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Abstract: This paper presents a new approach for the unified Chebyshev polynomials (UCPs). It
is first necessary to introduce the three basic formulas of these polynomials, namely analytic form,
moments, and inversion formulas, which will later be utilized to derive further formulas of the UCPs.
We will prove the basic formula that shows that these polynomials can be expressed as a combination
of three consecutive terms of Chebyshev polynomials (CPs) of the second kind. New derivatives and
connection formulas between two different classes of the UCPs are established. Some other expressions
of the derivatives of UCPs are given in terms of other orthogonal and non-orthogonal polynomials.
The UCPs are also the basis for additional derivative expressions of well-known polynomials. A
new linearization formula (LF) of the UCPs that generalizes some well-known formulas is given in
a simplified form where no hypergeometric forms are present. Other product formulas of the UCPs
with various polynomials are also given. As an application to some of the derived formulas, some
definite and weighted definite integrals are computed in closed forms.
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1. Introduction

Special functions play essential parts in the applied sciences. Quantum mechanics, numerical
analysis, and approximation theory are just a few of the many fields where special functions make an
appearance, making them extremely important; see, for example, [1–3]. Many researchers have
performed investigations regarding the different types of special functions. For example, the authors
of [4–6] have studied some degenerate polynomials. Some other sequences of polynomials were
investigated in [7, 8].

Orthogonal polynomials are more widely used in approximation theory than non-orthogonal
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polynomials. The classical orthogonal polynomials, including Jacobi, Hermite, and Laguerre
polynomials, have essential roles in solving different types of differential equations (DEs); see, for
example, [9–12]. In addition, there are theoretical results concerned with the classical orthogonal
polynomials; see, for example, [13, 14]. Several authors also addressed the non-orthogonal
polynomials from both a theoretical and practical perspective; see, for instance, [15–20].

Chebyshev polynomials (CPs) play essential roles in a wide variety of fields. A trigonometric
expression may be found for each of these polynomials. The recurrence formula is the same for all
four kinds of CPs, even though their initials differ. They are particular ones of the classical Jacobi
polynomials (JPs). All four kinds were extensively utilized in various problems in numerical analysis.
For some contributions that employ these polynomials, one can be referred to [21–27]. Some modified
CPs were constructed to incorporate some initial and boundary conditions imposed on the given DEs.
For example, in [28], the authors introduced new modified second-kind CPs and utilized them to treat
third-order Emden-Fowler singular DEs.

Several articles explore various generalizations of different polynomials and CPs in particular. The
authors in [29] have utilized generalized shifted CPs for a class of fractional DEs. The authors in [30]
studied some generalized CPs. Another type of generalized CPs of the second kind was investigated
in [31]. A novel class of generalized CPs of the first kind was presented by the authors of [32]. In
addition, they employed these polynomials in conjunction with the Galerkin method to treat multi-
term fractional DEs. A type of generalized CPs was theoretically studied in [33]. For other studies on
generalized polynomials, one can read [34–37].

Several particular polynomial formulae are very useful in numerical analysis and approximation
theory. For example, the derivative expressions of given polynomials as combinations of their original
ones are helpful to obtain spectral solutions of various DEs. For example, the authors in [38] used the
derivatives of the generalized third-kind CPs to obtain solutions of even-order DEs. In contrast, the
derivatives of the sixth-kind CPs were utilized in [39] to solve a type of Burger’s DE. In addition, the
operational matrix of derivatives can be constructed from the first-order derivative of a given set of
polynomials. This matrix is the core of many approaches to solving different types of DEs; see, for
example, [40, 41]. Formulas for connecting and linearizing different polynomials are also of
significance. Some nonlinear DEs may be effectively treated using the linearization formulae; see, for
example, [42]. Several efforts were dedicated to deriving these formulae; see, for example, [43–46].

Hypergeometric functions (HGFs) are essential tools in studying special functions. They provide
an expression for nearly all of the well-known functions and polynomials. New formulas for various
special functions can be obtained by performing transformations between HGFs (see, for
example, [44]). It is worthy of mentioning here also that the coefficients of the expressions related to
the derivatives, integrals, moments, connection, and linearization formulas are often expressed in
terms of HGFs of different arguments (see, for example, [47–50]).

The primary objective of this work is to present a class of generalized CPs. The classical JPs are
known to include all four types of CPs. In this paper, the introduced generalized sequence differs
from the class of classical JPs. Some fundamental formulas of these polynomials are first introduced,
and after that, they are utilized to derive other important problems related to special functions, such
as connection and linearization problems. In addition, some definite integrals and weighted definite
integrals are computed based on some introduced formulas. According to our knowledge, the paper
contains many new formulas and a novel approach.
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The current article is structured as follows: Section 2 presents some basic formulas of the UCPs and
some orthogonal and non-orthogonal polynomials. The main objective of Section 3 is to obtain novel
formulas for the derivatives of the UCPs by using combinations of orthogonal and non-orthogonal
polynomials. Section 4 aims to develop the inverse formulae to those provided in Section 3. Section 5
presents some linearization formulas for the UCPs. An application to evaluate some new definite
integrals based on the application to the derived formulas is given in Section 6. We end the paper with
some discussion and suggest some expected future work in Section 7.

2. Some fundamental properties of the UCPs and other well-known polynomials

This section presents some basic characteristics and relations related to the UCPs. Furthermore, an
account of some particular polynomials is provided.

2.1. Some basic formulas concerned with the UCPs

Consider the UCPs that can be generated by using the following recursive formula:

GA,B,Ri (x) − 2x GA,B,Ri−1 (x) +GA,B,Ri−2 (x) = 0, GA,B,R0 (x) = A, GA,B,R1 (x) = B x + R. (2.1)

It is clear that the polynomial solution of (2.1) GA,B,Ri (x) is a polynomial that generalizes all the well-
known four kinds of CPs. The following identities hold:

Ti(x) =G1,1,0
i (x), Ui(x) = G1,2,0

i (x), (2.2)

Vi(x) =G1,2,−1
i (x), Wi(x) = G1,2,1

i (x), (2.3)

where Ti(x),Ui(x),Vi(x) and Wi(x) are respectively the well-known four kinds of CPs.

Remark 2.1. Although the four kinds of CPs are special cases of GA,B,Ri (x) as seen from (2.2) and (2.3),
they are also special ones of the JPs, but the class of polynomials GA,B,Ri (x) is another generalized class
that differs from the JPs class.

Remark 2.2. The analytic formula and its inversion formula are widely recognized as fundamental
tools for the theoretical investigation of any collection of polynomials. The following section will
provide the derivation of the fundamental formulae for GA,B,Ri (x).

Now, we will prove a significant theorem, in which we show that GA,B,Ri (x) can be represented as a
combination of three consecutive terms of the second-kind CPs.

Theorem 2.1. For all j ≥ 0, we have

GA,B,Rj (x) =
1
2

(−2A + B)U j−2(x) + RU j−1(x) +
B

2
U j(x). (2.4)

Proof. First, assume the polynomial:

θ j(x) =
1
2

(−2A + B)U j−2(x) + RU j−1(x) +
B

2
U j(x). (2.5)

Noting that U−2(x) = −1, U−1(x) = 0. Obviously, θ0(x) = A, θ1(x) = B x + R. This shows that
θ0(x) = GA,B,R0 (x) and θ1(x) = GA,B,R1 (x). So, to prove that θ j(x) = GA,B,Rj (x), ∀ j ≥ 2, it is sufficient
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to show that they satisfy the same recurrence relation. So, we are going to show the satisfaction of the
following recurrence relation for all j ≥ 0

θ j+2(x) − 2 x θ j+1(x) + θ j(x) = 0. (2.6)

Now, we have

θ j+2(x) − 2 x θ j+1(x) + θ j(x) =
1
2

(−2A + B)U j(x) + RU j+1(x) +
1
2
BU j+2(x)

− 2x
(
1
2

(−2A + B)U j−1(x) + RU j(x) +
1
2
BU j+1(x)

)
+

1
2

(−2A + B)U j−2(x) + RU j−1(x) +
B

2
U j(x).

(2.7)

If we substitute by the recurrence relation of U j(x) written in the form

x U j(x) =
1
2

(
U j−1(x) + U j+1(x)

)
, (2.8)

in the right-hand side of (2.7), then it is not difficult to show that

θ j+2(x) − 2 x θ j+1(x) + θ j(x) = 0. (2.9)

Theorem 2.1 is now proved. □

Now, based on the above theorem, an explicit analytic formula of GA,B,Ri (x) can be deduced.

Theorem 2.2. For every positive number i, the following analytic formula holds:

GA,B,Ri (x) =
⌊ i

2⌋∑
r=0

(−1)r2−1+i−2r(B(i − 2r) + 2Ar)(1 + i − 2r)r−1

r!
xi−2r

+ R

⌊ i−1
2 ⌋∑

r=0

(−1)r2−1+i−2r(i − 2r)r

r!
xi−2r−1.

(2.10)

Proof. Based on the expression in (2.4) along with the explicit expression of U j(x) given by

U j(x) =

⌊ j
2

⌋∑
r=0

(−1)r2 j−2r( j − r)!
( j − 2r)!r!

x j−2r.

Formula (2.10) can be obtained. □

The theorems presented next provide the formulae for calculating the moments and inversion of the
polynomials GA,B,Ri (x).

Theorem 2.3. For all non-negative integers (NNIs) i and m, the following moment formula holds

xm GA,B,Ri (x) =
1

2m

m∑
r=0

(
m
r

)
GA,B,Ri+m−2r(x). (2.11)
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Proof. Easy by applying induction on m based on the recurrence relation (2.1). □

Corollary 2.1. The next formula applies to every non-negative integer (NNI) m.

xm =
1

2mA

m∑
r=0

(
m
r

)
GA,B,Rm−2r (x). (2.12)

Proof. Direct by setting i = 0 in Formula (2.11). □

It is useful to introduce the shifted polynomials for GA,B,Rj (x) defined as

G̃A,B,Rj (x) = GA,B,Rj (2x − 1).

The recurrence relation that these polynomials fulfill is

G̃A,B,Rj+2 (x)−2 (2 x−1) G̃A,B,Rj+1 (x)+ G̃A,B,Rj (x) = 0, G̃A,B,R0 (x) = A, G̃A,B,R0 (x) = R−B+2B x. (2.13)

Now, we give the counterparts results for Theorem 2.3 and Corollary 2.1 for the shifted polynomials
G̃A,B,Rj .

Theorem 2.4. The following moment formula applies for all NNIs r and n

xr G̃A,B,Rn (x) =
1

22r

2r∑
ℓ=0

(
2r
ℓ

)
G̃A,B,Rn+r−ℓ (x). (2.14)

Proof. We can proceed with the proof by induction based on the recurrence relation (2.13). □

Corollary 2.2. The inversion formula of G̃A,B,Rj (x) for every NNI r is shown below

xr =
1
A 22r

2r∑
ℓ=0

(
2r
ℓ

)
G̃A,B,Rr−ℓ (x). (2.15)

Proof. This formula is a direct special case of Formula (2.14) setting n = 0. □

2.2. An overview on well-known polynomials: both symmetric and nonsymmetric

An introduction to symmetric and nonsymmetric polynomials, both orthogonal and non-orthogonal,
is provided in this section.

Let ϕ j(x) and ψ j(x) represent, respectively, two sets of symmetric and nonsymmetric polynomials
that have the following expressions:

ϕ j(x) =

⌊ j
2

⌋∑
r=0

Ar, j x j−2r, (2.16)

ψ j(x) =
j∑

r=0

Br, j x j−r, (2.17)

where Ar, j and Br, j are known coefficients.
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Assume also that the inverse formulas to (2.16) and (2.17) can be written as

x j =

⌊ j
2

⌋∑
r=0

Ār, j ϕ j−2r(x), (2.18)

x j =

j∑
r=0

B̄r, j ψ j−r(x), (2.19)

with the known coefficients Ār, j and B̄r, j.
Among the nonsymmetric polynomials is the general class of the classical JPs, which includes some

symmetric classes. The JPs have the following hypergeometric expression:

P(ρ,µ)
s (x) =

(ρ + 1)s

s! 2F1

(
−s, s + ρ + µ + 1

ρ + 1

∣∣∣∣∣∣ 1 − x
2

)
.

The shifted JPs on [0, 1] can be defined as

P̃(ρ,µ)
s (x) = P(ρ,µ)

s (2x − 1).

The ultraspherical polynomials are defined as

U (ρ)
s (x) =

s!Γ(ρ + 1
2 )

Γ(s + ρ + 1
2 )

P(ρ− 1
2 ,ρ−

1
2 )

s (x). (2.20)

For a survey on the classical orthogonal polynomials, one can consult [51, 52].
Now, we give two classes of non-orthogonal polynomials: generalized Fibonacci and generalized

Lucas polynomials. Fa,b
r (x) and Lc,d

r (x) that were studied [53] can be constructed respectively as

Fa,b
r (x) = a x Fa,b

r−1(x) + b Fa,b
r−2(x), Fa,b

0 (x) = 1, Fa,b
1 (x) = a x, r ≥ 2, (2.21)

Lc,d
r (x) = c x Lc,d

r−1(x) + d Lc,d
r−2(x), Lc,d

0 (x) = 2, Lc,d
1 (x) = c x, r ≥ 2. (2.22)

Remark 2.3. Important formulas concerning certain polynomials can be derived from their power
form representation and associated inversion formula. The four formulas in (2.16)–(2.19) are
expressions for the analytic forms and their inversion ones for symmetric and nonsymmetric
polynomials. It is clear that these formulas are known if the coefficients Ar, j, Br, j, Ār, j, and B̄r, j are
determined. In the following table, we give these coefficients for a group of celebrated polynomials
that we will use in this paper. The coefficients for the shifted Jacobi polynomials (SJPs),
ultraspherical polynomials (UPs), generalized Laguerre polynomials (LGPs), Hermite polynomials
(HPs), generalized Fibonacci polynomials (GFPs), generalized Lucas polynomials (GLuPs), and
Bernoulli polynomials (BPs) will be listed in Table 1.

Note that Br in the last row of the table represents the well-known Bernoulli polynomials, where ξr

in the column before the last one is defined as

ξr =

1
2 , r = 0,
1, r ≥ 0.

AIMS Mathematics Volume 9, Issue 8, 20058–20088.



20064

Table 1. Coefficients for analytic forms and their inversion formulas.

Polynomial Ar, j

(
Br, j

)
Ār, j

(
B̄r, j

)
SJPs

(−1)r (1 + µ) j (1 + ρ + µ)2 j−r

( j − r)! r! (1 + µ) j−r (1 + ρ + µ) j

j!Γ(1 + j + µ) (1 + 2 j − 2r + ρ + µ)Γ(1 + j − r + ρ + µ)
r!Γ(1 + j − r + µ)Γ(2 + 2 j − r + ρ + µ)

UPs
(−1)r 2 j−2r j!Γ(2ζ + 1)Γ( j − r + ζ)

2 ( j − 2r)! r!Γ(ζ + 1)Γ( j + 2ζ)
2− j+1 ( j − 2r + ζ) j!Γ(ζ + 1)Γ( j − 2r + 2ζ)

( j − 2r)! r!Γ(2ζ + 1)Γ(1 + j − r + ζ)

GLPs
(−1) j−r

(
j
r

)
Γ(1 + j + ρ)

j!Γ(1 + j − r + ρ)
(−1)−r+ j j!Γ(1 + j + ρ)

r!Γ(1 − r + j + ρ)

HPs
j! (−1)r 2 j−2r

r! ( j − 2r)!
j!

2 j r! ( j − 2r)!

GFPs
a j−2r br (1 + j − 2r)r

r!
(−1)r a− j br (1 + j − 2r) (2 + j − r)r−1

r!

GLuPs
c j−2r dr j (1 + j − 2r)r−1

r!
(−1)r c− j dr ξ j−2r (1 + j − r)r

r!

BPs
(
ℓ

r

)
Br

(
j+1
j−r

)
j + 1

3. Some formulas for the derivatives of the UCPs

This section aims to develop new derivative formulas of the UCPs using various other
polynomials. The formulae relating the UCPs to other polynomials may be obtained as special cases.
More specifically, we’ll establish the following expressions:

• The derivatives’ expressions of the UCPs in terms of other parameters’ UCPs.
• The derivatives expressions of UCPs in terms of some other orthogonal and non-orthogonal

polynomials.

3.1. Derivatives of UCPs in terms of other UCPs

We consider the two different UCPs GA,B,Ri (x) and GĀ,B̄,R̄i (x). For convenience, we will denote
Gi(x) = GA,B,Ri (x) and Ḡi(x) = GĀ,B̄,R̄i (x). We will derive a novel expression that relates the derivatives
of Gi(x) to Ḡi(x). To begin, it is necessary to establish the following lemma.

Lemma 3.1. Consider a NNI v. We have
v∑
ℓ=0

(−1)ℓ+1 (−B j − 2Aℓ + 2Bℓ) ( j − ℓ − 1)!
ℓ! (v − ℓ)! ( j − ℓ − v − s)!

=
( j − v − 1)! (v + s − 1)! (−2Bv(v + s) + 2Av(− j + v + s) + B j(2v + s))

v! s! ( j − v − s)!
.

(3.1)

Proof. If we let

Zv, j,s =

v∑
ℓ=0

(−1)ℓ+1 (−B j − 2Aℓ + 2Bℓ) ( j − ℓ − 1)!
ℓ! (v − ℓ)! ( j − ℓ − v − s)!

,
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then based on Zeilberger’s algorithm ( [54]), it is possible to show that Zv, j,s fulfills the following
recursive formula

(v + s − 1) (v + s − j − 1)
(
2A jv − 2B jv − 2Av2 + 2Bv2 − B js − 2Avs + 2Bvs

)
Zv−1, j,s

+ ( j − v) v
(
−2A + 2B − 2A j + 2B j + 4Av − 4Bv + 2A jv − 2B jv − 2Av2 + 2Bv2 + 2As

−2Bs − B js − 2Avs + 2Bvs) Zv, j,s = 0,

with the initial value: Z0, j,s = 1. This first-order recursive formula can be solved quickly to produce

Zv, j,s =
( j − v − 1)! (v + s − 1)! (−2Bv(v + s) + 2Av(− j + v + s) + B j(2v + s))

v! s! ( j − v − s)!
.

This proves the lemma. □

Theorem 3.1. Consider the NNIs j and s with j ≥ s ≥ 1. We have

DsG j(x) =
2s−1

Ā s!

j−s∑
v=0

( j − v − 1)! (v + s − 1)! (−2Bv(v + s) + 2Av(− j + v + s) + B j(2v + s))
v!( j − v − s)!

Ḡ j−s−2v(x)

+
2sR( j − 1)!
Ā

j−s−1∑
v=0

(1 + s)v

v!( j − v − s − 1)!( j − v)v
Ḡ j−s−2v−1(x).

(3.2)

Proof. From the analytic form in (2.10), it is not difficult to express DsG j(x) in the form

DsG j(x) =

⌊ j−s
2

⌋∑
r=0

(−1)r 2 j−2r−1 (B( j − 2r) + 2Ar) ( j − 2r + 1)r−1( j − s − 2r + 1)s

r!
x j−2r−s

+ R

⌊ 1
2 ( j−s−1)⌋∑

r=0

(−1)r 2 j−2r−1 ( j − 2r)r ( j − s − 2r)s

r!
x j−2r−s−1.

(3.3)

Utilizing the inversion formula (2.12), we are able to get the expression

DsG j(x) =
2s−1

Ā

⌊ j−s
2

⌋∑
r=0

(−1)r (B( j − 2r) + 2Ar) ( j − r − 1)!
( j − s − 2r)!r!

j−s−2r∑
t=0

(
j − s − 2r

t

)
Ḡ j−2r−s−2t(x)

+
2s R

Ā

⌊ 1
2 ( j−s−1)⌋∑

r=0

(−1)r ( j − 2r)r( j − s − 2r)s

r!

j−s−2r−1∑
t=0

(
j − s − 2r − 1

t

)
Ḡ j−2r−s−2t−1(x).

(3.4)

Following several algebraic calculations, the preceding formula may be written in the following way:

DsG j(x) =
2s−1

Ā s!

j−s∑
v=0

v∑
ℓ=0

(−1)ℓ+1(−B j − 2Aℓ + 2Bℓ)( j − ℓ − 1)!
ℓ!(v − ℓ)!( j − ℓ − v − s)!

Ḡ j−s−2v(x)

+
2sR

Ā

j−s−1∑
v=0

v∑
ℓ=0

(−1)ℓ( j − ℓ − 1)!
ℓ!(v − ℓ)!( j − ℓ − v − s − 1)!

Ḡ j−s−2v−1(x).

(3.5)
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Now, to obtain a more simplified formula of (3.5), we make use of the transformation formula:

v∑
ℓ=0

(−1)ℓ ( j − ℓ − 1)!
ℓ! (v − ℓ)! ( j − ℓ − v − s − 1)!

=
( j − 1)!

v! ( j − v − s − 1)! 2F1

(
−v, 1 − j + v + s

1 − j

∣∣∣∣∣∣ 1
)
, (3.6)

and accordingly, the Chu-Vandermonde identity ( [51]) can be used to get

v∑
ℓ=0

(−1)ℓ ( j − ℓ − 1)!
ℓ! (v − ℓ)! ( j − ℓ − v − s − 1)!

=
(s + 1)v ( j − v − 1)!
v! ( j − v − s − 1)!

. (3.7)

Thanks to (3.7) along with Lemma 3.1, Formula (3.5) is transformed into the following simplified one:

DsG j(x) =
2s−1

Ā s!

j−s∑
v=0

( j − v − 1)! (v + s − 1)! (−2Bv(v + s) + 2Av(− j + v + s) + B j(2v + s))
v!( j − v − s)!

Ḡ j−s−2v(x)

+
2sR( j − 1)!
Ā

j−s−1∑
v=0

(1 + s)v

v!( j − v − s − 1)!( j − v)v
Ḡ j−s−2v−1(x).

This proves Theorem 3.1. □

Remark 3.1. Since Formula (3.2) expresses the derivatives formula of G j(x) in terms of Ḡ j(x), so many
special formulas can be deduced taking into consideration the four special cases in (2.2) and (2.3). We
will now demonstrate these results.

Corollary 3.1. For all j ≥ s ≥ 1, the following expressions hold

DsT j(x) =
2s−1 j

Ā(s − 1)!

j−s∑
v=0

( j − v − 1)!(v + s − 1)!
v!( j − v − s)!

G j−s−2v(x), (3.8)

DsU j(x) =
2s

Ās!

j−s∑
v=0

( j − v)!(v + s)!
v!( j − v − s)!

G j−s−2v(x), (3.9)

DsV j(x) =
2s

Ās!

j−s∑
v=0

( j − v)!(v + s)!
v!( j − v − s)!

G j−s−2v(x) −
2s

Ā

j−s∑
v=0

(v + s)! ( j − v − 1)!
v! s! ( j − v − s − 1)!

G j−s−2v−1(x), (3.10)

DsW j(x) =
2s

Ās!

j−s∑
v=0

( j − v)!(v + s)!
v!( j − v − s)!

G j−s−2v(x) +
2s

Ā

j−s∑
v=0

(v + s)! ( j − v − 1)!
v! s! ( j − v − s − 1)!

G j−s−2v−1(x). (3.11)

3.2. Derivatives with some other symmetric and nonsymmetric polynomials

This section is interested in deriving some other derivative expressions of the UCPs but in terms
of various symmetric and nonsymmetric polynomials. Some of these polynomials are orthogonal, and
some others are non-orthogonal.
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Theorem 3.2. Consider the NNIs j and s with j ≥ s, We have the following derivative expressions as
combinations of U (ζ)

j (x)

DsG j(x) =
2s−2ζ √π

Γ(1 + s − ζ)Γ
(

1
2 + ζ

) ×
⌊ j−s

2

⌋∑
v=0

(− j + 2v + s − ζ) ( j − v − 1)!Γ(v + s − ζ)Γ( j − 2v − s + 2ζ)
v! ( j − 2v − s)!Γ(1 + j − v − s + ζ)

× (2Bv(v + s − ζ) + B j(−2v − s + ζ) + 2Av( j − v − s + ζ)) U (ζ)
j−s−2v(x) +

21+s−2ζ √πR ( j − 1)!

Γ
(

1
2 + ζ

)
×

⌊ 1
2 ( j−s−1)⌋∑

v=0

( j − 2v − s + ζ − 1)Γ(−1 + j − 2v − s + 2ζ) (1 + s − ζ)v

v! ( j − 2v − s − 1)!Γ( j − v − s + ζ) ( j − v)v
U (ζ)

j−s−2v−1(x).

(3.12)

Proof. Starting from the expression of DsG j(x) along with the inversion formula of the ultraspherical
polynomials leads to the following formula:

DsG j(x) =
2s Γ(1 + ζ)
Γ(1 + 2ζ)

⌊ j
2

⌋∑
r=0

(−1)r (B( j − 2r) + 2Ar) ( j − r − 1)!
r!

×

⌊ j−s
2

⌋
−r∑

t=0

( j − s − 2(r + t) + ζ)Γ( j − s − 2(r + t − ζ))
t!Γ(1 + j − s − 2r − 2t)Γ(1 + j − s − 2r − t + ζ)

U (ζ)
j−2r−s−2t(x)

+
2s+1 R Γ(1 + ζ)
Γ(1 + 2ζ)

⌊ j
2

⌋∑
r=0

(−1)r ( j − r − 1)!
r!

×

⌊ 1
2 ( j−s−1)⌋−r∑

t=0

(−1 + j − s − 2r − 2t + ζ)Γ(−1 + j − s − 2r − 2t + 2ζ)
t!Γ( j − s − 2(r + t)) Γ( j − s − 2r − t + ζ)

U (ζ)
j−2r−s−2t−1(x).

(3.13)

The above relation can be set in the following form

DsG j(x) =
2s Γ(ζ + 1)
Γ(2ζ + 1)


⌊ j−s

2

⌋∑
v=0

( j − 2v − s + ζ)Γ( j − 2v − s + 2ζ)
( j − 2v − s)!

×

v∑
r=0

(−1)r+1 (−B j − 2Ar + 2Br) ( j − r − 1)!
(v − r)! r!Γ( j − v − s − r + ζ + 1)

U (ζ)
j−s−2v(x)

+ 2R
⌊ 1

2 ( j−s−1)⌋∑
v=0

(− j + 2v + s − ζ + 1)Γ( j − 2v − s + 2ζ − 1)
( j − 2v − s − 1)!

v∑
r=0

(−1)r+1( j − r − 1)!
(v − r)! r!Γ( j − v − s − r + ζ)

U (ζ)
j−s−2v−1(x)

 .

(3.14)
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Zeilberger’s algorithm aids in finding the following closed forms:

v∑
r=0

(−1)r+1 (−B j − 2Ar + 2Br) ( j − r − 1)!
(v − r)! r!Γ( j − v − s − r + ζ + 1)

=
(−2Bv(v + s − ζ) + 2Av(− j + v + s − ζ) + B j(2v + s − ζ)) ( j − v − 1)!Γ(v + s − ζ)

v!Γ(s − ζ + 1)Γ( j − v − s + ζ + 1)
,

(3.15)

v∑
r=0

(−1)r+1 ( j − r − 1)!
(v − r)! r!Γ( j − v − s − r + ζ)

= −
( j − v − 1)!Γ(v + s − ζ + 1)

v!Γ(s − ζ + 1)Γ( j − v − s + ζ)
, (3.16)

and therefore, Formula (3.12) can be obtained. □

Corollary 3.2. The UCPs-ultraspherical connection formula is

G j(x) =
2−2ζ √π

Γ
(
ζ + 1

2

) ×
⌊ j

2

⌋∑
v=0

(− j + 2v − ζ) (2(A− B)( j − v)v + B( j − 2v)ζ + 2Avζ)( j − v − 1)! (1 − ζ)v−1 Γ( j − 2v + 2ζ)
( j − 2v)! v!Γ(1 + j − v + ζ)

U (ζ)
j−2v(x)

+
21−2ζ √πR ( j − 1)!

Γ
(
ζ + 1

2

)
⌊ j−1

2

⌋∑
v=0

(−1 + j − 2v + ζ) ( j − v − 1)!Γ(−1 + j − 2v + 2ζ)(1 − ζ)v

v! ( j − 2v − 1)!Γ( j − v + ζ)
U (ζ)

j−2v−1(x),

j ≥ 0.
(3.17)

Proof. Formula (3.17) is a specific formula of (3.12) for s = 0. □

Remark 3.2. Since Legendre polynomials and CPs of the first and second kinds are particular ones
of special cases of U (ζ)

j (x), we may infer certain particular formulae from (3.12). The following
corollaries display the results.

Corollary 3.3. Let j ≥ s ≥ 1. We have the following formula:

DsG j(x) =
2s

s!

⌊ j−s
2

⌋∑
v=0

ξ j−s−2v( j − v − 1)!(v + s − 1)!(2B( j − v)v + B( j − 2v)s + 2Av(− j + v + s))
v!( j − v − s)!

T j−s−2v(x)

+
21+sR

s!

⌊ 1
2 ( j−s−1)⌋∑

v=0

ξ j−s−2v−1( j − v − 1)! (v + s)!
v! ( j − v − s − 1)!

T j−s−2v−1(x).

(3.18)

In particular, we have:

G j(x) = BT j(x) + 2(B −A)

⌊ j
2

⌋∑
v=1

ξ j−2v T j−2v(x) + 2R

⌊ j−1
2

⌋∑
v=0

ξ j−2v−1 T j−2v−1(x). (3.19)
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Proof. Setting ζ = 0 in (3.12) and (3.17) yields respectively (3.18) and (3.19). □

Corollary 3.4. Let j ≥ s ≥ 1. We have the following formula:

DsG j(x) =
2s−1

(s − 1)!

⌊ j−s
2

⌋∑
v=0

( j − v − 1)! (v + s − 2)!(1 + j − 2v − s)
v! ( j − v − s + 1)!

× (−2Bv(−1 + v + s) + 2Av(−1 − j + v + s) + B j(−1 + 2v + s)) U j−s−2v(x)

+
2s R

(s − 1)!

⌊ 1
2 ( j−s−1)⌋∑

v=0

( j − 2v − s) ( j − v − 1)! (v + s − 1)!
v! ( j − v − s)!

U j−s−2v−1(x),

(3.20)

and in particular:

G j(x) =
1
2

(−2A + B)U j−2(x) + RU j−1(x) +
B

2
U j(x). (3.21)

Proof. Setting ζ = 0 in (3.12) and (3.17) yields respectively (3.20) and (3.21). □

Corollary 3.5. Let j ≥ s ≥ 1. We have the following formula:

DsG j(x) =
2s−1 √π

Γ
(

1
2 + s

)
⌊ j−s

2

⌋∑
v=0

(1 + 2 j − 4v − 2s) ( j − v − 1)!Γ
(
−1

2 + v + s
)

4v!Γ
(

3
2 + j − v − s

)
× (−2Av + 4Av(− j + v + s) + B(2v − 4v(v + s) + j(−1 + 4v + 2s))) P j−s−2v(x)

− 2s−1√πR( j − 1)!
⌊ 1

2 ( j−s−1)⌋∑
v=0

(1 − 2 j + 4v + 2s)
(

1
2 + s

)
v

v!Γ
(

1
2 + j − v − s

)
( j − v)v

P j−s−2v−1(x),

(3.22)

and in particular:

G j(x) =

⌊ j
2

⌋∑
v=0

(1 + 2 j − 4v)( j − v − 1)!Γ
(
−1

2 + v
) (
−B j + 2(−A + B)(1 + 2 j)v + 4(A− B)v2

)
8v!Γ

(
3
2 + j − v

) P j−2v(x)

−
1
2
√
πR( j − 1)!

⌊ j−1
2

⌋∑
v=0

(1 − 2 j + 4v)
(

1
2

)
v

v!Γ
(

1
2 + j − v

)
( j − v)v

P j−2v−1(x).

(3.23)

Proof. Setting ζ = 1
2 in (3.12) and (3.17) yields respectively (3.22) and (3.23). □

Remark 3.3. Similar steps to those followed to prove Theorem 3.2 can be used to obtain derivative
expressions for UCPs in terms of other symmetric polynomials. The results of Table 1 are used to
derive the desired formulas. The following four theorems exhibit some derivative expressions.
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Theorem 3.3. Consider the NNIs j and s with j ≥ s. We have

DsG j(x) =2s−1( j − 2)!

⌊ j−s
2

⌋∑
v=0

1
v!( j − 2v − s)!

× (2(−A + B)v 1F1(1 − v; 2 − j;−1) + B( j − 1) j 1F1(−v; 1 − j;−1)) H j−s−2v(x)

+ 2sR( j − 1)!
⌊ 1

2 ( j−s−1)⌋∑
v=0

1
v!( j − 2v − s − 1)! 1F1(−v; 1 − j;−1) H j−s−2v−1(x).

(3.24)

Theorem 3.4. Consider the NNIs j and s with j ≥ s. One has the following derivative expressions:

DsG j(x) =2 j−2a− j+s( j − 2)!

⌊ j−s
2

⌋∑
v=0

(−1)vbv−1(1 + j − 2v − s)
v!( j − v − s + 1)!

×

−a2(A− B)v(−1 − j + v + s) 2F1

 1 − v,− j + v + s

2 − j

∣∣∣∣∣∣∣ − a2

4b


+2 bB( j − 1) j 2F1

 −v,− j + v + s

1 − j

∣∣∣∣∣∣∣ − a2

4b

 Fa,b
j−s−2v(x)

+ 2−1+ ja1− j+s( j − 1)!R
⌊ 1

2 ( j−s−1)⌋∑
v=0

(−1)v+1bv(− j + 2v + s)
v!( j − v − s)!

× 2F1

 −v,− j + v + s

1 − j

∣∣∣∣∣∣∣ − a2

4b

 Fa,b
j−s−2v−1(x).

(3.25)

Theorem 3.5. Consider the NNIs j and s with j ≥ s. We have

DsG j(x) =2 j−2c− j+s ( j − 2)!

⌊ j−s
2

⌋∑
v=0

ξ j−s−2v (−1)v dv−1

v!( j − v − s)!

×

(
−c2(A− B)v(− j + v + s) 2F1

(
1 − v, 1 − j + v + s

2 − j

∣∣∣∣∣∣ − c2

4 d

)
+2 dB( j − 1) j 2F1

(
−v,− j + v + s

1 − j

∣∣∣∣∣∣ − c2

4 d

))
Lc,d

j−s−2v(x)

+ 2 j−1 c1− j+s R ( j − 1)!
⌊ 1

2 ( j−s−1)⌋∑
v=0

ξ j−s−2v−1(−1)vbv

v!( j − v − s − 1)!

× 2F1

(
−v,− j + v + 1 + s

1 − j

∣∣∣∣∣∣ − c2

4 d

)
Lc,d

j−s−2v−1(x).

(3.26)

Remark 3.4. Other expressions of DsG j(x) in terms of nonsymmetric polynomials are expressed as
in (2.17). For example, in the following, we give with proof an expression for DsG j(x) in terms of
Bernoulli polynomials.
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Theorem 3.6. Consider the NNIs j and s with j ≥ s. We have

DsG j(x) =

⌊ j−s
2

⌋∑
v=0

Fv, j,s B j−s−2v(x) +
⌊ 1

2 ( j−s−1)⌋∑
v=0

F̄v, j,s B j−s−2v−1(x), (3.27)

where

Fv, j,s =
(−1) j 2− j+2v (2 j − 2v − 2)!Γ

(
1
2 − j + 2v

)
√
π(2v + 1)!( j − 2v − s)!

×
(
−2Av(1 + 2v) + B

(
j(−1 + 2 j) + 2v − 4 jv + 4v2

))

+

2−1− j−2vB

 (−1)v+14 j( j − v − 1)!
v!

+
(−1) j21+4v(2 j − 2v − 1)!Γ

(
1
2 − j + 2v

)
√
π(2v)!


( j − 2v − s)!

,

F̄v, j,s =
2−3+ j( j − v − 2)!

(
−1

2 + j − 2v
)

v

( j − 2v − s − 1)!

×

4
(
−A(v + 1)(1 + 2v) + B

(
1 − 3 j

2 + j2 + 3v − 2 jv + 2v2
)
+ 2(−1 + j − v)(v + 1)R

)
(2v + 2)!

+

(
−1

4

)v
(2A(v + 1) + B( j − 2(v + 1)))

(v + 1)!

 .
Proof. It is possible to express DsG j(x) as a result of (2.10).

DsG j(x) =

⌊ j
2

⌋∑
r=0

Mr, j,s x j−2r−s +

⌊ j
2

⌋∑
r=0

S r, j,s x j−2r−s−1, (3.28)

with

Mr, j,s =
(−1)r 2−1+ j−2r (B( j − 2r) + 2Ar)( j − r − 1)!

r! ( j − s − 2r)!
,

S r, j,s =
(−1)r 2−1+ j−2r R ( j − 2r)r ( j − s − 2r)q

r!
.

The formula for the inversion of Bernoulli polynomials (see, the last column of Table 1) enables one
to get

DsG j(x) =

⌊ j
2

⌋∑
r=0

Mr, j,s

j−2r−s∑
m=0

Rm, j−2r−s B j−2r−s−m(x)

+

⌊ j−1
2

⌋∑
r=0

S r, j,s

j−2r−s−1∑
m=0

Rm, j−2r−s−1 B j−2r−s−m−1(x),

(3.29)
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where

Rr, j =

(
j+1
j−r

)
j + 1

.

This formula results from extensive manipulations

DsG j(x) =

⌊ j−s
2

⌋∑
v=0

 v∑
ℓ=0

Mℓ, j,s R2v−2ℓ, j−s−2ℓ +

v−1∑
ℓ=0

S ℓ, j,s R2v−2ℓ−1, j−s−2ℓ−1

 B j−s−2v(x)

+

⌊ 1
2 ( j−s−1)⌋∑

v=0

 v∑
ℓ=0

Mℓ, j,s R2v−2ℓ+1, j−s−2ℓ + S ℓ, j,s R2v−2ℓ, j−s−2ℓ−1

 B j−s−2v−1(x).

(3.30)

The last formula is equivalent to

DsG j(x) =

⌊ j−s
2

⌋∑
v=0

1
( j − 2v − s)!

v∑
ℓ=0

(
(−1)ℓ+1 2−1+ j−2ℓ (−B j − 2Aℓ + 2Bℓ) ( j − ℓ − 1)!

ℓ! (2v − 2ℓ + 1)!

+
R

( j − 2v − s)!

v−1∑
ℓ=0

(−1)ℓ 2−1+ j−2ℓ ( j − ℓ − 1)!
ℓ!(2v − 2ℓ)!

)
B j−s−2v(x)

+

⌊ 1
2 ( j−s−1)⌋∑

v=0

1
( j − 2v − s − 1)!

v∑
ℓ=0

(−1)ℓ+1 2−1+ j−2ℓ ( j − ℓ − 1)!
ℓ! (2v − 2ℓ + 2)!

×
(
− B j − 2Aℓ + 2Bℓ + 2(ℓ − v − 1)R

)
B j−s−2v−1(x).

(3.31)

Symbolic computation, and in particular Zeilberger’s algorithm [54], helps to find the three simple
forms for the internal sums that appear in (3.31).

v∑
ℓ=0

(−1)ℓ+1 2−1+ j−2ℓ
(
− B j − 2Aℓ + 2Bℓ

)
( j − ℓ − 1)!

ℓ! (2v − 2ℓ + 1)!

=
(−1) j 2− j+2v (2 j − 2v − 2)!Γ

(
1
2 − j + 2v

) (
− 2Av(1 + 2v) + B

(
j(−1 + 2 j) + 2v − 4 jv + 4v2

) )
√
π(2v + 1)!

,

(3.32)
v−1∑
ℓ=0

(−1)ℓ2−1+ j−2ℓ ( j − ℓ − 1)!
ℓ!(2v − 2ℓ)!

= 2−1− j−2v

(
(−1)v+1 4 j( j − v − 1)!

v!

+
(−1) j21+4v(2 j − 2v − 1)!Γ

(
1
2 − j + 2v

)
√
π(2v)!

)
,

(3.33)
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v∑
ℓ=0

(−1)ℓ+12−1+ j−2ℓ
(
− B j − 2Aℓ + 2Bℓ + 2(ℓ − 1 − v)R

)
( j − ℓ − 1)!

ℓ!(2v − 2ℓ + 2)!

= 2−3+ j( j − v − 2)!
((
−1

4

)v
(2A(v + 1) + B( j − 2(v + 1)))

(v + 1)!

+
4
(
−A(v + 1)(1 + 2v) + B

(
1 − 3 j

2 + j2 + 3v − 2 jv + 2v2
)
+ 2(−1 + j − v)(v + 1)R

) (
−1

2 + j − 2v
)

v

(2v + 2)!

)
.

(3.34)

Substituting the last three summations from Eqs (3.32)–(3.34) into Formula (3.31), we can derive
Formula (3.27). Consequently, Theorem 3.6 is proved. □

4. Derivatives’ expressions of various celebrated polynomials in terms of UCPs

This section deals with polynomial expressions based on UCPs. Connection formulas between
different polynomials with the UCPs can be deduced as special cases.

Theorem 4.1. Consider the NNIs j, s with j ≥ s. The following expression holds:

DsU (ζ)
j (x) =

2−1+s+2ζ j!Γ
(

1
2 + ζ

)
A
√
πΓ(s + ζ)Γ( j + 2ζ)

j−s∑
v=0

Γ( j − v + ζ)Γ(v + s + ζ)
v! ( j − v − s)!

G j−s−2v(x). (4.1)

Proof. The formula (4.1) can be obtained using the analytic form of U (ζ)
j (x) (Table 1, the second

column) along with the inversion formula (2.12). □

Theorem 4.2. Consider the NNIs j, s with j ≥ s. The following expression holds:

DsH j(x) =
2s j!
A

j−s∑
v=0

(−1)v

v! 1F̃1(−v; 1 + j − 2v − s; 1) G j−s−2v(x), (4.2)

where the notation pFq(z) is the regularized hypergeometric function, see [44].

Proof. The analytic form of H j(x) can be used in conjunction with the inversion formula (2.12) to
produce (4.2). □

Theorem 4.3. Consider the NNIs j, s with j ≥ s. The following expression holds:

DsF(a,b)
j (x) =

2− j+sa j j!
A

j−s∑
v=0

1
v!( j − v − s)! 2F1

 −v,− j + v + s

− j

∣∣∣∣∣∣∣ − 4b
a2

 G j−s−2v(x). (4.3)

Proof. The series expression of Fa,b
j (x) can be used in conjunction with the inversion formula (2.12) to

produce (4.3). □

Theorem 4.4. Consider the NNIs j, s with j ≥ s. The following expression holds:

DsL(c,d)
j (x) =

2− j+s c j j!
A

j−s∑
v=0

1
v! ( j − v − s)! 2F1

 −v,− j + v + s

1 − j

∣∣∣∣∣∣∣ − 4d
c2

 G j−s−2v(x). (4.4)
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Proof. The series expression of Lc,d
j (x) can be used in conjunction with the inversion formula (2.12) to

produce (4.4). □

Theorem 4.5. Consider the NNIs j, s with j ≥ s. The following expression holds:

DsP(ρ,µ)
j (x) =

2−2 j+s Γ(1 + 2 j + ρ + µ)
A ( j − s)!Γ(1 + j + ρ + µ)

2( j−s)∑
v=0

(
2( j − s)

v

)

× 3F2

 −v,−2 j + v + 2s,− j − µ
1
2 − j + s,−2 j − ρ − µ

∣∣∣∣∣∣∣ 1
 G j−s−2v(x).

(4.5)

Proof. The analytic form of P̃(ρ,µ)
j (x) yields the following formula

DsP̃(ρ,µ)
j (x) =

Γ(1 + j + µ)
Γ(1 + j + ρ + µ)

j−s∑
r=0

(−1)r Γ(1 + 2 j − r + ρ + µ)
r! ( j − s − r)!Γ(1 + j − r + µ)

x j−r−s. (4.6)

We utilize the inversion formula of G̃i(x), consequently, the next equation can be deduced:

DsP̃(ρ,µ)
j (x) =

Γ(1 + j + µ)
AΓ(1 + j + ρ + µ)

j−s∑
r=0

(−1)r 4− j+s+r Γ(1 + 2 j − r + ρ + µ)
r!( j − s − r)!Γ(1 + j − r + µ)

×

2( j−r−s)∑
t=0

(
2( j − s − r)

t

)
G̃ j−r−s−t(x).

(4.7)

Alternatively, it may be expressed as:

DsP̃(ρ,µ)
j (x) =

Γ(1 + j + µ)
AΓ(1 + j + ρ + µ)

2( j−s)∑
v=0

v∑
ℓ=0

(−1)ℓ 4− j+ℓ+s
(

2( j−ℓ−s)
v−ℓ

)
Γ(1 + 2 j − ℓ + ρ + µ)

ℓ! ( j − ℓ − s)!Γ(1 + j − ℓ + µ)
G̃ j−s−v(x). (4.8)

Accordingly, the last formula can be written in a hypergeometric form as follows:

DsP̃(ρ,µ)
j (x) =

2−2 j+2s Γ(1 + 2 j + ρ + µ)
A ( j − s)!Γ(1 + j + ρ + µ)

2( j−s)∑
v=0

(
2( j − s)

v

)

× 3F2

 −v,−2 j + v + 2s,− j − µ
1
2 − j + s,−2 j − ρ − µ

∣∣∣∣∣∣∣ 1
 G̃ j−s−v(x).

(4.9)

Replacing x by 1+x
2 in (4.8), Formula (4.5) can be obtained. □

Corollary 4.1. Let j ≥ s. For µ = ρ + 1, Formula (4.5) reduces to the following formula

DsP(ρ,ρ+1)
j (x) =

21+s+2ρ Γ(1 + j + ρ)

A
√
πΓ

(
3
2 + s + ρ

)
Γ(2 + j + 2ρ)

 j−s∑
v=0

Γ
(

3
2 + j − v + ρ

)
Γ
(

3
2 + v + s + ρ

)
v!( j − v − s)!

G j−s−2v(x)

−

j−s−1∑
v=0

Γ
(

1
2 + j − v + ρ

)
Γ
(

3
2 + v + s + ρ

)
v!( j − v − s − 1)!

 G j−s−2v−1(x).

(4.10)
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Proof. Setting µ = ρ + 1 in (4.5) yields

DsP(ρ,ρ+1)
j (x) =

2−2 j+s Γ(2(1 + j + ρ))
A ( j − s)!Γ(2 + j + 2ρ)

2( j−s)∑
v=0

(
2( j − s)

v

)

× 3F2

 −v,−2 j + v + 2s,−1 − j − ρ
1
2 − j + s,−1 − 2 j − 2ρ

∣∣∣∣∣∣∣ 1
 G j−s−v(x).

(4.11)

Zeibreger’s algorithm ( [54]) can aid us to sum the 3F2(1) that appears in the last formula. Setting

Zv, j,s = 3F2

 −v,−2 j + v + 2s,−1 − j − ρ
1
2 − j + s,−1 − 2 j − 2ρ

∣∣∣∣∣∣∣ 1
 ,

then Mv, j,s meets the next recursive formula

− (v − 1) (v + 2 ρ + 2 s) Fv−2, j,s+2 ( j − v − s + 1) Fv−1, j,s+(2 j − v + 1 − 2 s) (2 j + 2 ρ − v + 2) Fv, j,s = 0,

accompanied by the initial conditions

F0, j,s = 1, F1, j,s =
−1

2 j + 2ρ + 1
,

that can be solved to give

Mv, j,s =
1
√
π



Γ
(

v+1
2

) (
3
2 + s + ρ

)
v
2(

1
2 + j − v

2 − s
)

v
2

(
3
2 + j − v

2 + ρ
)

v
2

, v even,

−Γ
(
1 + v

2

) (
3
2 + s + ρ

)
1
2 (v−1)(

1 + j − v
2 − s

)
1
2 (v−1)

(
1 + j − v

2 + ρ
)

v+1
2

, v odd,

and therefore, Formula (4.10) can be obtained. □

5. Linearization formulas of the UCPs

In this section, we will develop a new linearization formula (LF) for the UCPs based on these
polynomials’ analytic form and moments formula. Furthermore, some other linearization formulas for
UCPs with some other polynomials will also be derived. More precisely, the following linearization
problems will be solved:

Gi(x) G j(x) =
i+ j∑
k=0

Lk,i, jGi+ j−k(x), (5.1)

Gi(x) ϕ j(x) =
i+ j∑
k=0

L̃k,i, j Gi+ j−k(x), (5.2)

Gi(x) ϕ j(x) =
i+ j∑
k=0

L̄k,i, j ϕi+ j−k(x), (5.3)

for certain polynomials ϕ j(x).
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5.1. Linearization formula of the UCPs

The following theorem exhibits the LF of Gi(x). This formula generalizes some well-known
formulas.

Theorem 5.1. Consider the two NNIs i and j. The following LF applies:

Gi(x) G j(x) =
B

2

(
G j−i(x) +G j+i(x)

)
+ (B −A)

i−2∑
k=0

G j−i+2k+2(x) + R
i−1∑
k=0

G j−i+2k+1(x). (5.4)

Proof. The analytic form in (2.10) leads to obtaining the following formula

Gi(x) G j(x) =
⌊ i

2⌋∑
r=0

(−1)r 2−1+i−2r(B(i − 2r) + 2Ar) (1 + i − 2r)r−1

r!
xi−2r G j(x)

+ R

⌊ i−1
2 ⌋∑

r=0

(−1)r 2−1+i−2r (i − 2r)r

r!
xi−2r−1 G j(x).

(5.5)

As a result of the moment formula (2.11), we obtain the following formula

Gi(x) G j(x) =
⌊ i

2⌋∑
r=0

(−1)r 2−1+i−2r (B(i − 2r) + 2Ar)(1 + i − 2r)r−1

r!

×

i−2r∑
ℓ=0

2−i+2r

(
i − 2r
ℓ

)
Gi+ j−2r−2ℓ(x)

+ R

⌊ i−1
2 ⌋∑

r=0

(−1)r 2−1+i−2r (i − 2r)r

r!

i−2r−1∑
ℓ=0

21−i+2r

(
−1 + i − 2r

ℓ

)
Gi+ j−2r−2ℓ−1(x).

(5.6)

The following formula can be derived from a series of computations:

Gi(x) G j(x) =
1
2
B

(
ϕ j+i(x) + ϕ j−i(x)

)
+

i−1∑
v=1

v∑
ℓ=0

(−1)ℓ (B(i − 2ℓ) + 2Aℓ)
(

i−2ℓ
v−ℓ

)
(1 + i − 2ℓ)ℓ−1

2ℓ!
Gi+ j−2v(x)

+ R

i−1∑
v=0

v∑
ℓ=0

(−1)ℓ
(
−1+i−2ℓ

v−ℓ

)
(i − 2ℓ)ℓ

ℓ!
Gi+ j−2v−1(x).

(5.7)

Considering these two identities:

v∑
ℓ=0

(−1)ℓ (B(i − 2ℓ) + 2Aℓ)
(

i−2ℓ
v−ℓ

)
(1 + i − 2ℓ)ℓ−1

2ℓ!
= B −A, (5.8)

v∑
ℓ=0

(−1)ℓ
(
−1+i−2ℓ

v−ℓ

)
(i − 2ℓ)ℓ

ℓ!
= 1, (5.9)
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the next simplified LF be acquired:

Gi(x) G j(x) =
B

2

(
G j−i(x) +G j+i(x)

)
+ (B −A)

i−2∑
k=0

G2−i+ j+2k(x) + R
i−1∑
k=0

G j−i+2k+1(x).

This finalizes the proof of Theorem 5.1. □

Remark 5.1. Some well-known LFs can be extracted from the LF (5.4). The following corollary
exhibits these formulas.

Corollary 5.1. Consider two NNIs. The following LFs hold:

Ti(x) T j(x) =
1
2

(
Ti− j(x) + Ti+ j(x)

)
, (5.10)

Ui(x) U j(x) =
i∑

k=0

U j−i+2k(x), (5.11)

Vi(x) V j(x) =
i∑

k=0

V j−i+2k(x) −
i−1∑
k=0

V j−i+2k+1(x), (5.12)

Wi(x) W j(x) =
i∑

k=0

W j−i+2k(x) +
i−1∑
k=0

W j−i+2k+1(x). (5.13)

Proof. Formulas (5.10)–(5.13) can be easily obtained as special cases of (5.4) noting the specific
classes in (2.2) and (2.3). □

5.2. LFs of the UCPs with some symmetric polynomials

This part is interested in developing other product formulas of the UCPs with some other
polynomials.

Theorem 5.2. Consider the two NNIs i and j. The following LF holds

Gi(x) Fa,b
j (x) =

(a
2

) j j∑
v=0

(
j
v

)
2F1

 −v,− j + v

− j

∣∣∣∣∣∣∣ − a2

4b

 G j+i−2v(x). (5.14)

Proof. Starting with the analytic form of Fa,b
i (x), we can write

Gi(x) Fa,b
j (x) =

⌊ j
2

⌋∑
r=0

a j−2rbr(1 + j − 2r)r

r!
x j−2r Gi(x). (5.15)

Making use of the moment formula (2.11), we get

Gi(x) Fa,b
j (x) =

⌊ j
2

⌋∑
r=0

(
a
2

) j−2r
br(1 + j − 2r)r

r!

j−2r∑
ℓ=0

(
j − 2r
ℓ

)
Gi+ j−2r−2ℓ(x), (5.16)
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which can be written as

Gi(x) Fa,b
j (x) =

j∑
v=0

v∑
ℓ=0

(
a
2

) j−2ℓ
bℓ

(
j−2ℓ
v−ℓ

)
(1 + j − 2ℓ)ℓ

ℓ!
G j+i−2v(x), (5.17)

which is also equivalent to

Gi(x) Fa,b
j (x) =

(a
2

) j j∑
v=0

(
j
v

)
2F1

 −v,− j + v

− j

∣∣∣∣∣∣∣ − a2

4b

 G j+i−2v(x). (5.18)

This finalizes the proof of Theorem 5.2. □

Theorem 5.3. Consider the two NNIs i and j. The following LF holds:

Gi(x) Fa,b
j (x) =2i−1a−iB Fa,b

i+ j(x) + 2i−1a−i(−b)iB Fa,b
j−i(x)

+
(i − 2)!2−2+ia−i

b

i−1∑
v=1

(−b)v

(i − v)!v!

a2(A− B)(i − v)v 2F1

 1 − v, 1 − i + v

2 − i

∣∣∣∣∣∣∣ − a2

4b


+2bB(i − 1)i 2F1

 −v,−i + v

1 − i

∣∣∣∣∣∣∣ − a2

4b

 Fa,b
j+i−2v(x)

+ 2i−1a1−iR(i − 1)!
i−1∑
v=0

(−b)v

v!(i − v − 1)! 2F1

 −v, 1 − i + v

1 − i

∣∣∣∣∣∣∣ − a2

4b

 Fa,b
j+i−2v−1(x).

(5.19)

Proof. Similar to the proof of Theorem 5.2. □

Theorem 5.4. Consider the two NNIs i and j. The following LF holds

Gi(x) U (ζ)
j (x) =

2−1+2ζ Γ
(

1
2 + ζ

)
√
πΓ(ζ)Γ( j + 2ζ)

j∑
v=0

(
j
v

)
Γ( j − v + ζ)Γ(v + ζ) G j+i−2v(x). (5.20)

Proof. Just like the proof of Theorem 5.2. □

Theorem 5.5. Consider the two NNIs i and j. The following LF holds

Gi(x) H j(x) =
j∑

v=0

(
j
v

)
U(−v, 1 + j − 2v, 1)G j+i−2v(x), (5.21)

where U(c, d, y) denotes the confluent hypergeometric function (see, [51]).

Proof. Similar to the proof of Theorem 5.2. □
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5.3. LFs of the UCPs with some nonsymmetric polynomials

Here, we give some LFs of the UCPs with some nonsymmetric polynomials. The product formulas
with the shifted Jacobi and generalized Lageurre polynomials will be developed.

Theorem 5.6. Consider the two NNIs i and j. The following LF holds

P̃(ρ,µ)
i (x) G j(x) =

1
2i Γ(1 + 2i + ρ + µ)

i∑
v=0

1
v! (i − v)!Γ(1 + i + ρ + µ)

× 4F3

(
−v,−i + v,− i

2 −
µ

2 ,
1
2 −

i
2 −

µ

2
1
2 ,−i − ρ

2 −
µ

2 ,
1
2 − i − ρ

2 −
µ

2

∣∣∣∣∣∣ 1
)

G j+i−2v(x)

−
1

2i−1

(i + µ)Γ(2i + ρ + µ)
Γ(1 + i + ρ + µ)

i−1∑
v=0

1
v!(i − v − 1)!

× 4F3

(
−v, 1 − i + v, 1

2 −
i
2 −

µ

2 , 1 −
i
2 −

µ

2
3
2 ,

1
2 − i − ρ

2 −
µ

2 , 1 − i − ρ

2 −
µ

2

∣∣∣∣∣∣ 1
)

G j+i−2v−1(x).

(5.22)

Proof. The analytic form of the shifted JPs (presented in Table 1) allows one to write the following
formula:

P̃(ρ,µ)
i (x) G j(x) =

(1 + µ)i

(1 + ρ + µ)i

i∑
r=0

(−1)r(1 + ρ + µ)2i−r

(i − r)!r!(1 + µ)i−r
xi−r G j(x), (5.23)

which turns into

P̃(ρ,µ)
i (x) G j(x) =

(1 + µ)i

(1 + ρ + µ)i

i∑
r=0

(−1)r 2−i+r (1 + ρ + µ)2i−r

(i − r)!r!(1 + µ)i−r

i−r∑
s=0

(
i − r

s

)
G j+i−r−2s(x). (5.24)

After a series of algebraic computations, (5.24) converts into the following one

P̃(ρ,µ)
i (x) G j(x) =

(1 + µ)i

(1 + ρ + µ)i

v∑
r=0

2−i+2r
(

i−2r
v−r

)
(1 + ρ + µ)2i−2r

(i − 2r)!(2r)!(1 + µ)i−2r
G j+i−2v(x)

+
Γ(1 + i + µ)
Γ(1 + i + ρ + µ)

i−1∑
v=0

v∑
r=0

(−1)1+2r21−i+2rΓ(2i − 2r + ρ + µ)
(i − v − r − 1)!(v − r)!(2r + 1)!Γ(i − 2r + µ)

G j+i−2v−1(x).

(5.25)

In virtue of the two identities:
p∑

r=0

2−i+2r
(

i−2r
p−r

)
(1 + ρ + µ)2i−2r

(i − 2r)!(2r)!(1 + µ)i−2r
=

2−iΓ(1 + µ)Γ(1 + 2i + ρ + µ)
(i − p)!p!Γ(1 + i + µ)Γ(1 + ρ + µ)

× 4F3

(
−p,−i + p,− i

2 −
µ

2 ,
1
2 −

i
2 −

µ

2
1
2 ,−i − ρ

2 −
µ

2 ,
1
2 − i − ρ

2 −
µ

2

∣∣∣∣∣∣ 1
)
,

(5.26)

p∑
r=0

(−1)1+2r21−i+2rΓ(2i − 2r + ρ + µ)
(i − p − r − 1)!(p − r)!(2r + 1)!Γ(i − 2r + µ)

=
−21−iΓ(2i + ρ + µ)

(i − p − 1)!p!Γ(i + µ)

× 4F3

(
−p, 1 − i + p, 1

2 −
i
2 −

µ

2 , 1 −
i
2 −

µ

2
3
2 ,

1
2 − i − ρ

2 −
µ

2 , 1 − i − ρ

2 −
µ

2

∣∣∣∣∣∣ 1
)
,

(5.27)
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Formula (5.25) can be written as in (5.22). □

Remark 5.2. The two terminating 4F3(1) can be reduced for some negative choices of ρ and µ. The
following corollaries exhibit some of these results: It is worth mentioning here that some authors
investigated the class of JPs whose parameters are certain negative integers (see, [55, 56]).

Corollary 5.2. Consider the two NNIs i and j. We have

P̃(−i,µ)
i (x) G j(x) =

2iΓ
(

1
2 + i

)
Γ(1 + i + µ)

√
πΓ(1 + µ)

 i∑
v=0

1
(2i − 2v)!(2v)!

G j+i−2v(x)

−

i−1∑
v=0

1
(2i − 2v − 1)!(2v + 1)!

G j+i−2v−1(x)

 .
(5.28)

Proof. If we substitute ρ = −i into Formula (5.22), it yields

P̃(−i,µ)
i (x) G j(x) =

2−i Γ(i + µ + 1)
Γ(1 + µ)

 i∑
v=0

1
v! (i − v)! 2F1

 −v,−i + v
1
2

∣∣∣∣∣∣∣ 1
 G j+i−2v(x)

−2
i−1∑
v=0

1
v! (−i − v − 1)! 2F1

 −v, 1 − i + v
3
2

∣∣∣∣∣∣∣ 1
 G j+i−2v−1(x)

 .
(5.29)

Chu-Vandemomne identity leads to the following two identities:

2F1

 −v,−i + v
1
2

∣∣∣∣∣∣∣ 1
 =
√
π
(
i − v + 1

2

)
v

Γ
(

1
2 + v

) ,

2F1

 −v, 1 − i + v
3
2

∣∣∣∣∣∣∣ 1
 =
√
π
(
i − v + 1

2

)
v

2Γ
(

3
2 + v

) ,

and hence, Formula (5.29) reduces to Formula (5.28). □

Remark 5.3. Some other special reduced formulas of the general formula in (5.22) can be also
deduced. The details are omitted.

Corollary 5.3. Consider the two NNIs i and j. We have

P̃(−i+1,µ)
i (x) G j(x) =

2i−1Γ
(
−1

2 + i
)
Γ(1 + 2i + ρ + µ)

√
π(1 + i + µ)Γ(1 + i + ρ + µ)

 i∑
v=0

−1 + i + 2i2 − 4iv + 4v2 − µ + 2iµ
(2i − 2v)!(2v)!

G j+i−2v(x)

−

i−1∑
v=0

2i2 + 4v(v + 1) − µ + i(−1 − 4v + 2µ)
(2i − 2v − 1)!(2v + 1)!

G j+i−2v−1(x)

 .
(5.30)

Corollary 5.4. Consider the two NNIs i and j. We have

P̃(ρ,−i+1)
i (x) G j(x) =

2−iΓ(1 + 2i + ρ + µ)
Γ(1 + i + ρ + µ)

i∑
v=0

1
v!(i − v)!

G j+i−2v(x)

−
21−i(i + µ)Γ(2i + ρ + µ)
Γ(1 + i + ρ + µ)

i−1∑
v=0

1
v!(i − v − 1)!

G j+i−2v−1(x).

(5.31)
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Corollary 5.5. Consider the two NNIs i and j. We have

P̃(ρ,−i+2)
i (x) G j(x) =

2−iΓ(1 + 2i + ρ + µ)
Γ(1 + i + ρ + µ)

i∑
v=0

1 + 4(i−v)v
(1+i+ρ)(2+i+ρ)

v!(i − v)!
G j+i−2v(x)

−
21−i(i + µ)Γ(2i + ρ + µ)
Γ(1 + i + ρ + µ)

i−1∑
v=0

1
v!(i − v − 1)!

G j+i−2v(x).

(5.32)

6. Closed forms for some integrals and weighted integrals

This section presents new integral and weighted integral formulas based on applying some of the
introduced formulas derived in the previous sections.

6.1. Some definite integrals of products involving the UCPs

Corollary 6.1. For every j ≥ 2, the following identity holds

∫ 1

0
ϕ j(x) dx = S j =


B−2A
2( j−1) +

B

2( j+1) +
R

(
1+(−1)1+ j

2

)
j , j even,

(B−2A)
(
1+(−1)

j+1
2

)
2( j−1) +

B

(
1+(−1)

j−1
2

)
2( j+1) + Rj , j odd.

(6.1)

Proof. In virtue of Formula (2.4), we can write∫ 1

0
ϕ j(x) dx =

1
2

(−2A + B)
∫ 1

0
U j−2(x) dx + R

∫ 1

0
U j−1(x) dx +

B

2

∫ 1

0
U j(x) dx.

But, since the following integral holds for U j(x) (see, [15])

∫ 1

0
U j(x) dx =


1

1+ j , j even,
1−(−1)

j+1
2

1+ j , j odd.

So it is easy to conclude Formula (6.1). □

Corollary 6.2. For every i and j greater than or equal to 2, the following identity holds∫ 1

0
ϕi(x) ϕ j(x) dx =

1
2
B(S j+i + S j−i) + R

i−1∑
k=0

S j−i+2k+1 + (B −A)
i−2∑
k=0

S j−i+2k+2, (6.2)

where S j is given as in (6.1).

Proof. The integral formula can be achieved by using LF (5.4) along with the integral formula (6.1).
□
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6.2. Some weighted integrals of products involving the UCPs

Some weighted integral formulas can be computed based on the derivative expressions of the UCPs
and connection formulas with some orthogonal polynomials. Here are some of these results.

Corollary 6.3. For every j ≥ s, the following identity holds

∫ ∞

−∞

e−x2
DsG j(x) Hm(x) dx =

2−1+m+s √π ( j − 2)!(
1
2 ( j − m − s)

)
!

(
B( j − 1) j 1F1

(1
2

(− j + m + s); 1 − j;−1
)

+(B −A)( j − m − s) 1F1

(1
2

(2 − j + m + s); 2 − j;−1
))

( j + m + s) even,

2m+s √πRm! ( j − 1)!

m!
(

1
2 ( j − m − s − 1)

)
!

1F1

(
1
2

(1 − j + m + s); 1 − j;−1
)
, ( j + m + s) odd.

(6.3)

Proof. Formula (3.24) leads to the following integral formula:

∫ ∞

−∞

e−x2
DsG j(x) Hm(x) dx =

⌊ j−s
2

⌋∑
v=0

Mv, j,s

∫ ∞

−∞

e−x2
Hm(x)H j−s−2v(x) dx

+

⌊ 1
2 ( j−s−1)⌋∑

v=0

M̄v, j,s

∫ ∞

−∞

e−x2
Hm(x)H j−s−2v−1(x) dx,

(6.4)

where

Mv, j,s =
2s−1( j − 2)!

v!( j − 2v − s)!
(2(−A + B)v 1F1(1 − v; 2 − j;−1) + B( j − 1) j 1F1(−v; 1 − j;−1)),

M̄v, j,s =
2sR( j − 1)!

v!( j − 2v − s − 1)! 1F1(−v; 1 − j;−1).

The orthogonality relation of Hermite polynomials ( [57]) helps to put (6.4) as

∫ ∞

−∞

e−x2
DsG j(x) Hm(x) dx = hm


⌊ j−s

2

⌋∑
v=0

Mv, j,s δm, j−s−2v +

⌊ 1
2 ( j−s−1)⌋∑

v=0

M̄v, j,s δm, j−s−2v−1

 , (6.5)

where δi, j is the well-known Kronecker delta functions and hm is given by

hm = 2m m!
√
π.

Simple computations lead to (6.3). □
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Corollary 6.4. For all NNIs j and m, the following identity holds:∫ ∞

−∞

e−x2
G j(x) Hm(x) dx =

2m−1 √π ( j − 2)!(
1
2 ( j − m)

)
!

(
B( j − 1) j 1F1

(
1
2

(− j + m); 1 − j;−1
)

+ (−A + B)( j − m) 1F1

(
1
2 (2 − j + m); 2 − j;−1

))
( j + m) even,

2m√πRm!( j − 1)!

m!
(

1
2 ( j − m − 1)

)
!

1F1

(
1
2

(1 − j + m); 1 − j;−1
)
, ( j + m) odd.

(6.6)

Proof. A direct special case of Formula (6.3) for s = 0. □

Corollary 6.5. For every j ≥ s, the following identity holds

∫ 1

−1

(
1 − x2

)ζ− 1
2 DsG j(x) U (ζ)

m (x) dx =
2s−2√πΓ

(
1
2 + ζ

)
Γ(1 + s − ζ)

×



(
1
2 ( j + m + s) − 1

)
!Γ

(
1
2 ( j − m + s − 2ζ)

)(
1
2 ( j − m − s)

)
!Γ

(
1
2 (2 + j + m − s) + ζ

)
×

(
−A( j − m − s)( j + m − s + 2ζ) + B

(
j2 − (m + s)(m − s + 2ζ)

))
, ( j + m + s) even,

4R Γ
(

1
2 (1 + j + m + s)

)
Γ
(

1
2 (1 + j − m + s − 2ζ)

)(
1
2 ( j − m − s) − 1

)
!Γ

(
1
2 (1 + j + m − s) + ζ

) , ( j + m + s) odd.

(6.7)

Proof. Starting with Formula (3.12) and applying the orthogonality relation of the ultraspherical
polynomials [58], we may derive Formula (6.7). □

Corollary 6.6. For every j, the following identity holds∫ 1

−1

(
1 − x2

)ζ− 1
2 G j(x) U (ζ)

m (x) dx =
1
4
√
πΓ

(
1
2
+ ζ

)

×



(
−A( j − m)( j + m + 2ζ) + B

(
j2 − m(m + 2ζ)

)) (
j+m
2 − 1

)
! (1 − ζ) j−m

2 −1(
j−m
2

)
!Γ

(
1
2 (2 + j + m) + ζ

) , ( j + m) even,

4R
(

1
2 ( j + m − 1)

)
! (1 − ζ) 1

2 ( j−m+1)−1(
1
2 ( j − m − 1)

)
!Γ

(
1
2 (1 + j + m) + ζ

) , ( j + m) odd.

(6.8)

Proof. Direct from (6.7) setting s = 0. □

7. Conclusions

This research opened new horizons for studying new types of polynomials that satisfy the same
recurrence relation of CPs but with general initials. Thus, the solution of this recurrence relation
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produced generalized polynomials that all four kinds of CPs are special ones of them. We proved an
important result for the generalized polynomials: They can be expressed as three terms of consecutive
terms of the second kind of CPs. This result enabled us to derive some other fundamental formulas
for generalized polynomials. Expressions for the derivatives of these polynomials are given in terms
of some other symmetric and nonsymmetric polynomials. Some connection formulas can also be
deduced. The LF of the generalized polynomials and some triple product formulas were also deduced.
In future work, we aim to investigate other generalized sequences of polynomials and establish some
important formulas concerned with them.
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