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1. Introduction

The existence of curves in nature is a natural phenomenon that has been extensively studied by
scientists. Researchers have formulated theories to understand the characteristics of these curves by
careful examinations and valuable analysis. Therefore, the theory of curves has played a significant
role in the field of differential geometry, making it an intriguing area of research.

To gain further insights and theoretical knowledge, it is the best practice to establish an orthonormal
system on a curve. By doing so, scientists can gather more information and delve deeper into the
properties of the curve. For instance, if the torsion of a curve is found to be zero, it indicates that
the curve is planar, which concludes that if the torsion is nonzero, it signifies that the curve is a space
curve. Moreover, the behavior of a curve can also be determined by examining its harmonic curvature
defined as the ratio of the curvature to torsion. If the harmonic curvature function is constant, then
the curve is classified as a helix. A Salkowski curve, on the other hand, is special due to its constant
curvature and nonconstant torsion [1].
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In addition, there exist other special paired curves possessing some mathematical relations between
them. Examples of such pairs of curves include involute-evolute curves, Bertrand and Mannheim
curves, as well as Successor curves and Smarandache curves. These curves have been extensively
studied, contributing to a wealth of knowledge in this field [1-5].

Another interesting aspect of curve analysis involves the geometric location of perpendicular
projection points onto the tangent or normal vector of a curve from a point that does not lie on the
curve. This location is defined as the pedal (or contra-pedal) curve (see Figure 1).

Figure 1. The construction steps of pedal and contra-pedal curves for cosine function.

Extensive research has been conducted on these types of curves, and numerous sources provide
valuable insights into their properties [6—8]. The study of such curves has been conducted using various
frames in different spaces. Researchers have explored these curves using different approaches and
continue to make significant contributions to this field of study [9-13].

In this study, pedal curves belonging to the tangent, principal normal, and binormal vectors of a
space curve are defined, and their Frenet vectors, curvature, and torsion functions are calculated. Next,
Smarandache curves are defined by taking Frenet elements of each pedal curve as the position vectors.
Finally, the corresponding Frenet apparatus are obtained and expressed in terms of the main curve.
Thus, new curves are added to to the literature for the theory of curves. Let us recall the basic notions
that will be used through the paper. For given a differentiable curve a(¢), the formulae of Frenet vector
fields and curvature functions are defined as in the followings:

Y Noparo@rdNd s @na” (L.1)
lle 1’ lle A eIl lle’ll” lle A @I’ '
”a,/ A a//H det (CZI,CL’”,Q’/H)

=—, 1= , (1.2)

lla|? lle’ A |
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T"=vN, N =v(—«T +1B), B =-vtN, (1.3)
where v = ||@’||, and “A” stands for the vector product operator [8, 14].

Definition 1.1. Let T, denote the tangent vector of a regular curve @ in E*. The geometric locus of the
perpendicular projection of points onto a tangent vector from a given point P € E? that is not on the
curve is called the pedal curve of the curve a [15].

Theorem 1.2. [15] The pedal curve of a regular curve a according to the point P in B? is given by
the following equality:
ap@®) =a@)+(P-a®),Te)T,. (1.4)

Definition 1.3. Let N, be the normal vector of a regular curve @ in E>. The geometric locus of
perpendicular projection of points onto the normal vector from a given point P € E? that is not on
the curve is called the contra-pedal curve of the curve « [15].

Theorem 1.4. [15] The contra-pedal curve of a regular curve a according to the point P in E?* is given
by the following equality:

ap(t) = a(®)+(P—a),Ny) N, (1.5)
Example 1.5. According to the origin O(0, 0), the pedal and contra-pedal curves of an ellipse that is
parameterized as a(t) = (2cos(t), sin(t)) in E? is given by the following relations (see Figure 2).

2cost 4sint N 7 costsin’t 3sin’t — cossint
ap () = ) ap(n) =

1 + 3sin’t’ 1 + 3sin’t 1 +3sin’t 1+ 3sin’t

'
[
'

[

(@ (b)

Figure 2. The pedal (a) and contra-pedal (b) curves (red) of the ellipse (blue) according to
the origin O(0, 0) where t € [—n, 7].

2. T-Pedal curve and Smarandache curves of the T-Pedal curve
Definition 2.1. Let 7 be the tangent vector of a given regular curve « in E>. The geometric locus of
the perpendicular projection of points onto a tangent vector from a point P € E? that is not on the curve

is called the T — pedal curve of the curve a according to P.
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Theorem 2.2. The equation of the T — pedal curve of a given regular curve « is as follows:
ar®)=a@)+(P—-—a@), T@®)T(). 2.1

Proof. Let P’ be a perpendicular projection point onto the tangent vector from the point P that is not

on the curve @. The perpendicular projection vector cﬁ is calculated by the following formula:

—  (aPad)—
2

lle|

On the other hand, let a7(#) be the geometric location of the point P’. According to this, we obtain
following equations:

— — — — (aPad)>
aP =aP + PP = aP = ” ”2 a + PP
al
P-a,0)=
:>~P':a/+—< a2oz> !
Il ||

:aT(t):a(z)+<P—a(t),i,> <
oIl ] lle’ll

When the tangent vector from the relation (1.1) is taken into consideration, the proof of the theorem is
completed. m|

With some subsequent algebraic operations, if u () = (P — a (), T (1)), then the relation (2.1) can
be reduced to following:
ar=a@+u@®T@). 2.2)

Specifically, if the point P is origin, then we have u (t) = —{a (¢), T (1)).

Theorem 2.3. Let ay be the T — pedal curve of the given curve a with unit speed, and {T,, N,, B}
denotes the Frenet vectors of the T — pedal curve of a. Then, among the Frenet vectors, the following
relations exist:

T =w; (1 +u)T + wjukN,
N| = — nwuk (K(l +u)? + i’ + (A + ) (uk) — uu’K) T
+nmw; (1 +uw (K(l +u) + i3+ (1 + u) (uk) - uu'K)N
+ (I]]LU]T(MK)3 + nywukt(l + u)2) B,
B :an(uK)zT -1 (1 +u)uktN + my (K(l +u) + i+ +u) (uk) - uu’K) B,
where

1
- \/(1 + u’)2 + (MK)Z’

w1

1

m=

\/TZ(MK)4 — (1 + u)*(ukt)* + ((l +u) 'k + (1 + ) (uk) — uk (u” — u/<2))2 -
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Proof. By taking the necessary derivatives of the equality (2.2), we have

&r=(0+u)T + uxN,
a’'r = (u" - ukz) T+ ((1+u)k+ (uk)’) N + uxktB, (2.3)
o= (u"’ - (ukz)/ —(1+u)K* - K(uK)') T + (u"K —ui® —ukt + (1 + )k + (uK)')')N

+((1 + ') tx + T(uk) + (uxt)’) B.
Upon necessary algebraic operations that are performed, the following relations are obtained
oy A =1(uk)*T — (1 + u') uxtN + ((1 +u' )Yk + (1 + o) (uk) — uk (u" - uKZ)) B,
det (a/7,a" 7, 7) =1(uk)* (u'" — (MKZ)/ —(1+u)K* - K(uK)') 2.4)
—ukt (1 +u') (u"K — uKk (K2 + 7'2) +((1+u)k+ (UK)’)')

+ ((1 +u' )Yk + (1 + o) (uk) — uk (u" - uK2)> (1 +u) & + T(uk)” + (ukt)’),

o/ 71l = /(1 + ) + (k)

2.5)
a7 A 7|l = \/TZ(MK)4 — (1 + w)*(ukt)* + ((1 + )k + (1 + ) (uk) — uk (u” — uk2))2 .

By substituting the given equalities above into the relations at (1.1), the proof is completed. O

Theorem 2.4. Let ar be the T — pedal curve of the unit speed curve a, and let k; and T, denote the
curvature and torsion functions for ar, respectively. Then, the following relations exist among the
curvatures:

1
2

(TZ(MK)4 — (1 + ) (ukt)* + ((1 + )k + (1 + ) (uk) — uk (u” - ukz))z)

K| = - ,
| (1 +w) + @e?)’
7(uk)* (u"' - (MKZ)’ (1 +u)K* - K(uK)') —ukt (1 +u') (u"K — uk (K2 + 7'2) +((I+u)k+ (uK)')')
+ ((l + u’)zk +(1+u)(uk) — ux (u" - MKZ)) (1 + ') tx + T(ux)" + (ukt)’)
T =

2(uk)* = (1 + w)*(ukt)* + ((1 + )k + (1 +u) (uk) — uk (u” — u/<2))2

Proof. By substituting the given relations (2.4) and (2.5) into (1.2), the curvatures can be found,
completing the proof. O

Corollary 2.5. The following relations exist between the Frenet vectors of the T — pedal curve and
their derivatives

T| = wikiNy, Ni = (=, Ty + 11 By), B\ = -7 Ny, (2.6)
where j; = |||l .
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Definition 2.6. By taking the tangent and the principal normal vectors of the T —pedal curve as position
vectors, we define a regular curve called the 7y N; Smarandache curve as follows:

_T1+N1
\/E .

Theorem 2.7. Let T,,, N,,, and B,, be the Frenet vectors of the TN, Smarandache curve. The
relations among Frenet vectors are given as follows:

a 2.7)

_—K1T1 + kN1 + 11B;

T, = ,
[~ .2 2
2/<1 + 7

Ny, =By, ATy,

B = (k1x3 + 71x2) Ty + (K1 x3 + 71x1) Ni — (k100 + K1X1) By
a; —

2

3 3 3
VX3 + T10)% + (K163 + 71 X1)° + (K165 + K1x1)

r2(2 .2

uiky — (uiky)’ (1k1)" =y (Kl + Tl) writ + )

where X, = ———————  xp = 7 , = .
2

V2 V2

Proof. The derivatives of the 71N, curve up to the third degree are as given below.

X3

_ i (=1 Ty + 1Ny + 71 B)y)
1 = 9
V2

a"1 = xlTl + X2N1 + X3Bl,

’

(2.8)

@ = (X' —pkix2) Ty + (X2 + puxy — pix3) Ny + (X3 + it1x2) By

By taking the vectoral product and computing the determinants of first and second derivatives of the
curve « given in equality (2.8), we get the equality (2.9) as below:

M1 (K1x3 + T1x2) LM (kKixs +7ixy) o (Kix + kixp)
V2o V2o V2

,U_l( (k123 + T1x0) (X2 + paxy — pnxs) = (Kix3 + 11x02) (X — ki x2) )

V2 \ = (kix2 + k1x1) (X3 + i T1x2) '

Moreover, by taking the norm of the first derivative of the curve @ and the vectoral product of the first
and second derivatives of @, we obtain the equality (2.10) as

’ M1
lla' 1]l = @ \J2KT + 77,

Hi 2 2 2
o'y Ay = ﬁ \/(K1X3 +T1x2)" + (K1x3 + 71X1)7 + (K1 X2 + K1 X1)”.

AN’ =— By,

(2.9)

det (all’a/’l’ a/ul) —

(2.10)

Finally, substituting the relations (2.8), (2.9), and (2.10) into (1.1) completes the proof. O
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Theorem 2.8. Let «,, and 7,, denote the curvature and the torsion of the T\N, Smarandache curve,
respectively. The following relations exist among the curvatures as

) ;) )
2 Vi + 710)% + (X3 + 7160 + (KX + K1x0)

Klll - )
,uf (2/(% + Tf) A /2/@ + T%
V2 (ki3 + 7120) (X + 60 — p1x3) = V2 (k0263 + T1x0) (X1 = pakx2)
- \/§(K1x2 + k1 x1) (X3 + 1 T1x2)
Ty =
1 i (kix3 + 7'1962)2 + (ki x3 + 7'1961)2 + (ki xp + K1X1)2
Proof. By using (2.9) and (2.10) to substitute into (1.2), the proof is completed. O

Definition 2.9. By taking the tangent and the binormal vectors of the T — pedal curve as position
vectors, we define a regular curve called the T B; Smarandache curve as follows:

_T1+B1
\/E .

Theorem 2.10. Let T,,, N,,, and B,, be the Frenet vectors of the T\B, Smarandache curve. The
relations among Frenet vectors are given as follows:

an

(2.11)

—K]Tl +T1B1 T]T] +K1B]

T(Zz = Nla N(Iz e — B(IZ =
K+ T2 \JKI+ 11

Proof. By taking the derivatives of (2.11), we first have

o M1 (ki =T Ny
)=,
\2
—kip2 (k; =) Ty + (uiky — (7))’ Ny + 12 (k) — T1) B
o'y = 14 (K DT+ (K \/,;1 1)'N, 11 (K 1) 1, (2.12)
((—KW% (K — T1)) — ki1 (UK —ﬂ1T1)”> T, + ((ﬂlK1 —uty)” — 3 (ky —Tl)(Kf + T%))N1
+((T1/1% (K = Tl)) + Ty (1K —/117'1)") B,

V2

Further, by taking norms and having required vector products, we have

24

2:

124

2
, ,U?(Kl 1) (1T + k1 By)
a,Na ') = >

2

2.13
’ 77 " /J?(Kl _T1)3 (KITI/ _Kl/TI) ( )
det(a’ 2, 2, 2): ,
242
and
as||l=——, ar» N ofl = . .
V2 2
If we substitute relations (2.12), (2.13), and (2.14) into (1.1), the proof is completed. O
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Theorem 2.11. Let k,, and 7, denote the curvature and the torsion of the T\ B, Smarandache curve,
respectively. The following relations exist among the curvatures as

2 2
1’2K1 + 27'1 _ \/E(Kﬂ']/ _KI/TI)

s ay — .
(ki = 71) 1 (ky —T1) (K% + T%)

Koy, =

Proof. The proof is obvious by the substitution of (2.13) and (2.14) into (1.2). O

Definition 2.12. By taking the principal normal and the binormal vectors of the T — pedal curve as
position vectors, we define a regular curve called the N;B; Smarandache curve as follows:

_N1+Bl
\/E .

Theorem 2.13. Let T,,, N,,, and B,, be the Frenet vectors of the N\B, Smarandache curve. The
relations among Frenet vectors are given as follows:

(2.15)

as

—K1T1 — TlNl + TlBl

\JKT + 217
Naq = Ba/3 A T(l3’

B - (T1y3 + T1y2) T1 + (k13 + T1y1) N1+ (T1y1 — k1y2) By
a3 E)

T,, =

\/(Tl)’3 +T1)” + (s + 1)’ + (T — Kiya)’

ik = (k) , w3 (1 +73) + GurrY ) (i) — 1212
’ 2 = — , 3= "
V2 V2 V2
Proof. By taking the derivatives of (2.15), we have

where y; =

_H (=xiTy —7|N; +71B))

’

a 3 ’
V2 (2.16)
a3 =y|T1 + y2Ni + y3By, '
@3 = = piyak1) Ty + (V' + puyikr — payst) Ny + (V'3 + piyati) By
Moreover, we calculate the required vector products and the norms as
a's Na”s :ﬂ_\/% (= (miys + 1iy2) Ty + (k1y3 + T1y1) Ny + (T1y1 — k1y2) Br))
/ / 2.1
NN, w (@i = k1y2) (V'3 + miyati) = (T1ys + 71y2) () — ayaki) 2.17)
det(a 3, 3, 3) =— , ,
V2 \+ (') = payakt) (V' + ayiky = ysti)
and
/ H
[ =712 G +272,
u (2.18)
lla's A @5 :715 \/(T1Y3 + 1) + (Kiys + Tiy1)t + (T — Ky’
When substituting relations (2.16), (2.17), and (2.18) into (1.1), the proof is completed. O
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Theorem 2.14. Let k,, and 7, denote the curvature and the torsion of the T\ B, Smarandache curve,
respectively. The following relations exist among the curvatures as

2 \/(le3 + Tl)’2)2 + (k1y3 + lel)z +(Tiy1 — Kl))z)z

> (Kf + 27'%) \JKE 4213
\/5((7'1% —Kk1y2) (V'3 + iyati) = (T1y3 + 11y2) (V') = Hiyaki ))
+ () = payaki) (V' + piyikn = p1y3Ti)

p ((Trys + 11320 + (ays + Ti3)” + (111 = €1y2)’)
Proof. The proof is done upon substituting the above relations (2.17) and (2.18) into (1.2). O

Kas

Toy =

Definition 2.15. By taking the tangent and principal normal and binormal vectors of the T — pedal
curve as position vectors, we define a regular curve called the 7N, B; Smarandache curve as follows:

_ T1+N1+B1

V3
Theorem 2.16. Let T,,, N,,, and B,, be the Frenet vectors of the T\N,B, Smarandache curve. The
relations among Frenet vectors are given as follows:

T _—KkiTy + (kg — 7)) N1 + 71 B,
a4 —
\/2K% - 2K1T) + 27’%

Ny, =By, AT,
(73K — 371 —T122) Ty + (1121 + K123) N1 — (K121 — T121 + K122) By

ay

(2.19)

b

B,, = ;
2 2 2
\/(Z3K1 — 23T —T122)” + (T2 + K123)” + (K121 — T121 + K122)
where
(k) + Pk (k) — 1) (k) — ) — pf (K% + Tf)
i1 =— ) = ’
NG V3
() + ity (k1 — 71)
3 = .

V3

Proof. The derivatives of (2.19) are
_H (=«1Ty + (k1 —T1) N1 + 71 By)

’

a4 B
& (2.20)
"y =z1T) + 20N, + z3By, '
@y =2 = ki) Ty + (22 + zipnky = 230 71) Ny + (23 + 20p171) By
In addition, the required vector products and the norms are calculated as
M1
adyna’y = @ ((z3k1 — 311 —T122) Th + (1121 + K123) N1 — (K121 — T121 + K122) By),
" (z3k1 — 2371 — T122) (21 — Zop1K1) (2.21)
det(a'4, @4, y) = — | + (1121 + kK123) (Z2 + Z1p1k1 — 23p171) |

V3

— (k121 — 121 + K122) (23 + 22001T1)
and
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T \/EIJI 2 o)
lla’4ll = 3 K] — K1T1 + 79,

u (2.22)
lla's A a4l :7% \/(Z3K1 — T - Ti) + (T kz) + Kz — Tzt Kz)
By substituting relations (2.20), (2.21), and (2.22) into (1.1), the proof is completed. O

Theorem 2.17. Let «,, and t,,, denote the curvature and the torsion of the TiN, B, Smarandache curve,
respectively. The following relations exist among the curvatures as

3 V2 \/(Z3K1 — 57 —T12) + (T2 + K123)” + (Kiz — Tizy + K122)°

K(1’4 4 9
2(,2 2 2 2
M1 (K1 — KT +T1) K] —K1T] +T1

\/g (z3k1 — 371 — T122) (T — 2ppuky) + (1121 + K123) (22 + 2Ky — 301 T1)
— (K121 — 1121 + K122) (23 + ZopuT1)

T(¥4 -

2 2 2
i ((Z3K1 — 3T —T122)” + (1) + K123)” + (K1Z1 — 1121 + K122) )

Proof. The proof is done upon substituting the above relations (2.21) and (2.22) into (1.2). O

Example 2.18. Let us consider the space curve y : [-m,7m] — E° parameterized as y(f) =
(cosh(s), sinh(s), s). Frenet vectors and the pedal curves according to the origin O = (0,0,0) that
correspond to each vector are given as follows:

N = 1 0 _sinh(s) 3 L _sinh(s) B 1
“N\cosh(s)’ ™ cosh(s)]’ - V2 \ cosh(s)’ "’ cosh(s))

B V2 \cosh(s)" " cosh(s)

1 ( sinh(s) 1 )

T — Pedal = ay 2 cosh(s) —sinh (s) s - s cosh (2s) — sinh (2s)) |

1 +cosh(2s) ’2cosh(s)’ 1 + cosh (2s)
cosh (3s) —cosh(s) + 4sinh(s)s . 2s + sinh (2s)
N — Pedal = ,sinh (), —————1,
edat= an 2(1 + cosh (29)) SInh (5) s S o (2s) )
cosh (3s) + 3cosh(s) —2sinh(s)s sinh(2s)+s scosh(2s) )

2 (1 + cosh (25)) > 2cosh(s) ~ 1+ cosh(2s)

B — Pedal = ap =

In Figure 3, four of the Smarandache curves of the 7' — pedal curve according to the origin O(0, 0, 0)
are illustrated.

AIMS Mathematics Volume 9, Issue 8, 20136-20162.
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(a) T1N;— Smarancahe curve (b) T,B;— Smarancahe curve

(c¢) N;B;— Smarancahe curve (d) T1N;B;— Smarancahe curve

Figure 3. Smarandache curves (black) of the T — pedal curve (red) of the curve y(¢) (blue)
according to the origin O(0, 0, 0) where ¢ € [-, 7].

3. N-Pedal curve and Smarandache curves of the N-Pedal curve

Definition 3.1. Let N be the principal normal vector of a given regular curve a in E>. The geometric
locus of the perpendicular projection of points onto the normal vector from a point P € E? that is not
on the curve is called the N — pedal curve of the curve a according to P.

Theorem 3.2. The equation of the N — pedal curve of a given regular curve « is as follows:
ay () = a @) + (P —a(),N@®)NQ©). (3.1
Proof. Let P’ be a perpendicular projection point onto the principal normal vector from the point P that

—
is not on the curve a. The perpendicular projection vector aP’ is calculated by the following formula:

— aP,(d Nd'YNd)y—F———
ap’:< ( 2) 2>-(a'/\a")/\a’.
lla” A |7l

AIMS Mathematics Volume 9, Issue 8, 20136-20162.
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Next, let ay(f) be the geometric location of the point P’. According to this, we have following relations:

aP,(d Nd' YN Y —F——— —
< ( ) >'((I//\Gf,/)/\a/+P/P
e’ A @”|Plle|I?

(aP, (& Na")N)——F——77
e na Bl @ N

—_ = = —
aP =aP + PP =aP =

=P =«

-
(@ NN\ (@ Ad)AND
=ap = o +{aP, : :
o’ Aa”|llle’ll] e Aa”|llle|]

When the principal normal vector from the relation (1.1) is taken into consideration, the proof of the
theorem is completed. O

Moreover, if y (f) = (P — a (1), N (t)), then the relation (3.1) can be written by following:
ay(@) =a@®)+x@ONQ), (3.2)

and if the point P is specifically taken as origin, then we have y (t) = — (@ (t) , N (1)).

Theorem 3.3. Let ay be the N — pedal curve of the given curve a with unit speed, and {T,, N,, B,}
denotes the Frenet vectors of the N — pedal curve of a. Then, among the Frenet vectors, the following

relations exist:
T) =w, (1 = kx) T + wrx'N + wyTYB,

Ny =B, N T»,
B, =, (X, (o) + ') — ¢ (K -X (K2 + 7'2) +)(")) T
=12 (1 =x0) ((0)" + ") + 7 (k)" + k) N
+1 ((1 —KY) (K -X (K2 + 7'2) +X”) +x ((ky) + K)(’)) B,
where

1

2 = ’
\/(1 — &)+ + ()

w

1
nm = —

[ (¢ (@0 + o) = (k= x (1 + 22) +x7)) + (0 =0 (@) + 1)+ T (0 + ) |
+((1 - KY) (K -y (K2 + 7'2) +)(”) +x' ((ky) + KX'))Z

Proof. By taking the derivatives of (3.2), we first have

&dy=0=kx)T +x'N +1xB,

a’'v==(ky) +xx)T + (K -X (K2 + T2) +)(")N + ((ty) + ¢") B,

"y =- ((K)()" + (k) + K — xK (K2 + 7'2) + KX”) T (3.3)
llexle 5 )00 sl e (e +
+ (KT —XT (K2 + Tz) +7" + () + (TX')') B.
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Further, other necessary relations are obtained as

adyAady = (X' ((ty) + 1)) — 1) (K -X (K2 + 72) +X”)) T
— (A =&0) ()" + ') + ™ (k)" + &x")) N (3.4
+ ((1 - KY) (K —)((Kz + 72) +X") +x' ((ky) + KX’)) B,
det(a'y, "y, @' y) =
- (X' () + 1) — ¢ (K -X (K2 + 72) + )(”)) ((K)()” +(ky') + &+ ky — xK (KZ + 72))
— (=) (@) + ) + 1y (k) + k) (k= (62 + 72) +x7) = klky) = 7(ay) = x' (& + 72))
+ ((1 — ky) (K - X (K2 + 72) +X") +x (k) + KX’)) (KT —xT (K2 + 72) +1y” + () + (TX’)’),

and

o/ vl = /(1 = k) + 1 + ()

(¥ (@0 + ) =ox (k= x (@ + ) +x")) 3.5)
lla’x A @Il = +((1 = k) () +7x") + T (k) + k1))’
+H( =) (k= x (& +77) +x") + 1" (ky) + K)(’))2
By substituting equalities (3.3), (3.4), and (3.5) into the relations at (1.1), the proof is completed. O
Theorem 3.4. Let ay, be the N — pedal curve of the unit speed curve «, and let k, and T, denote

the curvature and torsion functions for ay, respectively. Then, the following relations exist among the
curvatures:

1
2

(¢ (@0 + 1) =7y (k= x (@ +72) +x7)) + (1= 00 (T) + ) + 7 (1) + K¢
+((1 - KY) (K —/\/(K2 + 1'2) +X") +x ((ky) + /<)(’))2

(1= k0 +x72 + (@02) (1 =) +x2 + ()

Ky =

- ()(' (o) + ') -t (K -X (K2 + ‘1'2) +)(”)) ((K)()” +(ky') + K+ ky” = xK (K2 + ‘1'2))
— (=0 (@) + 70+ 7 (kY + &) (k= x (€ +72) + 1) = k) = 1(ap) =¥ (€ +72))
+ ((1 - KY) (K —X(K2 + ‘1'2) +)(") +x (k) + KX')) (KT —XT (K2 + 72) +7x" + ()" + (T)(’)')

Ty =
(,\{’ () +)— 1) (K -x (Kz + 7'2) +/\,/"))2 +((1 =) () + ")+t ((ky) + /<)(’))2
H(1 =0 (k= x (€ +72) +x") 42 () + )]
Proof. By substituting (3.4) and (3.5) into (1.2), the proof is completed. O

Corollary 3.5. The following relations exist between the Frenet vectors of the N — pedal curve and
their derivatives

Tﬁ = kN>, Né = (=Ko Ty + 12B>) , B’3 = —urToN,, (3.6)

where > = |la'yl|-
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Definition 3.6. By taking the tangent and the principal normal vectors of the N — pedal curve as
position vectors, we define a regular curve called the 7, N, Smarandache curve as follows:
. T, + N,

i

Theorem 3.7. Let Tg,, Ny, and Bg, be the Frenet vectors of the T, N, Smarandache curve. The relations
among Frenet vectors are given as follows:

Bi (3.7)

—K2T2 + K2N2 + T2B2
TIB = )

1
\265 + T3
N,Bl :Bﬁl A Tﬁl’

B = (kaXe + Taxs) To + (KaXe + TaX4) Ny — (KoXs + Kaxg) Bo
B —

\/(szﬁ + 72X5)2 + (kX6 + 7'2364)2 + (koxs + K2X4)2

(2r2)” + 13K = (k2k2)’ = 413 (K§ + T%) o= (U2T2) + 5K T
- = > 5 = , 6 = .
V2 V2 V2

Proof. The derivatives of (3.7) up to the third degree are as given below

where x4 =

:.Uz (=k2T> + k2Ny + T2B5)

N :

B

B =x4T5 + xsNp + x6 B, (3-8)
B = (X4 = pakaxa) Ty + (X's + poxy — poxe) No + (X6 + paT2X5) By .
By doing the necessary algebra and by taking the required norms, we have
B AB) = — M2 (KaXx6 + szs)T2 + M2 (K2 Xg + TaXy) L - Mo (Kaxs + K2X4)Bz’
V2 V2 V2 (3.9)
det (8.8, B)") _H ( (K2X6 + T3X4) (X's + poXs — o Xe) — (KaXe + ToxXs) (X4 — (ko Xs) ) .
P V2 \ = (Kaxs + Kkaxg) (X6 + paT2Xs) ’
and
'l =" 263 + 73
u (3.10)
B:1" A Bl :725 \/(szé +T2x5)” + (KaXe + T2Xs)” + (KaXs + Koxg)” -
Substituting the relations (3.8), (3.9), and (3.10) into (1.1) completes the proof. O

Theorem 3.8. Let kg and tp, denote the curvature and the torsion of the TN, Smarandache curve,
respectively. The following relations exist among the curvatures as

) ) )
2 Vikaxs + T2x5) + (kaX6 + Taxa)* + (K2X5 + KaXy)

Kﬁl ’
2 (2/<2 + ‘rz) 262 + 72
Hy\ 2Ky T T, )T

S V2 (k26 + T3X4) (X5 + flaXa — paXe) — (KaXe + T2X5) (X4 — fokaXs) — (KaXs + KaXy) (X6 + f2T2X5))
B — .

2 2 2
75 ((szs + ToX5)” + (KaXe + ToX4)” + (K2X5 + K2X4) )
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Proof. By using (3.9) and (3.10) to substitute into (1.2), the proof is completed. O

Definition 3.9. By taking the tangent and the binormal vectors of the N — pedal curve as position
vectors, we define a regular curve called the T, B, Smarandache curve as follows:

_T2+Bz
\/E .

Theorem 3.10. Let Tg,, Ng,, and Bg, be the Frenet vectors of the T,B, Smarandache curve. The
relations among Frenet vectors are given as follows:

(3.11)

—K2T2 + Tsz T2T2 + K2B2

Tﬂz = Nz, Nﬁz - B/g2 =
\K + T \KE + T

Proof. By taking the derivatives of (3.11), we have

o (ko — T2) N,

By = N )
(k= 1) (k2T + T2 By)
By = NG ; (3.12)
g —(,LL%K% - ,Ll%Ksz)sz + (,u%Ksz ,uzrz) B, + ,Ltz( K; + Tg + K%TQ - T%Kz) N,
) = .

V2

Further, by taking norms and having required vector products, we have

,Uz(Kz —12)* (12T + 2 By)

ﬁ ﬁ,/Z - 2 s
3.13
0 g (ky = 12) (K22’ = Tak2') (3.13)
det(8'5,8"2,8") = 2 )
and
3 2 |2, .2
_ (K — 7)) (Kz ) o me mT) K+ T
, A = . 3.14
182 2B 5 (3.14)
If we substitute relations (3.12), (3.13), and (3.14) into (1.1), the proof is completed. O

Theorem 3.11. Let kg, and 13, denote the curvature and the torsion of the T,B, Smarandache curve,
respectively. The following relations exist among the curvatures as

2 2
A [2K2 + 27'2 \/§(K2T2’ — Tok)

) ) M2 (ky — T2) (K§ + T%)

Kg, = T, =
g (ko — 72) g
Proof. The proof is clear by the substitution of (3.13) and (3.14) into (1.2). O
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Definition 3.12. By taking the principal normal and the binormal vectors of the N — pedal curve as
position vectors, we define a regular curve called the N, B, Smarandache curve as follows:

,3 N>, + B,
3= .
V2

Theorem 3.13. Let Tg,, Np,, and Bg, be the Frenet vectors of the N,B, Smarandache curve. The
relations among Frenet vectors are given as follows:

(3.15)

-k Ty — 9N, + 7B
Tg, = >

1/K§ + 27'%
Nﬁs :Bﬂ3 A Tﬁw
_- (T2y6 + T2y5) To + (K2Ye + T2y4) No + (T2ya — K2ys) By

b

\/ (T2y6 + sz5)2 + (koys + T 2)’4)2 + (T2ys — Kz)’s)2

2(,2 L2 ,
U5T2ks — (Hak)' M (Kz + Tz) + (U2T2) _ (em) - BT

where y, = N , V5= N s Ve N

Proof. By taking the derivatives of (3.15), we have

s _H2 (=k2Ty — 3N, + 12B5)

’ 3.16
B"3 =yaT> + ysN2 + yeBa, (3.16)
B3 =y — poyara) Tr + (V's + payaks — oysTa) Na + (V' + p2yst2) Ba.

Moreover, we calculate the required vector products and the norms as
B3 AB, :,u_\/% (= (T2y6 + T2y5) Ta + (KoY + T2y4) No + (T2y4 — K2y5) B2)) ,
/ , (3.17)
det (B, 8"+, 8" _ M ( (T2y4 — K2Y5) (V' + H2YsT2) — (T2Ys + T2ys5) (V4 — H2Ysk2) )
e V2 \ + 0y = ayska) (Vs + poyaka — Hay6T2) ’
and
’ M2 o) 2
=—= /K& + 272,
”’8 3 \/z 2 2
u (3.18)
”5’3 AB’s :725 \/(Tz)’6 + T2y5)2 + (koY + Tz}’4)2 + (T2ys — K2)’5)2-
When substituting relations (3.16), (3.17), and (3.18) into (1.1), the proof is completed. O

Theorem 3.14. Let kg, and 13, denote the curvature and the torsion of the T, B, Smarandache curve,
respectively. The following relations exist among the curvatures as

2 \/(sz6 +72y5)” + (KoY + Toya)” + (Tays — KaYs)’

K;B3 )
I (K% + 27%) NS+ 273

((T Ve — K2Ys) (V¢ + HaysT2) — (Taye + T2ys) (V4 — ,Uzyskz)]
+ (4 — 2yska) (V's + payaky — f2Y6T2)

J22) ((Tz)’6 + T2y5) + (KoY + T2ya) + (Tays — szs)z)
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Proof. The proof is done upon substituting the above relations (3.17) and (3.18) into (1.2). |

Definition 3.15. By taking the tangent and principal normal and binormal vectors of the N — pedal
curve as position vectors, we define a regular curve called the 7, N, B, Smarandache curve as follows:

_ T>+ N, + B,
\/g .

Theorem 3.16. Let Tg,, Ng, and Bpg, be the Frenet vectors of the ToN,B, Smarandache curve. The
relations among Frenet vectors are given as follows:

B4 (3.19)

=k + (k2 — T2) Ny + 72 B>

Tﬁ4 =

9

\/ 2K% —2KTy + 27%

NB4 = Bﬁ4 A Tﬁ4’
_ (z6k2 — 2672 — T225) Ta + (7224 + K226) No — (K22 — To2s + K2Z5) By

BB4 = > = =3
V(zska = 2672 = T225)” + (T2 + Kazo)” + (kazy = Toza + KaZs)
where
(pak2)' + 3Kz (12 = T2) (u2ky = paT2) = 13 (Kg + T%)
Z4 =~ ) ZS = ,
V3 V3
2
(HaT2) + (572 (K2 — T2)
6 = .

V3

Proof. The derivatives of (3.19) are

(k2T + (ky = T2) N2 + T2 B))

Bas= ;
4 V3 (3.20)
B4 =24T> + 25N> + 26Bs, '
B4 =24 = z5pkr) To + (25 + 2aptaks — Z6iaT2) N + (26 + 25p2T2) Bs.
In addition, the required vector products and the norms are calculated as
Banp’y= ,u_\/% ((zek2 — 26T2 — 25T2) To + (1224 + K226) No — (K224 — T224 + K225) Ba) ,
0 (Kaze — T22Z6 — T225) (24 — Z542K2) (3.21)
det(8'y,8"4.8"4) = % + (1224 + K226) (25 + Zaplaks — ZepdaT2) |,
— (Koz4 — T224 + K225) (Z'6 + Z5H2T2)
and
V2
ol =2 e
. 3 (3.22)
”,3'4 ABY, :7% \/(Zskz — 26Ty — 25T2)" + (Taz4 + Ka26)” + (KaZy — TaZ4 + K2Z5)” .
By substituting relations (3.20), (3.21), and (3.22) into (1.1), the proof is completed. O
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Theorem 3.17. Let ks, and 7, denote the curvature and the torsion of the TN, B, Smarandache curve,
respectively. The following relations exist among the curvatures as

B V(zska = 26T2 = 25T2)> + (Taz4 + Ka26)* + (Kaza — Toza + KaZ5)*

i V2, (K% — KTy + T%) K} — KaTo + T3 ’
\/g((KzZé — 7926 — T225) (24 — Z5H2k2) + (T224 + K2Z6) (25 + Zaptoky — Zs#sz))
= (k224 — Taza + K225) (Z'6 + Z5442T2)
a H2 ((Z6K2 — 26Tz — 25T2)” + (To2s + KaZo)” + (K22s — Tozs + K225)2)
Proof. The proof is done upon substituting the above relations (3.21) and (3.22) into (1.2). |

By recalling Example 2.18, Smarandache curves of the N — pedal curve according to the origin
0(0,0,0) are illustrated in Figure 4.

(a) TpN,— Smarancahe curve (b) T,B,— Smarancahe curve

(c) N,B,— Smarancahe curve (d) T,N,B,— Smarancahe curve

Figure 4. Smarandache curves (black) of the N — pedal curve (red) of the curve y(¢) (blue)
according to the origin O(0, 0, 0) where t € [-n, 7] .
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4. B-Pedal curve and Smarandache curves of the B-Pedal curve

Definition 4.1. Let B be the binormal vector of a given regular curve @ in E*. The geometric locus of
the perpendicular projection of points onto a binormal vector from a point P € E? that is not on the
curve is called the B — pedal curve of the curve a according to P.

Theorem 4.2. The equation of the B — pedal curve of a given regular curve « is as follows:
ap(t) =a(t)+(P—-a(t),B@)B(). 4.1
Proof. Let P’ be a perpendicular projection point onto the principal normal vector from the point P that
—
is not on the curve a. The perpendicular projection vector aP’ is calculated by the following formula:
- _ <CL’P, a’ A Cl’”)ﬁ
llr A |

Next, let ap(7) be the geometric location of the point P’. According to this, we have following relations:

— = = — (aPd ANy
aP = aP +PP$&P:W-Q ANad"+ PP
a Na”
=SP =a+ @h o’ he) Ana”
e’ A a”|?
’ 17 ’ 1’
a ANa a ANa
=ap=a+(aP, . .
o Aa”ll] e A

When the principal normal vector from the relation (1.1) is taken into consideration, the proof of the
theorem is completed. m|

Further, if £ (f) = (P — a (¢) , B (#)), then the relation (4.1) can be written by following:

ap() =a@®)+&@ B(Q), 4.2)
and if the point P is specifically taken as origin, then we have & (1) = — (@ (¢) , B()).

Theorem 4.3. Let ap be the B — pedal curve of the given curve a with unit speed, and {T5, N3, B3}
denotes the Frenet vectors of the B — pedal curve of a. Then, among the Frenet vectors, the following
relations exist:

T3 =wsT — w3TN + (Ugf’B,
N3 :B3 A T3,
By =—1n; (ch” — Tk -ET - 6’27) T +1; (KT§’ &+ 7'2) N +n3 (K -7 &1+ KTZ) B,

where
1
w3 =—F/——,
V9I+72+ 7
1
n3 =

\/(Tf” -+ k-1 - §’27)2 + (k& = &7 + 72)2 + (k-7 -1+ /<T2)2
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Proof. By taking the derivatives of (4.2), we first have

a'p=T —7TN +&B,
@' =ktT + (k-7 —ET)N + (f" - Tz) B,

g =(kt) —k(k—7 =&7)T + (KZT T+ (k=T - f"r)') N *3)
+ ((f" - Tz), +KkT—71T — §'72) B.
Further, other necessary relations are obtained as
ap ANy =-— (Tf" -+ k- ET - f’ZT)T + (KTf’ &+ TZ)N + (K -7 -¢&r+ KTz)B,
det(a'p,@"p, @) = (K -7 -¢&7+ KT2) ((.f” - Tz)/ + KT — 77 — f’rz) 44
+ (Krf’ -&+ 7'2) (KZT T+ (k-7 - f’T)')
- (T.f” Tk -ET - 5'27) ((K‘r)' - +TKk+ f’TK) ,
and
il = /1 + 7+ 72,
4.5)

2
lla’s A a5l = \/(Tf” -+ &k -1 - 6’27') + (k& = &7 + 72)2 el (S e KT2)2'

By substituting the Eqgs (4.3), (4.4), and (4.5) into the relations at (1.1), the proof is completed. O

Theorem 4.4. Let ag be the B — pedal curve of the unit speed curve a, and let k3 and T3 denote the
curvature and the torsion functions for ap, respectively. Then, the following relations exist among the
curvatures

\/(Tf” -+ E&k-E17 - 5’27)2 + (k€ =& + 7'2)2 + (k-7 -&T1+ KT2)2

K3 = )
(1+72+&2) V1+ 72+ &7

(K -7 —-&1+ KT2) ((f” — 7'2)/ + KT —TT — ’Tz)

+ (KT.f’ &+ T2) (KZT -+ + (k-1 — §’T)’)

- (Tf" T ER-ET - 6’27) ((KT)' ~ K+ Tk + §’TK)

T3 = :
(Tf" -+ &k-E7 - .f’zT)z + (kT& =& + 2 + (k=7 — &7 + k72’
Proof. By substituting (4.4) and (4.5) into (1.2), the proof is completed. O

Corollary 4.5. The following relations exist between the Frenet vectors of the B — pedal curve and
their derivatives:

T; = p3k3Ns, N; = u3 (=k3T5 + 13B3), B} = —u3m3N;3, (4.6)

where pz = |la'gll .
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Definition 4.6. By taking the tangent and the principal normal vectors of the B—pedal curve as position
vectors, we define a regular curve called the T5/N; Smarandache curve as follows:
_ T3+ N;

1= N

Theorem 4.7. Let Ts,, Ns,, and Bs, be the Frenet vectors of the T3N3 Smarandache curve. The relations
among Frenet vectors are given as follows:

4.7)

—K3T3 + K3N3 + T3B3
T§1 = s

,/2K§ + T%
N(g] :B(gl AN Tél’

B = (k3X9 + T3x3) T3 + (K3X9 + T3X7) N3 — (K3X3 + K3X7) B3
5 =

1

2

3 3 3
V(Kksxg + T3x5)> + (K3X0 + T3X7)° + (K3 Xg + K3X7)

b2 (2.2
(U3K3)" + U3K3 B (u3k3)" — 3 (K3 + 7'3) 3 (U3T3) + H3K3T3

, Xg = , X
V2 ’ \2 ’ \2

Proof. The derivatives of (4.7) up to the third degree are as given below.

where x; = —

_M3 (=k3T3 + k3N3 + 73B3)

o1 ,
V2 4.8
61” :X7T3 + X8N3 + X9B3, ( ’ )
61”’ = (.X,7 —/.13K3X8) T3 + (x/g + Usxy —/.13X9) N3 + ()C/g +,U3T3Xg) B3.
By doing the necessary algebra and by taking the required norms, we have
’ 144 _l
01" N Oy :@ (U3 (k3x9 + T3x3) T3 — 3 (K3Xg + T3x7) N3 + 3 (k3xg + k3x7) B3) ,
, 4.9
det (51/ 51// 61///) :&( (K3X9 + T3X7) (-x 8 +/l3X7 —,ll3X9) )
T V2 \ = (K3xg + T3x38) (X7 — H3k3Xg) — (K3Xg + K3X7) (X9 + U3 T3X5) ’
and
o) =“—j§ 22+,
4 4.10)
llo," A6yl :735 \/(K3X6 +T3x5)% + (K3Xg + T3X4)" + (K3X5 + K3x4)*
Substituting the relations (4.8), (4.9), and (4.10) into (1.1) completes the proof. O

Theorem 4.8. Let k5, and 75, denote the curvature and the torsion of the TsNs Smarandache curve,
respectively. The following relations exist among the curvatures as

2 2 2
2 \/(K3X9 + T3x3)" + (K3X9 + T3X7)” + (K3Xg + K37)

Ks, = >
2(n,2 2 2 2
M5 (2/<3 + 73) \ 25 + T3
5 (k3x9 + T3x7) (X'3 + H3X7 — U3X9) — (K3X9 + T3X3) (X7 — U3K3Xg)
— (k3xg + k3x7) (X' + [13T3X3)
T(jl =

2 2 2
H3(k3xg + T3xg)” + p3(k3Xg + T3x7)" + p3(K3 X8 + K3X7)
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Proof. By using (4.9) and (4.10) to substitute into (1.2), the proof is completed. O

Definition 4.9. By taking the tangent and the binormal vectors of the B — pedal curve as position
vectors, we define a regular curve called the T5B; Smarandache curve as follows:

T3+B3
2 = .
V2

Theorem 4.10. Let Ts,, Njs,, and Bs, be the Frenet vectors of the TsBs Smarandache curve. The
relations among Frenet vectors are given as follows:

(4.11)

—k3T5 + 1383 _ 7315 + k385

Téz = N37 N62 - > 862
' 2 2 , 2 2
K3 +T3 K3 +T3

Proof. By taking the derivatives of (4.11), we have

M3 (ki3 —T3) N3
_—\5 ,
_,Ug (k3 = 13) (=k3T3 + T3B3)
V2 ’ (4.12)
—(,u%K% —,u%K3T3),T3 + (—,ugkg’ +,ug‘r§ + ,ugkng - M§T§K3)N3
+(,u§/<37'3 - /J%T%),Bg

P

1"
6"

11/
0" =

V2

Further, by taking norms and having required vector products, we have

o M3k —T3)* (1373 + K3B3)
0 2 A 0 2 = D) ’

/ , 4.13
v 7 117 /’tg(K3 - T3)3 (K3T3 — T3K3 ) ( )
det (6"2,6"2,68",) = ,

22
and
3 2 [ 2, 2
’ H3 (K3 - T3) ’ 7" #3(K3 - T3) K3 + T3
|07 = ——F—, |62 A 6”5 = . (4.14)
V2 2
If we substitute relations (4.12), (4.13), and (4.14) into (1.1), the proof is completed. O

Theorem 4.11. Let ks, and 75, denote the curvature and the torsion of the T3B; Smarandache curve,
respectively. The following relations exist among the curvatures as

2 2
V245 275 _ V201 —13k3)

Ts, =
(K5 = 73) Tk - T3) (Kg + Tg)

Ks, =

Proof. The proof is clear by the substitution of (4.13) and (4.14) into (1.2). O
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Definition 4.12. By taking the principal normal and the binormal vectors of the B — pedal curve as
position vectors, we define a regular curve called the N3 B; Smarandache curve as follows:

N3 + B;
\/E .

Theorem 4.13. Let Ts,, Ns,, and Bs, be the Frenet vectors of the N3B; Smarandache curve. The
relations among Frenet vectors are given as follows:

—K3T3 - T3N3 + T3B3

A /K% + 2T§
N :B& A T53,
—(13y9 + T3y38) T3 + (K3y9 + T3y7) N3 + (T3y7 — K3)8) B3

3= (4.15)

T53 =

Bs, =

\/(Ts)’9 + T3y8)° + (K3Yo + T3y7)° + (T3y7 — K3yg)

where y H3T3Ks — (ks) y 13 (18 + 73) + Guama ; (usts) — 1272
7 = s g = — ’ g = 23 TS,

Proof. By taking the derivatives of (4.15), we have
M3 (=3T3 — T3N3 + 73B3)

0’3 = ,
V2
” (4.16)
6”3 =y713 + ysN3 + y9 B3,
673 = (7 — u3ysk3) T3 + (V' + p3y7ks — p3yoT3) N3 + (Vg + 13y573) Bs.
Moreover, we calculate the required vector products and the norms as
3 NG5 :;173_ (= (73y9 + 73y8) T3 + (k39 + T3y7) N3 + (T3y7 — K3)2) B3)) ,
/ , 4.17)
s o _ B3 [ (T3y7 = K3Yy8) (Vg + paysT3) — (T3y9 + T3ys) (V7 — H3Yska)
det(53,5 3,(5 3) = , s
V2 \ + 07 — u3ysks) (Vg + psyrk3 — U3yoTs3)
and
1551 =% Jid + 222,
u (4.18)
16" A 6”3l =73§ \/(7'3)’9 +73Y8)” + (K3Yo + T3y7)” + (T3y7 — Kayg)™
When substituting relations (4.16), (4.17), and (4.18) into (1.1), the proof is completed. O

Theorem 4.14. Let ks, and 75, denote the curvature and the torsion of the T3B; Smarandache curve,
respectively. The following relations exist among the curvatures as

2 \/(T3)’9 +73y8)” + (K3)9 + T3y7)” + (T3y7 — K3Ys)’

K53 = 1)
,u% (K% + 2T§) A /K% + 2Tf
2( (T3y7 — K3y8) (V9 + H3Y8T3) — (T3Y9 + T3¥8) (V7 — H3Y8K3) )
+ (V"7 — 13ysk3) (V'g + M3Y7K3 — H3Y9T3)
T53 =

“3 ((T3y9 + T3y8)” + (KsYg + T3y7)” + (T3y7 — K3y8)2)
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Proof. The proof is done upon substituting the above relations (4.17) and (4.18) into (1.2). |

Definition 4.15. By taking the tangent and principal normal and binormal vectors of the B — pedal
curve as position vectors, we define a regular curve called the 75N;B3; Smarandache curve as follows:

_ T5+ N3+ B;
\/g .

Theorem 4.16. Let Ts5,, Ns,, and Bs, be the Frenet vectors of the T3N3Bs Smarandache curve. The
relations among Frenet vectors are given as follows:

04 (4.19)

_ —k3T3 + (k3 —73) N3 + 73B3

T54 - ’ N54 = 354 A T547
\/ng —2K3T3 + 27’%
B = (zok3 — 2973 — T328) T3 + (7327 + K320) N3 — (K327 — T327 + K328) B3
(54 - )
2 2 2
\/(Z9K3 —29T3 — T328)" + (1327 + K320)” + (K327 — T327 + K32g)
where
b 2202
(u3k3) + p3K3 (k3 — T3) (u3K3 = p13T3)" = i3 (K3 + 7'3) (ust1)" + (373 (k3 — T3)

i1 = — 8 = 39 = :

V3 ’ V3 ’

Proof. The derivatives of (4.19) are

V3

—k3T3 + (k3 — T3) N3 + 3B
:/13( 375 + (k3 3) N3 3 3)’ 0"y = 77Tz + zgN3 + 79Bs,
N (4.20)

6" 4 =(2'7 — zsp3k3) Ts + (s + Z7p3k3 — 20p4373) N3 + (29 + 284373) Bs.

&'y

In addition, the required vector products and the norms are calculated as

M3
0’4 N6"s = —= ((20k3 — 20T3 — T328) T3 + (T327 + K329) N3 — (K327 — T327 + K3Z8) B3),

V3
(zok3 — 2973 — T328) (27 — Z8H43K3) (4.21)
det (6'4,6"4,8"3) = Lo | + (1327 + K320) (s + Z713K3 — 201373) |,
— (K327 — 7327 + K328) (29 + Zg13T3)

and
2
l1074ll = \/\7_13 \/KZ“ — K373 + Tg,
3 (4.22)
1674 A 6”4l :,u_\/% \/(Z9K3 — 2973 = T32)" + (1327 + K320)” + (K327 — T327 + K3zg)” -
By substituting relations (4.20), (4.21), and (4.22) into (1.1), the proof is completed. |

Theorem 4.17. Let ks, and 75, denote the curvature and the torsion of the T3N3 Bz Smarandache curve,
respectively. The following relations exist among the curvatures as
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2 2 2
_ ‘/(Z9K3 — 2973 — T328)" + (7327 + K3Z9)” + (K327 — T327 + K3Zg)

o V2u5 (K% — K3T3 + T%) K3 — K3T3 + T3 ,
\/g( (zok3 — 2973 — T328) (2'7 — Zskt3Kk3) + (T327 + K329) (25 + Z7H3K3 — ZoH3T3) )
o — (K327 — T327 + K328) (Z'9 + 28143 T3)
" U3 ((Z9K3 — 2073 — T328)” + (T327 + K320)” + (K327 — T327 + K3Z8)2)
Proof. The proof is done upon substituting the above relations (4.21) and (4.22) into (1.2). |

By recalling Example 2.18, Smarandache curves of the B — pedal curve according to the origin
0(0,0,0) are illustrated in Figure 5.

(a) T3N3— Smarancahe curve (b) T3B;— Smarancahe curve

(c) N3B;— Smarancahe curve (d) T3N3B;— Smarancahe curve

Figure 5. Smarandache curves (black) of the B — pedal curve (red) of the curve y(¢) (blue)
according to the origin O(0, 0, 0) where t € [-r, 7].

AIMS Mathematics Volume 9, Issue 8, 20136-20162.
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5. Conclusions

In this study, first we obtain the pedal curves drawn by the geometric locus of the perpendicular
projection of points onto a tangent, principal normal, and binormal vectors of a space curve from
the origin, and their Frenet vectors, curvature, and torsion functions are calculated. After these
calculations, three of the pedal curves (T-pedal, N-pedal, B-pedal curves) are obtained. Second, we get
the Smarandache curves defined by taking Frenet elements of each pedal curve as the position vectors.
So, we obtain twelve new curves. Therefore, a set of new curves is contributed to the literature of the
theory of curves. By taking a different point from the origin, numerous sequences of different new
curves can be found to add more curves to the area.
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