AIMS Mathematics, 9(9): 23584-23597.
DOI: 10.3934/math.20241146
AIMS Mathematics Received: 28 April 2024

Revised: 14 June 2024

Accepted: 20 June 2024
https://www.aimspress.com/journal/Math Published: 07 August 2024

Research article

On a nonlinear time-fractional cable equation

Mohamed Jleli and Bessem Samet*

Department of Mathematics, College of Science, King Saud University, Riyadh 11451, Saudi Arabia;
jleli@ksu.edu.sa

* Correspondence: Email: bsamet@ksu.edu.sa.
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1. Introduction

In this work, we are concerned with the nonlinear time-fractional cable equation

ou 0u 0 Pu

—_—t— - —— = F ) ’ 4 0’ 0 1 1'1
ot o 0P ox? (%) g s 1)
subject to the initial condition
u,x) =up(x), O0<x<l (1.2)
and the Dirichlet boundary condition
u(t,1)=0, t>0. (1.3)

Here, u = u(t,x), 0 < a,f < 1, % (resp. %) is the Caputo fractional derivative of order « (resp. [5)

with respect to the time-variable ¢, F(x,u) = x “|ul’, o > 0, p > 1 is a nonlinear reaction term, and
Uy € Llloc((O, 1]). Namely, we are interested in the study of the nonexistence of weak solutions to the
considered problem.

Fractional derivatives were found to be quite flexible for describing diverse materials and processes

presenting memory and hereditary properties. This fact motivated the study of time-fractional
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evolution equations from both practical and theoretical points of view. The time-fractional cable
equation (see [1]) is a generalization of the classical cable equation, which was introduced in [2] as a
macroscopic model for electrodiffusion of ions in nerve cells, when molecular diffusion is anomalous
subdiffusion due to binding, crowding, or trapping. We can find in the literature several contributions
related to the numerical study of the time-fractional cable equation, see, e.g., [3—6] and the references
therein.

The study of the nonexistence of solutions to time-fractional evolution equations was first
considered by Kirane and his collaborators (see, e.g., [7-10]). Next, this topic was developed by many
authors, see, e.g., Tatar [11], Borikhanov, Ruzhansky and Torebek [12], Kassymov, Tokmagambetov,
and Torebek [13], Zhang, Sun, et al. [14], He [15], and Jleli [16]. To the best of our knowledge, the
study of the time-fractional cable equation was not previously considered in the literature.

The approach used in this work is based on nonlinear capacity estimates specifically adapted to
the nonlocal properties of the Caputo fractional derivatives g—; and 6687, the second-order differential
operator %, the domain (0, 1), the initial condition (1.2), and the boundary condition (1.3). The cases
a < B, a = B, and @ > B are studied separately. Namely, when @ < 8, we show that for suitable
initial values ug, (1.1)—(1.3) admits no weak solution for all p > 1. Furthermore, if u, satisfies a certain
behavior as x — 0%, then, if @« = 8, (1.1)—(1.3) admits no weak solution for all p > 1. However, if
a > B and o > 2, then there exists a certain range of p where (1.1)—(1.3) admits no weak solution.

The rest of this paper is organized as follows: In Section 2, we briefly recall some basic notions
and properties related to the Caputo fractional derivative. In Section 3, we define weak solutions to the
considered problem and state our main results. In Section 4, we establish some useful lemmas. We
finally prove our main results in Section 5.

Throughout this paper, by € > 1, we mean that ¢ is a sufficiently large real number. By C (or C;),
we mean a positive constant that is independent of the parameters 7, R, and the solution u. The value
of this constant is not important and is not necessarily the same from one line to another.

2. Some preliminaries on fractional calculus
In this section, we briefly recall some basic notions and properties of fractional calculus. For more
details, see, e.g., [17].

Let T > 0 be fixed, 8 > 0, and f € C([0, T']). The left-sided Riemann-Liouville fractional integral
of order 8 of f is defined by

Igf(t):l%&fo(t—s)ﬂ‘lf(s)ds, 0<t<T.

The right-sided Riemann-Liouville fractional integral of order 8 of f is defined by

T
Lfo = ri(ﬁ)f (s—t¥ ' f(s)ds, 0<t<T.

Here, I" denotes the Gamma function, that is,
I'(s) = f e dt, s>0.
0
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It can be easily seen that
1iI(I)l Igf(t) = lir}l Iff(t) =0. 2.1
t—0% t—T-

We have the following integration-by-parts rule: If § > 0 and f, g € C([0, T']), then

T T
fo sOE f(1)dt = fo f(g(t)dt. (2.2)

Let 0 < B8 < 1and f € C([0, T]). The Caputo fractional derivative of order S8 of f is defined by

Dif) = Iéﬁ%(t), 0<t<T,

that is,

1
Dif) = =5

Letw = w(t,x) : [0,T] XTI — R, where I C R. We denote by Ig w, B > 0, the left-sided Riemann-
Liouville fractional integral of order 8 of w with respect to the variable ¢, that is,
1
'@

We denote by Igw the right-sided Riemann-Liouville fractional integral of order 8 of w with respect to
the variable ¢, that is,

! Ldf
_ B
I}(I s) 7 ()ds, 0<t<T.

!
Bw(t, x) = Lw(, x)(1) = f (t— s 'w(s,x)ds, 0<t<T,xel
0

T
I[;w(t, X) = Igw(-, x)(t) = F%ﬁ)f,‘ (s =0 'w(s,x)ds, 0<t<T,xel

Let 0 < g < 1. We denote by % the Caputo fractional derivative of order S of w with respect to the
variable ¢, that is,

&
6—:;0, x) = DEw(-, (1)

_ psow
=1, % (1, x)

1
I'(1-p)

!
d
f(r—s)-ﬂ—w(s,x)ds, 0<r<T, xel
0 ot

3. Main results

Before stating our main results, we need to define weak solutions to the considered problem.
Forall T > 0, let
St =10,T]x(0,1].

We introduce a set of functions
Yr = {lﬁ = Y(t,x) € C*(S7) 1 ¢ = 0, supp, () cC (0,11, (-, 1) = 0, W(T,-) = 0}’

where by supp () cC (0, 1], we mean that ¢ is uniformly compactly supported on (0, 1] with respect
to the variable x.
A weak solution to (1.1)—(1.3) is defined as follows:
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Definition 3.1. We say that u € LIOC([O, 00) X (0, 1]) is a weak solution to (1.1)-(1.2)-(1.3), if

1
f X NulPy dx dt + f uo(x)(l//(o x) + I7y(0,x) — I a‘é’

oLy & (oL, Py
fu—dxdt j;Tu o dxdt+fuﬁ( o dx dt

forall T >0 andy € ¥r.

O, x)) dx
(3.1

It can be easily seen that any classical solution to (1.1)—(1.3) is a weak solution in the sense of
Definition 3.1. Namely, for all 7 > 0, multiplying (1.1) by ¥ € Y7, integrating by parts over S 7, using
(1.2), (1.3), properties (2.1) and (2.2), we obtain (3.1).

We are now in a position to state our main results. We first consider the case where S > «.

Theorem 3.1. LetO <a <B < 1, 0 > 0, and uy € L'((0, 1)). If

1
f uy(x)(1 — x)dx > 0, (3.2)
0

then for all p > 1, (1.1)—(1.3) admits no weak solution.
We next consider the case where 8 < a.

Theorem 3.2. LetO < B <a < 1,0 >0, and uy € C([0, 1]). Assume that u, satisfies (3.2) and
lup(x)| ~ x° as x — 07, (3.3)

where § > 1.

(i) If @ = B, then for all p > 1, (1.1)—(1.3) admits no weak solution.
(ii) If a > B, o > 2, and

-2 -2 o0—1
1+O— <p<1+U +'8( ), 3.4)
0 6(a—p)
then (1.1)—(1.3) admits no weak solution.
4. Auxiliary results
Some useful lemmas are established in this section.
For{> land T > O, let
(=TT -0, 0<t<T. (4.1)
The following properties can be found in [17, Property 2.1, p 71].
Lemma 4.1. Let 0 <k < 1. Forall t € [0, T], we have
Ir'ee+1) Tt ot
Inr(t) = =————T(T - )™, 4.2
0 =m0 (4.2)
d re+1, ., P
—Inr(t) = — T(T — )™, 4.3
G0 = —g ST = (4.3)
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Lemmad4.2. Letm > 1and 0 < k < 1. We have

dt =CT'"w, (4.4)

dr =CT"-5, (4.5)

Proof. From (4.1) and (4.3), for all € (0, T'), we have

= dnr et -t )T [t S =
—_— = T (T - T (T -
T clra o7 [rta - o] (4.6)
= CT (T — )7
and .
o |dlsny | = -
o |4 -t )1 [—t Lrk—1]mT
=C|T™(T -t T(T -t
"T‘dr [T @ T -] (4.7)
= CT(T - ",
Integrating (4.6) (resp. (4.7)) over (0, T), we obtain (4.4) (resp. (4.5)). O
We now introduce the function
Lx)=1-x, O<x<l. 4.8)
We also need a cut-off function & € C*([0, 00)) satisfying
1
0<é<1, £€=0in [0,5], &=1in[l, o).
For ¢,R > 1, let
Er(x) = L)ERY), 0<x<1,
that 1s,
0 if 0<x<g,
Er(x) =4 L& ((Rx) if £ <x<1, (4.9)
L(x) if t<x<l
Lemma 4.3. Leta > 0 and m > 1. We have
1
f T Ep(x) dx < 1. (4.10)
0
Proof. From (4.8), (4.9) and the properties of & (namely 0 < &€ < 1), we have
1 1
f X1 E(X) dx = f xm1(1 — )& (Rx) dx
0 "
21 a
< f xm T dx
%
1
<1-—
- 2R
<,
which proves (4.10). O
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Lemma 4.4. Leta > 0 and m > 1. We have

I
f xmTég l()C)
0

Proof. For all x € (0, 1), we obtain by the definition of &g that

2
&k ' dx < CR#1,

—(X)

L= L [0 - vecro)]

()—
—é:fRX—l—X-l‘ 1—X—2[§€RX]+2—1—X—[§€RX]

[f (Rx)] — [ff(Rx)],

=(1- X)
which yields
d*&g £
@) =€ (R
[5 (Rx W

L(x) d 2
Then, by the properties of £, we obtain
d
3 I 1
Supp( d 2R Cl=—==|>

2R’ R
which implies that
1 &2 : &2
f xm- l.fl? l(x) ﬁ(x) dx = f xm- l.fl’g l(x) j(x) dx.
0 "
On the other hand, by the definition of &, for all x € (LR %) we have
. . 2 m &2 fR( ) Ll
g | | = xR -0 | 2
d’ég et
(x)
< xm l m— I(R ) dx2 s
d L(x)
which implies by (4.14) that
1 e 1 YN
fR dxz ( )
XPTER 1()C) (X) dx < X T (Ry) |42
fo . . L(x)

11
2R’ R

Furthermore, by (4.12) and the properties of &, for all x € (
EO) | ] o [EE )
L(x) L(x)

<C Rzgf 2(Rx) + R'¢ I(Rx))
< CRzg" 2(Rx),

dx.

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

) (with R > 1), we obtain
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which yields

X TERT(Rx) [ < CR# xm €07 (Rx)

G
L(x)

2m a
< CRw-TxmT,

Then, using (4.15) and integrating the above estimate over ( —) we obtain

2
f XPTER ‘(X) §R
0

2R’ R

1

m— l om R P
—(x) dx < CR»T1 f xm T dx
1

2R

< CRw T R GE+D),
which proves (4.11).
For ¢, T, R > 1, let us introduce the function
W(t, x) = nr(OEr(x),  (,x) € Sr.
The following lemma follows immediately from (4.1), (4.9), and (4.16).
Lemma 4.5. The function  belongs to Yr.

We now introduce the nonlinear capacity terms

o - |0y
J(a,m,0,y) = fxm-'wm-ll —dl‘ dx dt,
Sy ot
)
Ja,m,k, ) = fxm-'wm-ll iid dxdt,
Sy ot
K f T R LT
fd m—1 m—1 | —
(a,m, &, ) STx ¥ ax2 Ey xdt,

wherea >0, m > 1,and 0 <k < 1.
Lemma 4.6. Let a > 0 and m > 1. We have

J(a,m,0,y) < CT' .

Proof. By (4.16) and (4.17), we have
T o 1
J(a,m,O,d/):( f e ddﬂ ldt)( f xm—lfR(x)dx).
0 t 0

Then, using (4.4) and Lemma 4.3, we obtain (4.20).

Similarly, by (4.16), (4.18), (4.5), and Lemma 4.3, we obtain the following estimate:

Lemma4.7. Leta>0,m> 1, and 0 < k < 1. We have

(1-k)m

J(a,m, k) < CT'" w1,

We now use (4.16), (4.19), (4.5), and Lemma 4.4 to obtain the following estimate:

Lemmad4.8. Leta>0,m> 1, and 0 < k < 1. We have

K)m 2m-a
am—a_ .

K(a,m, k, ) < T~ R

AIMS Mathematics

(4.16)

4.17)

(4.18)

(4.19)

(4.20)
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5. Proofs of the main results

This section is devoted to the proofs of Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Let us suppose that u € LIOC([(), o0) X (0, 1]) is a weak solution to (1.1)-(1.2)-
(1.3). By (3.1) and Lemma 4.5, for all £, T,R > 1, we have

1
f X |ulPy dx dt + f 1o (x) (w(o, X) + [0, x) — I ﬂ—"”(o x))
St 0

o oL "y
gﬁTlul ” dxdt+f dxdt+f lul | = o

where i is the function defined by (4.16). On the other hand, because of Young’s inequality, we have

alﬁ - 1 o =1
fST lul E‘ dxdt = fs (x7 Iulwp)(xm/lp

1 o -1 61,0
< — P -1 yp-1 | —
< 3f T ul wdxdt+C£Tx W "

1
dxdt < 3 f x TNulPydxdt + CJ(o, p,0,¥), (5.2)
St

(5.1)

Il Ql,// (92

dxdt,

a¢'
M dxar
(91‘) !

P
p-1

b

that is,

oy
f |ul
St

or
where J(o, p, 0, ) is given by (4.17) with a = o and m = p. Similarly, we obtain

oLy
Jul ‘ o

1
dxdt < 3 f x NuPydxdt + CJ(o, p,1 —a,¥), (5.3)
St
where J(o, p, 1 —a, ) is given by (4.18) witha =0, m = p,k = 1 — @, and
&> I;_ﬁﬂlf
f ud x> [ ot )

where K(o, p, 1 — B,¢) 1s given by (4.19) with a = 0, m = p, and k = 1 — 5. Then, it follows from
(5.1)—(5.4) that

1
dxdt < gf x TNulPydxdt + CK(o, p,1 =B, ¥), 5.4)
St

—5¢

1
f to(x) (w(o, X) + 17 0%(0, x) - ~(0,x) | dx
0

< C(J(O"P,O’lﬂ) + J(O-’p’ 1- a/,ap) + K(O-’p’ _ﬁ’lp))
Furthermore, by (4.16) and (4.2) (withk € {1 — a, 1 — B}), for all x € (0, 1), we have

(5.5)

w(0,x) = (1 — 0)E(Rx), Iy “w(0,x) = C;T'™*(1 — x)é(Rx)

and

>y

I;7 =500 = CT”* [(1—x>§<Rx>]
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We also have by (4.13) that
w 1 1

Consequently, we obtain
‘ 2y
f o (X) (w<0, X)+ I W0, x) - I ﬂ—(O x))
0

1
=7 (17" + Cy) f up(0)(1 = )& (Rx) dx (5.6)
0

% d
— 1-B - _ 4
C,T le o ()~ |(1 = )¢ (Rx)| dx.
Next, using (5.5), (5.6), Lemma 4.6 (with a = 0 and m = p), Lemma 4.7 (witha = o, m = p, and
k=1- ), and Lemma 4.8 (witha = o, m = p, and k = 1 — 8), we obtain

1
R 2

1
T (17" + Cy) f up(x)(1 — 0)E(Rx) dx — C,T'F f uo(x)% |(1 - 0 (Rx)| dx
0 1

C(Tl‘ﬁ LT L T AR ;,_1)’

that is,
1 % d2
(17" +Cy) f up(0)(1 = D& (Rx) dx — C,T°7 f o(x)5— [(1 = & (Rx)| dx
0 i dx
2R (5.7)
<C (T” w oy o) 4 T”‘ﬁR%&—‘l)
We now take T = R’, where
=
6 > max , Zp . (5.8)
ﬁ - pTl -

Then, (5.7) reduces to

1 2

1
(R + C)) f up(x)(1 = x)& (Rx) dx — C,R" P f Mo(x)d (1= 0& (R)| dx (5.9)
0 " :

< C(R“") + RO 4 RM(’)),

where
140 = e(a—i),
p—1
LO) = Ga(l—L),
p—1
2p —
40 = ola- Ll 2=
p—1 p—1
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Remark that for all § > 0, we have
:0)<0,i=1,2. (5.10)

Moreover, by (5.8), we have
A3(0) < 0. (5.11)

On the other hand, by the properties of & and since u, € L!((0,1)), we obtain by the dominated
convergence theorem that

1 1
lim (R*™) + Cy) f uo(x)(1 = )& Rx) dx = C, f uo(x)(1 = x) dx. (5.12)
0 0

R—o0

We also have from the proof of Lemma 4.4 that

1

d
RY@P f luo (Ol | =

2R

2

5 [(1 -0 (Rx)|

dx < CRU“PR? f luo(X)IE>(Rx) dx

1

= CRY@P+2 luo(X)IET2(Rx) dx

2R

==

< CRYaP+2 fl lug(x)| dx.

2R

Since A(a — B) +2 < 0 (by (5.8)) and uy € L'((0, 1)), we obtain by the dominated convergence theorem
that

R
Igg& RA@—P+2 ﬁ luo(x)| dx = 0

2R

which yields
1
lim RA@P f (| = [(1 — )& (Rx)|| dx (5.13)
2R
Finally, passing to the limit as R — oo in (5.9), using (5.10)—(5.13), we obtain
1
f uy(x)(1 — x)dx <0,
0
which contradicts (3.2). The proof of Theorem 3.1 is then completed. O

Proof of Theorem 3.2. We also use the contradiction argument. Namely, supposing that u €
1OC([O o0) X (0,1]) is a weak solution to (1.1)—(1.3), and following the first steps of the proof of
Theorem 3.1, we obtain (5.7), which is equivalent to

1
(177" + Cy) f uo(x)(1 = X)& (Rx) dx
‘ . (5.14)
< C(T"‘ #1 oy reli=3) 4 oA R )+C2T"_ﬁf uo(x)— (1 = 0& (R)| dx.

2R

AIMS Mathematics Volume 9, Issue 9, 23584-23597.
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On the other hand, from (3.3) and the proof of Lemma 4.4, we have (for R > 1)

1

R d
ﬂ |uo(x)]

L ol 75
2R

2

(1 - )¢ (Rx)|| dx < CR? f * luo(0)IE2(Rx) dx

1
< CR? f |uo ()| dx
0

1

R
:Csz X dx
0

= CR'™”

which implies by (5.14) that

1
(17" +Cy) f uo(x)(1 — 0)E(Rx) dx
0

(5.15)
< C(T“‘p%1 +7o0) £ PR 4 T“—ﬁR1—5).
We now take T = R?, where 6 > 0, and (5.15) reduces to
1
(R™D + ¢y) f uo(x)(1 — X)& (Rx) dx
0 (5.16)
< C(Ra(a—p{,) 4 Rfal1=27) 4 pilo—L5)+ 251 +Re(a—ﬁ)+1—5)_
We first consider
(1) The case a@ = B. In this case, (5.16) reduces to
1
(RD 4+ Cy) f up(x)(1 = )& (Rx) dx < C (R"® + R=O + RO 4 R) (5.17)
0
where
14
() = 9(04——), (5.18)
p—1
_ 14
W@ = Ha(l — —), (5.19)
p—1
p 2p-o
us(@) = 6Oall - + -1,
p—1 p—1
M4 = 1-6.
Remark that for all 8 > 0, we have
ui(0) <0, i=1,2. (5.20)
We also have (since § > 1)
g < 0. (5.21)

AIMS Mathematics Volume 9, Issue 9, 23584-23597.
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Furthermore, imposing that

6 > max {0,
a

p+1—a}

we obtain
us(0) < 0. (5.22)

Then, passing to the limit as R — oo in (5.17), using the dominated convergence theorem, (5.20)—
(5.22), we reach a contradiction with (3.2).

We next consider

(i1) The case @ > 8, o > 2 and p satisfies (3.4). In this case, we take

9_5(p—1)+2—0‘
5 .
Notice that by (3.4), we have 6 > 0. Furthermore, we have
2p— -
e(a— Pr )+ P20 | —ga-p+i-6=1-6+Plsp-1+2-0].
p-1 p-1 B

Thus, (5.16) reduces to
1
(R + C) f up(x)(1 - X)& (Rx)dx < C (R"® + R°® + R, (5.23)
0
where 1 (6) and u,(0) are given, respectively, by (5.18) and (5.19), and

#:1_5+(a—m

[6(p-1)+2-0].
Notice that from (3.4), we have

u<0. (5.24)
Hence, passing to the limit as R — oo in (5.23), using the dominated convergence theorem, (5.20), and
(5.24), we reach a contradiction with (3.2). This completes the proof of Theorem 3.2. O

6. Conclusions

Sufficient conditions are obtained for the nonexistence of weak solutions to the nonlinear time-
fractional cable equation (1.1), subject to the initial condition (1.2) and the boundary condition (1.3).
Two cases are studied. In the first one (see Theorem 3.1), it is assumed that 0 < @ < S < 1. If the
initial function satisfies

1
f uo(x)(1 —x)dx > 0,
0

it is proven that for all p > 1, the problem has no weak solution. In the second case (see Theorem 3.2),
it is assumed that 0 < 8 < a < 1. If u, satisfies the above integral condition and |uy(x)| ~ x° as x — 0,

AIMS Mathematics Volume 9, Issue 9, 23584-23597.
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where 6 > 1, it is proven that the problem has no weak solution if one of the following conditions
holds: @ = B; ora > B, 0 > 2 and
-2 -2 o0-1
g <p<l+ g + A ).
6  da-p)

In this paper, we only studied the one-dimensional case. It would be interesting to extend the present
study to the N-dimensional case, where N > 2. Namely, the problem

1+

ou 0u O
E+%—ﬁAu—F(x,u), t>0, xe B0,1)

subject to the initial condition
u(0, x) = up(x), x € B(0,1)

and the boundary condition
u(t,x)=0, t>0,|x=1,

where A is the Laplacian operator in R, B(0, 1) is the open unit ball in RY and F(x,u) = |x||ul?,
o>0,p>1.
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