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Abstract: Let I, be the finite field of g elements, and F,. its extension of degree n. A normal basis
of F,. over F, is a basis of the form {a,a?, - - ,aqn_l }. Some problems on normal bases can be finally
reduced to the determination of the irreducible factors of the polynomial x" — 1 in F,, while the latter
is closely related to the cyclotomic polynomials. Denote by F(x" — 1) the set of all distinct monic
irreducible factors of x" — 1 in F,. The criteria for

T =D <2
have been studied in the literature. In this paper, we provide the sufficient and necessary conditions for
IF(" = DI = s,

where s is a positive integer by using the properties of cyclotomic polynomials and results from the
Diophantine equations. As an application, we obtain the sufficient and necessary conditions for

1F(x" = 1) = 3,4,5.
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1. Introduction

The study of Diophantine equations plays a very important role in number theory, and the integer
solutions of Diophantine equations are widely used in cryptography and coding theory. Silverman [1]
studied the parametric solution of equation

X3 +Y = A,
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Li and Yuan [2] proved that the simultaneous Pell equations possess at most one positive integer
solution under certain conditions.
A Diophantine equation of the form

a\x)+ayx,+ -+ ax; =S (1.1)

is called a multivariate linear Diophantine equation, where s, a;,a,, - , a, are nonzero integers and
t > 2. It is well known that for any given nonzero integers a and b, there are two integers u and v such
that

ua +vb = (a,b),

where (a, b) represents the greatest common divisor of @ and b. Now we introduce some symbols
associated with Eq (1.1) as follows:

(ar,a) = da, (dr,a3) = d3, - -+, (d;-1,a;) = d;.
That is, there exist integers uy, u,, - - - ,u, and v,, vz, - -, v,_1 such that
ajuy + axuy = dy,
dyvy + azus = ds, (12)
di_1vio1 +au, = d,.
Li [3] gave the structure of the general solution of the multivariate linear Diophantine equation.

Theorem 1.1. ([3]) The multivariate linear Diophantine Eq (1.1) has solutions if and only if d|s.
Furthermore, if d,|s and t > 4, then the general solutions of Diophantine Eq (1.1) are

x1 = u1(0 [Tocig—1 vi + Z4sjst aj; Hzgsj—z ViSj-1 +a382) + Qx5
X = Ur(8 [Tasicr1 Vi + Dasjer @5 [osicjon VisSj—1 + a3s2) — ardy ' sy,
x3 = u3(6 [Tacicro1 Vi + Ds<jer @) [Lacicjon ViSjot + A4s3) — dody ' 5o, (13)

— = -1
X1 = U1 (OVimy + @rSi-1) — dz—zd,_lst—z,

— -1
X = w6 — dy1d; s,

where s(1 <i <t - 1) are arbitrary integers and § = sd;',a; = adeTlfor 2<j<t

Let IF, be a finite field of g elements with characteristic p, and F,. be its extension of degree n,
where p is a prime number and n > 2 is an integer. Zhu et al. [4] obtained an explicit formula for the
number of solutions to the equation

f) +--+ flx) = a

over F,. Zhao et al. [5] found an explicit formula for the number of solutions of the two-variable
diagonal quartic equation
x‘f + xg =c
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over F,.

A basis of Fy over F, of the form {a,a?,--- ,aqH} is called a normal basis of F,. over F,, and «
is called a normal element of F,. over F,. An irreducible polynomial f(x) € F,[x] is called a normal
polynomial if all the roots of f(x) are normal elements of F, over F,. The frace of « is defined as

n—1

Tr(@)=a+a?+---+a

and the trace of f(x) is defined to be the coefficient of x"~!. Theorems 1.1 and 1.2 below give a simple
criterion to check when an irreducible polynomial is a normal polynomial.

Theorem 1.2. ([6]) Let n = p® with e > 1. Then an irreducible polynomial
f)=x"+a X"+ +a, €F,x]

is a normal polynomial if and only if a; # 0.

Theorem 1.3. ([7]) Let n be a prime different from p, and let q be a primitive root modulo n. Then an
irreducible polynomial
fO)=x"+ax" '+ +a,c F,[x]

is a normal polynomial if and only if a; # 0.

In 2001, Chang([8]) et al. furthermore proved that the conditions in Theorems 1.1 and 1.2 are also
necessary.

Theorem 1.4. ([8]) If every irreducible polynomial
f)=x"+ax" '+ +a,c F,[x]

with ay # 0 is a normal polynomial, then n is either a power of p or a prime different from p, and q is
a primitive root modulo n.

In 2018, Huang et al. [9] presented a unified proof of Theorems 1.1-1.3 by comparing the number
of normal polynomials and that of irreducible polynomials over F,.

The factorization of x" — 1 and its irreducible factors are closely related to the normal elements in
F,» over F, (see [10, Section 2]). Denote by &(x" — 1) the set of all distinct monic irreducible factors
of x* — 1 in a given finite field, ®,(x) a r-th cyclotomic polynomial, and ¢(-) the Euler function. Write

n=mp’,
where e > 0 is an integer, p is the characteristic of F,, and p ¥ m. Below are the known results for
13" =1 =1,2.

Theorem 1.5. ([11]) The following statements are equivalent:

(@) [F(x" = DI = 1.
(b) F(x" — D={x - 1}.
(c)n=p°.
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Theorem 1.6. ([11]) The following statements are equivalent:
(@) [F(x" = D =2.
O) Fx"—)={x— 1,1 +x+--+x"1}.
(c) m is a prime different from p, and q is a primitive root modulo m.

We summarize the five theorems above into the theorem below:

Theorem 1.7. The following statements are equivalent:
(a) Every irreducible polynomial of degree n over F, with a nonzero trace is a normal polynomial.
G Fx" =D C{x—1L1+x+---+x"1
(c) (cl)n = p¢, or
(c2) n is a prime different from p, with g being a primitive root modulo .
Cao [11] presented a new and unified proof of Theorem 1.6 and also extended Theorem 1.6. In

this paper, we give the necessary and sufficient condition for the polynomial x" — 1 to have s different
irreducible factors for a given positive integer s.

2. Preliminaries

Lemma 2.1 indicates that factorization of x" — 1 in finite fields is closely related to the cyclotomic
polynomials.
Lemma 2.1. ([12]) Let F, be a finite field of characteristic p, and let n be a positive integer not divisible

by p. Then
X'—1= ]—[ D ().
din

Lemma 2.2. ([13]) Let [ be the order of a modulo m, a" = 1 (mod m), then [ | n.

Lemma 2.3. ([12]) Let F, be a finite field and n a positive integer with (q,n) = 1. Then the cyclotomic

polynomial ®,(x) factors into % distinct monic irreducible polynomials in Fy[x] of the same degree

d, where d is the order of g modulo n.
Lemma 2.4 is the well-known theorem about the existence of primitive roots.

Lemma 2.4. ([14]) Let n be a positive integer. Then n possesses primitive roots if and only if n is of
the form 2, 4, p®, or 2p®, where p is an odd prime and « is a positive integer.

By Lemmas 2.3 and 2.4, we have the following lemma:

Lemma 2.5. The cyclotomic polynomial ®,(x) is irreducible over F, if and only if n = 2,4, p®,2p°,
and q is a primitive root modulo n.

We define v,(x) to be the greatest power in which a prime p divides x, that is, if v,(x) = a, then p®|x
but p®*! 1 x. The following lemma is called the lifting the exponent lemma (LTE):

Lemma 2.6. ([15]) Let x and y be (not necessarily positive) integers, n be a positive integer, and p be
an odd prime such that p|x — y and none of x and y is divisible by p. We have
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Vp(-xn - yn) = Vp(-x - )’) + Vp(l’l).

Lemma 2.7. Let p be an odd prime and g be a primitive root modulo p?, with (g, p) = 1. Then g is a
primitive root modulo p'(l > 1).

Proof. We first prove that g is a primitive root modulo p’(I > 2) by induction on /. Let g be a primitive
root modulo p'. The order of g modulo p'*! is d. We have

o(ph) 1 d, d | e(p"™h),

which shows that

d=p~(p-1
or
d=p(p-1.
We next prove that
d+p~'(p-1.

According to Euler’s theorem, we have
""" = 1 (mod p'"),
there exists an integer k such that
g’ D = 1 4 kp,
since g is a primitive root modulo p/, we have
g "V £ 1 (mod p'), p' t kp'™!, (k, p) = 1.

Obviously, for [ > 2, we have
2l-1>1+1

and
3I-1)=>1+1,

which shows that
gp”l(p—l) = (1 +kp"'y

= 1+kp! +k2@p2(l_l) 4D 4

= 1 + kp'(modp"™),

where ¢ is an integer and (k, p) = 1. It follows that
gV =11+ kp' £ 1 (mod p'*Y).
Therefore
d#p~(p-1), d=pl(p-1),
and g is a primitive root modulo p'*!.
We next use the LTE to prove that g is a primitive root modulo p. The Euler’s theorem shows that

g*? = 1(modp),

since g is a primitive root modulo p?, we have

AIMS Mathematics Volume 9, Issue 9, 23468—23488.
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v, (g —1) = 1.
Let h be the order of g modulo p, then A|¢(p). Similarly, we can obtain
vp(gh -1 =1.

Letx = g", y = 1, then (p, g") = 1, p|lg" — 1. By the LTE, we have
V@ =1 =v, (g~ D+v(p)=1+1=2,
which shows that
plg™ =1, g" = 1 (mod p?),
if h < ¢(p), then ph < p(p?), a contradiction. Thus & = ¢(p), g is a primitive root modulo p. |

Lemma 2.8. Let g be a primitive root modulo p'. Then g is a primitive root modulo 2p', where g is
odd and p and [ are the same as mentioned above.

Proof. Let s be the order of g modulo 2p'. Then
g’ =1 (mod 2p"), slp(2p).
So we have
g* =1 (mod p').

Since g is a primitive root modulo p, we have ¢(p')|s and hence ¢(2p')|s. So

s =¢(2p")

and g is a primitive root modulo 2p'. |
3. Main result

Combining Lemmas 2.1 and 2.3, we can calculate the number of different irreducible factors for
x" — 1 over F,. Let m be a positive integer,

((AN %} (7}

m:plpz ..pl

be its prime decomposition. If
n=mp’,

where e > 0 is an integer, and p is the characteristic of F, with p 1 m. Then we can calculate that

B -ni= Y A,

m’|m

where d,, denotes the order of ¢ modulo m’. Note that there are I‘[f(:1 (ay + 1) items in the summation,
where chzl(ak + 1) is the number of factors of m.

AIMS Mathematics Volume 9, Issue 9, 23468—23488.
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Now assume that s and m are given positive integers, my, - -- ,m;, are the ¢ factors of m. Thus, we
have

t
xX'—1= 1—[ (Dml.(x)pe.
i=1

If x" — 1 factors into s distinct irreducible polynomials in F,[x], then

B -ni= Y &
=1 M

_— 3.1)

there are ¢ items in the summation, the necessary and sufficient condition for
X" =D =s

is determined as follows:
Observe @ (i=1,2,---,1), and ¢(m;) are known; with the difference of ¢, the values of d,, will

also change, that is, the values of % will change in the different IF,. Therefore, the ¢ items in (3.1)

can be regarded as 7 variables, and (3.1) can be regarded as the Diophantine equation with 7 variables

X1+xp+--+x =5 (3.2)
Remark 3.1. Combining Lemma 2.2 and Euler’s theorem, we know that % i=1,2,---, 1) are
positive integers. So we only need to consider the positive integer solutions of (3.2).

Remark 3.2. The positive integers s and ¢ satisfy ¢+ < s. Otherwise, if t > s, then it follows from
Lemmas 2.1 and 2.3 that

[F" = DI > s.

Remark 3.3. As we all know
O(x)=x-1

is a factor of x" — 1, and x — 1 is irreducible over F,; the order of ¢ modulo 1 is d; = 1. Thus, at least
one positive integer solution of (3.2) whose value is 1.

We can find the positive integer solutions of (3.2). Without loss of generality, we suppose that

_ e(m;)

Xi P =ki(i=12,---,1) (3.3)

is the positive integer solution of (3.2), thus we have

dmi:@(izl,l---,t). (3.4)

If there exists g such that the order of ¢ modulo m; is

dm,:@ (=120,

AIMS Mathematics Volume 9, Issue 9, 23468—23488.
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then it follows from Lemma 2.3 that ®,,,(x) factors into

oim;)
gm) k

ki

i

distinct monic irreducible polynomials over IF, of the same degree

Therefore, we have
ITX" =D =ki+ky+---+k =35,

that is, x" — 1 factors into s distinct irreducible polynomials over F,,.
In conclusion, we have the following result:

Theorem 3.4. (Main result) Let F, denote the finite field of q elements with characteristic p. Let p be
a prime. Let

n=mp’
withe > 0, p ¥ m. Let s be a positive integer. The t factors of m are my, my, - -+ ,m; and d,, denotes the
order of g modulo m;. Then
[F(" = DI =,
if and only if
o(m;) .
i = = 1’ 23 Tt t
X q (i )

1

is a solution to the Diophantine equation
X1 +XxXp+ 4+ X = 8.

Proof. We first assume that
_ e(m;)
A,

is the solution of the Diophantine equation

Xi =k i=12,---,1)
X1 +XxXp+ -+ X = 8.
By Lemmas 2.1 and 2.3, we have
t
X'—=1= H CDmi(X)pe
i=1
and @,, (x) factors into

oim;)
gm)

ki

distinct monic irreducible polynomials in F,[x] of the same degree

dm,:@ (i=1,2,,0).
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Hence, we obtain
t

B = DI= > ki=s.

i=1
Suppose
[F(" = DI =s.

According to Lemma 2.3, we have

B -ni=y Ao
=1 M
So
X = “’;’:“) (=12 .1

i

is the solution of the Diophantine equation

Xp+xp 44+ x =5

4. Applications

We apply Theorem 3.4 to deduce Theorem 1.6. Note that Theorem 1.5 is trivial. Recall that
n=mp’,

where e > 0 is an integer and p is the characteristic of F, with p { m.
For Theorem 1.6
|F" = DI =2,

we know that m has two factors; thus, m is a prime different from p,
X' =1 = (O ()Du(x))”".

The unique positive integer solution of the Diophantine equation

Xi+x =2
is
X1 = Xp = 1
Since
o) _
d; ’
and by Theorem 3.4, we have
em) _
d,, ’
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that is, d,, = ¢(m), g 1s a primitive root modulo m. It follows from Lemma 2.5 that the cyclotomic
polynomial ®,,(x) is irreducible over IF,. Thus

IF(" = DI =2.
The necessary and sufficient conditions for
|F(x" = DI =3,4,5

are given, respectively, below: for

IF(" - D] =3,

we know that ¢t < 3, where ¢ is the number of factors of m.
Case 1. If m has three factors, then m = r?, where r is a prime different from p.

K =1 = (D)D) DP2())
The unique positive integer solution of the Diophantine equation
X+x+x3=3
is
Xp=x=x3=1.

By Theorem 3.4, we have

o) _ | ) _

L,
d, d,:

that is,
d, = o(r), dp = (),

g is a primitive root modulo 7 and 7*. Recall Lemma 2.7: If g is a primitive root modulo 72, then g is a
primitive root modulo r. Cyclotomic polynomials @,(x) and ®,2(x) are irreducible over IF,. Thus

(" = DI = 3.

Case 2. If m has two factors, thenm = r,

e

X' =1 = (D1(x)D(x))" .

The positive integer solution of the Diophantine equation

X1+x =3
is x; = 1, x, = 2. Hence, we obtain
o(r) _ )
d, ’
that 1s,
@(r)
dr )
2

AIMS Mathematics Volume 9, Issue 9, 23468—23488.
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the order of ¢ modulo r is @. According to Lemma 2.3, the cyclotomic polynomial ®,(x) factors into

o(r)

g
2

distinct monic irreducible polynomials in F,[x] of the same degree

0
d, = >
Thus
1§ = D] = 3.

In conclusion, we have the following result:

Theorem 4.1. The following statements are equivalent:
(@) [F&" = D] = 3.
(b) (1) F(x" — 1)={x - 1, fi(x), o(x)}, where m =T,
[ f(x) = O,(x), deg fi = deg f, = 5.
(b2) F(x" — 1)={x — 1, D,(x), D,2(x)}, where m = r*.
(¢) (cl) m = r, and the order of g modulo r is @.
(c2) m = r%, and q is a primitive root modulo r°.
For
|F(x" = DI =4,

we know that ¢+ < 4, where ¢ is the number of factors of m. In the remaining part of this paper, we
always assume that r is an odd prime different from p.

If m has four factors, then the possible values of m are 1, 2r, p;p> or 8, where p; and p, are odd
primes different from p. The unique positive integer solution of the Diophantine equation

X1+ X2+ X3+ X4 =4
is
X1 =X =x3=x4 = 1.
Case 1. If m = 73, then
X" =1 = (D;()PA0)D,2(X)D,3(x))",

and we have ) 5
¢(r) _ o) _ () _
d, d,» d,s
that is, ¢ is a primitive root modulo 7/, [ = 1,2, 3, which requires that ¢ is a primitive root modulo 7.
The cyclotomic polynomials ®,(x), ®,2(x), and ®,s(x) are irreducible over F,. Thus

IF(" = D) = 4.

1,

Case 2. If m = 2r, then

AIMS Mathematics Volume 9, Issue 9, 23468-23488.
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X' =1 = (@1(x0) Do (X)D,(x) Do (X)),

and we have
¢2) _ ¢ _ e(2r) _
d2 dr d2r
that is, ¢ is a primitive root modulo r and 2r. Recall Lemma 2.8: If g is a primitive root modulo r, then

g is a primitive root modulo 2r. The cyclotomic polynomials ®,(x) and ®,,(x) are irreducible over F,.
Obviously, the order of ¢ modulo 2 is d, = 1, and

1,

Dr(x)=x+1

is irreducible over F,. Thus

|F" = DI = 4.
Case 3. If m = p; p,, then
xX'—1= ((I)l(-x)q)pl (-x)q)pz(x)q)plpz(x))pev

and we have

o(p1) _ @(p2) _ @e(pip2)
d, d, d B

p1 P2 p1p2

1.
It follows from Lemma 2.4 that p, p, has no primitive root, which contradicts

dPlpz = @(p1p2).

The cyclotomic polynomial @, ,,(x) is reducible over F,. Thus
[F(X" - 1) > 4.

Case 4. If m = 8§, then
X" = 1 = (01 () D2 (x) Dy (x)Dg(x))"".

Since 8 has no primitive root, ®g(x) is reducible over F,. Thus
5" = 1)| > 4.

If m has three factors, then the possible values of m are r? or 4. The positive integer solution of the
equation
X1+ X +Xx3 = 4

is
X1=x=1,x3=2.

Case 1. If m = 2, then

X =1 = (D (D (x)D,2(x))

-
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and we have

2
o) _, )y

d, d»

or )
o) e,

d, d»

For the former, the order of ¢ modulo r is
@(r)
dr = 7 >
2

and g is a primitive root modulo 7%, which is impossible by Lemma 2.7. For the latter, g is a primitive
2
root modulo 7, and the order of ¢ modulo 72 is @. It follows that

r2 ro(r ro(r,
¢*"” = 1 (mod r), qy = q% = 1 (mod r?), q% =1 (mod r).
Thus go(r)l%(r). Since r is an odd prime, 5 is not an integer, and the divisibility is not valid.
Case 2. If m = 4, then
X' =1 = (D (0)Do(x)Dy(x))",

and we have

2,
dy
that is, the order of g modulo 4 is
4)
dy = "DT =1
The cyclotomic polynomial
Oux) = 1+ 27
factors into
o4
0 =

2
distinct monic irreducible polynomials in F,[x] of the same degree, dy = 1. Thus

IF(x" = 1] = 4.
If m has two factors, then m = r,
X' =1 = (D(x)D.(x)".

The positive integer solution of the Diophantine equation
X1+x=4

is x; = 1, x, = 3. Hence, we have

AIMS Mathematics Volume 9, Issue 9, 23468—23488.



23481

(40
3
monic irreducible polynomials in F,[x] of the same degree @. Thus

that is, the order of ¢ modulo r is =~+. The cyclotomic polynomial ®,(x) factors into three distinct

IF(x" = DI = 4.
In conclusion, we have the following result:

Theorem 4.2. The following statements are equivalent:
(@) [§(x" - Dl = 4.
(b) (b1) F(x" — )={x — 1, fi(x), (%), f3(x)}, where m = r,
A@A@fE) = O,(x), deg fi = deg f, = deg 3 = &7
(b2) F(x" — 1)={x — 1, D,(x), P2(x), D,3(x)}, where m = r>.
b3) F(x"—1)={x—-1,x+ 1, D.(x), D, (x)}, where m = 2r.
bd) F(x"—1)={x—1,x+ 1,x + ey, x + e}, where m = 4, e, and e, are integers.
(¢) (c1) m = r, and the order of g modulo r is @.
(c2) m = r*, and q is a primitive root modulo r>.
(c3) m = 2r, and q is a primitive root modulo r.
(c4) m = 4, and the order of g modulo 4 is 1.

For

IF" - DI =5,
we know that ¢t < 5, where ¢ is the number of factors of m.
If m has five factors, then the possible values of m are r* or 16. The unique positive integer solution
of the equation
X +Xo+x3+x4+x5=5
is
X]=Xo=X3=X4 =Xx5=1.
Case 1. If m = r*, then
X =1 = (D1 ()D(x) D2 () D3 (X)D 2 (1)),

and we have
or) _ () _ () _ ¢ _
d, d, ds da

that is, ¢ is a primitive root modulo #, [ = 1, 2, 3,4, which requires that g is a primitive root modulo 7.
The cyclotomic polynomials ®,(x), ®,2(x), ®,s(x), and ®,4(x) are irreducible over F,. Thus

1,

1§ = D] = 5.
Case 2. If m = 16, then
X" =1 = (D () D ()P4 () D5 (x)D16(x))"".

AIMS Mathematics Volume 9, Issue 9, 23468—23488.



23482

Since 8 and 16 have no primitive root, we know that ®g(x) and ®@;4(x) are reducible over FF,. Thus
|F(X" = 1) > 5.

If m has four factors, then the possible values of m are 7, 8, 2r or p; p,. The positive integer solution
of the equation
X1+Xo+x3+x4=5

is
X1 = Xp = X3 = 1,X4:2.
Case 1. If m = °, then

X =1 = (01 ()P (x) D2 (x) D3 (X))

It follows from Lemma 2.7 that

o) _

2
d.

and
or) _¢r) _

I,
d~ ds

. . . .o . . 2
that is, g is a primitive root modulo 7°, the order of ¢ modulo 77 is @. It follows that

o?)

=1 (modr?), g = =1 (mod r).

o)
2

g =1 (mod ), g
Since ¢ is a primitive root modulo r°, we have
)
(g™~ =2.
By Lemma 2.6, we have
e o0t
Vr(qr 2 —1):Vr(q 2 —1)+vr(r):2+1 :3,
3
qy = 1(mod ),
which is a contradiction. Thus, if m = >, then
|F(x" = 1)| # 5.
Case 2. If m = 8, then
X" = 1 = (01 () Dy ()P4 (x)Ds(x))"",
and we have
o&) _ | e®) _
dy T ds

that is, ¢ is a primitive root modulo 4, which means ¢ is congruent to 3 modulo 4, therefore the order
of g modulo 8 is

2,

AIMS Mathematics Volume 9, Issue 9, 23468—23488.
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®,(x) 1s irreducible over F,, and ®g(x) factors into

¢(8)

¢®)
2

=2

distinct monic irreducible polynomials in F,[x] of the same degree 2. Thus
IF(" - DI = 5.
Case 3. If m = 2r, then
X' =1 = (DD )P () D2, (X))

It follows from Lemma 2.8 that

2
o) _, #20
dr d2r
that is, g is a primitive root modulo 2r, and the order of ¢ modulo r is @, ®,,(x) is irreducible over F,
and ®,(x) factors into
o(r) )
5 =

2

distinct monic irreducible polynomials in F,[x] of the same degree @. Thus
|F(" = DI =5.
Case 4. If m = pp,, then
X =1 = (01D, ()P, (XD, , (x))"".
Since p; p, has no primitive root, we have

ep) _epa) _ pipa)
dl’l dpz , dPle

2,

that is, g is a primitive root modulo p; and p,, and the order of ¢ modulo p,p; is M’ ®, (x) and
®,,,(x) are irreducible over F,, and ®,,, ,,(x) factors into

o(p1p2) —9

e(pip2)
2

distinct monic irreducible polynomials in F,[x] of the same degree @. Thus
|F(" = DI =5.

If m has three factors, then the possible values of m are 4 or r>. If m = 4, there are at most four
distinct irreducible factors for x* — 1. Thus

|F(x" — 1) < 5.

If m = r?, then
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K =1 = (01 ()P ()D,2(x))".
The positive integer solutions of the equation
X1+xX+x3=5
are
x1=1, o=x3=2, or x;=x, =1, x3=3.

For the former, we have
o(r) _ ¢ _
d, d,

2,

that is, the order of ¢ modulo r is @

into 2 distinct monic irreducible polynomials in F,[x]. Thus

and the order of ¢ modulo 7? is “’(zrz), ®,(x), and ®,2(x) factor

1§ = D] = 5.
For the latter, it follows from Lemma 2.7 that
@(r) o(r?)
=1 and =3,
d, ne

2
that is, ¢ is a primitive root modulo r, and the order of ¢ modulo 7? is @, ®,(x) is irreducible over I,
and ®@,2(x) factors into 3 distinct monic irreducible polynomials in F,[x]. Thus

5" = DI = 5.

If m has two factors, then
m=r, x'=1=(®x)P(x)".

The positive integer solution of the equation x; + x, = 5is x; = 1, x, = 4. Hence, we have

o(r)
d

4,

that is, the order of ¢ modulo r is @. The cyclotomic polynomial @, (x) factors into four distinct monic
irreducible polynomials in F,[x]. Thus

1" = 1) = 5.
In conclusion, we obtain the following result:

Theorem 4.3. The following statements are equivalent:
(@) [F&" — DI = 5.
(b) (b]) F(x" — 1)={x = 1, D,(x), D,2(x), D,3(x), D,4(x)}, where m = r*.
(b2) F(x" — 1)={x— 1, x + 1, Dy(x), f1(x), fo(x)}, where m = 8,

Ji(X)fa(x) = @g(x), deg fi = deg f> = 2.
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G3) F(x" - 1)={x—-1,x+ 1, g1(x), g2(x), ©2,(x)}, where m = 2r,

g1(0g2(x) = (), deg g = deg g, = &7

(b4) F(x" = D={x - 1,D,,(x), ®,,(x), h1(x), ha(x)}, where m = p;p,,
I (ha(x) = Dy (), deg hy = deg hy = €222,
(b5) F(x" — 1)={x — 1, k1(x), ka(x), r1(x), r2(x)}, where m = r?,
K (0ka(x) = @,(x), deg ki = deg ky = 22 and ry(x)ra(x) = B,2(x), deg ry = deg r, = £,
Or F(xX"—1)={x—1,D.(x), u;(x), ur(x), u3(x)}, where m = r?,

w(r )

u (x)ux(x)uz(x) = O2(x), deg uy = deg u, =deg uz =

(b6) F(x" — 1)={x — 1,v{(x), 2(x), v3(x), v4(x)}, where m = r,

ViV (xX)V3(x)va(x) = D,(x), deg v) = deg v, = deg v3 = deg vy = &2

(c) (c1) m = r*, and q is a primitive root modulo 1.

(c2) m = 8, g is a primitive root modulo 4, and the order of g modulo 8 is 2.

sa()

(c3) m = 2r, the order of g modulo r is and q is a primitive root modulo 2r.

‘p(mm) , and q is a primitive root modulo p, and p.

w()

(c4) m = py pa, the order of ¢ modulo p,p, is =5

W) and the order of ¢ modulo r* is £

w(r )

(c5) m = r?, the order of g modulo r is £2 ; OF q IS a primitive

root modulo r and the order of ¢ modulo r* is

g

(c6) m = r, and the order of g modulo r is =

5. Examples

In this final section, we provide two examples.

Example 5.1. Let F, denote the finite field of q elements with characteristic p. Let p be a prime, let
r be a prime different from p, and let n = r'p¢, with [ > 1, e > 0. Denote by F(x" — 1) the set of all
distinct monic irreducible factors of X" — 1 in a given finite field. Given a positive integer s, we consider
the special case for

IFX"=D|=s=1+1.
Sincen =1t P’
X' =1 = (D () PA)Dp2(x) - - - pa(x))",
The unique positive integer solution of the equation

Xo+x1+x+---+x=[+1

is .
)
T od,

=1 @G=0,1,---,D,
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where d,: denotes the order of q modulo v (i = 0,1,---,1). That is, q is a primitive root modulo r’/
(j = 1,2,--+,1). Recall Lemma 2.7 that if q is a primitive root modulo r*, then q is a primitive root
modulo r’ (j=1,2,---,1). Cyclotomic polynomials ®,;(x) (j = 1,2,--- ,1) are irreducible over F,.

In conclusion, if q is a primitive root modulo r?, then

I = 1) =1+ 1.

Example 5.2. We factor polynomial x* — 1 into distinct monic irreducible polynomials over F.
Since 25 = 5%,

1= — 1 = O (x)D5(x)Dos(x).
We first calculate
7=2(mod5), 77=4=-1(mod5), 7* =1 (mod5),
where 7 is a primitive root modulo 5, thus
Os(x)=1+x+x>+x+x*

is irreducible over F.
We next calculate

7 =7 (mod 25), 7°> =24 = -1 (mod 25), 7* = 1 (mod 25),
the order of T modulo 25 is 4, thus
Dos(x) =1+ +x10 4+ x5+ x0

factors into
$(25) _
4

distinct monic irreducible polynomials over F; of the same degree 4,

5

fix) =1+ 2x +4x% +2x° + x*,
fr(x) =1+ 4dx +4x° + x*,

L) =1+4x+ 3x% +4x° + x*,
fix) = 1+ 5x+5x% + 55 + x*,
fs(x) = 1+ 6x+5x% + 6x° + x*,

respectively.
Thus

B -1=((x=DA+x+ 2+ +xHA 4+ 2x + 4% + 2 + (1 + dx + 45> + 1
(1+4x+3x7 +45° + XA +5x + 52 + 5 + xH(A + 6x + 552 + 6x° + 1Y)

and

FCP =D =7.
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6. Conclusions

Let IF, be the finite field of ¢ elements, and F,. be its extension of degree n. Denote by F(x" — 1)
the set of all distinct monic irreducible factors of the polynomial x" — 1 in the finite field F,. Given a
positive integer s, we use the properties of cyclotomic polynomials in finite fields and results from the
Diophantine equations to provide the sufficient and necessary condition for

[F(" =Dl = s.
As an application, we also obtain the sufficient and necessary conditions for
1F(x" — 1) =3,4,5.
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