0)$1 (x0)) = p(x0)(Yo(Xo)$(x0)) = 1 (3.40)

Therefore, y; and y, are linearly independent. Moreover, since dimA, = 2, then {y;, y,} is a basis for
A O

As we can see in Eq (3.36), y; and y, are given by the infinite series, but only the terms X®” and
X@+D are needed. Now, the following result will allow us to avoid computing the unnecessary terms
X@mD and X, respectively. This will make the code more numerically efficient.

Proposition 3.7. Let xy € [a, b] and yy € A be such that yo(x) # 0 for all x € [a,b). If P(x) = fx :: /#
- 0
and X®7, XV are the functions defined in (3.3)—(3.4), then, for each n € N, it is satisfied that

XC(x) = f [P - POWROOX 0yt (3.41)
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and
X®D(x) = f [P(x) = POy (Or(X >V (n)dr. (3.42)

Proof. Without loss of generality, let x > x,. Note that

s S B
X (x) = f ———— X" V(s)d
) %0 P(SIYG(S) (s

= f ) m f S r(t)ys (X 2(t)dt ds. (3.43)
X0 0 X0
Define |
g(t, s) = 4 p()Yo2(s)’ Mrostss<x (3.44)
0,ifx>t>s5>x
and
f(0) = yrX® =2 (). (3.45)
Then, f € KH([a, b]) and
1
Vign8(, s) = PON20) (3.46)

for all s € [x, xo]. Smce e L([a, b)), it follows from [11, Theorem 57] that

fff(t)g(t,s)dtds=f f f(g(t, s)dsdkt. (3.47)

With the left-hand side of this equality, we obtain that

dtds = tds = dtd
fff(”g(”)ts fff()p()yoo g fx(,p(sw()ffm”

= f (s)y = f yo(Or X2 (t)de ds. (3.48)
0

Whereas on the right-hand side of Eq (3.47), we have that

dsdt = dsdt =
f f f@rgt, dsdr = f [ s >p(s)y() sdi = f 0 [ o oo

— f [P(x) — P()]ys(Or(H X2 (t)dt. (3.49)

X0

Therefore, by Eqgs (3.43), (3.48), and (3.49), we can conclude that Eq (3.41) is satisfied. Equality (3.42)
is proved in an analogous way. O

Remark 3.8. Note that almost all results depend on the existence of y, a solution of the homogeneous
Eq (3.33), such that yo(x) # O for all x € [a,b]. The construction of this function does not represent

any difficulty. As a matter of fact, if P,(x) = f mds and

X0=1,  X®(x)= f X2 D(0qO[Py(t) — Py(x)ldr; (3.50)

X0
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X =p, XD(x)= f X V(g [Pa(t) — Py(x))dt; (3.51)
X0
then,
y=c ) X ) X (3.52)
n=0 n=0

is the general solution of the homogeneous Eq (3.33), and

o=y X4y XY (3.53)
n=0 n=0

is a particular solution of the homogeneous equation such that yy(x) # O for all x € [a, b]. Indeed, let
us first rewrite the homogeneous Eq (3.33) as (o) = 1(—q)¥. Note that iy = 1 is a non-vanishing
solution of the homogeneous equation (oY) = 0. Then, by Theorem 3.6, the general solution of the
equation (oY) = 1(—q)y has the form

l// =C [wo Z 1"@(2@ + Cy |:l//() Z 1”‘P(2n+1)} =C Z @(ZH) + Z \P(2n+1), (354)
n=0 n=0 n=0 n=0

where

PO =1, §O(y) = f x\if@"-”—dt, ¢ =R X% D(x) = f g4t (3.55)

o PO %o PO

| 1
and R(x) :f — :f —.
X0 pr X0 P

Moreover, by Proposition 3.7,
P (x) = f X[R(x) — ROWo* (=)@ PP ()dr = f x[R(t) — R(0)]g(0) P2 (n)dt,
XD (x) = f X[R(x) — ROIo* () ()P (n)dt = f x[R(t) — R(0)g() P> (p)dt.

Notice that actually R = P, ¥@ = X" and $®"*D = X"V Therefore, y = ¢; Yo X +
2 Y2 o XD is the general solution in A of the homogeneous equation (py) + gy = 0.

We show now that yo(x) # 0 for all x € [a,b]. Let y; = 32, @, and v, = 32, P+, Then,
Yo = Y1 + ityp. Since Y1, € A, there exist functions g1, g» € ACG,([a, b]) such that pyy; = g, and
oY, = g, a.e. on [a, b], specially at every point of E,. Therefore, as xo € E,, we have that

P (xo) = g1(x0) &  p(xola(xo) = g2(xp).
The functions %‘i’(z’"l) and é‘P(Z”) are locally continuous at x,, thus by (3.55) and Theorem 2.1,

. . 1 .
|9 (x0) = v )\P@"—l)(xo) =0 VneN,
P Xo
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and
: 1 L ifn=0
\P(2n+1) Xq) = \P(Zn) x0) = p(xp)?
[ ] o oo =0 e
Therefore,
; _ pen| ~0 d U _ pn+h] _ .
1 (x0) Z;[ | )=0 and y(xo) Z;[ | o=

Note also that ¥;(xp) = 1 and ¥,(xp) = 0. Then,

1

=1.
p(xo)

[1(x0)g2(x0) — ¥2(x0)g1(x0)] = g2(x0) = p(xo)r2(x0) = p(xo)

It s clear that ¢, ¥, € AC([a, b]) € ACG.([a, b]), therefore, Y2, —¥»g, € ACG.([a, b]). Let x € [a, b].
Then,

Y1(X)g2(x) — Yo (x)g1(x) — 1 = ¢ (X)g2(x) — Yo (x)g1(x) — [¥1(x0)g2(x0) — Y2(x0)g1(x0)]
= f [Wig2 —vagi] = f [1(0¥2) — ()|

X0 X0
X

= f (W1 (o) — Yolpyn)] = f [W1(0g2) — va(pdn) ] + gy — Yaqy

X0 X0

- f [ [(od) + qual — vl (o) + qun 1]

X0

:f[¢1~0—¢//2-0]:f 0=0, forallxE€][a,b].

X0 X0

Thus, for every x € [a, b],
Y1(x)g2(x) — Ya(0)g1(x) = 1.
Then, for each x € [a, b], ¥1(x) # 0 or ¥,(x) # 0. Consequently, yo(x) # O for all x € [a, b].

4. Numerical solution to Sturm-Liouville problems

The representation of the solution of the S-L equation (see (3.35)) allows us to solve spectral
problems in a simple way. In this section, we present some aspects related to the numerical
implementation of the SPPS method, as well as some examples illustrating how we can apply it to
find the eigenvalues of spectral problems.

Example 4.1. Consider the equation (py) + gy = Ary a.e. on [0, 7], where

o(x) = —1, q(x):z—”sin(ﬁz) and  r(x) = 1
X X

with boundary conditions
y(0) = y(m) = 0.

AIMS Mathematics Volume 9, Issue 9, 23598-23616.



23612

The function ¢ is highly oscillating, and g € KH([O, 7r]) \ L([0, 7r]). This example clearly shows that the
results of this paper cover wider cases than those results using the Lebesgue integral. Let

D={yeA:y0)=0=yml

and define L : © — KH([0,r]) as L(y) = (py) + gy. We will find an approximation for the point
spectrum o ,(L).
From Theorem 3.6, the general solution of the equation (py)' + gy = Ary has the form

y=c [yo Z /1“‘)?(2”} + 2 |yo Z ASX@”U] : (4.1)

5s=0 s=0

where X and X®** are defined as in (3.41) by taking x, = 0. Using the boundary condition y(0) = 0
in (4.1), we obtain that
0 = ¢1y0(0) + c2y0(0) - 0.

Therefore, ¢; = 0. Now, using the boundary condition y(rr) = 0, we find that

0 = cayo(m) ) A'X®*D(r).

s=0

Since the homogeneous solution satisfies yy(m) # 0, it follows that
Q) = ) XD =0,
s=0

The zeros of Q form the point spectrum of L. To find the zeros of this function, we truncate this series
after m terms. Then, we have to find the zeros of

Qm(/l) = Z /lsx(2S+l)(ﬂ,).
s=0

According to Theorem 3.8, to find the values of X"V (rr), we first need to find the values of y, over
[0, r]. Then, in order to build the non-vanishing homogeneous solution y,, as Remark 3.8 states, we
must find the values of st) and Xf”l) over [0, ]. From Eq (3.50), we have that

= [ [P4t) = PA0IOX D0y,

X0

X700 = f X, 0q(0[Pi(0) = Py(x)ldr.
Xo

These integrals are from Kurzweil-Henstock because g € KH([0, ]) \ L([0, ]), so we have to use
an appropriate method to estimate the integrals since uniform partitions do not work. Instead, we have
to use unequal partitions. For this, we will use the method described by Yang et al. in [12]. As g has
a singularity at x = 0, and near this point it oscillates quite a bit, we take the following sequence of
points that approaches x = 0 without reaching it:

X = ﬂ(S_(i_l)), where i€{1,2,...,t+ 1}.
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Then, on each subinterval [x;,, x;], we take an unequal partition of size n generated by the points
k
Uy = Xivls Uyl = Xipy + D), (4.2)
J=1

where 2 Y
0) Xi — Xi+1)] f .
= ———"  for €{1,2,...,n}. 4.3
R jel ) (4.3)
Therefore, we have that
-1 -1 -1 -1
0<xp1 = ”;(1[)0 < ufz?l < ”S)z <eee<ul =x = ”S,o ) < uffl ) < uffz P<uV =l < (44)

»--<x2:u5:())<u£:i<u£:;<--~<u£,1’,)l:x1 =n. 4.5

The quadrature that will be used to estimate the value of the integral of a function f over each
subinterval [x;;1, x;] is given by

n a(i)

£ QN = ) S + fy) ). (4.6)
Xi+1 j=1
This quadrature allows us to estimate the values of f(;lzs), Xf”l) for s € {0, 1,...,m} at each node u;’)j

As mentioned in Remark 3.8, we take yo = X" ’X* +i 3" A°X\***. This allows us to calculate the
values of P and X**V over [0, 7], especially for s = m and x = &, which leads us to the characteristic
polynomial €,,(1), where the roots of €2, must be the point spectrum o ,(L).

The eigenvalues in this example were calculated with Python using ¢ = 30, n = 3000, and m = 100.

S

/ll’l
2.361300545482816
4.7417217745472335
10.825072417633294
17.486039265939382
25.821116277868896
37.210546294478405
50.67457532648284
65.42292022702168
81.93125101877169
0 || 101.0198225062351

— O 00 1 O\ N N W N —

Example 4.2. Consider the equation (py) + gy = Ary a.e. on [—x, 0], where

inese(57))

2x+2mr+ 1 X+
X) = Vm+x, x)=— and r(x :csc(
p(x) q(x) s (x)

with boundary conditions
y(=m) =0, y(0) = 0.
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It is clear that é,q € L([-nm,0]) and have a singularity at x = —m; also, the function r is highly
oscillating, and r € KH([-n, 0]). Let

D={yeA:y(—n) =0=y0)}

and define L : D — KH([-x,0]) as L(y) = (py) + qy. We will find an approximation for the point
spectrum o ,(L). From Theorem 3.6, the general solution of the equation (py)" + gy = Ary has the form

y=c [)’o Z /VX(ZS)} + ¢

s=0

Yo Z /ISX(ZS“)] = C1yol + Cryow, 4.7)
s=0

where X and X®**1 are defined as in (3.41) by taking x, = 0. The choice of this point is due to the
fact that O € E,, note that —z ¢ E,. Using the boundary condition y(—m) = 0 in (4.7), we obtain that

+e [yo(—ir) > /lsX(ZSH)(—ﬂ')] . (4.8)

s=0

0=c [m(—n) D AR (=m)

s=0

Now, using the boundary condition y(xy) = O in Eq (4.7), together with the fact that u(xy) = 1,

— — — : _ _ v(x0) : — _ 2xo)
v(xg) = 0, w(xg) =0, z(xp) = 1, it(xg) = oD’ and w(xg) = oD’ we have that

0=y =c 1(5’0(x0)u(x0) + yo(xo)b't(xo)) + Cz()"o(xo)W(xo) + )’o(xo)W(xo))

2(xo) )
p(x0)y5(x0)

v(xo)

_ A \ .0
- (xo)yg (xo)) + Cz()’o(xo) + yo(xo)

= C1(Y0(xo) -1+ yo(xo)

= ) )

Then, c; = — 1yy(0)yo(0)c;. When we substitute the value of ¢, into Eq (4.8), considering that ¢; and
yo(—m) must not be zero, we will arrive at the next equation

(o0

Z /ISXQ”(—JT)] ~ Vryo(0)y0(0)

s=0

Z /ISX(ZS+1)(—7T):| =0.

s=0

Thus, to find the point spectrum of L, we have to find the zeros of
Q) = ) 2[R (=) = Vryo(0)5o(0)X V(1) .
s=0

The eigenvalues for this example were calculated using ¢ = 30, n = 3000, and m = 100.
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n A,

1 || 4.524225992700899
2 || 28.39425092237783
31| 57.41629224255273
4 || 84.21626647213287
5 || 160.32418088288506
6 || 179.02925228986282
7 || 508.1105242245128
8 || 520.70477362163

9 || 523.5330777360434

5. Conclusions

In this paper, we show the convergence of the spectral parameter power series method, proposed
by Kravchenko, for the Sturm—Liouville equation with Kurzweil-Henstock integrable coeflicients. By
incorporating the Kurzweil-Henstock integral into the SPPS method, we have significantly expanded
the scope and applicability of the method, allowing us to tackle a wider variety of problems, including
those containing highly oscillating functions that are not Lebesgue integrable. The result given by
Blancarte et al. in [3, Theorem 7] remains a particular case of the results presented here when
q,r € L([a,b])(C KH([a, b])). The numerical implementation of the method was reasonably tractable
and has proven to be a powerful tool for solving Sturm—Liouville problems. This is clearly shown
in the examples in Section 4, where we were able to find the point spectrum for problems with
Kurzweil-Henstock integrable functions.
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