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Abstract: We investigate the space-time decay rates of solutions to the 3D Cauchy problem of the
compressible Oldroyd-B system with diffusive properties and without viscous dissipation. The main
novelties of this paper involve two aspects: On the one hand, we prove that the weighted rate of k-th
order spatial derivative (where 0 < k < 3) of the global solution (p, u,n, 7) is £375%7 in the weighted
Lebesgue space L%. On the other hand, we show that the space-time decay rate of the m-th order spatial
derivative (where m € [0, 2]) of the extra stress tensor of the field in Lﬁ is (1 + t)‘%‘%”, which is faster
than that of the velocity. The proofs are based on delicate weighted energy methods and interpolation
tricks.
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1. Introduction

We investigate the space-time decay rates of strong solutions to the diffusive Oldroyd-B system,
which describes the motion of viscoelastic fluids in R?. The system takes the following form in the
space-time cylinder Qr = R* x (0, T']:

o; +div(pu) = 0,
(pu), + div(pu ® u) + VP(p) — pu — ( + v)V divu = div (T = (kLyp + up?) 1),
n, +div(nu) = aAn,

T, + div(uT) — (VuT + TV u) = aAT + o5l - 22T,

(1.1)

where (x,1) € R? x [0,+c]. Let P = P(p) = ap’, p = p(x,t) > 0, u = u(x,t) € R* and T(x,1) =
Tij(x,1) € R? denote the pressure, the density, the velocity field, and the extra stress tensor of the
field respectively. In these expressions, the constants a > 0, & > 1, and @ > 0, where a represents
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the center-of-mass diffusion coefficient of the system. The viscosity coefficients u > 0 and v satisty
2u + 3v > 0. The polymer number density

n(x,t) = f W(x, 1, q)dq,
R3

where 7 represents the integral of the probability density function ¢, a microscopic variable used in the
modeling of dilute polymer chains. In addition, ¢, k, L, and A, are known positive constants, and their
meanings can be found in [3]. T is a positive symmetric matrix in Q7, where 1 < i, j < 3.

1.1. History of the problem

Let us provide essential explanations regarding the above model. The system (1.1) is a crucial model
employed to characterize the motion of viscoelastic fluids. This model takes the form of the micro-
macro compressible Navier-Stokes-Fokker-Planck model, delineating the motion of dilute polymer
fluids under the Hookbell-Hookean setting. Barrett originally derived this formulation in [3], and
additional physical background can be found in [3,7]. It is worth mentioning that the diffusive Oldroyd-
B model for viscoelastic rate-type fluids has been extensively studied in [1,20,21]. Additionally, the
diffusive Oldroyd-B model can be obtained as a macroscopic closure of the Fokker-Planck-Navier-
Stokes systems, as discussed in [4, 15].

For the incompressible diffusive Oldroyd-B model, existence and uniqueness results are available
in [8-10]. Regarding the long-term behavior of solutions, comprehensive discussions can be found
in [12,24,26] and references therein. For the compressible diffusive Oldroyd-B model, Fang and Zi
established the existence of local strong solutions and introduced a novel blow-up criterion in [11].
The global existence of small classical solutions is explored by Zhu in [31] for the Sobolev space H*
with s > 5, and [29,32] for the critical Besov spaces. As for the long-term behavior of global solutions,
we refer to [16, 25,29, 30].

For the Oldroyd-B system (1.1) without viscous dissipation, Liu, Wang, and Wen [17] established
the global-in-time existence and obtained optimal time decay rates for the strong solution. In order to
address the loss of regularity for the velocity and achieve smallness of the initial data independent of
the viscosity, they introduced a new unknown 7; ; = T; ; — knl; ; to derive new dissipative estimates of
velocity. Following the approach in [17], we reformulate the system (1.1). To see this, we introduce a
change of variables by

(o, u,n, T)(x, 1) = (p" + p, pu’, 1" + P, T)(x, 1), (1.2)

where  is a positive constant. The initial conditions are given by

(,0/, l/l/, 77/, T)(-x’ t)'t:() = (PE), ME)’ 776’ TO) - (0’ 09 09 0) (13)

For simplicity, we removed all * in the new system. And then the system (1.1) without viscous
dissipation (i.e., u = v = 0) in Qr is equivalent to the following system:

p,+}"1diVl/l =95,
u,+rVo+nVn—-rydivrt = §,,

n,+ pihdivu — alAn = s,

T+ %T— a/AT—ﬁkf](Vu+ VTM) =S4

(1.4)
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with the initial condition

(pa u,n, T)(X, 0) = (pO’ Up, Mo, TO) (X) - (Oa 0’ 0, 0)’ as |X| — 00, (15)

where

S1 = —Bdiv(pu),

= 5 : 2

Sy = —,let: Vu+ H(p)Vp + G(e)[(k(L = 1) + 2t))Vnp — div 7] — ) nvn, (L6)

S3 = —pdiv(iu),

S4 = —Bdiv(ur) + B (Vur + V7 u) + phn (Vu + V'u),
and

~ 2

VP(D) — k(L—1)+2né 1
= = P , =, = .
B 5 r Y (2] r \/P_(f)) r3 P5)

H(p) and G(p) are given nonlinear functions of p

1 P PO 11 1
LEo) P01l L,

H =
©) B P p+p Bp p+p

Building upon the above conclusions, when the initial perturbation is small in Sobolev space, the global
solution of the Cauchy problem (1.4)—(1.5) has been proved in the Sobolev space H*(R?) by Liu et al.
in [17]. Moreover, if the initial perturbation is additionally bounded in L'(R?), the solution exhibits the
following decay estimates:

V%0 = P, = DDl 2esy < Co(l + 0775 for k=0,1,2,3, (1.7)
IVl 2y < C1(1+ D775 for k=0,1,2, (1.8)
IV ()l 2 < Co(l + )75 (1.9)

The space-time decay rate of strong solutions has been receiving increasing attention. Below, we
will discuss the progress concerning the space-time decay in the weighted Sobolev space HZ In [23],
Takahashi first established the space-time decay rate of strong solutions to the Navier-Stokes equations.
Furthermore, Kukavica et al. extended the weighted decay rate of the strong solution in L)(2 < p < co)
for n(n > 2) dimensions in [13, 14]. For more results concerning the space-time decay rate in L}, we
refer to [6, 18, 19, 28] and references therein.

However, to the best of our knowledge, there has been no result on the space-time decay rate of
the 3D Cauchy problem of the compressible Oldroyd-B system with diffusive properties and without
viscous dissipation up to now. The main motivation of this paper is to provide a definitive answer to this
issue. More precisely, based on the time-decay estimates of [17], we demonstrate that the weighted rate
of k(0 < k < 3)-th order spatial derivative of the global solution (o, u, 7, 7) is 32 in the weighted
Lebesgue space Li. Moreover, we also establish that the space-time decay rate of m (e [0, 2])-th order

spatial derivative of the extra stress tensor of the field in Li is (141732, which is notably faster than
that of the velocity. The proofs rely on delicate weighted energy methods and interpolation tricks.
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1.2. Notations

Let’s introduce the notations typically used in this paper. We use L” to denote the usual Lebesgue
space L” (R3) with the norm ||||;,, and H to denote Sobolev spaces H* (R3) = W2 (R3) with the norm
||||¢e. For any y € R, we denote the weighted Lebesgue space by L’; (R3) (where 2 < p < +00) with
respect to the spatial variables:

Y

L (R°) £ {f(x) TR Rl ) 2 fR 7 IfCop dr < +oo}.

And then, for any y € R, we can define the weighted Sobolev space H’; as follows:

HY(R?) = {f(x) e Ly (R) LA, = ) ||Vlf||; < oo}.

<k

Denote L? (R?) := L3 (R*) and H*(R?) := Hf(R®). In addition, we denote ||(a, b)lly 2 llallx + IIbllx
for simplicity, and denote ¢ by a sufficiently small constant independent of time. The notation a < b
means that a < Cb for a generic positive constant C > 0 depends only on the parameters relevant
to the problem. Moreover, we drop the x-dependence of differential operators; hence, Vf = V,f =
(01, f>0x, f> 0. f), and V¥ to denote any partial derivative 8% with multi-index @, where |a| = k.

1.3. Main results

Before presenting our main results, let’s provide a brief summary of time decay estimates for the
compressible Oldroyd-B system, both with and without viscous dissipation, as discussed in [17,25].
These findings are summarized in the following two propositions:

Proposition 1.1. (see [25]) We assume that L > 1, ¢ > 0 in system (1.1). There exists a positive
constant ¢, which is small enough, such that if

(0 = Poos 107 = oo To = T3, < 61

where
(o, u, 11, T)(x,0) = (oo, up, 7o, To)(X) = (0c0s 0, Moo, Teo), x| = +00, (1.10)

and T, is a matrix with T, = kn.I. Additionally, we suppose that ||(0y — Pco, U0, 0 — Moo, div To)||11 18
bounded. Then the diffusive Oldroyd-B system with viscous dissipation (1.1) with the initial data (1.10)
admits a unique global strong solution (p, u, 7, T), which satisfies the following time-decay estimates:

||Vm(,0 ~ Poos U, 1] — UOO’T - Too(t))” < é(l + l‘)_%_%, m = 09 1’

V(0 = peos 14, 17 = 1o T = Tl < C(A + )75, m=2,3.

forall 0 <t < T, where C is a positive constant independent of ¢.

Proposition 1.2. (see [17]) We assume that (0y—p, uo, 70—, 7o) € H>(R), and (oo—p, ug, 70—}, div 1) €
L (R3), the parameters L > 1 and ¢ > 0. There exists a positive constant §,, which is small enough,
such that if

lGoo — P, uo, 0 — 11, Tl 3 ®3) < 62,
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the diffusive Oldroyd-B system without viscous dissipation (1.4) with the initial data (1.5) admits a
unique global strong solution (p, u, 17, T), which satisfies the following time-decay estimates:

V40, 1, M(Dllp2sy < Co(l + 87375, k=0,1,2,3,

IV (Ol < Ci(1L+07575, k=0,1,2,
IV3 (Dl 2@y < Co(1 + )73,

forall 0 <t < T, where Cy, C; and C, are positive constants that are independent of 7.

With the help of time-decay estimates in [17], our main results are concerned with the following
space-time decay rates of the strong solutions in weighted Lebesgue space L%.
Theorem 1.3. Let (o, u, i, 7) be the strong solution to the Cauchy problem (1.4)—(1.5). In addition, we
assume that (oo — B, ug, o — 7, div 1) € L' (R3) N H; (R3) ,¥ = 0. Then, if there exists a small constant
0o > 0, such that

||(p0 _ﬁ’ Ugp, Mo — ﬁ’ T0)||H3 < 60,

then there exists a large enough 7" such that

IV (o, e )OIz < Crime*7, (1.11)
IV 2@l < Cri7%, (1.12)
IV 2(0)llz < Cr3*7, (1.13)

forallt>T,0<k<3,and 0 <m < 2, where C is a positive constant independent of ¢.
Remark 1.4. We can derive the space-time decay rates of the smooth solution (p,u,n,7) in
weighted Lebesgue space L} by applying Gagliardo-Nirenberg-Sobolev inequality and the weighted

. 1 3
interpolation inequality. For any f(s) € L? (R3) N H? (R3), we have [|f ()l < [IFOIL IFOI,
in R?. Therefore, we obtain the estimate |||x|7 Vo, u, 7, T)(t)” .. from |||x|7 Vo, u, 7, T)(t)” ,» and

|||x|“y Vo, u, 7, T)(t)” ;- More specifically, for the case of ¥y > 2 and k = 0, using the Gagliardo-
Nirenberg-Sobolev inequality, we have

Xl (o, 4, 7, D@l
<C ¥ (o, s, OIS [V (U5l (o, 0, DO
<C (o, u, 7, r)(r)n; ([0 .. 00| 5 + IV G, 7. YOz, + o1, DOz )}

<Cr 2",

On the other hand, one has the following facts by applying the weighted interpolation inequality,
and (1.10)—(1.12)

2 1=-2
6o, 1,12, YDl < C i, 4, 7, DO X (0, 0, 7, DO

<critb,
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In a similar way, for the case of ¥ > 2 and k = 1, one has

2 1=2
VG, w1, DYDlly <C 1V (o, 3, DO, AV G, 1,17, DO

<33 Hea-2)
<crit-brier

For the case y € [0,2), the corresponding results can be derived from the weighted interpolation
inequality. Consequently, by employing the interpolation inequality, we can show that there exists a
large enough 7 such that

190, .0 1)) < Cr3t-piy (1.14)

fort>T,2<p<o0o0,k=0,1,andy > 0, where C is a positive constant independent of ¢.
Remark 1.5. In this paper, we analyze the space-time decay rates of ||(o, u, i, 7)(2)|| 2 for k(€ [0, 3])th-
order derivative. Additionally, we determine the sharp space-time decay rate for k(€ [0, 2])th-order
derivative of the variable 7, which revealed the difference between the polymer number density 7 and
the extra stress tensor T.

Now, let us outline the strategies employed in proving Theorem 1.3 and explain the primary
challenges encountered in the process. Initially, we introduced

E(®) := (o, u, 1. DI
Y
and then use the delicately weighted energy estimates and interpolation tricks to obtain
d s EEN =] EENS|
&E(t) S Cot *E() + Cit "E(t) » + Cot 2E(t) v . (1.15)

In the process of deriving the aforementioned energy inequality, we encounter four trouble terms
arising from the dissipative structure of the original system. If these terms didn’t exist, we could
achieve better space-time decay rates for the solutions. To illustrate this issue, let us consider the zero-
th order space-time decay rates of the solutions. In the derivation of zero-th order weighted-energy

estimate, we come across these troublesome terms r; f |x|27p divu dx, r; f leztup dx,
R3 R3

r f |x|?uVn dx and r, f |x|*n div u dx. By using integration by parts, we obtain
R3 R3

+

r f V(X )pu dx| + |ry f V(x> )nu dx
R3 R3

Sllollzz leallz_ |+ limllz el
Sl mlizz N2 »
and then we get the weighted energy inequality (3.11)
1d
2dt

r3

2Bkip

2 2 . n
(IR, + N2, + [l +

Bil

2
T
IirlZ,)

na 5 rs Ao, 3@ )
+ —||IV + —— + —||V

SVl + oo Sl + vl
y-1 1 2y-2

2
_s 2 iy :
StIGo, w1, Ol + G Ml lledl 2 Wullf, + 11Ges 7 2 117, D s
Y Y

AIMS Mathematics Volume 9, Issue 8, 20271-20303.



20277

which is exactly (1.15). Therefore, one has
E() < Cr 2%,

which implies
G0, u, 7, DOz < CliCo, u, 1, T)(t)IILz v 160, . 7. DD > ? < Critm,

forall t > T, vy, € [0,7v], and [O, %] c [0,yI(y > %). This implies that the decay rate of the zero—th
order of the solution in L? is iy,

However, in the absence of the troublesome terms, we can derive a new weighted energy inequality
as follows:

d
Ed_t(”p”“ IIMIILz ﬁJIUIILz IITIILz)

%F

rha )
+ =V 2 0 Vr
SVl + 2ﬁk 2An 7P, ﬁk~|| P

2y-2

_s
<t 4 Ip, u,n,T)IIL% 11 2. Ol 11, U,T)IILZ,

which implies

d Ly
—mgSQfﬁm+c¢%mwi

where Cy and C, are positive constants independent of t. Ify > , then we can apply Lemma 2.4 with

1
a/O:Z>1,a/1:2—y<l,,81:7 <1’)/1—

l-a; _

5 = —5 +y>0toget
E@) < Ct‘%”,
which yields
1= 70 _3,%
160, 7. DDl < CliCo, w1, YOI ™ Mo e, DO, < CE272,

forallt > T, y, € [0,7v], and [0, %] c [0,y](y > %). This implies that the decay rate of the zero-th order
of the solution in L7 is £its
By employing a similar method, we have

d Y= Y-
aﬂﬂs%fﬁ@+€{%Hf#+CJ%HW%+Qf%”~Mrk:L

d _s Rl Lt _9.40
d—tE(t) SCot *E(t)+ Cit E(t)™> + Cot ¥E(t) v + C3t7 2™ for k=2,

d Y Y-
&Hosth@+c¢%mf#+CJ%Hﬁ%+Qf%”.mrkza

The main difficulties in deducing the above estimates arise from the absence of dissipation terms of
density and velocity when making the delicate weighted energy estimates. Due to the lack of the
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dissipation in terms f |x|7V4p dx or f |x”V*u dx on the left-hand (3.39), it seems impossible for
R3 R3

us to handle a new trouble term S f |x|27pV3pV4u dx. To overcome this difficulty, we fully utilize
R3

the equations. Specifically, we employ the fact that divu = p’rf—g’) and p; = —rydivu — Bdiv(pu)

from (1.4),, which allows us to reduce the order of the spatial derivative of velocity. More specifically,
through integration by parts, we transfer the derivative of u to another term: 8 f V(IxI*pV3p)V3u dx.
R3

Next, one has

f V(Ix?pV3p)V3u dx
R3

1
S}ﬂ X1 p(o; +,8qu)V3pV3( ) dx
R3 r+Bp

+ IIMIILm||V3/0||L§||V3,0||L;l + Vol 1Vl 2V ull 2.

3 112
+IVulle= V7ol

Subsequently, we derive the weighted energy inequality by applying Cauchy’s inequality, Gagliardo-
Nirenberg-Sobolev’s inequality, intricate weighted energy estimates, and interpolation tricks. For more
details, we refer to the proofs from (3.41) to (3.50).

Next, utilizing the Gronwall-type lemma, we prove Lemmas 3.1-3.4. Finally, we establish the
Lyapunov-type energy inequality to prove Lemma 3.5:

1d
2dr
By combining the previously obtained lemmas, we can complete the proof Theorem 1.3.

5
V72, + CIV™ 2l + CIV™ 2l < i,
Y Y Y

2. Reformulation

Before proving Theorem 1.3, let us list several tools that will be frequently used in the article.
Firstly, we recall the well-known Sobolev interpolation inequalities.

Lemma 2.1. (see [22]) (Gagliardo-Nirenberg-Sobolev inequality) Let 2 < p < o0, 0 < 5,1 < k and

0<6<1, then .

Lr

) 1 kK 1 l 1
5-;:(3—;)“(5‘5)“‘”

Particularly, when p =3,q=r=2,5s=1=0, and k = 1, one has

1-6

Vil

IV £l < ||VEf

where 0 is given by

WAl < 11 Nl (2.1)
whenp =00, q=r=2,5=0,l=1, and k = 2, we get
W1l S UV Al (2.2)
whiles=1=0,k=1,0= 1,pzqzrz2,andy>%,weobtain
1flg < IV fll + D12 23)
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Lemma 2.2. (see [5]) Assume that there exists a function f(s) that satisfies

f(s) ~s,

and

IOl < Ck),

for any integer k > 1, one has

IF Ol < CEIFO S,

for any integer k > 0 and p > 2, where C(k) is a constant independent of t. Especially, it holds that
G(p) ~ O(1)(p) in this paper, and then |||x|*’ VEG(p)||» < CllIxI?'V¥0l|1», i.e.,

VGl < CIIV*plls.-
And by the same token, it holds that ||VkH(p)||L§ < CIIVkplng.

Lemma 2.3. For the vector function f € C (R3) and bounded scalar function g, it holds that

2y X
‘fR}(lel ) fgdx

S Mgz Az -

Proof. We compute

2y\ .
fRS(lel )- fgdx

Thus, we complete the proof of Lemma 2.3. O

= ‘2)’ f X7 72x;0,x8 f; dx| < lgllzz A1z -
R3 L4

Lemma 2.4. (see [2]) (Interpolation inequality with weights) If p > 1, r > 1, s+ 2 >0, a + % > 0,
b+g>0, and 0 < 60 < 1, then

[ 1-6
Al < A, 11

for f € C3 (RY) satisfying |

a l-«a
_+ s
r . p q

and
s =al+ b(l -0).

More specifically, while s = p =g =2,60 = % s=y—1,a=1v b=0,one has

-t 1
Iz, < M1 A - 2.4)

Lemma 2.5. (see [27]) (Gronwall-type Lemma) Let ay > 1, a; < 1, ay < 1, and B, < 1, B, < 2.
Assume that a continuously differential function F : [1,00) — [0, o0) satisfies

d
d—tF(t) < Cot ™F(t) + Cit7F(tP + Cot @ F@P + C3 1t > 1
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and
F(1) < Ko,

where Cy, Cy, C, C3, Ky = 0 and y; = 1 "’ > 0 fori = 1,2. Assume that y; > 7,, then there exists a
constant C depending on a, a1, B, @, ,82, Ko, C;, wherei =1,2,3, such that

F(t) < Cr,

forallt> 1.
3. The proof of Theorem 1.3

We can make use of the precise linear approximations for (p,u,n,7) found in [17] to prove
Theorem 1.3.

Lemma 3.1. Under the assumption of Theorem 1.3, there exists a sufficiently large T such that the
solution (p, u,n, 7) of the system (1.4) with the initial data (1.5) has the following estimate:

o, w7, DDz < C, (3.1)

forallt > T andy > 0, where C is a positive constant independent of t.

Proof. Multiplying |x|*p, |x|*"u, ﬁnlxlzyn, 2[;Zn|x|277 by (1.4),—(1.4),, and then adding them up and
integrating on R?, we have

f X1 pp, dx + 1y f x| p div u dx + f x| uu, dx + ry f IX?uVp dx
R3 R3 R3 R3

+ 1 |x|27uV77 dx—rs3 f lezyu divt dx + r_2~ f lezynn, dx

+r2f |x|? ndivu dx——f |x|2777m7dx+2ﬁk~ Ix[*" 77, dx (3.2)
+2,Bk 2/lf | x| 2/3k~f |X|27TATd)C——f IXI?"1(Vu + VTu) dx

= pS dx + 275d+—f 275d+—f 718 4d
fR3IXIP1x RSIXIsz B R3|x|n3x 2Bk 778 4dx.
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Then, using integration by parts to simplify, one has

1d
—— , + + —=IIn7ll5, + ——
2dZ(IIPII ||u|| I8~||77|| 2,6’k~” ”Lz)
na 2 2
+ —||Vnll%, v,
vl + zﬁk i 2,8kf7” i,
:—rlf Ix?p divu dx — ry IX*uVp dx—rzf |x|*uVn dx
R3 R3 R3
- |x|2717 divudx +r3 f Ix*udiv T dx + %f X7 1(Vu + VT u) dx (3.3)
3 R3 *
’Z“ V(lezy)nVndx—% f V(x)rVr dx
2y 2y 2y 2y
+ S dx + Sodx + — S sdx + —— S.4d
ng'x' pSidr+ [ Iafrusadx ﬁﬁfR3|x| S+ 5 [ resian
12
= > Jii

Initially, by using integration by parts and applying Lemma 2.3 and Young’ inequality, we can obtain

6
Z-Il,iS

rlf V(Ix?)pu dx| +
R3

rzf V(|x|27)77u dx| +

r3f V(|x|27)m'dx

i=1 R} R3
34
< Nl el + il Ml + el G
S s iz llullz | + ers IITIIig + Cr3(8)”””iz_l-
Applying Lemma 2.3 and Young’ inequality, we can get
|J1 7|+ 1]
ﬁ~ ||V77||L2 Illzz Zﬂk~ IIVTIIL2 I7llz (3.5)
<e(=) IV +c22 ot V|7, + C
8(IB~ ) 77|| i (&) ||77|| 8(2,815) I ”Lz ng~(8) IITII

Using the definitions of S, S5, S3, and S4, Lemma 2.1, Cauchy’s inequality, and Lemma 2.3, we have

ol = L@ f P7puVp dx +L6 f P72V dx
R3 R3

2
S IVpllsllullzllollz + [IVullzlloll;.
Y

3.6)
S IV pllzllullyy + IV°pllzn oI, + IV ullen ol

_1 2 -1 2
< oI, + £l
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In a similar way, we have

IJ1.10] :'ﬁ f |x*"u?Vu dx| +
R3

1?uG(p) div T dx| +

flxlzyuH(p)Vp dx| + f X[ uG(p)Vn dx
R3 R3

f x| u (LN) Vn dx
R3 p+p

Sﬁ”VMHL‘”Hu”iz + ||Vp||L°°||H(p)“L2”””L2 +IGE= 11Vl 2 [l 2

+IGEN=11V 2l 2 + || ~||L°°||“||L2”Vn”L2 (3.7)

SIIVzullﬂlllulng + 11Vl IH(p)IIL% + IIVzpllﬂlllulle + ”VG(p)”HIHVn”iz

+ ”VG(p)”Hl”uHiz + ”VG(p)”H'”VT” +|IV (p +p) IIHIIIMIILZIIVUII

SOl + Il + IV, DI,

and

r r
il = ‘Tzf flx""quVn dx| + ‘Tzf |X[*17?Vu dx
n Jr3 n Jrs

< lal 3119l + IVl gl s

2 2 2 2
S IVl il + IV ullen VAT + IV alln limll

2
< i, + CHvI,,

and

2
Vil SIVTllzelludl 2wl + IValleslitl, + 1Vullelinllz il
2 2 2 2
SVl llull2ll7ll 2 + 1V ullg Tl + 1V ullglinll 2l (3.9)
Y

-1 2
<, DI

Substituting (3.4) to (3.9) into (3.3), we conclude that there exists a sufficiently large 7 and a
sufficiently small &, such that

d 2 2 2 2 2
5ol -+l + /?nnan + el

r3
2,8k”

—||IV
+ L T IV, + 2& 2ﬁn 12+ 2ﬁk~

2
<o, u, n)IIL% +1 4||T||L5 + 1o, Mllzllell.2_, + 11Ge, 7, D
3

Vi, (3.10)
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for all # > T,. Using the interpolation inequality with weights || f]| 2 < |f || || f || 12> We can obtain
Y-
g(II/OIIZz + [lull?, + ||77|| 2 II7117.)
L2 2 ﬁ~ L 2ﬁk~ L2

+ —~||V || ~IIV ||
r=1 =2 2
< Hl(p, u, 7, T)”Lz + o, 2l > IIMIIZZ + [I(u, TI,T)II , G, n, DIl

27 1 2y-2

st_ill(p,u,n,T)ll + 7% |(p, 77)|le + 75|, U,T)IILz -
Denoting E(¢) := ||(o, u, 7, T)”iz, we can obtain
Y
d _s 3 el 3
&E(I) < Cot *E(t) + Cit #E(@®) > + Cot 2E(t) 7,

where C, C;, and C, are positive constants independent of ¢. If y > 2, then we can apply Lemma 2.5

withag =3 >l oy =2 <LBi=Z-<lLaa=5 <L =" <ly =3 =-3+2y>0,
vy = %:—%+y>0,y1 > v,. Thus, for all # > T, one has
E(r) < Cr 2%, (3.12)

which implies
G, u, 17, YDz, < CliGo, u, m, T)(t)IILz v l1Go, u, 7, T)(t)lly < Crimm,

forallt > T, vy € [0,y], and [0, %] c [0,y](y > %). Thus, the proof of Lemma 3.1 has been
completed. O

Lemma 3.2. Under the assumption of Theorem 1.3, there exists a sufficiently large T such that the
solution (p, u,n, 7) of the system (1.4) with the initial data (1.5) has the following estimate:

IV, u, 1, D)D)l 3 < CL3, (3.13)

forallt > T andy > 0, where C is a positive constant independent of t.

Proof. Multiplying |x*'Vp, |x|*Vu, Z|x|*'Vn, =

V(1.4), = V(1.4),, and then adding them

> B Zﬁ/f
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up and integrating on R?, we have

R3

IX|?VpVp, dx + 7| f X[ VpV div u dx + f x| VuVu, dx
R3 R3

+ 1 |x|2“/VuV2p dx+r |x|27VuV2n dx—rs3 f |x*’VuV div T dx

R3 R3
B f IX?VVn, dx + 1, f |x|27V17levudx—— f |X|*VnVan dx
n R3
3 2y "3 Af 2y
+ ViVt dx + Vr)°d .14
2ﬁkﬁfmglxl V7, dx Zﬁk 7 X7 (V7)* dx (3.14)

ra

- 2BK7 fn@ IX?VTVAT dx — ) fR3 IX?VTV(Vu + Vi) dx

IXPVpVS dx + | |x®VuVS,dx
3 R3

R
I 2 3 2
+ = | PVpVSdx + s f XY VTVS ydx.
Bi Ls 2Bk

Then, using integration by parts to simplify, one has

1d
——(IIVPIIiz + IIVMII + 22|Vl

ﬁ~ nt 2,8k~ IIVTIIig)
V2 VZ 2
ﬁ~ 29 || 2,8k 24 Lz zﬂle Tl
=—r | IxX*VpVdivudx-r f IX[?VuV2p dx — r f |X[*VV div u dx
R3 R3 R3

—r | xPVuVindx +rs f |x?VuV div dx + r2—3 f IXPVeV(Vu + VT u) dx
R3

R3
7'2&’

V(lxle)Vann dx - 2% f V(x?)VV2T dx + f XP'VpVS  dx

IX|?VuVS,dx + = f IX|?VnVS sdx + ——

(3.15)

|x|27VTVS4dx
R’&

12
>
i=1

2ﬁk17

>

Initially, by using integration by parts and applying Cauchy’ inequality and Lemma 2.3, we can obtain

IS

f V(Ix*)VoVu dx| +

f V(Ix*)VnVu dx| + |r3
R3

f V(x[*)V7Vu dx

R3
3.16
< 19pllz 1Vullz + 1971z Vallyz, + 197l Vel 10

2 2
SIVG, iz [IVullz |+ ers [IVTll + Crs@IIVull,
2
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Applying Lemma 2.3 and Young’ inequality, we can get

|J27] + [J28]

15X04 r3@
s2—~ V2], 1Vl | + 221«
rza

<a<—)||v2 ||L2 ﬁN (S)IIanle + &(

||V2T||Lz IVallz2 | (3.17)

30
2ﬁkN)II v, + zﬁkﬁ@)nvfnig_l

By the definitions of S, S, S3, and S4, and Lemma 2.1, Cauchy’s inequality, and Lemma 2.3, we

have
| /20| = \B f X[ uVpV2p dx| + \,8 f X[ pVpoV2u dx| + ',3 f IX|*VuVpVp dx
R3 R3 R3

IVl Vol 2l s + 11Vl IV pllzlloll s + ”VMHL"“”Vp”i%

IVl IVpll .2+ 119pll VPl Vel
+ IVulln 19l il | + 19l 191

(3.18)

5_2

7
SEE Wl + VPl + IVl
Y

< iV p, Wl + s

In a similar way, one has

/2,101 = ‘ﬂf x| (Vu)® dx
R3

+ |X|*VuVH(p)Vp dx| +

R3

+| | 1xPVuVG(p)Vn dx| +
R3

+ ',8f Ix”" uVuV3u dx
R3

f |XI*VuH(p)V?p dx
R3

f x| VuG(p)V*1y dx
R3

+ f |XI?VuVG(p) div T dx| + f |XI?VuG(p)V div T dx
3 R3

+ f |x|27VuV( )Vndx f |x|27(L~)VuV2ndx,
R3 p+p R3 p+p

/2,10l SﬁlqullelquH% + BIVull NIV ull 2 llell g + IV H ()l Vpll 2 1Vl 2
+ IVl IVull 21 H ()l + k(L = 1) + 27 IVG @)= V7l 2 Vel 2
+ k(L = 1) + 27l Gl 1Vl 2Vl 2
+IGO =1Vl 2l Va2 + VG ()l IVl 21Vl 2
4 ~)||L°°||VM||L2”V77”L2 + || ! ~||L°°||V277”L2”VM”L2 (3.19)

therefore

+|IV(
<||V2u||H1||Vu|| +”Vzu”Hlllvulle”u“Lz + IV H )l IVl 211V ull 2
+ ”Vzp”H'”V’/‘”L% + IIVZPIIHIIIVulngll/Olng_l + VGOl 1Vl 2|Vl 2
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+IVGO NIVl 211Vl 2 + VGO IVl 21Vl 2

+ VGOl VTl 2 1 Vull 2 + IIVZ([#)IIHIIIVUIIQ

n n 2112
\Y + ||V
Py p+ﬁ)llmll nlng IIV(

_s 5 . 5 1
SRV G w iy + IV Dl + 727,

n

+IV3( —
p+p

)”HlHVl't”i% +[IV( )”HIHVM”%

and

+

|Jz,11|:"’_~2 f 2 uVnViy d| + |2 f 2V V2u dx +'r—f f XYV ViVu dx
n Jrs n Jrs n Jrs

Sedll= IVl 21927l + IV ulls 197l 2l + ”Vu”L""”Vn”i%

(3.20)
SIIVMIIHIIIV77IIL§IIV277IIL5 + ”VZMIIHIIIVn”i% + IIVZMIIHI||V77IIL3||77IIL§_l

_s 2 —5 a2 12 —I42
eI, + VI, + 3,
and

ool IV Tl + el 19Tl V2Tl + 1l 9
IVl V7V T + 92l 9l ol
SVl 1971, + 12l |9l lellz |+ 19l 921292
VUl IVl 197l + IVl IV 2l 19772 G2b

2 2 2
IV Ul IVl lillz , + IV-ullen IVl

_5 2 _7 2 _5 2 12 _142
SOV, + NV, + IV, +

Substituting (3.16) to (3.21) into (3.15), we conclude that there exists a sufficiently large 7 and a
sufficiently small &, such that

1d r
5 3 IVl + 1IVuliyy + 19, +

3
B 2Bkiy
r3 Ao

ra
—|IVTlI%, + V2o (3.22)
2k 2 T ¥ 5Vl

-3 2 2 -142
StV wm, DIl + 11V Ml Vullz |+ 1V, DIl +1 2%,
-

I97l,)

R G202
+ I V=il +

pt | 1

for all + > T,. Using the interpolation inequality with weights ||V f]|,> S IV £ll LZ IVf ||z2 , We can
Y- y
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obtain
1d(IIV 17, + IV || +—||V || ——|IV7I[%,)
—— u T
2dt P L IB~ n lgk~ L2
24 202 22
+ —|IV \Y,
IVl + 2ﬁk M ul 2Wn P
y=1 1
<tV (o, u, n, T)Ile + VG, Ml 2lIVull 3 IIVMIIZZ (3.23)

2y-2

+||V(M,77,T)||L IV (u, n,T)IIV Y

2y-1

2y-2
_s 2 _5 _5 = 1
SCHV G usn, Dl + IV + 2 IV, DI+ 1727
Y Y

Denoting E(¢) := ||V(o, u, 1, 7)|1%,, we arrive at

L2’

d y-1 5 y-1 7
ZE0) < G E@ + Cr SEO S + G TEM T + G 1,

where Cy, C;, C,, and C; are positive constants independent of 7. If y > % then we can apply
Lemma 2.5 with ag = 3 > 1, @ = % < LB = 2;—;1 <L o= % < LB = %1 < 1,
')/lzi:—;::—%-f-2'y>0,’)/2:i:;;z——+’y>0’yl>’)/2,’)/1—1: %+27 Thus,forall
t > T, one has

E(r) < Cr3*¥, (3.24)

we get the fact

1-X 20 5
IV, u, 1, TYDll2, < ClIV(0, u, 17, TYON o " IV (0, 1,77, T)(I)IILV7 < Crimm,

forall # > T, yy € [0,y], and [0,3]  [0,¥](y > 2). Thus, the proof of Lemma 3.2 has been
completed. O

Lemma 3.3. Under the assumption of Theorem 1.3, there exists a sufficiently large T such that the
solution (p,u,n, ) of the system (1.4) with the initial data (1.5) has the following estimate:

V2, u, 0, D)@ ,» < €37, (3.25)

forallt > T andy > 0, where C is a positive constant independent of t.

Proof. Multiplying |x|**V2p, |x*’V?u, ﬁ~|x|27V217, e 2= |x|**V21 by V3(1.4), — V3(1.4), , and then adding
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them up and integrating on R?, we have

f 3 IX[?V2pV2p, dx + 1y f 3 |X|?V2pV? div u dx + f X[ V2uV?u, dx
R R

R3

+r | xPVuVipdx +ry f IX?V2uV3n dx — rs f |x|?V2uV? div T dx
R3 R3

R3

L2 f V22, dx + rs f V2V divudx—@ f X'V v2an dx
Bt Jrs R3 R3

3 222, dy 4+ A0
2pkn o Y TV A e

B P viviardx - 2 f |x|27V27V2(Vu +V7u) dx
R3 2 R3

IxIZV(VZT) dx (3.26)

 2Bk#
= f |X[*V2pV?2S 1dx + f |X[?V2uV?2S ,dx

VYRS dx + —— V2128 4dx.
ﬂn le n X Z,Bkn IXI VoS ,dx

Then, using integration by parts to simplify, one has

d r
~ (VIR + IV2ull2, + 2|V ||V
S g VAl ull IBNII 77|| Zﬁk”” T2
+ 2R, + ||V2 2, + 2 IVl

Bi Ly Zﬁk 24 Ly 2,3k~ Ly

=—r f IX[?V2pV? divu dx — ry f X V2uVip dx — r, f X[ V2V div u dx
R3 R3 R3

-y | VUV dx + rs f WP V2V div dx + 2 f X VeVA(Vu+ Viu)dx (397
R3 3 2 Jgrs (3.27)

}"2@

V(lxle)VznV3n dx — 22 f V(xP)\V2 Vit dx + | [xPV?pV3S dx
B 2Bkip R

+ f |x|27V2,,N252dx+r—2~ f IX|?V2nV2S 5 di + —2— f [x?V21V2S ,dx
R3 B Jgs 2Bki

Initially, by using integration by parts and applying Lemma 2.3, we can obtain

6
> T

i=1

r f V(x?)VpV2u dx| + |r f V(Ix?)V*nV2u dx| +
R3 R3

9%l 92l + (1920, 1920l |+ (V2] 1920z

<

r3 ‘[Ra V(|x|zy)V2TV2u dx (328)

sV .5 1Vl + ors |92, + Cr@Ivuf
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By using Lemma 2.3 and Cauchy’s inequality, we obtain

|37 + |J38]

S ol 5l + 2 [l 5 -
r3a

<ﬁ—>||v3 [ R, + o 2 P - L o,

By the definitions of S, S,, §3, and S4, Lemma 2.1, Cauchy’s inequality, and Lemma 2.3, we get

Y :Lg f 3 X7 V2oV (pVu) dx| + tg f } IX|?V2pV*(uVp) dx
R- R3
<IVpllsIV2pll 2 el s + 11V ull 11V 20ll 2 ol
+ IVoll=1V2pll 21V ull 2 + IIVullLoOIIVszIi%
s||V3p||H1IIVszILgllulng,l + V2Pl IVl 2 1V ull 2 (3.30)
+ 1V ull IIVZpIILgIIpIILg_] + IV ull IVl 2 Vol 2
+ V20l IVl 2 1V 2ull 2 + IIVZMIIHIIIVZpllg
SERIENS NIv2llz + t‘Z‘Zt‘WIIVZpII + t_%Hvzp”iz +ri IV2ull?,
Y Y

5
sfznvzan% + t_1||V2u||L% F T z+27

In a similar way, one has

ol SBIVull=lIV2ul, + BV ulls IVull 2l + IVl V202 IV2H o)l 3
+ BVl V2l 2 H )5 + GO 1Vll2 1Vl 2
+ (IVAll + IV TV GOl 19%llz + GO IVl 311Vl 2

)||L3||V2u||L2IIVnIIL6 + || ||L°°||V2u”L2”V3n”L2

+ V(]
p+
SIV2ul 1||v2u||  + 1Vl 19 z||w||z+||v3u|| V2l el
H H Ly Ly H Ly Ly
IVl IV @IVl + IVl IVl IV H
IV pll IVl 2 IH )2, + IVl IVl 1V G (oI, (3-31)
VG 191l + 19G ) 19l 1V
Y Y Y Y

+ IVl + IVl IV 21V all

n n
+IV3( )IIHIIIVzulngllenlng + IV (—ll IV ull 2]Vl 2.
p p+p 7 vl

n 2 12 Ui 3.2
# IV Dl IVl + IVl Vil
SV Dl + IV DI + 17 4,
Y
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and

|J3,11|=‘%2 fR VT daf + |2 f V2V V) da
Sl IVl 0192 + IVl 1922
IVl IV, + I Il 9
<AVl IV 19012, + Il O + Tl )
IVl V12, + 1539

(3.32)

SOV, + IV, + IV, + Y
and
/312! SIIV3MIIL3IIVzTIILgllflng + IIMIILwIIVZTIILgIIVSTIILg
+ ”VMHL“”VZTHi% + VTl V2l 2 Va2
+ IIV3MIIL3IIVZTIILgllnlng + IIVMIILwIIVZTIILgllVZUIILg
SIIV3MIIH1IIszllL;(IIVTlng +iellz ) + IIVMIIHlIIV2T||L3||V3TIIL; (3.33)
+ ”Vzl/l”Hl”VzT”i% + IIVZTIIHIIIVZTIIE% + ||V2T||H1||V2u||i3
+ ||V3M||HlIIVZTIILg(IIVnIIL2 +limllz2 )+ ||V2u||H1”VZTHL%”VZUHL?/
SOV DI + IV, + 73 4 7,
Substituting (3.28) into (3.33) into (3.27), we conclude that there exists a sufficiently large 7 and a

sufficiently small &, such that

d 2 2 212 o2 2 3 2112
SV, + I uan ¥ ﬁ—~||v i + =1Vl

V3 B o3 0
= V31|)%, (3.34)
ﬁN ” ” 2,8k 2/1 2,Bkﬁ” T”Lv

2 2 2 Vz 2 _242
St 4”V (pv Ma T], T)” 2 + ”V (p7 77)||L2||V M“LZ + ” (I/l, n’ T)” 2 + t 2+ )”
Ly Y y-1 L
y—

for all # > 7). Using the interpolation inequality with weights | V2| 2 S |v2f ||§ |2 £ ||i2 , We can
-1 ¥

obtain
12ﬂleplli +11V2ull, +—|IV217|| —(IVPll)
& B 2,Bk~
+ —_— V3 V3 2
ﬁ~ 2 || 2,8k 2/1 ”Lz 2’8k~|| 7ll32
St_ﬁllvz(p’ u,nmn, T)”i% + ||V2(p7 n)llL%”VZI/t” ”VZMHLz (335)
2y-2 2 0
V2w, Dl V2, Dl + 072
5 2 9 2y-1 5 27_2 . )
SOV oo DI, + T F IV 0l + IV ol + 2
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Denoting E(?) := ||V2(p u,n, ‘r)” we arrive at

L2’

d _s LI LIS _940
EE(I) < Cot *E(t) + C1t %E(t) > + Cot ¥E(t) 7 + C317 27,

where Cy, C;, C,, and C; are positive constants independent of 7. If y > % then we can apply
. 2y-1 —1
Lemma 2.5 with g = 2 > 1, @y = % <Lp =3 <lLas= ly <L p =% <1,
Y1 = }j—g; =-1+2y>0,7 = 1_; =-24+y>0,9 >y, 7n-1=-2+2y. Thus, for all
t>T,
E(r) < Cr #*%, (3.36)

we get the fact

IV2(o, u, 1, D)@z, < CIV (0, u, 1, T)(t)IILz v IV2(o, u, 7. DO "< Critm,

forallt > T, vy € [0,y], and [O, %] c [0,y](y > %). Thus, the proof of Lemma 3.3 has been
completed. O

Lemma 3.4. Under the assumption of Theorem 1.3, there exists a sufficiently large T such that the
solution (p,u,n, ) of the system (1.4) with the initial data (1.5) has the following estimate:

V30, u,m, 0)@)||,, < Cr 57, (3.37)

forallt>T andy > 0, where C is a positive constant independent of t.

Proof. Multiplying |x[>V3p, |x|**V3u, =
them up and integrating on R?, we have

Z1x|7V3n, = i 2| x|?V31 by V3(1.4), — V3(1.4), , and then adding

f IX?V3poV3p, dx + 1y f |X*V?pV? div u dx + f IV uV3u, dx

R3 R3 R3

+r | PVuVipdx+r, f X V3uViy dx — rs f X[ V3uV? div r dx
R3 R3 R3

+ 2 Vi dx £ | 6P V3V diva dx — };—? Vi VEan dx

Bit Jrs R3 n Jrs
3 2yw3_ w3 3 2y o3
+ VtVor, dx + Y(V d )
56 ). X V3rV3r, dx 2ﬁk o f X7 (V37)? dx (3.38)
-2 PVVaTdr - 2 f VY (Vu+ Vu) d
2Bk7 j; | x| T Tdx 2 ). | x| ™V°(Vu u) dx

= f IX?V3pV3S 1dx + f IX?V3uV3S,dx
3

V3pV3S,d + f YV3rV3S 4dx.
ﬁn le n X B o [x[7V7TV"S 4dx
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Then, using integration by parts to simplify, one has

d r
gd—t(||V3P||ig + ||V3u|| + FIIV’nII 2ﬁ;llwrll;)
+ 22X v, + IIV3 B, + o [Vl

Bii 5t Zﬂk 21 gt 2,8k~ L

=—r f |x|27V3pV3 divudx —r f |x|27V3uV4p dx—ry f |x|27V317V3 divu dx
R3 R3 R3
- | xPVuVin dx + rs f P V3uV? divr dx + 2 f IXPV2TV3(Vu + VT u) dx (3.39)
R3 3 2 R3 *

}"2(1/ 2 3 4 rs@

V(I)Cl VIV dx — ==

Bii 2Bki

+ f |x|27V3uV3S2dx + 2 f VYRS sdx + f PV rV3S ydx
R3 R3

Bii 2,3kn
12
4 Z I
i=1

Initially, by applying integration by parts and using Lemma 2.3, we can obtain

6
>
i=1

r f V(x*)VpoV3u dx| +

R3

f V(x?)V3rVir dx + f IX|?V3pV3S 1 dx
R3 R3

<

~

rs f V(x*)V*nV3u dx
R3

(3.40)
+|r3 f V(xP)VPTV3u dx
R3
[Vl 9%l + (120, 19l + [V 192l
sV, 1Vl + o |9l + Cr@IVuf
By using integration by parts, Lemma 2.3, and Cauchy’s inequality
| Va7l + sl
ha r3a
3 Vel 197lls |+ 2 (9l 197
rza (3.41)

<s<—>llv4 IILz 2@ ||Vl
Bir
1’30’

” Zﬁkﬁ

2,3k~ (e) ||V37'||;71 :

By the definitions of S|, S, S3, and §4, Lemma 2.1, Cauchy’s inequality and Lemma 2.3, we get

+% f IX?V2pV3(pVu) dx
R3

+ I,Bf X[ pV3pV*u dx
R3
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< ‘ﬁ IXI?uV3pVip dx (3.42)
R3
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',3 f IX|?Vu(V3p)? dx| +
%fvmWwwmdx
+',3 f IX|?Vu(V3p)? dx

}ﬁ x| oV pV*u dx
R3

mewwWw%mqﬂMMAwmAww@

< }ﬁf X7 oV pV*u dx
R3

Next, we make full use of the dissipative structure of the system (1.4) to deal with the trouble term

N = ',BI X pV2pV4u dx|.
R3

More precisely, based on the fact that divu = & fz £ we can reduce the order of the spatial derivative

of velocity. First, we rewrite the trouble N; as follows

\Y)
N, :}ﬂf x> pV3p V> (/L,Bup) dx‘
r +Bp

1
= % X[ p(o; + BuVp)V pV? ( ) dX‘
R3 r+pBp

}ﬁ f IX?VpV3pV3u dx
R3
‘,Bf X[ pV3pV*u dx
R3
+‘ﬂ f IX?VpV3pV3u dx
3

+ ”VUHL‘””V3PH

303 12, w32 312
+ VI, + VUl + 1911,
-

1
+3 % f x| oV oV (o, + BuVp)V? (—) dx
R3 r +pBp

1
) dx
+Bp
f R
R3 r

+w{fuw
R? r

(3.43)

+

+3 % f x> pV3pV2(p, + ,BLth)V(
R3 r
1
+ x> pV3p,V3p dx

‘ﬁ R3 +Bp t
1

r
|x|?Y VuV3pV3p dx
S ARk

f IXI27
8

4 Z N,
i=1

Noticing that p, = —r; div u — Bdiv(pu) from (1.4),, we have

1 4 3
pouV'pV-p dx
+pp

+3,8

1 2 2,3
pVuV-pV'p dx
+pBp

pV3quV3p dx

N1l —}ﬂ f IXIzyp(pt+ﬁqu)V3pV3( 1 )dx
+Bp

1
IXI* pV3p(Bu div p + Bo div u + BuVp + ry div u)V? ( ) dx
r+pBp

R3
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SINA

NIV pll 2l ol (laall Nl div pll e + (| div allloll )
r+pBp 7

+IV3(

NIV pll 2l ol (leall = Vol + rill div ull )
r+pBp 7

IVl IV pll Xl ol (1Y ull gt 1V div pll g + IV div ull iVl )
+ IVl IV pll2 P pll s (Vadll g IVl + IV div el o)

SVl + 172, (3.44)

where we have used the fact that (——) ~ O(1)(p). By using the Gagliardo-Nirenberg-Sobolev

ri+fp
inequality and Cauchy’s inequality, we have

1 1
lxP ol IV EIZIV X
SUVEAx2 + IV (X p)2)

) (3.45)
sliollzz, +llollzz |+ 1Vpllz | +11Vollz +1IV7pll
Y Y Y
<t
In a similar way, one has
1
IN,| < f x| pV2 oV (1 div u — B div(pu) + BuVp)V? dx
’ R3 ry +pp
<SIVA( NIV pll 2l pll s (V2 ul s ol + el V2Pl )
r+pp’ T T e e (3.46)
+[IV*( M1V pll 21l (I Vul [Vl + rillV div a )
r o+ pp !
<THIVRpIR, + 2,
Y
and
N3] < f IX[* pV3pV2(ry div u — B div(pu) + BuVp)V( ) dx
R3 r+pBp
sllV(rl n lgp)”H||V3,0||L§”Vzp”Lg”p”Lw|| div ul| -
3 3
+ IIV(rl " ﬁp)lleIIV Pl IV ull 21l 1ol
+HIVG— ﬂpmy||V3p||L;||V2u||Lg||p||m|| div pllzs (3.47)
+|V «[[V3pl? o[t
| (r1 +ﬁp)”L IV=pll2llollzllull
+ rlloll=1IV( M= 1Vpll 211V div ull 2

r +pp
5 11
SV @l + 1727
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By applying integration by parts, we arrive at

INval + N1 sl <5 dt f |x |27 pv3pv3p dx — § f <|x|27 ),|V* ? dx
-— | Vx |2y V2ol dx
R
pd Lo ar+ 5 7T of dx 3.48
Y2dr p . p (3:48)
B V<|x|27> VP dif + & f V(' —LL V2 dx
ﬁ 2 Jgs r +ﬁ
éi Z'y V3 2 V% V3 2
S3a ). I | pl” dx + gllVpll, + IV Pl .
Similar to (3.44), we have
INy 6l + IN17] + [Ny sl
1
<3 2 . N\v . V3 2
<3B III,1 +ﬁpllL el IV ull =1V Pl
33? ! Vv? V? V3
+3p ||r1 +ﬁp||Ls||plle|| ulle=1IV=pllsIV-pll 2 (3.49)
2 1 3 3
+ 57 ol IVl IV pll 2 1V ul| 2
r +Bp Y Y
SV @Il + 17
Substituting (3.43)—(3.49) into (3.42) gives
Va0l S pd ||27LIV3 Pdx+ VP p)lI2, + IVl + 12 (3.50)
49 2d 7 +ﬁp P X u,p L% 1Y% LwZ/—l . .

By applying integration by parts, Lemma 2.1, Cauchy’s inequality, Minkowski’s inequality, and

Lemma 2.3, one has
410 = X u udx| + XI"'uvuV 'u dx
4,10l Lﬁfllzy(W)ZVd ‘ﬂf||27v3v4d
R3 R3
IX?V2uV?H(p)Vp dx

+ IX?V2uH(p)V*p dx| +
R3

R3
+ f IX?V2uV3G(p) div T dx

+ |x|27V3uV3G(p)V77 dx

(3.51)
+ |x|27V3uG(p)V477 dx| +

f X V3uG(p)V? div T dx

f |x|27 V3uV4n dx

+ f |x|27V3uV3(—)V7] dx| +

A E
= H4,i7
i=1
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where
312 3 3
[Hy 1| + |Hy ol <IIVullp-[IV ulng + lulle= V- ull 211V uIILg_1

—31v3.112 3.2
SVl + IV3ull},
-

Similar to the delicate weighted energy estimates for the trouble term |/, 9|, we get

Bd H(p) s _u
Hisl < 54 W ——— Vol dx + 173V, p)lI, + IVpll5, + 7722
t Jgr3 r Y y-1

1+ Bp
By applying integration by parts, Lemma 2.3, and Cauchy’s inequality, we have
|Hyal + |Hys| + |Hygl
SIVCHE: IVl 2l1Vplls + IV GV ull 21V 7l
+IV GOV ull 2]l div Tl
SIVHEm IV ullz (1V%pllz + 196l ) + IV G IV ull 21V 7ll2
+ IV GO IV ull 2 1V7ll2 + IV G IV ull 2 (1Y div 7llzz + (| div e,z )

5 11 13
SOV, + 0 4 T
Y

and
|H37| + |H3 8] + |H3 0| + |H3,10]
SIlG(.O)lle||V3M||L2||V477||L2 + ”G(p)”L‘””V3u”L2”V3 div 7|2
+ ||V3(p ~)||L*||V3M||L2||V77||L6 + || ~||L°°||V3u”L2”V477”L2
SOHIVRlly, + IV 0, DI, + 1 2”7 R,
Therefore

d ) _s
ol <55 f a1 (pﬁ VPP dx + 290, ),
R’ 1+ Y

I ve, 3 _l4p
+1AV (n,T)||L5 + IV, o)l S
;

Similarly, one has

il =|2 [ e a2 [ aervsom
n Jr3 T Jr3
VAl IV ull IVl + el IVl 2 1V 7Lz + 1Vl 1917
+ Il IV ull 2 1V 7l + Wl IV nll 21Vl 2
UVl IV ll 21V nllz + 1Vl V70197l + IV 0l [Vl
+ IVl IVl 21Vl + IVl IVl 2 Va2

=3
<t 4||V3(u,77)|| + VIR, +||V3u||Lz :

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)

(3.57)
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and

el SVl V2 |+ el 19 Tl IVl + 1l 9,
F VTl IV 2l 2Vl + il V0V
IVl 19227l + Wl 19l 21Vl 2 (3.58)
IVl IVl IVl + gl 92l 19l 2
SRV o + IV, + 19 ul

Substituting (3.40) to (3.58) into (3.39), we conclude that there exists a sufficiently large 7 and a
sufficiently small &, such that

1d

——(||V3p||iz+||V3u|| +ﬁ—~||V377|| +%llV3 7|2 z)

_BA A O G gy Y Vil (3.59)
2dtf|| P des 2w, + 2o 2w, ¢ v,

3 3 3 3 12
<t 3V (o, u, T)IILg + VG0, )l 2lIV ulngfl + IV (u, n,T)IILz 1 +1 2
ol

for all t > T,. We define

+ H(p)
K@) = VoI, + IVuls + Z V301, + —— V312, — f 2P T TP 93,24,
() = IVl + IV ulls + IV, + 5l el, | e e o

Then, it is clear that

Q(I|V3p||iz + ||V3u|| + —~||V377|| + —~|IV3 ”Lz)
’ Pii 2pkii (3.60)

Val 3 112 3 3 3
<K(@®) < C(IVpll; +1IV ull7, +ﬁ—~IIV 77|| + WIIV ”Lz)

where C and C are two positive constants. Therefore, one has the following fact:

d 3 112 3 3
S IV Al + 1V ull?, +ﬁ—~IIV nlle 2,8k~

ﬁ“ 22 vy ”Lz 2,3k 2/1||V3’ 72, ﬁk~llV4 ”Lz (3.61)

3 3 3 3 2 L}
<t 3V (o, u, T)||L5 + VG0, ll 2lIV uIILgfl + IV (u, n, DIl Hi 21
.-

V3T 2
Iv°2,)
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Using the interpolation inequality with weights ||V3 f || 2 S ||V3 f ||§1 ||V3 f ||i2 , we can obtain
-1 y

d 312 3 3 3 312
53Vl + IVl + ﬁ—~||v 7, + 55V Tl
v Vir
/3~ g 2ﬁk 2 ; 2/3k~” I,
<tV 0w, Dl + 11V, n>||Lz||v3u||L; 9l (3.62)

2y-2

IV, 0l IV, n,r)||7 b

2y-2

2y-1
_5 3 2 9 3 vl _9 3 -5 )
StV um Ol + 71Vl + eIV e Ol +1 S
y y

Denoting E(t) := ||V?(o, u, 1, T)” we get

L2’
d _s 9 ol T = R T
&E(t) < Cot *E(t) + C1t "E(@)™> + Cot ¥E(t) v +1 277,

where C, C;, C, are positive constants independent of . If y > I, then we can apply Lemma 2.5 with
2y—-1 1 1-q

-9 — _ 9 _ = _ _9
> l,(Yl = 4—7 < l’ﬁl = 2_)/ < 1,(1’2 = Z < 1,ﬁ2 = 7 < 1 Y1 = ? = —5+2’)/ > 0,
l-ap _

Y2 =g = —% + 75y >0, y; >7v,. Thus, for all t > T, one has

NI

Qpy =

E(t) < Cr 2, (3.63)

we get the fact

_Y
Y

IV (o, u, 1, D)@z, < CIV (0, u, 1, T)(t)IILz IV (o, u, 1. DO <o 0,

forallt > T, vy € [0,y], and [O, g] c [0,y](y > g). Thus, the proof of Lemma 3.4 has been
completed. O

Lemma 3.5. Under the assumption of Theorem 1.3, there exists a sufficiently large T such that the
solution (p, u,n, 7) of the system (1.4) with the initial data (1.5) has the following estimate:

IV"z()ll,2 < Criv3+, (3.64)

forallt > T,y >0, and 0 < m < 2, where C is a positive constant independent of t.

Proof. Multiplying |x|*’ V™ by V"(1.4), , and then adding them up, and integrating on R*, we have
2yygm m AO 2 m_\2
f x|V V", dx + — f |x[77 (V") dx
R3 2/1 R3
—a f IX|? V"V AT dx — Bk f XV TV™(Vu + VT u) dx (3.65)
R3 R3

= f X2 V" rV™S ,dx.

R3
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Then, using integration by parts to simplify, one has

d
Ed—tIIV’"Tllg IIV’"TII + aIIV’"“rII
=—a f V(|x|27)vm+1rvmr dx + Bkij f X2V TV (Vu + VT 1) dx
R3 R3

X2 V"V S 4dx
R3

3
£ s

i=1
Initially, using Lemma 2.3 and Cauchy’s inequality, we can obtain
1
[Jsa| < @[V ]| . 1Vl 2
y -1

m+1_||2 m__(|2
< sa ||V T||L% + Ca(@) V"l
Applying Lemma 2.3, Lemmas 3.2-3.4 and Holder’s inequality, one has

Wsal < ||V a2 11Vl

L§|

5
SZ_T%”HV'"TIILz

2 —m+2y +— ||VmT||

A

(3.66)

(3.67)

(3.68)

By using Lemma 2.1, Holder’s inequality, Cauchy’s inequality, we can get the following weighted

estimate

/53] <

f Ix?Y V"V (div(ut)) dx| +

R3

f IX|? V"V (Vut + tV7u) dx

R3

+ f IX[? V"tV ((Vu + VT u)) dx

+

f |xPY Ve VIiuv™ it dx

+ Z ci | xPrvrevipvmithy dx
— " R3

m
vai —j+l Ve —j+1
CLIVull IV 2l 2 IVl + > CLIV Al IV |2 1Vl
j=0

ZC f PV VITVmity dx
Jj=0 R?

<

Il
(=}

J

£ UVl 19" 3197l
j=0

T
=

CoIV g IV |29 72 + Z CoLIV Tl IVl 2 V™l 2
j=0
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m
+ GOV Sl IV 2197l 2
j=0

<D TV

S 3
ST 4 |V, (3.69)
24

Substituting (3.67) to (3.69) into (3.66), we conclude that there exists a sufficiently large 7 and a
sufficiently small &, such that
d 4 m 124 m —2—m

Ed_z”va”i% + CIVTll + VIVl < o 2y (3.70)
for all + > T, where C’ and C” are positive constant independent of 7. By the Gronwall’s argument,

one has
5 m
IV"TOllz S 173727, (3.71)

for all 0 < m < 2 and 0 < y. Thus, the proof of Theorem 1.3 has been completed. O
4. Conclusions

In this paper, we studied the space-time decay rates of solutions to the Cauchy problem of the
compressible Oldroyd-B system with diffusive properties and without viscous dissipation in three
dimensions. More precisely, we demonstrated that the weighted rate of k(0 < k < 3)-th order spatial
derivative of the global solution (p, u,n, 1) is 73*2% in the weighted Lebesgue space Li. And we
further explained the reason why the decay estimates cannot achieve better results. Moreover, we also
establish that the space-time decay rate of m (€ [0, 2])-th order spatial derivative of the extra stress
tensor of the field in L% is (1 + t)‘%‘%”, which is faster than that of the velocity.
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