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1. Introduction

Finding commuting Toeplitz operators is a question of interest for researchers working on Toeplitz
operators. The most important results on this subject are from the work of Axler and Cuckovic [1]
in the case of the Bergman space, and Choe and Lee in the case of the harmonic Bergman space [2].
The results of Axler and Cuckovic are generalized by the authors to the case of the weighted Bergman
space [3]. In the first part, we generalize most of the results of Choe and Lee to the case of weighted
harmonic Bergman spaces. In the second part, we give a sufficient condition for hyponormality on
newly considered Bergman spaces on the punctured unit disk. Hyponormality has seen growing interest
the last few decades. The first important result is the following.

Theorem 1.1. Let f, g be bounded and analytic in the unit disk D with f' € H*. If Ty.3 is hyponormal
on the Bergman space, then g’ € H* and |g'| < |f’| a.e in the unit circle.

This can be found in [4]. Ahern and Cuckovic generalized this result in [5] by weakening the
assumption on the derivative. Their result itself is generalized to weighted Bergman spaces in [6].

Theorem 1.2. Let f, g be bounded and analytic in the unit disk D. Assume f’ € H*(I), where I
is an open arc of the unit circle. If T3 is hyponormal on the weighted Bergman space Lg’w, where
w(r) = (@+ D1 -1 a> -1, then, g € H*(I) and |g'| < |f'| a.e on I.
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2. Commuting Toeplitz operators on the weighted harmonic Bergman space

Denote by D the unit disk and consider the Hilbert space L? (D, du,) of measurable functions on D
such that

@+ 1) f P = D" dAR) < oo.
D

The closed subspace of L? (D, du,) consisting of harmonic functions is denoted by L?. If the weighted

Bergman space is denoted by LZ , where w(r) = (@ + 1)(1 - )%, then L; = L} , ®zL2 . As in the case
of unweighted spaces (w = 1) [2], the reproducing kernel is given by

1 1

K(z,w) = — + — - 1.
(Z W) (1 _ ZW)a+2 (1 _ ZW)a+2

In what follows, we consider commuting Toeplitz operators on L; with harmonic symbols ¢ and
. We denote by P the projection of L* (D, dy,) onto L7, ,, and by Q the projection onto L;. We have
O(p) = P(p) + F@) — P(¢)(0), where P(¢)(0) = ngodA. We give a generalization of some of the
results in [2], shown in the case of the unweighted harmonic Bergman space, to the case of weighted
harmonic Bergman spaces with radial weights w(r) = (a + 1)(1 — r*)®, where @ > —1. Our first main
result is the following theorem.

Theorem 2.1. Let ¢ and ¥ be in Li and not both conjugate holomorphic. If T,T, = T,T,, then
4%

=%
97 = Caz fOI" some constant c.

The proof is based on the properties of the projection. Here is a summary of the proof of Theorem
2.1. Set ¢ = @y + @3, ¥ = Y| + Y. Then,

T,Ty =TT, © Ty Ty + TgTy, =TTy + Ty, Ty
By evaluation at w, and after making extensive use of some properties of the Bergman space projection

we get o1 P (W) = Y1 P (wg;). By Proposition 2.2, this is reduced to ¢ = cy;.
We start by verifying these properties.

Proposition 2.2. Let ¢ € wa. The projection onto Lg’w satisfies the following properties:
(@) 2LP((1 = wP)p) + (@ + 2)2P ((1 = WP)g) = (@ + 1)z¢(2).

(i) 2LP((1 - wP)g) + (@ +2)zP ((1 - WP)E) = (@ + 1Dzg(0).

(iii) P(IwPe) (@) = @) — S [Fu*!p(u)du.
(i) P(wP%) = P (wPg) (0) = £35(0).
Proof. For (i) we have

o(w)

W(l — W)™ dA(w)

f@) =P((1 - wPe) (@) = (@ + 1) fD
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and, by differentiating under the integral sign, we get

@)= (a+Da+2) f %(1 — W)™ dA(w).

We deduce

(@+2)z2f@+2f(2) = (@+ D@+ 2)f %(1 — W) dA(2)
D

= (a+ Dze(2),

where the last equality holds because K,(w) = m is the reproducing kernel of the weighted
Bergman space with a weight w,(r) = (a + 2)(1 — r*)**'dA(z) [7]. We obtain Eq (ii) in a similar
manner. For Eq (iii), we formally solve the differential equation
., (@+2) (+1)
o+ f= ¢,

< <

which gives

+1
P((1 - wPe) () = + D f u™ o(u) du,

and

(e+1)
P(|W|290) (2) = ¢(2) — e f uo(u) du.
0
Similarly, from (ii), by integration we get
a+1l——
P((1 - wPp) = ——¢(0),
(1= W) = —— )

thus |
P(w]*g) = ——(0).
(WFg) = ——¢(0)

m]
This leads to the following properties of the projection.
Lemma 2.3. Let ¢ € Lﬁ’w satisfy ¢(0) = 0. The following properties hold:
1) P(we) (2) = 22 — 2 [“uo(u) du.
2) P(w9) (2) = 75¢'(0).
Proof. Since ¢(0) = 0, ¢(z) = zy(z). From (iii) and (iv) of Proposition 2.2, we get
— (z) (@+D)
Pe) @) = P (i) @ = 22 - 20 (g du.
0
_ 1
P(wp) (2) = P(Wl) () = —wm) = ——¢ 0.
]
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The following properties of the projection of L? (D, du,) are easy to check. The first one is a
consequence of the known property of Toeplitz operators T/T, = T, on Li’w if g is analytic or f is
conjugate analytic.

Lemma 2.4. For ¢ and s € L? , we have the following equalities:

(i) P@PY)) (2) = P (@) (2).

(i) P(pPGwp)(0) = P (pwy) (0).
Proof. We verity (ii):
(P(oPGiw)). 1) = (eP(ry). 1) = (P(w). )
(@, P W) = P (pwih) (0).

P (@PGvy) (0)

This leads to the following theorem.

Theorem 2.5. Let ¢ and  be in Li. IfT,T, =T,T,, then, there exists a constant A such that ?9%/ = /laa—f.

Proof. We have ¢ = ¢, + @, and ¥ = | + », where @1, ¢,, Y, and i, € Lﬁ’w. We may assume

©1(0) = ©2(0) = ¥1(0) = ¥»(0) = 0.

We evaluate both sides of the equality 7,7, = T, T, at the function w. We make use of the following
equalities, where Lemmas 2.3 and 2.4 are used.

Ty, (W) = P Gwgny) + P (wip1) = P (W) (0) = P (W)

T5Ty, (%) = P(@(PGwn)) + P (02PGigy)) = P (@2P(wign)) (0)
Ty, Ty,(W) =@ P (W)
T, T3 (W) = Q(¢1Wga) = P(@1wh) + P (@rwwra) — P (1) (0)
ToT5(W) = Paow.

Similarly, we compute
T5T,,(W) = P (ya(P(we1)) + P (w2P(wg)) - P (2P(we)) (0)

Ty, Tez(W) = Q (W1 W2) = P (Y W) + P(Yriwgn) — P (1wr) (0)
Ty, Ty, (W) = Y1 P(Wey)
T TH(W) = @avaw.
Thus, the equality
T,T,(W) = T,T,(W)

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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leads to

o1 POY) + P@win) + P (0aPGig)) = 01 PGvgr) + Piwes) + P(v2PGign)).  (2.1)

We deduce that
@1 Pwyry) = g P(wey),
which, by Proposition 2.2, gives

1 1 [~
1()(%@ 0;2 f lﬁl(u)du) lﬁl()((pl(Z) CZL fu“(ﬁl(u)du),
0

which can be written as

D1 (2)¥1(2) = D1(2)¥)(2),
where

(Dl(z):fu"gol(u)du), ‘I’l(z):fu“wl(u)du.
0 0

This shows that
Y1(2) = c®y(2),
and, consequently,
Y1 = ce

for some constant c. O

Corollary 2.6. Let ¢, Y be in L?W. The equality T,T, = T, T, holds if and only if = c¢ + d for some
constants ¢ and d.

Our next main result is based on the following lemmas.

Lemma 2.7. Let ¢, ¥ be in wa. Then we have the following identity:

(a + 1>( f eFw)(1 - |w|2>“dA<w>) = f (e + 20pwp(w) + wi (W) (1 = wiP)™ dAw).
D D

Proof. Use power series and the fact that, for ¢, ¢ in L w, with ¢ = Z(pnz”, U= anz", we have the

n>0 n>0

inner product property [7]

nT'a+2) —

o 2\« _
(a+ 1)(fD eg(w)(1 — w[%) dA(W)) = 2, Thtat2) 2)%%-

O

Lemma 2.8. Let ¢, Y be in Li,w and satisfy ¢(0) = (0) = 0. If T, T; = T;T, on L}ZI, then the following
equality holds
f W) w)w (1 = [wl)* ' dA(w) = 0
D

for any n € N, where W(w) = <b [ uy (u)du.

e+l
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Proof. From T,T; = T;T,, we deduce T, Ty = T5T,,, which, by evaluation at w and from Eq (2.1) by
taking ¢ = ¢, 01 = 0, ¥ = ¥y, and ¥, = 0 gives
P(ond) = P (P9
This gives
<90’ P(ww)wn+a+l> — <P (‘PW) ’Wn+a/+1> — <P ((pw@) ,Wn+a+1> — <g0w, wwn+a+1> . n>0.

Using the identity wP (yw) = ¢ — ¥, we get

(@+1) f eW)(W(w) — Fw)wre(l — W) dA(w) = (a + 1) f e w)wewl*(1 = [w*)*dA(w),
D D
which can be written as
(@+1) f e wwre(1 — W) dAw) = (@ + 1) f eW)Pwywre(1 — W) dA(w).  (2.2)
D D

Using Lemma 2.7, we get

(@+1) f )P wwe(1 — wi*)*dA(w) = f p(w) ((a + 2)P(w)we + WP wway ) (1 = [w)* dA(w)
D D

= f o) ((n + @ + DPW) + (e + DY(w)) we (1 = [w])**' dA(w).

After a simplification using Eq (2.2), we deduce

f e(W)(FW)way (1 — [w*)** ' dA(w) = 0.
D
O

This leads to the second main result. The proof, being similar to the case of the unweighted
harmonic Bergman space [2], is omitted.

Theorem 2.9. Assume f € L,21. Then, Ty is normal if and only if f(D) is contained in a line in the
complex plane. If f € L2, then Ty is normal if and only if f is constant.

W’

3. Hyponormality on the weighted Bergman space of the punctured unit disk

Let m be a nonnegative integer, S be in (m — 1,m], and @« > -1 be a real number. Let
diep(z) = mlzlzﬁ(l — |z1*)*dA(z) be the normalized Lebesgue measure on the unit disk D. The
space L*(D, du, ) is the Hilbert space of measurable functions f on D such that

1P = [ @Pduaste) < oo
D

We consider holomorphic functions g on D* = D — {0} that satisfy
f 18(2)Pdta 5(2) < co.
D*
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In [8], it is shown that this space, denoted by Aiﬁ, is a closed Hilbert space of L? (D, dpaﬁ). If f=

Z a,z" and g = Z b,z", then the inner product is given by

n=—m n=z—-m

3 Bla+1,+n+1) —
<f;g>'_ :El ‘B(a'+lxﬁ'+]) anbm

nz—m

and its natural orthonormal basis is {en(z) = /%z”, n2 —m}. We set p, = %, n >

—m, and recall that a Toeplitz operator T,, for ¢ bounded measurable on D, is defined on Afyﬁ by
T,(f) = P(¢f), where P is the orthogonal projection onto Ai’ﬁ. Hankel opertaors on Ai,ﬁ are defined
by H,(f) = (I — P)(¢f). The following properties of Toeplitz operators, known in the case of the
weighted Bergman space A}, (8 = 0), hold also on A? .

Proposition 3.1. /8] Let ¢ and ¢ be bounded measurable on D. The following properties hold:
(i) Tyry =Ty +Ty.
(i) (T,) =T

(iii) T,T, = T,y if ¢ analytic or ¢ is conjugate analytic on D.

A bounded operator S on a Hilbert space is hyponormal if $*S — S§* > 0. In what follows,
we consider hyponormality of Toeplitz operator 7,,; on Ai,ﬁ where i is a polynomial. We show a
sufficient condition in this case. As in the case of the classical unweighted Bergman space A%,o (4],
hyponormality is expressed in various equivalent forms which are listed in the following proposition.

Proposition 3.2. [4] The following statements are equivalent:
(a) T,y is hyponormal.
(®) T5Ty —TyTy < TgTy, — T,T5.
(c) (Hz) Hy < (Hz) Hy.

(d) Hy = CHg, where C is bounded of norm less than or equal to one.

3.1. The main result

We consider the case @ = 3. Let [ and g be two integers such that ¢ > m + 1. Denote by N the
smallest integer such that N > max (6q + 1,8, %(q2 — 1)). Our main result is the following theorem.

Theorem 3.3. Let () y< <y, be any finite sequence of complex numbers such that Z |4l <1, and
N<I<N;

set g = Z /ll%z’. Then, the operator T 4.5 is hyponormal on Ai’ﬁ e TgTy —TTg < TwuTy —TyT.
N<I<N;

In the case a@ = 3, we have

) B+HB+INB+2)(B+ 1)
P = B+n+dHB+n+3)B+n+2)B+n+1)

We start by computing the matrix of 7347, — T, T in the orthonomal basis {e,, n > —m}.

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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Lemma 3.4. The matrix of T«T . — T.«Tz is diagonal and is given by

Pg+i . . .
—Zi’, if i<qg—m
ni; = Pg+i 0i . .
Pari - Pi > g —m.
pi Pi-g’ if izq-m

Proof. We clearly have

<TE‘1Tzqei,€j> =0 if i#j and (TwTue;e) = Pq+i.
Since
(PE).2)=0 if kzi-q,
necessarily,
P(Zqzl) = CZl_q’
and

(2, 29) = (e ) e
(P@'Z).2) = p.
We deduce ¢ = %, and

L if i>q—m;

Tze;, Tzxe;) =4 P .
(Tei, Taei) {0 if i<qg-m.

This leads to the following proposition on which our main result is based.

Proposition 3.5. Let [ and g be two integers with ¢ > m + 1, | > max (6q + 1, %(q2 - 1), 8). Then,
T, is hyponormal if and only if |6 < 4.

Z

Proof. Hyponormality is equivalent to the following three inequalities:

PR < Bt i, (3.1)

Pi Pi

Pi Pi Pi—q
|5|2(@ _ ﬂ) < Pg+i - Pi i>1—m. (3.3)

Pi Pi-1 Pi Pi-q ’
The first inequality (3.1) takes the form

B+I+i+4HB+1+i+3)B+I+i+2)B+1+i+1) e
Bra+i+HBrqrit+NBrq+itBrarivn I

Since the right hand side of this inequality decreases with 7, inequality (3.1) is equivalent to

WFSmm{

6] < B+l+qg-m+3)B+l+g-m+2)B+l+g-m+1)B+1+qg—m)
B B+2g-m+3)B+2g-m+2)B+2g—-m+ 1)(B+2g—m)

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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Inequality (3.2) can be written as

|5|zsw, g-m<i<l—m.
Pl+iPi-q

A computation reduces the above inequality to

61" < min{Q1gRyin g-m<i<l-m},

where B+ i+ HBHI+iI+3)BHI+Ii+2D)BHI+i+])
Quai = B+qg+i+dHB+qg+i+3)B+qg+i+2)B+g+i+1)
e q q q q
R‘”:1_(1_(ﬁ+i+4)2)(1_(ﬁ+i+3)2)(1_(ﬁ+i+2)2)(1_(ﬁ+i+1)2)' 4

As mentioned before, Q,,; is a decreasing function of i and it is not difficult to see that R, ; is also
decreasing. Thus, we get that inequality (3.2) is equivalent to

|6| < \/Ql,q,l—m—qu,l—m—l )

or, equivalently,

6] < B+2l-m+3)B+2U-m+2)B+2-m+ 1)(B+2]—mRy_ni
T NBHg+l-m+3)B+g+l-m+2)B+g+l-m+D(B+qg+1-m)

Since Q,,; 1s decreasing, Qi -m-1 < Qig4-m-1. Thus, we have

\/Ql,q,l—m— 1 Rq,l—m—l < \/Ql,q,q—m—l .

That is, if inequality (3.2) is satisfied, so is inequality (3.1). Inequality (3.3) takes the form

Pict PirgPi-g ~ P}

o1 < T
Pi-q Pi+iPi-1 — P;

i>1—m.

To simplify notation, set A; := (8+i+1). A computation leads to the following inequality fori > [ —m:

of < BadinhinAl - (Al - DAL, — A, - A - ) )
TOALLA2 AT A2 (A2, - PY(A2, - P)(AL, - B)(AZ - ) T

+37 7427 i1
After simplification of

Ai2+3Ai2+2Ai2+1Ai2 B (Ai2+3 - q2)((Ai2+2 - qz)(AiZH - qz)(Aiz - q2)
A2 A2 A2 A? — (A2 - P)((A2, - PYAZ - YA -P)

i+3°7i+2" T+l i+3 i+2 i+1

F(i) =

we get
F() = ¢ F1()) — ¢*F>(D) + ¢°F3(i) — ¢°
lel(i) - l4F2(l) + l6F7,(l) -8’

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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where the functions F, F,, and F5 are as follows:

N A2 A2 42 2 42 A2 A2 A2 A2 A2 4D 40
F1() = AiAipAin + AisAipAl + AipAin A7 + AisAi A
N A2 A2 2 42 2 42 A2 42 2 A2 L A2 A2
Fa(i) = AisAiyy + AiAiy T ALBAT HARAL + ALRAT + AL AT
- 2 2 2 2
F3(i) = Ajys + Ay + AL, AT

As seen before, Q,,; is a decreasing function of i. We will show that F'(i) is also a decreasing function.
A computation gives
oo E1(@) + Ex(i) + E3(i) + E4(i) + E5(i) + Ee(i)
F'(i) = . . . ;
(PF1(i) — PF,(0) + I°F5(i) — 18)?

where we have
Ei(i) = Pq(q° - I))F;(i);
Ex(i) = I'q* (P + ¢ )(I* — ¢ F5(i);
Es(i) = I°6°(q” — P)F}(i);
Ey(i) = Pg*(q" — PYF{()F2() — F1()F5(0));
Es(i) = P’ (P + )P — @) (F{()F3() — F1()F5());
Es(i) = I'q*(q" — PYF5()F3(i) — F2()F3(0)).
It suffices to verify the inequalities
E()+E,0) <0, i>]-m 3.5)
Note [ —m > g —m+ 1 > 2. We show inequality (3.5) first. It takes the form
P@ (P + ¢HFS3) < (I* + Pg? + gHF ().
From the expressions of F(i) and F,(i), we see that, since f+i+ 1> ¢gfori>[1—m,
g’ Fj(i) < Fi(i),
and thus inequality (3.5) holds. Inequality (3.6) can be reduced to
(P + @) (F()F5(i) - F1()F5(i)) < F{(i)Fa(i) — F1(i)F5(i). (3.7
An elementary computation gives
FL()F3) — Fi()F50) = @(0) + D(i) + D3(i) + D4(i) + P (i),

where
@,(i) = PG) + P() + P

PP =2B+i+ D)(B+i+D B+i+37+B+i+2 (B +i+3));

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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PO =2B+i+D((B+i+2*B+i+4)7+B+i+2(B+i+4)");

and
PP =2B+i+ D ((B+i+3) B+i+4)7+(B+i+3)(B+i+4)").

The function ®,(i) is defined by
D,(i) = Py (i) + Py + Py(i)

where
P§’3(i):2(ﬁ+i+2)((ﬁ+i+1)4(,3+i+3)2+(ﬁ+i+1)2(ﬁ+i+3)4).

Pé’4 and P§’4 are defined in a similar manner.
The functions @3 and @, are defined in a similar way. The function ¥ is given by

Y(@) =¥10) + Vo) + F30) + a(0)

with

W) =4@B+i+ DB+i+2*B+i+3)°B+i+4)>
and

W) =4B+i+2)B+i+ 1)>B+i+3)°B+i+4)

and similar definitions for W5 and ¥,. Next, we simplify the right hand side of inequality (3.7). A

tedious, but elementary, computation gives
Fi()F2() = F1(DF3() = AG) + Q(),

where
A = A1) + Asx(D) + Az (D) + Ag(d)

with

M) =2B+i+D|B+i+ 2 B+i+ 3 +B+i+ 2 B+i+ D+ (B+i+3) B +i+d|;

A(i) =2B+i+)[B+i+ D B+i+ D +B+i+ D' (B+i+ ) +(B+i+3)'B+i+d|:

and similar definitions for A3(i) and A4(i). The function (i) is given by
Q@) = Q1) + Qa(d) + Q3(0) + Qu(D)
with Q, (i) and €,(7) defined by
Qi) = Q1200 + Q1300 + Q14(0),

where
Quali) =2B+i+ 1) ((B+i+2 B+i+3B+i+4));

Qi) =2B+i+1)((B+i+3) B+i+27B+i+4));

AIMS Mathematics Volume 9, Issue 8, 20043-20057.
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and Q; 4(7) defined in a similar way. We show
(PP + )01 (i) < A(),
and, since [ > %(q2 -1,
P+PB+i+2*B+i+3)><B+i+2)*B+i+3),

and similarly
P+PB+i+2°B+i+3) <@B+i+2)*B+i+3)"

Thus,
P +@PY <2B+i+ DB +i+2)'B+i+3)"

Similar inequalities lead to
(2 + g)Pi(0) < A (i),

and we have

P+ @)D20) < M), (P +q)D30) < As(i), (P + q)Da(i) < Ag(i)
for i > [ — m. Next, we show (1> + ¢*)¥,(i) < Q(i) for i > [ — m. We clearly have

P+gHP () <6(B+i+ D(B+i+2)*B+i+3)*B+i+4) <Q).
Similarly, we have

(P + )W) < (), (P + V30 < Q30), (P + ¢)Wa() < Q).

We deduce that inequality (3.6) holds and that F(7) is decreasing. Thus, inequality (3.3) holds if and
only if [6] < _[limF(i) = 4. We finally show that

¢ B+2A-—m+3E+2=m+ 2B+ 2= m+ DB+ 2~ mRy s a8
P~ @B+l+qg-m+3)B+l+qg-m+2)B+l+q-m+DB+1+qg—m) '

From inequality (3.7), we have

2 2 2 2

q q q
)(1_(,8+l—m+2)2)(1_ (B+l—m+1)2)(1_(ﬁ+l—m)2

q
B+1—m+3)?

Rq,l—m—l =1-(- )-

To simplify notation, we set B; := (B8+i+ 3)(B+i+2)(B+i+ 1)(B+i). Inequality (3.8) takes the form

1< lQBZl—m(Blz_m - Bl—m+qu—m—q)
qul—m+qB

2 b
I-m
and we have

B}, = BimigBimyg =g Fi(l-m—-1)—q*'Fs(-m—-1)+q¢°F3(-m—-1) - ¢,
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where

Fl (l —m- 1) = Alz—m+2A12—m+1A12—m + Alz—m+2A12—m+l

Ar+AT AT

l-m+1“*—m

2 2 2 42
Aot T AL ALnA Lo
and, with A; := 8+ i + 1 as before,

Fyl-m—1)=A7 A7 +A7 A7 +A7 AT+ AT LAY+ AT AT+ AT AT

l-m+1 l-m+1 l-m+2 [—m+2 -m+2“ -m—1>
and
_ A2 2 2 2
F3(l —m- 1) - Al—m—l + Al—m + Al—m+1 + Al—m+2'
Since
2 _ 42 2 2 2
Bl—m - Al—m+2Al—m+1Al—mAl—m—l’
we get
Fi(l—m—1) 1 1 1 1
B Tata Tar Tp
I-m I-m—1 I-m I-m+1 -m+2
F,(l-m—-1) 1 1 1 1 1 1
B? - A2 A2 " A2 A2 " A2 A2 * A2 A2 " A2 A2 " A2 A2
I-m [-m—1""1-m I-m—1""1-m+1 [-m—1°"1-m+2 l-m” "l-m+1 l-m* " l-m+2 l-m+1° " l-m+2
Fi(l-m-1) 1 N 1 N 1 N 1
2 T A2 2 2 2 2 2 2 2 2 2 2 2
Bl—m Al—m+1Al—mAl—m—1 Al—m+2Al—m+1Al—m Al—m+2Al—m+1Al—m—1 Al—m+2Al—mAl—m—1

We see that inequality (3.8) is equivalent to
P(B?,, = Biom+gBi-m—g) ,_Ar 6q° 44*1 q°r

. (3.9

9’BL, AL ) Al AL AL AL AL, ) AL AT AL A e
We show that if [ > N, then
4P ) 64212 . 4417 ) ¢ -
Al AlmAln AlwoAlna Al AlnoAL i ALnALn
We then rewrite this last inequality as
APAT AL ALy = 647 PAL G AT o + 4G PAL, = q°F 2 AT AL, AL AT -

Since 8 € (m — 1, m], by assumptions on / we have

2
Al—m+l

217A?

I-m+1

A} AT > A7

I-m—-1 = “-m+2

A7 A7

I-m—1*
Thus, inequality (3.9) is satisfied if
247

I-m+1

A} AT —6q°A]

I-m—1 I-m+2

Al +4qAT,  —q°>0.

I-m—1

Since by assumptions on / and ¢,
4q4A2 > q6,

I-m—-1 =
it is enough to have
Al AL = 3¢AT ., >0,

I-m~1 l-m+2 =
and this is satisfied by assumptions on /. Hence, inequality (3.9) holds. We conclude that if ¢ >

m+ 1 and [ > max (6q +1,3(¢* - 1), 8), T,.s is hyponormal if and only if |§] < 4. The proof is

complete. O
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It is easy to see that if a and b are complex numbers satistying |a| + |b| < 1, and if 7,7 and T, >

are hyponormal then, T, -, is hyponormal. This leads to our main result, where N is defined as
earlier.

Theorem 3.6. Let (1)< <y, be any finite sequence of complex numbers such that Z |4y < 1, and
N<I<N,

set g = Z /llzzl. Then, we have TgTy — TyTg < TzT . — TTw on Aiﬁ.
N<I<N;

4. Conclusions

The other results of Choe and Lee [2] can be generalized and this could be addressed in a future
work. Hyponormality on the punctured disk is a very recent subject of interest and much remains to be
done on this. We hope this paves the way for further works.
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