AIMS Mathematics, 9(8): 20367-20389.
DOI:10.3934/math.2024991
ATMS Mathematics Received: 21 February 2024

Revised: 10 May 2024

Accepted: 14 May 2024
http://www.aimspress.com/journal/Math Published: 24 June 2024

Research article

On strong geodeticity in the lexicographic product of graphs

S. Gajavalli and A. Berin Greeni*
School of Advanced Sciences, Vellore Institute of Technology, Chennai, India
* Correspondence: Email: beringreeni @ gmail.com.

Abstract: The strong geodetic number of a graph and its edge counterpart are recent variations of
the pioneering geodetic number problem. Covering every vertex and edge of G, respectively, using a
minimum number of vertices and the geodesics connecting them, while ensuring that one geodesic is
fixed between each pair of these vertices, is the objective of the strong geodetic number problem and its
edge version. This paper investigates the strong geodetic number of the lexicographic product involving
graph classes that include complete graph K,,, path P, cycle C,, and star K, , paired with P, and
with C,. Furthermore, the parameter is studied in the lexicographic product of, arbitrary trees with
diameter-2 graphs whose geodetic number is equal to 2, K,, — e with K> and their converses. Upper and
lower bounds for the parameter are established for the lexicographic product of general graphs and in
addition, the edge variant of the aforementioned problem is studied in certain lexicographic products.
The strong geodetic parameters considered in this paper have pivotal applications in social network
problems, thereby making them indispensable in the realm of graph theoretical research. This work
contributes to the expansion of the current state of research pertaining to strong geodetic parameters in
product graphs.
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1. Introduction

Geodesics are crucial in graph theory, and they serve as the basis for numerous research problems
[1-8]. The geodetic number of a graph, as introduced by Harary et al., is a significant invariant in
graph theory, associated with the notion of geodesic convexity [9, 10]. It entails the determination
of a minimum cardinality set of vertices capable of covering all the vertices of a given graph, along
with the associated isometric paths that link these selected vertices. Applications of this seminal graph
theoretic parameter are due in location theory, convexity theory and game theory [9]. The problem
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was proved to be NP-hard for general graphs [11] and NP-complete for chordal and chordal bipartite
graphs [12]. Recent research on this concept includes, geodetic convexity in Kneser graphs [13],
Mycielskian of graphs [14], the study of geodetic number in complimentary prisms [15], tree derived
architectures [16] and partial grids [17].

Various forms of path convexities discussed in literature include geodesic convexity, detour
convexity, monophonic convexity and triangle-path convexity. Geodetic number of a graph is an
invariant of geodesic convexity otherwise called as metric convexity [10]. Several variants of this
parameter were introduced and investigated [18-22] and one such variant namely the strong geodetic
number was proposed in light of its application in simulating a problem on social networks [21]. The
same concept could be used to model the position of bus terminals inside a city, aiding with facility
location. Though the underlying motive of the problem is similar to the geodetic number, it gets
more complex, as here the geodesics connecting the vertices are fixed between each of its pairs. The
problem was investigated in grid like structures and the complicacy in determining the exact value
of the parameter for an arbitrary grid, which is the simplest Cartesian product graph, is indicated
in [23]. NP-completeness of the problem has been established [21] and various graph classes have
been explored [23-26]. Interestingly, the edge variant was introduced first and its NP-completeness
was proved [22]. The edge variant has received significant attention in the recent years, and it has been
studied in the Cartesian [27] and corona product of graphs [28], complete multipartite graphs [29]. It
would be relevant to emphasise here that, determining the strong edge geodetic number of the Cartesian
product P, O P,, is an open problem [27]. We have obtained the strong edge geodetic number of the
lexicographic product of paths.

Almost all branches of mathematics utilise the concept of products to combine or break down their
fundamental structures. There are four standard products in graph theory, each with a unique range
of applications and theoretical explanations [30]. The Cartesian and lexicographic products are two
significant instances of graph operations, which facilitate the construction of larger graphs from smaller
graphs. The larger graphs are intricately connected to those of the related smaller graphs with respect
to many characteristics [31]. Lexicographic product initially termed as composition was introduced by
Harary [32] and there have been many research investigations on the lexicographic product of graphs
concerning various graph theoretic parameters [33-38]. Furthermore, lexicographic product of graphs
has been studied in the context of generalised distance spectrum [39] and Gromov hyperbolicity [40].

With respect to the study of geodetic parameters in product graphs, the lexicographic product of
graphs was explored in the context of the geodetic number problem [41]. The strong geodetic problem
has been studied in the Cartesian product of graphs, resulting in an upper bound for the parameter.
However, the general lower bound was posed as a conjecture [26]. Gledel et al. introduced a new
parameter namely, the strong geodetic core number, and using this concept an improved upper bound
on the strong geodetic number of Cartesian products was obtained [42]. The corona and join of graphs
have been investigated for the strong geodetic number [43]. This work intends to bridge the gap by
investigating the lexicographic product of graphs in relation to the strong geodetic parameters, which
has not yet been done. As a result, in our study, we have established exact values for general classes of
graphs and also lower and upper bounds for the parameter.

The subsequent sections of the paper are organised as follows. Definitions and basic concepts are
compiled in Section 2. In Section 3, we provide bounds for Sg(G[H]) and proceed with the study of
the parameter on certain lexicographic products such as G[K, ], where G is a general graph, G[P,]
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and G[C,| where G is isomorphic to any of the graphs P,,, Cy,, K1, and K,,,. Furthermore, we have
determined the strong geodetic number of the lexicographic product of, arbitrary trees with graphs of
diameter and geodetic number both equal to two, K, — e with K, and their converses. In Section 4,
the lexicographic product of certain graphs including K,,[P,], P,,[K,] and P,,[P,] are studied with
respect to the edge version of the parameter and the paper is concluded in Section 5.

2. Basic concepts

Let G = (V(G), E(G)) be a connected graph with |V(G)| > 2, where the vertex and edge sets of
G are denoted as V(G) and E(G), respectively. The order of G is the number of vertices in G. An
arrangement of non-repetitive vertices connected through edges is a path. The length of the shortest
path connecting two vertices s1 and s, determines the distance between the 2 vertices [44]. A geodesic
or an isometric path refers to a shortest path. The length of any longest geodesic from a vertex s € V
is the eccentricity e(s) of s and the maximum of the eccentricities of all of the vertices in G is the
diameter of G denoted as diam(G) [44]. If e(s) = diam(G), then s is referred to as a peripheral
vertex [44]. Neighbours of a vertex s, denoted as N|[s] are the set of vertices adjacent to s. Extreme
vertices also known as simplicial vertices are those vertices whose neighbours induce a subgraph which
is complete [44]. A graph G is geodetic if there is one unique isometric path connecting every pair
of vertices in G [44]. If a vertex s in a graph G lies on a r — ¢ geodesic in G for any two vertices ¢
and ¢ , then the pair of vertices (¢, ) is said to geodominate s [9]. Antipodal vertices are the 2 vertices
which are farthest from each other [44]. A graph G is termed as an extreme geodesic graph if every
vertex in G lies on an s — ¢t geodesic, where s and ¢ are extreme vertices in G [45]. If every vertex
of G is covered by the geodesics joining any 2 vertices in 7, then 7 is said to be a geodetic cover of
G. The geodetic cover of least cardinality and the least cardinality of its geodetic covers are referred
to as the geodetic basis of G and the geodetic number g(G), respectively [44]. A set g, € V is
called a strong geodetic set of G, if all the vertices in V(G)\ns, are covered using geodesics that are
fixed between the elements of 75,, in a manner that every pair of vertices in 7g, 1s assigned a unique

geodesic. If we denote /[(s,1)] as the geodesic that is fixed between 2 vertices s and ¢ of ng, and
T[ngg] ={I[(s,0)] : s,t € 1se ), then ng, is called a strong geodetic set if V(T[nsg]) = V(G). The least
order of such a set is referred to as the strong geodetic number Sg(G) and any such set of least order is
called the strong geodetic basis [21]. A strong edge geodetic cover of G is a set 7755, € V(G) such that
for each pair (s1, 52) € 15, there corresponds a fixed shortest 51 — s> path Py, and the union of the
edges in all such paths is equal to E(G). The strong edge geodetic number of G, denoted as Sg.(G), is
the minimum cardinality of such covers in G [22].

K,, P,, C, and K _, denote the complete graph, path, cycle and star, respectively on n vertices.

Definition 2.1. An edge e = st in G is called a unique edge, if it belongs to a unique geodesic joining
any 2 vertices s and t in G.

Theorem 2.2. [43] For a graph G with |V(G)| = 2, Sg(G) =2 if and only if G is a path.
Remark 2.3. [9] g(P,) =2, g(K,,) =n, and g(K;.,) = n.

Remark 2.4. [9]

3, ifnisodd;
g(Cy) = { p
2, ifnis even.
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Definition 2.5. [30] The lexicographic product of G and H is the graph G|H], where

V(G[H]) ={(s,1) | s € V(G), t € V(H)},
E(G[H]) = {(s,0)(s,f) | ss € E(G)ors =s and#t € E(H)}

The graph G[H] consists of 2 layers: The H-layer (a horizontal layer) and G-layer (a vertical
layer). For a vertex s € V(G), we define the H-layer *H = {(s,t) € V(G[H]) | t € V(H)} and
similarly for ¢ € V(H), the G-layer G’ = {(s,1) € V(G[H]) | s e V(G)}.

The following remark is evident from Definition 2.5.

Remark 2.6. Consider 2 vertices in G | H] with their first coordinates to be same. The distance between
those vertices depends on the second coordinate of the vertices and is 1 if they are adjacent in H,
otherwise it is 2.

Remark 2.7. Consider 2 vertices (s1,t1) and (s2,1t2) in G[H]. The distance between the 2 vertices is
the distance between sy and sy in G, i.e., dg[a)[(s1,11), (52,12)] = dg[(s1,52)].

Remark 2.8. [30] The lexicographic product is not commutative.

It could be seen from Figures 1(a) and 1(b) that Ps[P3] and P3[Ps] are not isomorphic with
Sg(Ps[P3]) =4 and Sg(P3[Ps]) = 6.

Throughout this paper, we abbreviate a geodetic set as g-set, a strong geodetic set as Sg-set and its
corresponding edge variant as Sg.-set, a geodetic basis as g-basis, a strong geodetic basis as Sg-basis
and its corresponding edge variant as Sg.-basis.

==
==
==
]

(a) (b) (©
Figure 1. Coloured vertices denote: (a) the Sg-basis of Ps[P3]; (b) the Sg-basis of P3[Ps];
(c) the Sg-basis of C¢[K>].

3. The strong geodetic number of certain lexicographic products
Bounds for Sg(G[H]) are established in this section. Moreover, Sg(G[K},]) and the strong geodetic

number of the lexicographic product of some general graphs including K,,,, P,,, Cp, K1, With P, and
with C, are determined. It could be seen that, the strong geodetic number for the graphs considered is

AIMS Mathematics Volume 9, Issue 8, 20367-20389.



20371

dependent on the geodetic number of one of the elements in the product. The strong geodetic number
of the cartesian product of K,, —e with K, was explored in [26] and it was proved that Sg((K,,—e) OK>)
=Sg(K,—e) =n—1. We have computed Sg((K,,—e)[K3]) = 2n—4, and it is evident that it is not equal
to Sg(K, — e). The geodetic number of the lexicographic product of arbitrary trees with diameter-2
graphs whose geodetic number is equal to 2 was determined in [41]. We have computed Sg(G[H])
when G and H are isomorphic to these graphs and we have also studied the parameter in the converse
of both the aforementioned products.
The following result is obtained directly from Remark 2.7.

Proposition 3.1. Two vertices (s1,t1) and (s2,t2) of G[H] are antipodal if and only if s\ and s, are
antipodal in G.

Proposition 3.2. Any geodesic in G[H] connecting the vertices lying in different H-layers traverses
either vertically or diagonally.

Proof. Consider two vertices (s1,#;) and (s3,%;) in G[H] that lie in different H-layers say, ' H and
S2H. Let P be the geodesic which connects the 2 vertices. Suppose if P traverses through a horizontal
edge, then dg ) [(s1,11), (52,12)] = dg[(s1,52)] + 1, a contradiction, by Remark 2.7. O

Theorem 3.3. Sg(G|[H]) > 4.

Proof. Letnss(G[H]) and T(nsg(G [H])) denote an Sg-basis of G[H] and the geodesics that are fixed
between the vertices in 7s,(G[H]), respectively. Assume that Sg(G|[H]) < 4. Then, it should be
either 2 or 3. As G and H are non-trivial connected graphs, G[H] cannot be a path and hence by
Theorem 2.2, Sg(G[H]) must be more than 2. Let (s1,11), (s2,2), (53,%3) be the three elements of
ns¢(G[H]). Now, three cases arise.
Case 1: 51 = 50 = 53 = 5 (say).

Clearly, the vertices (s, 1), (s,72) and (s, #3) must lie in the same H-layer and denote the layer as
SH.

By Remark 2.6, dgm[(s, 1), (s,1;)] is either 1 or 2 forevery 1 <i, j <3, andi # j.

(b)
Figure 2. Schematic representation for Subcase 1.1 in Theorem 3.3.

Subcase 1.1: dg(a[(s,11), (s, 12)] = 1.

Then, dgm[(s,12),(s,13)] = 2 (see Figure 2(a)) and dgm[(s,t1),(s,t3)] = 2.  For if,
dgim[(s,12), (s,t3)] = 1, then (s, ;) becomes an internal vertex of the (s,#1) ~ (s,13) geodesic by
our assumption and hence, (s, ) need not be included in s, (G[H]). Also, if dg(m[(s,t1), (s,13)]
= 1, then (s,¢3) is another horizontal neighbour of (s,?;) and since (s, ;) is already a neighbour of
of (s,#1) which is included in ns,(G[H]), (s,t1) becomes an internal vertex of the (s,12) ~ (s,13)
geodesic by our assumption and hence it need not be included in ns,(G[H]).
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Now, we proceed to prove that Sg(G[H]) > 4. Choose another vertex s; € V(G) in such a way
that its corresponding vertices (sg,?1), (sk,t2) and (sg,3) in G[H], lie in **H. Let (sg,t;) be an
internal vertex in I[(s, t2), (s,13)] using the geodesic (s,) ~ (sx,t1) ~ (s,13) and let (sg, t2) be the
vertex covered in the ** H-layer by using the geodesic (s,71) ~ (sk,f2) ~ (s,13). Then, the vertex
(8%, 13) would be left uncovered in the ** H-layer, a contradiction. See Figure 2(b). Similarly, when we
consider all the pairs in dg g1 [(s, 1), (s,2;)], 1 <i, j <3,and i # j, we get a contradiction.

) - O

------ ©O O O O O 00
(d

Figure 3. Schematic representation for Subcase 1.2 in Theorem 3.3.

Subcase 1.2: dgg[(s,11), (s, 12)] = 2.

Then, dga[(s.t1),(s,t3)] and dgal(s,t2), (s,13)] are either 1 or 2. We consider all the
possible cases. If dguj[(s,t1),(s,t3)] = 1, and dga[(s,12), (s,23)] = 1, and then only one
additional vertex from G[H] could be covered by the (s,t1) ~ (s,%;) geodesic. Refer Figure 3(a).
If dgia[(s,t1), (s,23)] = 1, and dgmy[(s,12), (s,13)] = 2, then 2 vertices each are covered by the
geodesics (s,#1) ~ (s,12) and (s,t2) ~ (s,13). See Figure 3(b). If dg(m[(s,11),(s,23)] = 2, and
dgH1[(s,12), (s,13)] = 1, then 2 vertices each are covered by the geodesics (s, 1) ~ (s,12) and (s, 1)
~ (s,13). See Figure 3(c). If dgim[(s,t1), (s,13)] = 2, and dga)[(s,12), (s,13)] = 2, then three
vertices are covered by the geodesics (s,11) ~ (s,12), (s,¢1) ~ (s,13), and (s,12) ~ (s,13). See Figure
3(d). In Figures 3(a)-3(d), the red-coloured vertices are the vertices that are chosen in 5, (G[H]), the
vertices coloured in blue depicts the vertices that are geodominated and the vertices with no colour are
the ones that are left uncovered. In all the cases, if the covered vertices belong to *H, then the vertical
neighbours of all the vertices considered in 775, (G [H]) would be left uncovered, a contradiction. If the
vertices that are covered belong to different H-layers other than *H, then the horizontal neighbours of
the vertices (s1, 1), (52, 12), (s3,13) in *H would be left uncovered, a contradiction.

Case 2: 51 = 57 # 53.
Let s1 = 5o = s (say). Then, (s,¢;) and (s, ;) lie in the same H-layer and (s3,#3) lies in another
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H-layer. By Remark 2.6, dgu[(s, 1), (s,%2)] = 1 or 2. Now, two subcases arise.
Subcase 2.1: dga[(s,t1), (s, 12)] = 1.

By Proposition 3.2, the geodesic which connects the vertex (s3,3) with the vertices (s,#;) and
(s,12) in the *H layer traverses either diagonally or vertically. Hence, the neighbouring vertices of
(s3,13) in the layer **H could not be covered, a contradiction. In Figure 4(a), the vertices coloured in
red are the elements of 15, (G[H]), and the vertices that are not coloured are the uncovered vertices.
Subcase 2.2: dga[(s,11), (s, 12)] = 2.

The geodesic which connects the vertex (s3,#3) with the vertices (s, ) and (s, ;) in the *H layer
could cover only an extra vertex (s, ;) in the *H layer along with the vertices covered in the Subcase
2.1. Hence, the neighbouring vertices of (s3,73) in the layer *3H could not be covered, a contradiction.
In Figure 4(b), the vertices coloured in red are the elements of 15,(G[H]), the blue-coloured ones are
the geodominated vertices, and the vertices that are not coloured are the uncovered vertices.

O O—0 "0 60— e@—0O O

35, tl ““"‘-—‘?_J'HI? “‘u“ . 5, 1Lfl. “""-._s_,a__tl' s, ré".“

O O O . ...... O O O O “‘"--‘-‘. ...... O

(a) (b)
Figure 4. Schematic representation for (a) Subcase 2.1 in Theorem 3.3 (b) Subcase 2.2 in
Theorem 3.3.

The case 51 # 52 = 53 1s similar to Case 2, and hence, we omit the proof.
Case 3: 51 # s # 53.

By Proposition 3.2, the geodesic connecting the vertices (s1,11), (s2,%2), (53, 13) traverses either
vertically or diagonally and hence the neighbours of these vertices in their respective H-layers would
be left uncovered, a contradiction. See Figure 5, where the members of 15, (G[H]) are depicted in red
colour, the blue-coloured vertices are geodominated and the uncoloured vertices are the ones that are
left uncovered.

s r')::{ 1

O—Q—O0 O

O @O O

s52, 0y 52, Ua,, 52, 13

O—O—@ O

53, 4 53, U S3, L3

Figure 5. Schematic representation for Case 3 in Theorem 3.3.
]
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Two of the lexicographic product graphs with strong geodetic number equal to 4 are depicted in
Figures 1(a) and 1(c).

Theorem 3.4. If G is a graph of order m > 4, and H is neither a complete graph nor a complete
bipartite graph of order n > 4, then, Sg(G[H]) < Sg(G){[5] + 1}.

Proof. Let n5,(G) = {s1,52,53,...,8k}, k < m represent an Sg-basis of G. Define T = (15,(G) X
V(H)) — {(si,t;)|(si, ;) € even G-layer}. Evidently, |T| = Sg(G){|[5] + 1}. The geodesics that are
fixed between the vertices in T cover V(G [H]). Sg(G[H]) < Sg(G){L5] + 1}. m|

Lemma 3.5. For graphs G and H of orders m and n, respectively, m,n > 5, any Sg-set of G[H|
contains at least [5] vertices that lie in alternate G-layers, from the first H-layer.

Proof. Let V(G) = {s1, 52, 53, ..., Sm}, and V(H) = {t1, t2, 13, . .. , t,}. Let g (G[H]) represent an
Sg-set of G[H]. To choose vertices in 175,(G[H]), we start with a pair of vertices that are antipodal.
By Remark 2.6, any 2 vertices in the same H-layer in G [H] are connected by geodesics of length either
1 or 2. Let (s1,¢;) and (s, fx) be antipodal vertices in G[H] lying in *' H and ** H respectively. By
Proposition 3.2, the geodesic connecting these 2 vertices covers only the vertices in G[H] lying in the
H-layers that are positioned in between *' H and ** H. Also this implies that the vertices lying in the
1 H-layer could be covered only by a geodesic that connects vertices in the *! H-layer. Since the length
of a geodesic that connects any two vertices in the *! H-layer is atmost 2, every alternate vertex in the
*t H-layer must be chosen in 5, (G[H]). Hence, 15, (G[H]) > [5]. O

Lemma 3.6. Let G and H be graphs of orders m, n respectively, m,n > 5. Any Sg-set of G[H]
contains at least |n4(G)| vertices from the first G-layer.

Proof. Let V(G) = {s1, 52, 53, ..., S} and V(H) = {t1, t2, t3, ..., ty}. Let no(G) = {s1, 52, 53,
..., 851}, | < mrepresent a g-basis of G and 15, (G[H]) = {(s1, t1), (52, t2), (53, 13), ..., (Sk, tx)},
k < m represent an Sg-set of G[H]. Assume that 15,(G[H]) contains less than |n,(G)| vertices
from the first G-layer. This implies that a vertex say (s;, 1), where s; is a member of 17,(G) does
not belong to 15¢(G[H]). Since (s1, t1) € ns,(G[H]), all of the alternate vertices in *' H should be
chosen in 15, (G[H]), by Lemma 3.5. The geodesics that connect (s, ¢1) and the remaining vertices
in 75, (G[H]) does not cover (s, t1). Also (s}, t1) is not geodominated by any of the pair of vertices
in 5, (G[H]). Thus, if a vertex (s;, t1) from G[H] where s; € 7,(G), is not included in 15, (G[H]),
then (s}, #1) and the vertices lying in */ H are left uncovered by the geodesics connecting the remaining
vertices in 775, (G[H]), a contradiction. O

Lemma 3.7. If G and H are graphs of orders m and n, respectively, m,n > 5, and if G contains k
pendant vertices, then, any Sg-set of G[H] contains at least k vertices.

Proof. A pendant vertex in G is a member of any Sg-basis of G. Hence, by Lemma 3.6, the proof
follows directly. o
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Ay
Sk Sk L2

Sk 11 Sk L2 Sky L3 Sk g i, U5

(c)
Figure 6. The red coloured vertices denote the vertices that are chosen in 775, (G[K}]), blue
coloured vertices denote the geodominated vertices and the uncoloured vertices are the
uncovered vertices.

Theorem 3.8. If G is a graph and H is isomorphic to K, where |V(G)|, |V(H)| > 4, then Sg(G[H])
=g(G)|V(H)I.

Proof. Let V(G) = {s1, 52, 53, ..., Sm}, V(H) = {t1, to, 13, ..., t,}. Let ng(G) = {s1, 52, 53, ...
, Sk}, k < m be a g-basis of G and 15,(G[H]) represent an Sg-basis of G[H]. We now claim that
Sg(G[K,]) = g(G)|V(H)|. By Lemma 3.6, Sg(G[K,]) > g(G) and by Lemma 3.5, every alternate
vertex from *' H must be chosen in 175, (G[H]). The geodesics connecting these vertices could cover
only vertices in the H-layers, **H, s, € {s1, s2, §3 ..., sk} as illustrated in Figure 6(a). Hence, the
vertices of G[K,]| whose first coordinate is an element of the geodetic basis of G should be chosen
from the alternate G-layers also. Refer Figure 6(b). Therefore, 5, (G[H]) = {(s1,1), (51,13), (51,15),
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cees (81,11), (82,11), (82,13), (82,15), ..., ($2,11), (83,11), (83,13), (83,15), ..., (83,81), ..., (Sk,11),
(sx,13), (Sk»st5), ..., (sk,tp)}, wherel € {1,3,5,...,n—2,n},ifnisoddand / € {1, 3,5,...,n—1,

n}, if n is even.

When geodesics are fixed between these vertices, the following conditions arise:

e The vertical or the slanting geodesics could cover all the vertices that lie in the H-layers **H, s,

¢ {s1, 52, 83 ..., Sg}. See Figure 6 (b).

e As the vertices in *'H, s; € {51, 2, 83 ..., s;} are adjacent with each other, the vertices {(s;, 2),
(si, ta), (sis t6)y ..oy (S5, th—1)}, 1 < i < k, when n is odd and the vertices {(s;, 12), (s, t4), (s;,
16), - - - (8i, ty—2)}, 1 <i < k, when n is even are not covered by any of the geodesics. See Figure
6(b).

To cover the remaining uncovered vertices, every vertex in *'H, *2H, ..., **H must be chosen in

1s¢(G[H]) as shown in Figure 6 (c). Hence, n5,(G[H]) > g(G)|V(H)|.

For the upper bound, set ns,(G[H]) = (7,(G) x V(H)). Clearly |nso(G[H])| = g(G)|V(H)|.
We claim that n5,(G[H]) is an Sg-set of G[H]. This is proved by initially fixing vertical geodesics
between vertices of 75,(G[H]) in the same G-layers in a similar manner as they could be fixed in G
between the first coordinate of these vertices, which are members of 1,(G). Refer Figure 7(a), where
the darkened edges constitute the geodesic connecting the chosen vertices. Subsequently, the geodesics
are fixed between the vertices of 15,(G[H]) that lie in different G-layers as shown in Figure 7(b). This
approach ensures that the uncovered vertices in each G-layer are covered and hence, V(G[H]) is
covered. Therefore, Sg(G[H]) < g(G)|V(H)|.
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Figure 7. The red-coloured vertices denote the vertices that are chosen in 775, (C4[K4]),
blue coloured vertices denote the geodominated vertices, and the uncoloured vertices are the

uncovered vertices.

Corollary 3.9. For an extreme geodesic graph G, and H is isomorphic to K,, Sg(G|[K,]) =

Sg(G)IV(H)I.

Proof. Since G is an extreme geodesic graph, the set of all extreme vertices of G forms a unique
g-basis and an Sg-basis of G. Hence, by Theorem 3.8, the result follows. O
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Theorem 3.10. For m,n > 5, if G is isomorphic to one of Py, Cy, Ky, K1 and if H is isomorphic to

P, then Sg(G[H])= {g(G) [51, n l:S odd;
g(G)(5+1), niseven.

Proof. Assume that G and H are two graphs with V(G) = {s1, 52,53, ..., Sm}, and V(H) = {11, 12, 3,

., 1.}, respectively. Let n5,(G[H]) be a set which represents an Sg-set of G[H], n,(G) denote the
g-basis of G, and 1 (174(G)) denote the geodesics that are fixed between the vertices in 77 (G).

Casel: G = P,,, H = P,, nis odd.

By Remark 2.3, we know that g(P,) = 2. Let ,(G) = {s1, 52} be a set which represents a g-basis
of G. By Proposition 3.1, (s1,¢1), and (sp,1) are antipodal vertices in G[H]. Also since there are
only 2 antipodal vertices in G, the antipodal vertices in G[H] lie in *'H and *2H. By Lemma 3.5,
every alternate vertex from *' H should be chosen in 15, (G[H]), and since vertices in *2H could not
be covered by any vertical or slanting geodesic, every alternate vertex from *2H should be chosen in
nsg(G[H]). Hence, by Lemma 3.5 and Lemma 3.6, Sg(P,,[P.]) = 2[5].

Now, choose 115o(G[H]) = (71g(G) x V(H)) = {(s1,t}), (s2,2;) | j = 2,4,6,...n — 1}. Evidently,
Insg(G[H])| = 2[5]. We claim that ns,(G[H]) is an Sg-set of G[H]. This could be proved by fixing
one geodesic between each pair of vertices of 75,(G[H]) in a G-layer in a similar manner as they
could be fixed between the first coordinate of these vertices, which are members of 77,(G) and clearly
these geodesics are vertical geodesics. The vertices that are left uncovered in that G-layer are covered
by the isometric paths that are fixed between vertices that lie in different G-layers. However, those
vertices lying in the even G-layers, G™ are possibly left uncovered. Now, the slanting geodesics of the
form (s;,¢;) ~ (Sisa>tj+n) ~ (Sy, tjr), for some a, b and s;, sy € 175(G) cover the remaining vertices.
By using this approach V(P,,[P,]) is covered and hence Sg(P,,[P,]) < 2[5].

When n is even, the proof for the lower bound is analogous to the case when # is odd and for finding
the upper bound, choose 175, (G[H]) = (7,(G) x V(H)) —{(s1,t;), (s2,t;) | j =2,4,6,...n—2}. This
approach ensures that V(P,,[P,]) is covered and Sg(P,[P,]) < 2(5 +1).

Case2: G = C,,, H = P, both m and n are odd.

By Remark 2.4, we know that g(C,,) = 3. Let n,(G) = {s1, 52,53} be a g-basis of G. We claim
that s, (G[H]) > 3[5]. By Lemma 3.5, n5,(G[H]) > [5]. Suppose if [5] < ns,(G[H]) < 3[5].
Without loss of generality, we assume 15, (G [H]) = 2[5]. This implies that only 2 vertices say (s, 1)
and (s, 11) that are antipodal in G[H] are chosen from the two H-layers say *' H and *2H and atleast
[51 alternative vertices are chosen from *' H and *2H in 1755 (G[H]). The geodesics are fixed among
these vertices in a similar manner as they could be fixed in G between the first coordinate of these
vertices, which are members of 77,(G). The uncovered vertices in the upper half portion of G[H]
are covered by the horizontal and vertical isometric paths between the chosen vertices lying in the
different G and H-layers. However, the vertices lying in ** H are left uncovered. Hence, by Lemma 3.5
and Lemma 3.6, n5s(G[H]) > 3[5].

Now, choose ns,(G[H]) = (7,(G) x V(H)) — {(s;,t;), where (s;,¢;) lies in the alternate (even)
G-layers}. Clearly, |5, (G[H])| = 3[5]. We claim that 5, (G[H]) is an Sg-set of G[H]. To establish
this, the geodesics in the G-layers are initially fixed among the vertices of 15, (G[H]) in a similar
manner as the geodesics could be fixed between the first coordinate of these vertices, which are
members of 17,(G). The vertices that are left uncovered in that G-layer are covered by the isometric
paths that are fixed between vertices that lie in different G-layers. Also, the vertices lying in the even
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G-layers, G" would not be covered. These vertices are of two types viz., those lying in the H-layers,
SiH, s; € 1g(G), and those lying in the H-layers, **H,s; ¢ 1,(G). To cover the vertices lying in
the H-layers, “"H,s; € n,(G), fix the geodesics (s1,¢1) ~ (51,13), (s1,13) ~ (S1,15), ..., (S1,24-2)
~ (s1,t,). The vertices lying in the H-layers, **H, sy ¢ 1,(G), are such that the alternate vertices
(Sk>t1), (Sk>13)5 -o vy (Sk»tn—2), (Sk,1,) are already covered by the geodesics that were fixed as they
were fixed in G between the first coordinate of these vertices, which are members of 17, (G). Now, the
slanting geodesics of the form (s;,2;) ~ (Si+a, tj+5) ~ (s7,1;), for some a and b and s;, 57 € 1,(G)
cover the remaining vertices. By using this approach every vertex of C,,[P,] is covered and therefore
Sg(Cn[Pn]) < 3[%]

Similarly, it can be proved that Sg(Cy,[P,]) = 2[51, when m and n are even and odd, respectively.
The proof for the cases when m and n are odd and even respectively and both m and n are even are
analogous to the previous case.

Case3: G =K,,, H=P,, nis odd.

By Remark 2.3, we know that g(K,,) = m. By Lemma 3.5, Sg(K,,[P.]) = [n/2], and by
Lemma 3.6, all the m vertices from G need to be chosen in 15,(G[H]). Hence, n5,(G[H]) > m.
The geodesics connecting the m vertices (from G') to the [n/2] vertices (from *! H) traverse either
diagonally or vertically. Hence, by Proposition 3.2, except for the [n/2] vertices lying in *'H, the
other vertices positioned in the remaining H-layers would be left uncovered. Every alternative vertex
from the H layers *2H, **H, ..., **H must be chosen in any Sg-set of G[H] in order to cover these
vertices. Therefore, |ss(G[H])| > m[n/2].

For the upper bound, we choose the set 5, (G[H]) = {(s1,1), (51,13), (S1,15), ..., (51, 21), (52, 1),
(52,13), (82,15), ..., (52, 11), (83, 11), (53, 13), (83,15), ..., (53,11)5 -« o s (Sks 1), (k5 13)s (Sks85), -0 s
(sg,t7)}, where [ € {1, 3,5, ...,n—2,n}, when n is odd.

When n is even, the lower bound could be obtained similarly. Choose the set 55, (G[H]) = {(s1,11),
(s1,13), (S1,15), ..., (s1,11), (s2,11), (82,13), (82,15), ..., ($2,17), (s3,11), (83,13), (83,%5), ...,
(S3, ll), e (Sk, tl), (Sk, t3), (Sk, l‘5), RN (Sk, l‘l)}, IS {1, 3,5,...,n—1, n} Figure 8 depiCtS K4[P4]
along with its Sg-basis. V(G[H]) could be covered by the geodesics connecting these vertices and
175,(G[H])| = m(n/2 + 1). Hence, Sg(K,,[P,]) < m(n/2+1). O

/NS
TS AT SES
NSRS IS
O S G e S
BTSN S s i,
N N SRR RN
VS DSOS NS
K ARSI S IEIES
ORI AR T2
/ ‘g.?&'- IR PSSR TSR
ARSI
SNSRI A
S S AT
SRR

Figure 8. Coloured vertices denote the Sg-basis of K4[P4].
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Theorem 3.11. For m,n > 5, if G is isomorphic to one of Py, Cy, Ky, K1 and if H is isomorphic to
Cp, then Sg(G[H])=g(G)[5].

Proof. Assume that V(G) = {s1, 2, 53, ..., Sm}, H = C, and V(H) ={ty, t, t3, ..., t,}. Let
n¢(G) = {s1,52,53,..., 5k} be a g-basis of G. Using Lemma 3.5, Sg(G[H]) > [5], and by Lemma
3.6, Sg(G[H]) = |ny(G)|. The geodesics connecting the vertices from G’' to the [n/2] vertices in
StH traverse either diagonally or vertically. Hence, by Proposition 3.2, except for the [n/2] vertices
lying in *' H, the remaining vertices from the other H-layers would be left uncovered. To cover these
vertices, every alternate vertex from *2H, 3H, ..., **H must be chosen in any Sg-set of G[H], and
hence, Sg(G[H]) > g(G)[n/2]. Now, we proceed to derive the upper bound.

Casel: G = P,,, m is odd.

Subcase 1.1: n is odd.

Set 15,(G[H]) = (n,(G) x V(H)) — {(si,t;), where (s;,¢;) lies in the alternate (even) G-layers}.
Clearly, |ns,(G[H])| = 3[n/2]. Our claim is that 5, (G[H]) is an Sg-set of G[H]. The geodesics in
G-layers are fixed between vertices from 75, (G[H]) in the similar manner as they could be fixed in
G between the first coordinate of these vertices, which are members of 17, (G). The possible vertices
that are uncovered are those lying in the even G-layers, G™. These vertices are of 2 types: those
lying in the H-layers, *'H, s; € 115(G), and those lying in the H-layers, **H, s € 115(G). To cover the
vertices lying in the H-layers, *'H, s; € n,(G), fix the geodesics (s1,#1) ~ (s1,13), (51,13) ~ (51,15),
ooy (81,t0-2) ~ (s1,1,). The vertices lying in the H-layers of the form **H, s; ¢ 1,(G), are such
that the alternate vertices (s, 1), (Sk,23), ..., (Sk,tn=2), (S, t,) are already covered by geodesics that
were fixed as it could be done in G between the first coordinate of these vertices, which are members
of 174(G). Now, the geodesics of the form (s, 7;) ~ (Sisp, j+q) ~ (s7,1;), for some p and g cover the
remaining vertices in ** H. By this approach, V(G[H]) is covered and therefore Sg(G[H]) < 3[ 5].

The proof is analogous for the remaining cases and hence it is omitted. O

Lemma 3.12. Let G = (K, —e), n > 4and H = K,. If s is a simplicial vertex in G, then the vertices
of the form (s,t) in G[H] where t € V(H) are simplicial vertices in G[H].

Proof. Let V(K, —e) = {u, v, s1, $2, 53, ... , Sp—2}, where e = uv, and let V(K3) = {t1, t2}. V((K,, —
e)[K2]) = {(u, 1), (u,12), (v, t1), (v, 12), (51, 11), (51, 12), (52, 11), (52,12), ..., (Sp2,11), (Sp—2,12)}. It
could be verified that, u and v are simplicial vertices in K,, — e. Since, forall 1 <i < n—2, N(s;,1])
and N (s;, t2) are equal, (s;, 1) and (s;, 1) are called as twins. By definition of lexicographic product of
graphs, every vertex in G'! except the vertices (u, 1) and (v, t) are adjacent with each other and also
with their twins in G*. Similarly every vertex except the vertices (u, ;) and (v, #,) in G™ are adjacent
with each other and with their twins in G"'. Hence (N (u, 1)), (N(u, 1)), (N(v,t1)) and (N (v, ;)) are
cliques that are isomorphic to K»,-3, which implies that the vertices (u, t1), (u,12), (v,t1) and (v, 1)
are simplicial in G[H]. O

Theorem 3.13. IfG = (K, —e),n > 4, and H = K, then Sg(G[H]) = 2n — 4.

Proof. Let e = (u,v) € E(G), and V(G) = {u,v, 51, 52, 83, ..., Sp—2}. Let ns,(G[H]) = {"H, "H,
SH,%H,...,*n2H} be an Sg-set of G[H]. The geodesics that are fixed between these vertices cover
the vertices in G[H]. Evidently, |7s,(G[H])| =4 + 2(n — 4) = 2n — 4. Hence, Sg(G[H]) < 2n — 4.
As u and v are simplicial vertices in G, by Lemma 3.12, “H and "H are simplicial vertices in
G[H], and hence they should be included in nso (G[H]). n5,(G[H]) = {(u, 1), (u,2), (v, 1), (v,2)}.
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The diameter of G is 2, and hence, by Proposition 3.1, the diameter of G[H] is two. Therefore, the
geodesics connecting the vertices in 175,(G[H]) could cover only four other vertices from 2 H-layers
say, *'H and *2H. It could be seen that, G[H] — {"H,"H, *'H, "> H} = K5(,_4), and hence along with
the previously chosen vertices, every vertex from G[H]| — {“H, YH, *'H, *2H} should be chosen in
nsg(G[H]). Figure 9(a) depicts (Ks — e)[K>] along with its Sg-basis. Evidently, |ns,(G[H])| = 4 +
2(n —4) = 2n — 4. Therefore, Sg(G[H]) > 2n — 4. O

(b)

Figure 9. Coloured vertices denote: (a) the Sg-basis of (K5 — ¢)[K>]; (b) the Sg-basis of
K> [K5 - e] .

Theorem 3.14. If G is an arbitrary tree with V(G) > 3, and H is a graph with g(H) = diam(H) = 2,
then Sg(G[H]) = Sg(G)Sg(H).

Proof. Assume that G is a tree with [ leaves. Let n5,(G[H]) be an Sg-basis of G[H]. We know
that the set of pendant vertices of G forms an Sg-basis of G. Let 15,(G) = {s1, 52, 53, ..., 51} be
an Sg-basis of G and ns,(H) = {t1, t2, 13, ..., t;} be an Sg-basis of H for which g(H) = diam(H)
= 2. Set nsg(G[H]) = {(s1,11), (s1,12), (51,13), -, (51,0%), (s52,11), (52,12), (52,13)5 -, (s2,8k),
oo (51,11), (s1,12), (51,13), <., (S1,tk)). ie., set nsg(G[H]) = 54(G) X nsg(H). To show that
Ns¢(G) X ns,(H) is an Sg-set of G[H], initially the geodesics are fixed in the H-layers connecting the
vertices of 175, (G[H]) similar to the manner as they were fixed in T[USg(H )]. The uncovered vertices
are those that are located in between the H-layers, **H and */H, where 1 < i,j < [. To cover those
vertices, the geodesics are fixed in G-layers between the vertices in 175, (G[H]) similar to the manner
as it is done in /| [75,(G)]. The further uncovered vertices are covered by the geodesics connecting
the vertices that lie in 2 different G-layers. This procedure ensures that V(G[H]) is covered. Hence,
nsg(G[H]) < Sg(G)Sg(H).

To derive the lower bound, we prove two claims. First, we claim that, ns,(G[H]) () *:H # ¢,
where s, € 1n5,(G). Suppose if n5,(G[H]) () **H = ¢, then ns,(G[H]) does not contain vertices
from *H, where s, € 115,(G). By Remark 2.7, we know that if 51 and s, are antipodal vertices in G,
then (s1,¢;) and (s2,¢;) are antipodal vertices in G[H]. But by our assumption, if a pair of vertices
(sx,t;) and (sy,t;) are included in 75,(G[H]), then s, and s, are non-pendant vertices in G for some

x, y and hence the geodesics connecting vertices from 15, (G[H]) are not the longest ones in G[H].
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This implies that some of the vertices in the G-layers would not be covered by any of the geodesics
connecting the vertices from 15, (G[H]), a contradiction to ns,(G[H]). Hence, n5,(G[H]) (" *:H #
¢, where s, € 115,(G).

Our next claim is that 175, (G[H]) () G'= # ¢, where 1, € ns,(H). Suppose if s5,(G[H]) () G’ =
¢, for every t, € nso(H). Then, ns,(G[H]) consists of vertices of the form (s, t,) where 5, € 75,(G)
and 7, ¢ nsg(H). By Remark 2.6, the distance between any 2 vertices in *»H is at most 2. Since
diam(H) = 2, by our assumption, the vertices in *» H that are not included in 15, (G [H]) could not be
covered by a horizontal geodesic. Further it could be observed that the vertices in *» H could not be
internal vertices of any vertical or slanting geodesic as s, € 175¢(G). This implies that the neighbours
of (sp,t,) in *»?H could not be covered by any geodesic connecting the vertices of ns,(G[H]), a
contradiction to 15, (G [H]). Hence, 15, (G[H]) > Sg(G)Sg(H) and Sg(G[H]) = Sg(G)Sg(H). O

Now, we obtain the results by swapping G and H in Theorems 3.13 and 3.14. Since the
lexicographic product of graphs is not commutative, these results add importance.

Theorem 3.15. IfG = Ky and H = K, — e, n > 4, then Sg(G[H]) =2(n - 1).

Proof. Let V(G) = {s1, s2}, V(H) ={u, v, t1,t2, ..., t,-2}, where e = (u,v) € E(H). Let 5, (G[H])
denote an Sg-set of G[H]. It is evident that G[H] — {(s1,u), (s1,v), (s2,u), (52,v)} = Kp(n—2). The
length of the longest geodesic in G[H] is 2 and those geodesics in G [H] are the ones connecting the
vertices (s1,u), (s1,v) and (s2,u), (s2,v). Two vertices from K5 (,_») are covered by these geodesics.
Hence, the aforementioned four vertices should be included in 775, (G [H]) along with the 2(n —2) — 2
vertices from G[H]| — {(s1,u), (s1,v), (s2,u), (s2,v)}. Figure 9(b) depicts K [Ks — e] along with its
Sg-basis. s, (G[H])|=4+2(n—-2)-2=2(n~-1),and Sg(G[H]) > 2(n-1).

Choose 175g(G[H]) = {(s1,u), (s1,V), (s2,u), (52, V)} U {(s1,8) : 2<i<n—=2} U{(s2,2;) : 2< ]
< n-2}. Clearly, |ns,(G[H])| = 2(n — 1), and when geodesics are fixed between each pair of vertices
innsg(G[H]), V(G[H]) is covered. Hence, Sg(G[H]) < 2(n - 1). O

The term 2-geodesic used in Theorem 3.16 refers to a geodesic of length 2.

Theorem 3.16. If G is a diameter-2 graph with g(G) = 2, V(G) > 4, and H is any arbitrary tree
with V(H) > 8, then Sg(G[H]) = 2(|L|+ [A/2]), where L denotes the set of pendant vertices of H, A
denotes the set of consecutive non-pendant vertices of H that are left uncovered after fixing 2-geodesics

between every pair of vertices in L, where at least one vertex in A is the neighbour of a pendant vertex,
|L| >3 and |A| > 3.

Proof. Let L denote the set of all pendant vertices of H and A denote the set of consecutive non-
pendant vertices of H that are left uncovered after fixing 2-geodesics between every pair of vertices
in L. Let ns,(G[H]) denote an Sg-set of G[H]. Since G is a diameter-2 graph, by Remark 2.7, the
distance between any two antipodal vertices in G[H] is 2. Hence, throughout the proof, we consider
that the vertices to be chosen in 75,(G[H]) are from the H-layers *' H and *>H where s and s, are
antipodal in G. We first claim that the set of vertices in G[H] of the form (sy,7;) and (s2,¢;), where
t; is a pendant vertex in H should be included in 55, (G[H]). Suppose if the vertices of the above
form are not included in 175, (G[H]). Then, the vertices (s;,;), where t; is a non-pendant vertex in H
should be included in 55, (G[H]) from *'H and *2H. We know that in a tree, a pendant vertex could
not be an internal vertex of a geodesic connecting any 2 non-pendant vertices of the tree. Also, each
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vertex in *'H and *2H either belongs to 15, (G[H]) or is an internal vertex of a geodesic connecting
any 2 vertices in *' H and *2H, respectively, i.e., Vertices in *' H and *>H could not be internal vertices
of a geodesic connecting 2 vertices from *' H and *2H, respectively. Hence, if the vertices of the form
(s1,t;) and (s2,1;), where ¢; is a pendant vertex in H is not included in 775, (G [ H]), then those vertices
could not be covered by any geodesic connecting the vertices of *' H and *2 H. Next, we claim that along
with the 2|L| vertices, at least 2[A/2] vertices should be included in ns,(G[H]). Since the distance
between any 2 vertices in *' H is at most 2, the set of vertices {(s1,?;): ¢; is not an internal vertex of a
2-geodesic connecting vertices in L} could not be covered by any geodesic connecting the vertices of
I H and, similarly, the set of vertices {(s,;): #; is not an internal vertex of a 2-geodesic connecting
vertices in L} could not be covered by any geodesic connecting the vertices of *2H in G[H]. Hence,
the vertices (s, t,), (52, t,), where t, is an alternate non-pendant vertex in H, that is left uncovered by
the 2-geodesics connecting vertices in L, should be chosen from *' H and *2H. Therefore, Sg(G[H])
>2(|L| +TA/2]).

® O O O O o— e e
tE fg f4 f5

fl tG t? tS
(a)

® O O O O o— e e

t1 ty t3 ts ts ts ts tg
(b)

® P @ ® ® o— e e

ty ty t3 t, ts ts t; tg
(o

® O ® o o — e @

t1 ty ty ty tg ts ty tg
(d)

Figure 10. Illustration for choosing the vertices in H as mentioned in Theorem 3.16.

We now proceed to derive the upper bound. For convenience, we consider H and choose the suitable
vertices in H, and then the corresponding vertices in G [H] are chosen in nso (G[H]). Initially, choose
the pendant vertices of H. See Figure 10(a). Now, set n5,(G[H]) = {(s1, t.), (52, tu) | t, € L}. Fix
2-geodesics between each pair of vertices of L. In Figure 10(b), the vertices covered by the 2-geodesics
connecting the pendant vertices are shown in blue colour. If the distance between a pair of vertices in L
is greater than 2, then we consider the non-pendant vertices between that pair of vertices as uncovered
and those vertices are collected in the set A. In Figure 10(c), the vertices 3, 3, t4 and ¢5 are collected
in A. Now, set nSg(G[H]) ={(s1, tw), (52, 1) | tu € L} U {(51, 1), (51, ty)’ (52, ty), (52, ty) | 2y, Iy € A
and dy(ty, ty) =2 in H}. Among the vertices of A, vertices, such as #, and ¢, where dy(t., t,) = 2, are
considered and their corresponding vertices in G[H] are chosen in 15, (G[H]). In Figure 10(d), the
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finally chosen vertices are coloured in red and the covered vertices are the blue-coloured ones. When
the horizontal geodesics are fixed between the vertices chosen in *' H and *2H all the vertices in *' H
and *2H, respectively, are geodominated and the vertical and slanting geodesics that are fixed between
the vertices of *'H and *2H geodominate all of the vertices in the remaining H-layers. In this way,
every vertex of G[H] is covered. Hence, Sg(G[H]) < 2(|L| + [A/2]).
Figure 11 depicts the lexicographic product of a graph G, whose diameter and geodetic number are
both equal to 2 with an arbitrary tree along with its Sg-basis.
]

ZITER
P e
N — : " 7 [ —2)
N A AR L S 7/
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— Sh A R L= = 7 — =
SHaSe m s e
(R RRET RSBI_H
= ‘Q.gaﬂﬁ%@—.x.aﬁg- ] s/
OV S SSES N,
S LR %ﬂaﬁ.‘ggg\

Figure 11. Coloured vertices denote the strong geodetic basis of G[H], where G = K4 — e
and H is an arbitrary tree

4. The strong edge geodetic number of certain lexicographic products

The strong edge geodetic number of the lexicographic product of certain general graphs that include
K. [P,], Pn[K,] and P,,[P,] are determined in this section.
As Sg.(G) > Sg(G) for a graph G, the following result is obtained directly from Theorem 3.3.

Theorem 4.1. Sg.(G[H]) > 4.
Theorem 4.2. For graphs G and H of orders m > 5 and n > 5, respectively, Sg.(G[H])= mn if either

e G is isomorphic to K, and H is isomorphic to P,, or
e G is isomorphic to P,, and H is isomorphic to K,,.

Proof. LetV(G) = {s1, 52,53, ..., 8m}, V(H) ={t1, 12, 13, .. ., 1y}, and njsg, (G[ H]) denote an Sg,-set
of G[H].

Case 1: G = K,,, H = P,. Every vertical edge ¢ = ((s1, t1), (s2, 11)) in G[H] is covered only by a
geodesic connecting its end vertices, i.e., both (s1, #1) and (s2, #1) have to be chosen in ns,, (G[H]).
This implies that all the mn vertices have to be chosen in 175, (G[H]). Also, if a vertex say (s;,;) is
not included in 575, (G[H]), then the edges incident with that vertex would be left uncovered. Hence,
Ns¢.(G[H]) is an Sg.-set of minimum cardinality and Sg.(G[H]) = mn.

Case 2: G = P,, and H = K. The horizontal edge ¢ = ((s1,71), (s51,2)) in G[H] is covered by a

AIMS Mathematics Volume 9, Issue 8, 20367-20389.
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2

t3, ...

I,

geodesic connecting its end vertices, i.e., both (s1,1) and (s1, ;) have to be chosen in ng,, (G[H]),
and hence, all the mn vertices have to be chosen in ns,, (G[H]). Suppose a vertex say (s;,?;) is

not included in nsg, (G[H]) then the edges incident with that vertex remains uncovered. Hence,

Nsg. (G[H]) is an Sg,-set of minimum cardinality and Sg.(G[H]) = mn.

ININS

(c)

Figure 12. Coloured vertices denote the elements of 775,
dotted lines denote the various geodesics that are fixed between the vertices in 17g,, (Ps[ Ps

(a)

NANLTA:

Theorem 4.3. Let G and H be isomorphic to the paths of orders m > 5 and n > 5, respectively.

if nis odd;

b

— n

2n+ (m

if nis even.

51
5+1),

2)f
2)(

2n+ (m —

Proof. Assume that V(G)

[H])

Sg.(G

{t1,

, Sm}’ V(H)

53, ...

$2,

= {s1,

Sge.-set of G[H]. Evidently, there are m H-layers and n G-layers in P, [P,]. We begin by proving

the lower bound. The vertices lying in the first and the last H-layers, i.e., *' H and *H are peripheral
vertices and the edges that are incident with the vertices in these 2 layers are unique edges.

edges lie in the beginning and end of the geodesics. Hence, to cover those edges, all of the vertices

lying in *' H and * H need to be chosen in any Sg.-set of G. Hence, Sg.(P,,[P,]) = 2n.

Case 1: n is odd.
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We consider the remaining m — 2 H-layers, since vertices lying in *' H and *~ H are already selected

in the Sg.-set. Every horizontal edge in G[H] is a unique edge, and hence, every alternate vertex in all
the m — 2 H-layers must be chosen to cover the horizontal edges. The vertical and slanting edges are

covered by the slanting geodesics that connects the vertices (s;, 1), (Si+g»tj+-), Where 1 <i,i+qg < m,
in each G-layer, Sg.(P;,[P,]) = 2n + (m — 2)[n/2]. The different geodesics covering the edges of

Ps[Ps] are shown in Figures 12 and 13.

and 1 < j, j+r < n. Since there are [n/2] alternate G-layers starting from G, and m — 2 vertices

0
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denote the various geodesics that are fixed between the vertices in ng,, (Ps[Ps]).

, th—z’ Gln) m SsH’ (Glz’

, G[n—Z, th) m Sm—ZH’ (Gtz, Gt“, Gt6,

alternate vertices from all the
Volume 9, Issue 8, 20367-20389.

m —2 H-layers should be chosen in ns,, (G[H]). Since n is even, there are n/2 alternate G-layers. The
, th—z, th) ﬂ 2H, (Glz’ Gt“, Gte’ .
, (G, G, G's, . ..

layers in G[H]. As mentioned in Case 1,

2H

(c)

Figure 13. Coloured vertices denote the elements of 7,

, G2, G™) N %4H, ...
.., G2 G™) N Sm-1H} when n is even.

4 ot
G", G, ...

To derive the upper bound, consider the set 5., (G[H]) = (V(G) x V(H)) — {(s:,t;)}, where

° (Si,lj) S {(Gtz, G, G*, ...

We consider the m —
last vertex in each H-layer should be chosen in 75, (G[H]), as the horizontal edge incident with it is

a unique edge. Hence, Sg. (P, [Py]) = 2n+ (m —2)((n/2) +1).

Case 2: n is even.
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o (si,tj) € {(G"?,G", G, ...,G"3,G"") N\ *2H, (G, G, G, ..., G"3, G 1) N “H, (G~,
G", G',...,G",G") (\“H, ..., (G, G, G",...,G"3,G"1) (| *"2H, (G, G*, G,
.., Gn=3 Gn-1) (N *m-1H}, when n is odd.

2n+ (m-2)[7] n is odd,

2n+(m—-2)(5+1) niseven,
and all the edges of G[H] are covered by fixing one geodesic between each pair of vertices in

2n+ (m—2)[5] nis odd,
nSge(G[H])- Hence, Sg.(Pn[P,]) < i )
2n+(m-2)(5+1) niseven.

Clearly, ns,,(G[H]) =

O

5. Conclusions

We have studied the strong geodetic number and its edge counterpart in the lexicographic product of
graphs G and H. Lower bound for Sg(G[H]) has been established and since Sg.(G[H]) > Sg(G[H]),
the lower bound holds for the edge variant as well. An upper bound for Sg(G[H]) is derived, where G
is general graph and H is neither a complete graph nor a complete bipartite graph. We have determined
Sg(G[H]) for certain graph classes including P, Cy,, K., K1, diameter-2 graphs whose geodetic
number is 2, arbitrary trees, and K,,—e. We have observed that the strong geodetic number is dependent
on the geodetic number of one of the factor graphs involved in the product. Further, Sg.(K,,[P.]),
Sge(Pn[K,]) and Sg.(P,,[P,]) are determined.

Although determining Sg(G[H]) for general graphs G and H is the final objective, finding an upper
bound for general graphs is itself a quite challenging problem. The strong edge geodetic problem is
yet to be solved for G[H] where G and H are general graphs. Though the parameter is explored in
the Cartesian product G O H, the strong edge geodetic number of P,, O P, is still open. Other product
graphs including strong product and direct product of graphs are also unexplored with respect to the
strong geodetic parameters.
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