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1. Introduction

In the literature, one can find a rich history of the Hausdorff operator in harmonic analysis. Let’s
start our discussion by introducing the high-dimensional rough fractional Hausdorff operator [1]:

1)) -1
Hggg(z) = L ) |(;Z|Lt|ﬁ )Q(t’)g(t)dt, 0<B<n. (1.1)

This is the most general form of Hausdorff operator, as the remaining definitions can be easily obtained
from (1.1). For instance, if we take 2 = 1, then we get the high-dimensional fractional Hausdorff
operator [2]. Also, 8 = 0 provides the n-dimensional rough Hausdorff operator [3]. Similarly, if
Q =1=nand B = 0, then we get the one-dimensional Hausdorff operator [4-6]. Furthermore, if
we choose the parameters correctly, many celebrated integral operators, such as Hardy-type operators,
become special cases of the rough fractional Hausdorff operator. Furthermore, the commutator of (1.1):

HY',8(2) = b()HY 08(2) — Hy ((bg)(2), (1.2)
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is just as important as the operator itself.

On the other hand, function spaces with variable exponents are not a mere generalization of classical
ones but appear to have a natural application in many real-world phenomena; see [7], for example. The
variable-exponent Lebesgue space L) can be traced back to Orlicz [8]. In 1990, however, the authors
of [9] incorporated the formal theory of function spaces with variable exponents into its structure. They
introduced the variable-exponent Lebesgue and Sobolev spaces. Since the publication of [9], several
authors have contributed to the theory of variable exponent function spaces. The works in [10-13], in
particular, greatly influence the basic structure and relevant properties of such spaces. Finally, we must
cite some recent publications in this direction: [14—18]. Additionally, the structure of grand spaces was
first developed in [19,20] and continued to flourish through the years [21-24]. Recently, Kokilasvili
and Meski [25] defined the grand-variable exponent Lebesgue spaces, which gave this field a new
direction and attracted the attention of many authors [26-28].

Commutators of integral operators find their applications in the regularity theory of partial
differential equations and in the characterization of function spaces [29]. Such applications make
their studies more important and valuable [30]. The commutators of various Hausdorft operators hold
significant importance and have been a topic of discussion for numerous authors [31-34]. However, no
one has tested the boundedness of such commutator operators on variable-exponent function spaces.
The purpose of this article is to fill this gap by establishing the boundedness of (1.2) on grand-variable-
exponent Herz-Morrey spaces. In a special case, we also obtain the continuity of ng on grand-
variable Herz spaces.

In the next section, we present preliminary results, which will be helpful in establishing our main
results. Finally, in the last section, we state our main results and give their proofs.

2. Variable-exponent function spaces and related results

Let us open our discussion by introducing the variable-exponent Lebesgue spaces. Let A be an open
subset of R” and ¢(-) be a measurable function on A with values in [1, ), and ¢’(-) denotes the prime
index corresponding to ¢(-), i.e., ¢'(-) = g(-)/(q(-) — 1). The collection of all functions g(-) that satisfy:

1 <g-<g: <oo,

where g_ = essinf ¢4 q(z), and g, = esssup,, q(2), is denoted by P(A). The Lebesgue space with
variable exponent LYV(A) is defined as the set of all measurable functions f(z) satisfying:

(2)
I(M)q dz<oo,
a\ ¢

where the constant £ > 0. When equipped with the Luxemburg norm, it becomes a Banach function

space.
q(2)
[1f1lz90ca) = inf {§ >0: f(_lf(z)l) dz < 1}.
a\ ¢

Its local version, Lﬁf'c)(E), is defined as:

loc

LI(E) = {f : f € L19(A) V compact subset A C E} )
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In the study of variable exponent function spaces, an essential operator is the Hardy-Littlewood
maximal operator M. For a measurable function f on LY”(R"), it can be defined as:

1
Mf(2) = sup Bl fB o |f(o)ldo.

In the remainder of this paper, we use the notation B(R") to denote the set consisting of g(-) € P(R")
such that M is bounded on LiV(R").

Proposition 2.1. [13,35] Let A C R” be an open set, and g(-) € P(A) satisfies:

lg(o) —q(D)| < m,

C
lg(0) = q(D)] < (ol o) lorl < 1, (2.2)

then g(-) € B(A), where C is a positive constant independent of o and (.

Lemma 2.2. [9] Let g(-) € P(A). If g € LIY(A) and h € LT (A), then we have

%Z|O’—{|, 2.1

f|g(2)h(2)|d2 < rq”g”L‘i(')(A)”m|L<1’(')(A),
A

where r, = 1+L -1,
q- q+

Lemma 2.3. [36] If g(-) € B(R"), then there exist constants 0 < 6 < 1 and C > 0 such that for all balls
B in R" and all measurable subsets S C B,
Il Bll e ey < C(@)é.
s Il oo @) S|

Lemma 2.4. [11] Define a variable exponent j(-) such that ﬁ = ﬁ + i, (t € R"). Then, we have

llghll e ®ny < ClIgllso @Al e @n)-
Lemma 2.5. [35] Let p(-) € B(R") satisfy conditions (2.1) and (2.2) in Proposition 2.1, then

0™ if|Q] < 2" and x € O,
07 if|Q] > 1,
for all cubes (or balls) Q Cc R", where g(c0) = lim,_,, g(x).

Let By = {t € R" : [t| <2}, Cx = By \ Bi_i1, and yy = Xxc, for k € Z. Then, the homogeneous Herz
space with variable exponent was first defined in [37,38].

“XQ”L‘I(')(R") ~ {

Definition 2.6. Let € R, 0 < g < o0, and p(-) € P(R"). The homogeneous Herz space with variable
exponent KZ(’_")(R”) is the set of all measurable functions f such that:

Ki @) = { £ € LR\ 0D ¢ I lgsen < o

where 1

_ K g
ke ey = ( .2 "‘fllkalli,,o(w)) :
k=—00
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If p(-) = p, then we have the classical Herz space K“’q studied in [39].

Definition 2.7. [36] Leta € R, 0 < g < o0, A € [0, ), and p(:) € B(R"). The space MK“ ()(R”) is
the set of all measurable functions f given by

MR ) = {f € LI NOD: Wl o < 0.

where

koA ki le
o) = S0P O(Zuz “Pll)

Obviously, M Kg’ﬁ(.)(R"):KZ(’f’)(R") is the Herz space with variable exponent.
Definition 2.8. [27]Leta € R, 0 < g < o0, 4 € [0,00),6 > 0, and p(-) € P(R"). Then, grand-variable

Herz-Morrey space MK q())g (R™) is

MK R = { £ € LEDR V0D < fllygaren, < o)

where

1
2 1 g(l+e) 41+9
e § it e, )

e>0 joezZ jm—oo

Taking 4 = 0 in the above definition, we get the definition of grand-variable Herz space defined
in [26].
Definition 2.9. Leta € R, 0 < g < 0,0 > 0, and p(-) € P(R"). Then, grand-variable-Herz space
“ D0 mon
K, (R is
Ko/ ® = { £ € LR\ (OD): Wfllgonsany < 01,
where

_1
1 (1+€) q(1+e)
||f”KMM(R” B sup( Z 27 +€)||f)(]”qp(>(€R" ) .

JEZ

Definition 2.10. Let b € L| (R"), then b is said to belong to the bounded mean oscillation space
BMO(RH) if ”b”BMO(R") < 00, where

1
”b”BMO(R“) = SUP 1B] flb(x) — bpldx,

and supremum is taken over all the balls B c R”" with by = |B|™! fB b(y)dy.
Lemma 2.11. [38] Let p(-) € B(R"), then for all b € BMO(R") and all [, m € Z with [ > m, we have

-1
C™'Ibllsmorny < sup (b — bB)XBHLI’(')(R") < Clbllsmocrn),

B:Ball ”/\/B”Ll’(')(R")

l(6 = b, )x B llro®ny < CU = m)lbllsmoc |l 8,1l Lro @n)-
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Remark 2.12. If p(-) , p2(),p’(), pj(-) are variable exponents and p;(-), p2(-) belong to B(R"),
satisfying conditions in Proposition 2.1, then p’(-), pi(-), and p,(-) belong to B(R"). By using
Lemma 2.2, there exist constants §; € (0, (p,#)), 5, € (0, (p#), such that the inequalities:

1)+ +

’ 6 6
“/YS”LI’I(‘)(Rn) - C(@) ! , s 1l 20y < C(@) ’ ’

bl some  \BI) " Tsllogn — \IB

hold for all balls Bc R" and § C B.
3. Main results and proofs

In this section, our primary goal is to investigate the boundedness properties of the Hausdorff
operator’s commutators on grand-variable Herz-type spaces. The constant Cy ; will appear frequently
in the proof of our main results, as defined by:

~ s (n—ﬁ)s—ndr %
Cos=( [ t00rrP Y
0 r

Theorem 3.1. Let 0 < S <n, 1 <q < q <0,0>0,Q¢€ L(S™), pi(), p2(-) € B(R™), and satisfy

the conditions in Proposition 2.1 with ﬁ = % + g, pi() < §, and p;(-) < s. Suppose 61,6, € (0, 1),

T-nh-B<a<ni -1 0<A<a+p+non—%, Coy < oo, and b € BMOR"). If @ is a radial
function, then H'i’zz is bounded on the grand-variable Herz-Morrey space and satisfies:

b

1H e/l 0y < CCo slIbllBrocen L1l o
? Ap2() A1)

Proof. Since q; < g, by definition of grand-variable Herz-Morrey space:

0,400
MKLPzH R

IHG o f11

Jo
—ind 1 0 i 1 ,b (1+ )
< sup sup 2 ~oli(1+ ¢ Z g +e)||(Hg’gf)/\(‘,‘||22<_)(]€&,,)
e>0 joeZ

j==o
n1(1+6)

Jjo o0
< supsup2 (19! 2/’“‘7“”6)( 2 ICHE GO e

e>0 joeZ

j=—o00 I=—00

q1(1+€)

Jo Jj-1
i - b
< C sup sup 2~ /ota1(1+6) 0 Z zﬁql(lm( Z ||(Hgg(f)(1))/\/j||Lpz<->(Rn)

e>0 joeZ jm—oo [ —,

j+1 q1(1+e)
( 2 ICHE Wl

I=j-1

Jo
+ C sup sup 20411+ ¢ Z Djegi(1+e)

e>0 jo€Z

Jj=—00

Jo
+ C sup sup 201+ ¢ Z DJgi(1+e)

e>0 joeZ

Z I & XDV 20

( [e] q1(1+6)
I=j+1

j:—oo
=L +5L+L.
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In order to estimate /;, we need to estimate the inner norm ||(Hﬁj§2( FxOxjllro@ny. Thus, for I < j—1,
we proceed as below:

O(z|x™)

S Q0 - b(x))ﬂx)dx%z)

Hih (P, = | f

G

0} 1
<| [ S ewio6 - b

CD 1
q f (Z'n' QU NB) = b))
Cy | B

= |(b(2) — bs)Hy o(fxD@x(2) + 1Hp, o (b = bp) fx)@)y ;(2)
= Ji1+ /s (31)

Now, we proceed with the J; approximation and deduce that
D(zlx~")

. (Pl < f P o) floldx
ol |x?

L

The condition s > p/(-) implies that there exists a p(-) such that p#() =14 % Hence, Lemma 2.4
1

Lpll (')(R") | |f/\/l| |L171(‘)(Rn) .

gives us
D(zlx~")
RGO (e 2w o sl (3.2)
By polar decomposition, we see that
<I)(z|x| 1) Ozl
S ))V - Tk B
|x] L5(R™) C |x]
d)(lzlr 2k ;

fuf |€2(x )Id(X)r—
2 n—

where u(x’) is the normalized Lebesgue measure on the unit sphere S"~!. We get the following
inequality by change of variable:

-
|2, g

2l-1
= f Q) du(x’) . ICD(t)ls(lzlt‘l)”‘(”—ﬁ)s7
Sn—l ﬁ

L¥(R™")

o « e dt
< IIQIILW-I)IZI" " B)Sf | ()" "7
0

= Co Il

(555 a0
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Furthermore, when x € By, |B)| < 2", then from —— (X) =14 ﬁ and Lemma 2.5, we get
1

1 -1
s llro@ey = |1Bil70 = |By| “||XB,||L/:'1<«>(R,1)-

When |B)| > 1,

1 1
B llro@n = Bl =~ |Bj| “||XBI||Lp'1<-)(Rn)-

Hence, we get

Wl = 1B sl o g
Using results from (3.3) and (3.4) into (3.2), we get

_ 1 -1
Hgg(f)a)(z)l < CColzl~ ¥ 1B sl o g X 21O Gy -

In light of this inequality, J; takes the following form:

B_1 -1
Ji < CCos|Bjl 1Bl s ll o0 gy Xl 10 [(D(2) = B ) (2],

which gives us:

B_1 _1
I illr20@ny < CCas|Bjl»™ ¥ IBIl™ sl i o 1 Xl 210y [|(B = B )Xl 1020 y-

Since [ < j, by Lemma 2.11, we get

. B_1 _1
I illr20@ny < CCasllbllvon (7 = DIBjI"™ Bi™ e sll o g 1 Xl o160 I B 200y

L

Next, let us estimate J. The condition s > p/(-) gives that 1 = -+ 1 + -5

p1()
Thus,

1
P, (b — bs) fx(@)] < f Pl )
’ G | x|

<[5

Q(x")(b(x) = bp) f(x)|dx

Lemma 2.11 and the inequality (3.3) assist us in achieving

Jy < CCo slIbllsyoen 2P~ s, o @n L Xl ooy (2)-

Finally, the obtained inequality (3.4) is quite beneficial for us in getting

B_1 _1
IV2llr20ry < CCa slIbllBMoEn | Bl 1Bl I Bill ot gy X 10 oy D B, 20 oy -

Adding (3.7) and (3.10) into (3.1), we obtain

B.b
H(D,Q(f)(l))(jHLpz(-)(Rn)
: B_1 _1
< CC(I),sHb”BMO(RH)(] - l)|Bj|" By ~YH/YBj”LpZ(‘)(R")”/YB]”Lp'l(»)(Rn)”fXA|Lp1(~)(Rn)_

l(b(-) - bB,)XB[”LP(')(R”)”le“LPl(‘>(]R")-
Ls(Rm)

(3.4)

(3.5)

(3.6)

(3.7

(3.8)

(3.9)

(3.10)
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Since [ < j, from Remark 2.12, we get the following inequality:

8.0
Hey o (Fxox illpraogny
. B I— )5 —1
< CColIbllmon)(j — DIB;|»~ 2= S)”)(Bj||LP2(‘>(R")HXBj||Lp'l(-)(Rn)”f)(l”LPl(')(R”)-

By virtue of Lemma 2.5 and the condition ﬁ = m + ﬁ , We obtain
D ! 5t /] R l_é
“XBJ'||Lp2(')(R”)“/YB]‘”LI’,I(‘)(R)';) = |Bj|12() pl() = |Bj| n,

So, inequality (3.11) assumes the following form:
. =611
Hgﬁﬁ;(f/\/l))(jﬂuz(‘)(w) < CCollbllsmon(j — D2 I fxll o any-

) . . . b
This completes the estimation of inner norm ||(H§)’Q( TxOX il o @ny-
Next, we approximate /;. So, by using (3.13), we obtain

I < Csup Co bl o

iy BMO(R™)
jolgi(1+€) 6 1 1-j)(61-1 o
X sup 2o+ ¢ Z 2Jnd+e Z(J 12" I_E)”f/\/l”Lf‘l(')(R"))
Jo€Z |=—co
ql(l+€) q1(1+€)
< CsupCq  lIbllgpogn
e>0
on(ee 0 Jjo J-1 oty + 2] q1(1+e€)
— . —L)(@—n - a
X sup 20 FO¢ Z (Z(] — )2V ety ”f)(l”U’l(')(R"))
Jo€Z j=—c0 [=—
] (e8] =—00
Since @ < n(6; — %), for 1 < g; < oo, we use the Holder inequality to get
Joj-1
(1+€) (1+€) Aqi(1 6
Iy < Csup Cg ™ Ibllgnogn SuP2 prlattrde Z Z
e>0 ——00 |=—
] o0 [=—00
q1(1+e)

q1(1+e>

(j-D(a-ns1+%)~lag (1+€) q1(1+€)
x 2T -t fnfxnm@(w(Zo D

<C sup CQ1(1+6)”b”611(1+6)

n))qlme)

BMO(R?
>0 O®?)
Jo -1 ad+e
—jodgi(1+€) 0 NEFD (=D (a—nd1+2)~lag (1+ q1(1+€)
Xsup2 IOl 'y o U glea ey
JoZ j=—00 [=—00
= Csup o lIblgyo
e>0
o] Jo q1(1+e€)
—jodgi(1+€) 6 lag(1+€) q1(1+€) NEFE (—I)(a—nd +12)
X sup 2 RN R a0 fy (0 N QU]
Jo€Z [=—c0 J=l+1
(1+€) (1+€) 9 (1+e)
< Csup Co\ " Ibliom € 1A o
e>0 q1(1+€)p1()( )

(3.11)

(3.12)

(3.13)
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Now, we estimate I,. For [ = j, we follow the same steps as for /;. So, we write

HE'o (Y D@x @) = 1(b(2) = b )Hy o (fx D@ 1(2) + [Hly o (B(x) = bp,) fx D@y ()
=K + K. (3.14)

Replacing / by j in the inequality (3.6), constructed for J;, we obtain K:

B_
K, < CCqlBj|" 1ILx/BjIILp;<~>(R,,)IIf)(jIILm»(Rn)I(b(z) — bg)x ().
From Lemma 2.11 and the inequality (3.12), we deduce that
B_
1K ll20@ny < CCosllbllBMOEn)| Bl l“XBjIILp’l(-)(Rn)|IXBj||LP2<'>(R")”fXj”LP1('>(]R”)
< CCo sllbllemon X jll Lo @n- (3.15)

However, by replacing / with j, the K, estimation is obtained from the inequalities (3.8)—(3.10)
established for J,.

By
1Kallzr20@ny < CCoslIbllBymon Bl Dy, ll o g DB ll 20 @l X jll oy
< CC(D,s”b”BMO(R“)”fXj||LI’1<‘>(R")- (3.16)

Substituting (3.15) and (3.16) into (3.14), we obtain

b
Hgg(f)( X illrno@ny < CCo slIbllBmoen) L/ X il oo - (3.17)
Thus,
I < C qu(1+6) b q1(1+€) 2 ]0/1q1(1+5) (7] 2]aq1(1+6) q1(1+€)
2 Sup 16]l5p0s) sup XM oy gy
e>0 j=—
(1+€) (1+e) 0 (1+ )
< Csup C bl e IANLD
e>0 (l+é)p1()

Next, we estimate /3. For [ > j + 1, with a small adjustment in the first step of the inequality (3.1),
we write

Hi o (F@x ) = 1(62) = b ) Hy o (D)@ @) + 1Ho o((b(3) = b)) FX)@M )
= Ll +L2. (318)

As with the estimation of J;, we approximate L, using the inequalities (3.3)—(3.5) to obtain
B_1 _1
Ly < CCo Bl 1Bl Bl ) g X110y [(B(2) = B D (2.
Taking the L”*®) norm of the above inequality

B_1 _1
ILillzra0@ny < CCosIBjI" Y IBIl™ I Bill ot o I X tll o100 ey [1(B = b )x |20 )

and using Lemma 2.11, we obtain
B_1 1
ILillr0@ny < CCoslibllBymocen | Bil» ™ 1Bil™ I sill o gon 1 X il 10 e D B, 0260 - (3.19)

AIMS Mathematics Volume 9, Issue 9, 23434-23448.
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To estimate L,, we replace the factor (b — bp,) with (b — bp,) in the inequality (3.8):

) = b x s llro@nll fxillriogs.
Ls(R™)

d 1
|H Q((b bB WxD)@)l < ” (len |5 )Q(x’))«\/l

For [ > j, from Lemma 2.11 and the inequality (3.3), we deduce that
Ly < CCo slbllsyoey( = NP7 s o L xillmo g 1(2),
from which, by virtue of (3.4), we obtain the following inequality:
Lol 20y < CCosl|blIBMOER (I — j)lleg_%,|Bl|_%”XB;||L17’1(*)URH)||f)(l||L1’l(')(R”)”XBj”Ll’z(‘)(R")- (3.20)
Substitute (3.19) and (3.20) into (3.18), and we get

B,b
Hd>,Q(le))(j||Lpz<~>(Rn)
. B_1 1
< CC(I),SHb”BMO(RH)(l - ])lle" ¥ |Bl| s H/YBI”Lp,l(‘)(R”)“/YBj”Lpz(’)(R”)”fXA|LI’1(‘)(Rn).

Since [ > j, again with the help of Remark 2.12, we obtain

b
Hi (P llssoen

. B_1 _1 i—DS
< CColbllmmoqs (I = DB~ 1B I aill i oy I Bl L2202 2" 2 Xl oy (3.21)
Using condition [%() = pz() += £ and Lemma 2.5, we get
L( l
B llr20n B ll o g, = 1Bil™ = |By'

Therefore, (3.21) becomes

b . E_L, L,_E i—DS
Hg’Q(f)(l)Xj”LPz(')(Rn) < CColIbllsmoen (I = DIBjI*~7 1Bl 72" fxll sy
= CCo.llbllBMmoEm (I — j)2(j_l)(ﬁ+"62_7)||f)(1||m<->(Rn)-

Thus, we can express I3 as:

13 < C sup CQ1(1+€)”b”111(1+€)

0 BMO(R™)
. Jo 00 ) . q1(1+€)
X sup 2—jo/lq1(1+6)69 Z Z (l _ j)2(]_1)(a+ﬁ+n62_7)2m||le||L”1(‘>(R"))
Jo€Z j=—o0 N=j+1

Since a + B + no, — Sﬂ >0and A < a + B+ no, — %, so, we can select a constant o > 1 such that

AIMS Mathematics Volume 9, Issue 9, 23434-23448.
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— L(@+B+nd — £) < 0. Hence, for 1 < g; < oo, H6lder’s inequality gives

qi1(1+€)) 7, 1q1(1+e
I < Csup Cg lbllEnogen

e>0
jO > q (l+s)

X sup 2‘]0/1111(1+€)69 Z Z 27 N (G-)(a+B+ndy— )2laq1(l+e)||fX ”LII(I(:'E)
. LPIO®RR)
Jo€Z j=—c0 I=j+1

00 ql(l+e)
><( Z (- j)q;(1+e)2q',(1+e)(‘j;”(j—1)(a+ﬁ+n52—S",))qi“m
I=j+1
< Csup Co bl o
e>0
Jo > (1+€)

X Sup D—jodqi(1+e) o Z Z Z”T(j—l)(a+ﬂ+n62 )Zlaq1(1+e)||f)( ||q1(1()+6)
. LP1ORN)
Jo€Z je—o I=j+1 (

1 1
< Csup Co bl oo
e>0
Jo Jo—1 (so

X sup 2‘]0/1111(1+6)€9 Z Z 2ql (- l)(a+ﬁ+n62—7)2laq1(1+e)||fX ”111(1(:'5)
. LPIO®RR)
Jo<Z je—eo I=jr1 (

+ C sup Cgr bl ey

e>0
Jo - & (1+e)

 sup 2900 §7 §Y QU gt 0.
Jocz j==eo 1=jo

=M + M,.

By using % — nd, — B < @, M, can be approximated as
1 1
M, < Csup Cot bl on,
e>0
jo_l (1+e€)
X Sup y-jodqi(l+e) 0 Z 21(1q1(1+6)”le||Z1p(11(:-(§n) Z 2q1 (j=D(@+B+ndy—24)
Jo€Z |=—c0 j=—o0
Jo—1
< Csup " blihiofe sup 27470 ) 2 IFxil TG
e>0 |=—0c0
As A< L(a+pB+nd—2)and a + B +nd, — % > 0, hence we have

(1+€) (I+e) 6 (1+e)
My < Csup Co bl o e IAIT ,
e>0 1(1+€)P1()(R )
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Finally, M, is approximated as

Jjo o
ql(l+e) qi(1+e) —jodgi(1+€) 0 DO (job)a+B+ndr—2) lAg; (1+€)
M, < Csup Co Bl 5 sup 2 I N 2
e>0 JoEZ =00 I=jo

l
—lAg1(1+€) kaq)(1+€) q1(1+€)
x 2710 ) gleno) e )

k=—00

(1+€) (1+€) H-1Agi(1+€) 0 kag (1 (1+e)
< Csup €2 10! }] 2 1,
€>

X sup 2~JoAn{+e) Z 2 WD j(a+frnsy? )Z A1 (1+6)I(A-L(@+B+nsr-1))

Jo €Z

J== I=jo
I+e) q(l+e) 0 q1(1+€)
< Csup C )b |l FI1nE,
e>0 . BMO®R™) Mqul El+e) p1C )(Rn)
x sup 2-J0Aa (1419 LT jotapnda ) oqi 1+ o (A= (apnda =)
Jo€Z
1+€) q1(1+€) 9 qi1(l+e)
< Csup C|b)| eNpnes
e>0 BMO®") MKY 1(1+e), 1)1()(Rn)

Finally, when we combine all these estimates, we get

b
q)’Qf”MK;’I‘gE;’(Rn) < CC(I)’S"b'|BMO(R")||f||MK:;1112$(R”)

We end this paper by stating the following theorem:

Theorem 3.2. Let0 < f <, 1 <q1 <g: <0,0>0,Q¢ L*(S™Y), pi(), pa() € B(RM), and satisfy

the conditions in Proposition 2.1 with — - () = pzl(_) + é, pi() < [”—3 and p1(-) < s. Suppose 61,0, € (0, 1),

S-—néy—p <a<né—*%,Coys<oo,and b € BMO(R"). If @ is a radial function, then Hﬁjg 1s bounded
on grand-variable-Herz space and satisfies:
B.b
Hy o fl Ko g < CCo slIbllsmocn ISl READ gy’
Proof. The proof is similar to the proof of Theorem 3.1, so we omit the details. O

4. Conclusions

In this note, we examined the boundedness of the Hausdorff operator’s commutators on the variable
exponent grand-Herz-Morrey spaces, assuming that the symbol functions originate from BMO spaces.
We got affirmative results under certain conditions. The results of this study may stimulate the
researchers to establish the same bounds on other function spaces with variable expomnents.
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