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1. Introduction

In this paper, we consider the initial boundary value problem
— + Au— Au, = |ul ulnul - f lul ulnluldx, xe€Q,t>0;
|x | fg xl ‘dx

u(x,t) = Au(x, 1) =0, x€0Q,t>0;

u(-x7 0) = MO(X), X € Q,

(1.1)

where Q ¢ RY(N > 2) is a bounded domain and the boundary dQ is smooth. The initial data 0 #
up(x) e W, = {u € Hg Q) : f x| u (x, 1) dx = O}. Moreover, 0 < s < 2, and the parameter r satisfies
Q

8
2<r<—+2. (1.2)
N
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Due to lim lul uln|u| = 0, then when u = 0, we let [ul uln|u| = 0

It is uwidely known that the nonlocal parabolic equations are used to simulate some phenomena in
biological populations, and the mass of system is often known or conserved, see [1-5] etc. Many
authors have discussed the following general parabolic equations with nonlocal source terms

1
—Au=f(u)- afgf(u)dx, (1.3)

which satisfies the integral condition fQ up (x)dx = 0 and uy (x) # 0. For the study of the properties
of solutions when f(u#) = u, readers can refer to references [6-9], where the local existence, the
asymptotic behavior of the global weak solutions, and the bounds of blow-up time were established.
In [10], the authors considered problem (1.3) with logarithmic nonlinearity source f () = uln|ul.
They obtained the results of blow-up of weak solutions under some conditions by solving differential
inequalities.

When Au is extended to A,u or a more higher-order operator, such problems have also been widely
studied [11-13]. For example, Qu and Zhou [14] had researched the thin film equations with nonlocal
sources in the following form

1
u+ ANu=u"tu- = f lu ' udx. (1.4)
Q Jg

They obtained the global existence of the sign-changing solutions by the potential well method.
Moreover, they studied the decay estimate of the non-extinction weak solutions and established the
extinction result. Subsequently, Zhou and Xu improved the research results of problem (1.4)
in [15, 16], where the authors established the upper bound of blow-up time when J(uy) > O.
Logarithmic nonlinearity has been studied for a long time because it naturally applies in different
fields of physics. Toualbia et al. [17] studied a class of nonlocal parabolic equations

1
—div(quIr_zVu) = lu/2ulnu| - — f | 2w 1n Jul dx, (1.5)
Q Jo

and the nonextinction, asymptotic behavior, and blow-up properties under appropriate conditions were
researched.

According to the law of conservation, many reaction diffusion processes can be expressed by the
equation u, — V - (DVu) = f(x,t,u, Vu), where the function D is the diffusion coefficient. Tan [18]
studied this kind of equation earlier when the source f(x) = u? and diffusion coefficient D = |x[>. More
research on the equations of the special diffusion process can be found in references [19-22].

In recent research works, the following nonlocal parabolic equation was studied:

x|~ 1
L Au =l f| " (1.6)
| fQ|x|—de

For the case of s = 0, Gao and Han [23] established a result of blow-up with positive initial energy

provided that 1 < r < %*5 Khelghati and Baghaei [24] improved the blow-up conclusion for all » > 1.

If s > 0, it is necessary to use the Hardy-Sobolev inequality to prove the main results, which is effective

for N > 2. Feng and Zhou [25] considered Problem (1.6) when 0 < s < ¥ (’ 1) with 1 < r < %*5, and
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they gave the result of blow-up when J(uy) < d. Moreover, they also researched the vacuum isolating
phenomenon. Subsequently, Wu and Yang considered the above singular equation for which the source
term is the logarithmic source « In |u| in reference [26]. They combined the method of Faedo-Galerkin
with the technique of cut-off to prove the local existence. Additionally, they obtained the decay estimate
by using the Hardy-Sobolev inequality. As a result, it was also established that weak solutions blow-up
in infinite time.

Considering the above works, this work is the first paper to consider the global solvability and blow-
up properties of problem (1.1). We should not only overcome the difficulty of a singular potential, but
also deal with a logarithmic nonlocal source. This work is extremely meaningful.

In Section 2 of this paper, the basic lemmas and definitions are introduced. Further, the potential
well and its properties are also described. In Section 3, we prove the existence and uniqueness of the
local solutions. In Section 4, we establish the global existence and discuss the asymptotic properties
and finite blow-up of weak solutions when J(uy) < d. In Section 5, we extend the above conclusions
to the case of J(uy) = d in parallel. Lastly, we give the result of finite time blow-up when J(u() > 0.

2. Preliminaries
First, we introduce some symbols, lemmas, and basic definitions. For convenience, we use ||-||, for

the L,(QQ) norm, 1 < r < oo, and ||Au||, and ||u||H3(Q) are equivalent.
For u € W,, define the potential energy functional as

1 1 1
Jw) = = llull; - = f lul In ful dx + = [|Aull3, 2.1
r r Jo 2
I(u) = - f || In |u| dx + ||Aulf5 . (2.2)
Q
By a direct computation,
I 1 1 1
Jw) = (5 --) AUy + = llull] + =1 (w). (2.3)
r r r

We also define the Nehari manifold N = {u € W,\ {0}, I(u) = 0}, and the depth of well d = in{/ J(u).

According to I(u), we define the potential well sets
W={ueW, I(u)>0}U{0},

V={ueWw,, I(u) <0}.

Next, we expand the aforementioned single potential well to the family of potential wells. For
VYo > 0, we define the modified functional and the corresponding sets respectively as

Is(u) = — f |u|” In |uldx + & ||Aull3 , 2.4)
Q
d(6) = iI')l\f/: J(u), (2.5)
where N5 = {u € W,\ {0}, Is(u) = 0}, and

Ws ={ue W, : Is(u) > 0} U {0},
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Vs ={ue W, : Isj(u) <0}.

Before giving some important lemmas of this paper, we will show that the term fg |x|"*dx is
meaningful.

Remark 2.1. Letting R = sup |x|, N > 2, then we can get
xeQ

0<f|x|“dx§f |x| " dx
Q B(O.R)
R
:f [f |x|"°dS (x)] dr
o LJaBwo.r
R
= Wy f r iVl
0

wN _
= RV < o

N-—ys

b

N
where wy = % which shows that fQ |x|"*dx is meaningful.

Now we introduce some important basic inequalities.
Lemma 2.1. [27] Suppose that u is a positive number. Then, the following inequalities hold:
X Inx < (ep) "X, x>1,
and
IxX"Ins| < (er)™, O<x<l.

Lemma 2.2. [27] For any u € H}(Q), we have

+, (1-0)(r+p) (r+p)0
llullyye < Co Mlaally ™" Aully ™",
U

where Cg > 0 depends on Q, N, and p, 0 = N‘(Ff )2) €(0,1),0<u<d+2-r

Lemma2.3. /28] LetRY =R'xRV 2<I<N,andx=(x,y) e R'xRN " If1<r<N,0<s<r,
and s <1, z(s,N,r) = %, then we can find a constant H > 0 related to s, N, r, and [ that satisfies

N-s

f || dx < H( f |Vu|’dx) L Vue W@
RN RN

Remark 2.2. (i) When z = r = s, this inequality is the classical Hardy inequality

(ii) Setting z = 2 in Lemma 2.3, we have r = +2, and H‘ Q) — W T (), and then there
exists constants Cy > 0 and C > 0 satisfying ||Vu||2 <C ||Au||2 such that Lemma 2.3 becomes

kA

f i ()Pl dx < HIIVulP o < Cp[IVull; < CuCllAul;
Q -5+
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Remark 2.3. The domain Q being bounded with Q C RY, leads to
mMUWWMSmeMS@@WM,WEW,
Q

where L is a normal number and large enough to satisfy |x| < L.

Lemma 2.4. Letting u € Hé )\ {0} and A > 0, we have
(i) Alim J (Au) = —oo, /llir(r)l J (Au) = 0.
—+00 -0+
(i) J(Au) is increasing on (0, %), decreasing on (1%, +00).
(@ii) I(Au) > 0 for A € (0, 2%), I(Au) < 0 for A € (1%, +0), and I(A*u) = 0.

Proof. By (2.1), we can get
A2 A" A" A"
J(Au) = > 1Aul3 + = llull; = = In A lull; — — f | In fu| dx,
r r r Jo

and then clearly (i) holds. For the derivation of the above formula, we can obtain
d
——JQM):A(Whmg—AFzmAHMK—AFZJAWVhHde)
da Q

Letting f (Au) = 27" <L J(Au), we have

d
—fum:ﬁrﬂv—mfﬁwmwmﬁu—mmﬁwmﬂwq.
da 0

Hence, by taking

2 =71) Jo,lul"InJul dx - ||u||:] 0

A =
! exp[ (r—2) lull]

such that < f (Au) > 0 on (0, 4y), and < f (Au) < 0 on (4, +00). As Alg(r)& f(Au) > 0 and Al_i)er f(Au) =
—oo, we can find a unique A* > 0 that satisfies f (1*u) = 0, f (du) < 0 on (A%, +0), and f (Au) > 0
on (0, A%). Thus, %J (Au) 1s negative on (1%, +00) and d%] (Au) 1s positive on (0, 4*). Hence, (ii) holds.
From I(Au) = /ld_dr] (Au), we can then obtain the conclusions of (iii). O

Lemma 2.5. Letu € Hg (Q) and r satisfy (1.2). Then, for any a with 0 < a < % + 2 —r, the following
statements hold:

(@) Is(u) > 0 when 0 < ||Aull, < ¢ (5);

(iD) ||Aull, > ¢o(6) when Is(u) < 0, where ¢, (0) = ( B%‘K,)”;_Z, and B, is the optimal embedding
constant of HS(Q) — L'(Q).

Proof. By the definition of I5(u), the Sobolev inequality, and

Inju(x)| <

@ 5o,
a
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we can get
Is(u) = — f |u|" In |u] dx + (5||Au||%
Q
1 r+a 2
>—— | |ul"""dx+ 6 ||Aull;
@ Jao
a+r 5 5
> 6 — " |Au|l5"* | |Aull5 .
( o llAuly )II ully
We can derive (i) and (ii) by a direct calculation. O

Lemma 2.6. Assume that u € Hé (Q), and r satisfies (1.2). Let

g() = sup ¢, (0) and h(9) = sup Y, (0),

ae(O,%+2—r] ae(O,%+2—r]

1
where Y, (0) = ( Sa )”H |Q|,(,+‘j,,2) , and B, is the optimal embedding constant of HS(Q) — L'(Q). Then

a+r
B

g (0) exists and satisfies 0 < g (6) < h(9) < +oo.

Proof. From Lemma 2.5 and g (6) , we can deduce that g (6) > 0 if g (0) exists. By Holder’s inequality,

we have .
rra
flul’dxs |Q|’*”(f |u|’+“dx) )
Q Q

Combining the embeddings H3(Q) — L™**(Q) and H}(Q) — L'(Q), we obtain

1 . AM _a . AM 1 o
- = lnf || ||2 S |Q|r(r+a) lnf u — _|Q|r(r+a).
B, uer\o) Ul 4o uerZ\©O} lull, B,
Hence,
6a r+a=2
¢ (6) ( Ba”) < Yo (0)
a

So, we have g (0) < h(6). Further, due to the continuity of ¥, (6) on [O, % +2 - r], we can get g (0) 1s
meaningful and
g0 = sup Y,(0) < max ]% (0) < +o0.

ae(O,%Jerr] QE[O,%+2—I’

After the above discussion, we have 0 < g (6) < h(0) < +o0. The proof is completed. O

Corollary 2.1. Letu € Hg (Q) and r satisfy (1.2). Then, we have I5(u) > 0 when 0 < ||Au||, < g(d) and
l|Aull, > g(6) when I5(u) < 0.

Lemma 2.7. Assume that u € Ns. Then:
(i) d () > 52g*(©6),0<5<L;

= 2r
(i) lim d(6) = —oo, lim d (6) > O;
0—+00 0—0*

(iii) d (8) is monotonically decreasing on 1 < 6 < £, and monotonically increasing on 0 < 6 < 1.
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Proof. (i) With regard to Yu € N, we get ||Aul|, > g(6) by Corollary 2.1. Therefore, from (2.5) and

1 ¢

) = (2 r

1
)nAuni + = (2.6)

we have d (0) > %ng (0) directly.
(i) It follows from (2.6) that 61im J(u) = —oo. Then, we can infer that 61im d(0) = —oo by (2.5).
—+00

—+00

Furthermore, from the conclusion of (i), we can get (gh%l d (0) > 0 directly.

(7ii) If we shall prove the monotonicity of d(6), we just need to prove the following conclusions: For
arbitrary 0 < ¢’ <¢6” <lorl <¢6” <¢" < 5, as well as u € N-, we can find v € Ny and &(6",6”) > 0
which satisfy J(u) — J(v) > &(¢’,0”"). Next, we define A(9) > 0 satisfying

(5||Au||§ =12 (llullf InA+ f |u|" In |u|dx) ,
Q

such that 15 (1(6) u) = 0. Specifically, it follows from A(6”") = 1 that I/ (1(6) u) = O for any u € Nj.
In addition, we take ¢(1) = J(Au). Then, combining with (2.4) we have

d
=0 () = (1= 0) Aull.
Letv=2A(0")u. Thenv € Ny. If YO < ¢’ < ¢” < 1, from Corollary 2.1 we have
JW)-=J ) =¢(1)-9¢(1(5))
1
= f A(1 = 8) |Aul dA
&)
> A(8)(1-2(8)(1-6")g*(5)
=&(8,0") > 0.
Similarly, if V1 < ¢” < ¢’ < % the above results can also be obtained. Therefore, we have (iii). O

Lemma 2.8. Let 6, 6, be two solutions of the equation d(6) = J(u), where 0 < J(u) < d. So, the sign
of I5(u) remains unchanged for 6, < 6 < 9.

Proof. J(u) > 0 means that ||Au||, # 0. On the contrary, if the sign of I5(u) is changed for 6; < § < 97,
we can find a 6 € (6;,,) which satisfies I5(u) = 0. Therefore, we can get J(u) > d(6) by (2.5). From
Lemma 2.7 (iii), we know that J(u) = d(8,) = d(5,) < d(6), which contradicts the fact J(«) > d(6). O

Lemma 2.9. Let u € Hé (Q) and r satisfy (1.2). If I(u) < 0, we can find a 1* € (0, 1) that makes
I(Au) = 0.

Proof. Let
e =27 (— llul| In A + f |ue|” In u| dx) ,
Q

so we can know that
Iy = 22 [[|Aull} - ¢ (D)].
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Combining /(u) < 0, Corollary 2.1, and the fact of r > 2, we can conclude that
@ (D) — [lAull; <0, as A — 0%,
@) - ||Aull; > 0,as A = 1.
So, there exists 4* € (0, 1) that satisfies ¢(A,) = ||Au||§, namely I(1*u) = 0. |
Lemma 2.10. [29] Suppose Z(t) is a second-order differentiable normal function satisfying
E'OE() - (1 + a)(E (1)) 2 0,
where a > 0. If 2(0) > 0 and Z'(0) > 0, then when

. _ =0

t>t <t = ——-,
aZ’(0)
we have E(t) — oo.

Definition 2.1. u (x,?) is called a weak solution of problem (1.1) on Q X [0,T), if the initial data

2

u(x,0) = uy(x) € Wy, u € L, T; W), u, € L? (O,T;H(l)(Q)) with fot [, l%dxdr < oo, and u(x,t)
satisfies

(u—ts, a)) + (Au, Aw) + (Vu;,, Vw) = <|u|r’2u In |u|, w> - <L f lu uln |u| dx, w> ,
|x] x| Tdx Ja

foranyt € [0,T) and w € HS (Q), where (-,-) represents the inner product in L* (Q) and {-,-) stands
for the dual product between H™*(Q) and H*(Q).

Definition 2.2. Assume that u(x,t) is a weak solution of problem (1.1), and suppose the maximal
existence time T, is finite, satisfying

lim

!
=1 max 0

(lqu @I + |||x|—%u(r)||§)df = oo,

Then u(x,t) blows up in finite time.

3. Local existence

Theorem 3.1. Let uy € W, and r satisfy (1.2). We can find a T > 0 such that problem (1.1) possesses a

unique weak solution u(x,t) € L* (0, T; W,), u, € L? (0, T;H, (Q)) with fot fQ %dxdr < oo and satisfies
u(x,0) = ug (x). Moreover, for 0 <t < T, the following energy equality holds:

! N 5
J(u(n) + f (19 + e + 1™ e Jorr = T, 3.1)
0
Proof. We provide the following cut-off function to solve the singularity:
o (x) = min{|x|"*,n}, ne N".
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Step 1. Local existence
For n € N*, we denote the solutions relevant to p,, of problem (1.1) as u,, and let

0 # u,(x) e W, = {u,, € Hg Q) : fpn(x)un (x,)dx = 0}.
Q

LetW,, = Span{e,--- ,e,}, where {e j}j; is a system of basis of Hg (Q2) and normalized orthogonal

in L? (Q). On the basis of their multiplicity of —Ae; = A;e;, we define the related eigenvalues repeated
by A;. We will establish the approximate solutions

W (x,1) = Zh (1) e (x),

satisfying the problem

m|=2

(pn(x)u:l"t, ej) (Au Aej) (Vum, Vej) :< w, | u, In|u

)

_ <P_<X> f ol > (3.2)
f pu(x)dx ¥
Q
and
W (x,0) = Zh e;(x) = uly — ug (x) in W, (3.3)
asm — oo, n — oo. Let
Fi= —/11.2},21]. () + f Zh (Dej(x)In Z h (e j(x) ejdx
j=1
Pn (x) €;dx - -
ff}g e sz fg Z K (1) e, (x) Zh () e;(x)In Z; R (1) e (x)| dx.

Hence, {hn’"]}m satisfies the following Cauchy problem

m

) [ f pn(x)ej(X)ej(X)dX] R0 = L (6) = Fj (0 (0 iy (), B, (8))
Q

j=1
h".(0) = f UnoW ;dx,
nj
Q
for j =1,---,m; this is an ordinary differential equation with hfj. According to Peano’s Theorem, the

above problem has a local solution h?j eC'[0,T,].
Multiplying both sides of (3.2) by /), (7), and summing over j from 1 to m, we have

m m
).

AIMS Mathematics Volume 9, Issue 8, 22883-22909.
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Integrating the above equation from (0, 7), we have

1 1 ' 1
s llee otz @l + [ sy e+ 3 9 o
0
1 1 1 ! r
= 5 [lon o (0)HZ+ > v ) + f f w" (@) In |ul" (0)]dxdr.
0 Q
So, we have t
S™(r) = 531(0)+f f u" In|u"|dxdr, 0<t<T, (3.4)
0 Q
where . - )
YHOES ‘ lon GO u™ (t)”2 + 5 || v O + f |au @), dr. (3.5)
0
For the term [} [[ || In || dxd in (3.4), let Q; = {x € Q[ |u, (x)] < 1}, Q = {x € Q[ |u, ()] > 1}. By
virtue of Lemma 2.1, we get
f ™| 1n [ dxzf [ 1n [u dx+f | 1n |u™| dx
Q Q| Q2
< (e,u)_] u, " dx (3.6)
(97
— m r+
< (ep)™" || r+z.

We choose 0 < u < % + 2 — r, and then combining (3.6) and Lemma 2.2, we apply Young’s inequality
with € and the embedding theorem, giving

m|" m -1 m||TTH
j; w,)| Infu)|dx < (ep)” ||u, reu
< (™" o [l [y [y S
1 2 | 2(1-0)(r+u)
< (eu)” CG8||AMZ1 , +(ew)” CsC (e) By ||Vu;” 2“’(’**‘) ,
where € € (0, 1). Substituting (3.7) into (3.4), we get
!
St <C+ sz [S” (1)]"dr, (3.8)
0

_ 4r+4u-Nr—Nu+2N o _ S0 _ (ew)'CoCe)2° .
where a = S v S 1, and the positive constants C; = o Con and C, = e Cor which

are independent of n and m. Then, the following inequality can be obtained by direct calculation:
Sy () <G, (3.9)

where C3 is a normal constant and only depends on 7.
Next, multiplying both sides of Eq (3.2) by hfj (1), summing over j from 1 to m, and then integrating
on (0, ¢), due to the continuity of J («) in H§ () as well as (3.3), we obtain

L

AIMS Mathematics Volume 9, Issue 8, 22883-22909.
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where C is a normal constant that depends of n and m.
Combining (3.5), (3.7), (3.9), (3.10), and Remark 2.3, we obtain

f (leacort
0

m 1
= ‘](un()) + ; fg

< C + (rew)™ Coe ||Au
< C + (rew) Coe ||Au)

2+1
2T 2

ml"

u,

> 1
2 m
+ ||Vum||2)d‘r + 5l

r

m|" m
w,| In|u,'|dx

2 _ m 2a
L+ (rep)”' CoC (2) By ||V )

2 - a a
L+ (rep)™' CoC (£) 27 By(C3)",

meaning that

' L m 112 1 Cge a2 L

f ( |pn(x)|2u”7 + ||VunT Z)dT " (E - i) ||Aun 2 + =2 14|,
0 2 rep r (3.11)

< C + (rep) ' CsC (£) 2B (C3)".
From (3.11), it can be inferred that

||u::l(t)||L°°(0,T;LP(Q)) < Cr, (3.13)
Ol 207110 S Cr- (3.14)
lon (012t porea) = 6 (3.15)

where C7 > 0 only depends on 7. By (3.12), (3.14), and the Aubin-Lions-Simon lemma [30], we have
u" — u in C0,T;L*(Q)), (3.16)

as m and n — +oo. Thus, we have u"(x,0) — u(x,0) in L?(Q2). From (3.16), we can get "™ — u, and
— |u|? uln|u| a.e. in Q x (0, T).

AR > 0in Lemma 2.3. Then, from Lemma 2.3 and (3.11), we obtain

2N 2N

N+4 N+4
dx = f dx + f
Q Q

2N(r—1+4p)
< (epy ™ f | T dx o+ e (r = DI Q)
Q

n

r—
m
un

2
m
u)' In

m
ui’l

Next, we can choose u =

J

o
r r— r N+4
u, u, uy dx

n

-2 m
u, In

2 m
u, In

-2 m
u, In

m m m
ul’l ul’l un

m

u,

< ()™ ||l + e (r = DI 192 < Cr.
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Combining Holder’s inequality and the above inequality, we have

r=2
=2 . ~ fQ wy| w) In|u)| edx
’ wy | wy Il =
H() (pe]-[g(Q) ||‘;0||H§(Q)
r=2 % % 2N S
(fQ u™ ™ In | +dx) (fg|(p|mdx)m
<
M2
N+4
r=2 % o
< Bz(f w, | u, In|u) dx) < Cr,
Q

where B, > 0 satisfies the Sobolev embedding Hé(Q) — L%(Q). Hence, it follows that

m|"

-2 m m
u uln|u <Cr.
' n n "= ,1;:H-2(Q)) T
So, we can know that
N
Pn ()C) m r=2 m m e
R — w| uw,In|u|dx| dx
Q prn x)dx Ja
2N
min {L7%, n})¥* |Q - -2
o indL DI e 2l
(min (L7, n} | Q) i
_-#? ™2 m m
= Q@ ||| In |uy ||| < Cr.
Nid

The above estimations allow us to get a subsequence of {u’,f’}znzl satisfying
u,! = u in L*0,T; Hé(Q)) weakly star,

wy — U, in LZ(O,T;Hé(Q)) weakly,
IpaCOI Ul = x| 2w, in LX(0,T; LA(Q)) weakly,

r
m
ul’l

— |uulnlu| in L¥0,T; H*(Q)) weakly star.

-2 m
u, In

m
un

Now, from (3.18)—(3.21), taking the limit in (3.2), as m and n — +oo, we have

|x

(u—ts, w) + (Au, Aw) + (Vu;, V) = <|u|"2u In|u|, w> - <L f lu| uln |u| dx, w> ,
| o 1 dx Ja

(3.17)

(3.18)

(3.19)
(3.20)
(3.21)

fort e [0,T], w € H(Z)(Q), and initial data satisfying u(0) = uy. Moreover, problem (1.1) is multiplied

by u, and integrated on Q X (0, 7) to get the following energy equality:

J (@) + fo (19l + 22 O b = 7 )

Step 2. Uniqueness
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Assume that u; and u, are the two solutions to problem (1.1) satisfying u; (x,0) = u (x,0) =
uy (x) € W.. Thus, we have the following two equations:

(lb%,w) + (Auy, Aw) + (Vuy, Vw) = <|M1|r_2bl1 In fuy| ,W> - <L f Jur 2wy In |uey| dix, W>’
x Q

f |x|"*dx
Q

(lb% w) + (Auz, Aw) + (Vup, Vw) = <|uz|’_2uz In fus| ,W> - <L f Jual2us In |1ty dix, W> .
X f x| ~Sdx ¥
o

Let v = u; — u, and v(0) = 0. Then, by subtracting the above two equations, we can derive

f x|~ v,wdx + f AvAwdx + f Vv, Vwdx = f luy | 2uyw n uy |dx — f o "2 uow In |up|d x.
Q Q Q Q Q

Let w = v and integrate above equation on [0, ¢]. Then, by Remark 2.3 and a direct calculation, we

have )
ME < 2M f f flu) = f Q) oy
0 Q

v

and

where M is a normal number and F(x) = |x|""* xIn|x|. Dueto F : R* — R* being Lipschitz continuous,
we can get

!
2 2
VB < Cy f VI3 dt.
0

It follows from the above inequality and Gronwall’s inequality that ||v|[; = 0. Therefore, we can get
v=0a.e. in Qx (0,7). O

4. Subcritical initial energy J(u() < d

First, we will show that Wj is invariant.

Lemma 4.1. Assume that uy € W,, r satisfies (1.2), 0 < e < d, and (61, 9,) is the maximum section
including ¢’ = 1 satisfies d(6) > e for any 6 € (61,0,). We can get all weak solutions of problem (1.1)
where J(uy) = e and I(uy) > 0 belong to Wy, 0 <t < Tpyx.

Proof. For 6 € (1,0,), combining I(uy) > 0 and Lemma 2.8, we have I5(uy) > 0, which means that
uy € Ws. Combining (3.1) and J(up) < d(9), we obtain

0 < J(u(n) + fo (IIVuT(T)H% + |l uT(T)”z)dT = J(up) < d(6). (4.1)

Then, we will prove that u(r) € Ws for any 6 € (d;,0,). Otherwise, there exists a minimum time

to € (0,T,4y) that satisfies u(ty) € dWs, i.e. Is(u(ty)) = 0 with u(#y) # 0. Thus, by (2.5), we have

J (u (1)) > ir}\]; J(u) = d(6). Obviously, this contradicts (4.1). Therefore, the conclusion is proved. O
ue/Ng
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Remark 4.1. Providing the condition J(uy) = e is changed to 0 < J(uy) < e in Lemma 4.1, then the
conclusion also holds.

Theorem 4.1. Let uy € W.,, J(uy) < d, I(uy) > 0, and r satisfy (1.2). Then problem (1.1) allows a

global weak solution u € L0, c0; W,), u, € L*0, oo;Hé(Q)) with fotfg %dxdr < oo. Moreover, for
any 0 < t < oo, u(t) satisfies

J(u() + fo (19O + ™ e e = ) 42)

Proof. Since we know that the case of I(uy) > 0 and J(u) < O is contradictive with (2.3), we just need
to consider the case of 0 < J(up) < d and I(up) > 0. Then, we can getu € W by Lemma 4.1 if 6 = 1,
which means that / (u (t)) > 0. Combining J(u) < d and (3.1), we get

! s 9
J (@) + f (||Vuf O3 + ||l ur <r>||2)dr <d, (4.3)
0
where 0 < ¢ < T,,4. Combining (2.3) and (4.3), we can get
11 A 5 s 2
S = il 4l + [ (19 DI + e ) < (44
0

This estimate enables us to take 7),,, = +oc0. Hence, we have proved the uniqueness, and the energy
equation can also be obtained. m|

Theorem 4.2. Let uy € W,, r satisfy (1.2), and u(t) be the weak solution of problem (1.1). If0 <
J(up) < d, and I(uy) > 0, we can get the inequality
_s 2
IVu I3 + ||IxI72u()||, < c1exp{—cat},

2(1-61)

2
» €2 = ¢ C

where ¢; = |[Vuoll3 + |||x73

Proof. Multiplying (1.1) by u(?) and integrating at €2, for any 0 < ¢t < +o0o we have

d , Ldy s 2 ) ,
52 IV @Iz + 5 {2 u@, + lau @1 = fg lu ()] Infu (£)] dx.

Combining (2.4), by a direct computation we arrive at

5 dtuv <r>||2+ |||x| u@)|)s + (1 = ) 1A OB + I, (@) = 0. 4.5)

From Lemma 4.1, we obtain u(f) € Wy, which means that I5(u(t)) > 0, 6 € (01,02). Through the
continuity of /s relative to d, we have I, (u(t)) > 0, and (4.5) becomes

d s, ldy s 2 s
52 V@I + 5= [l ], < = A = sp lAu ;. (4.6)

Combining Remark 2.2 and (4.6), we have
_s 2
2 &IVl + 5 |||x| uo|[; < - (||| ), + Iu OIR).
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Integrating the above inequality, we get
2 —3 2
IVu @)ll3 + ||l "2 u@)[, < 1 exp{-cat},

2(1-61)

2 -3 12
where ¢; = [[Vuoll; + ||l 2 uo|,, e = &322

Next, the following lemma claims that the set V; is invariant

Lemma 4.2. Let uy € W,, r satisfy (1.2), 0 < e < d, and (61, ;) be the maximum section including
o' = 1 satisfying d(6) > e for any 6 € (01,6,). We can get all weak solutions of problem (1.1) where
J(ug) = e and I(uy) < 0 belong to Vs, 0 <t < T,un.

Proof. From Lemma 2.8 and I(1y) < 0, we can get I5(uy) < 0. Combining with 0 < J(uy) < d(9), it
follows from (4.2) that

0 < J(u(n) + f (190D + ™ e Jr = o) < ). .7)
0

Next, we will prove that I;(u(t)) < O for all t € [0, T,,,,). Otherwise, due to continuity of I5(u), there
exists a t; € (0, T,,.) Which satisfies u(t;) € dVy, i.e. Is(u(t;)) = 0 with u (¢;) # 0. According to (2.5),
we have J(u(t,)) > d(6), which contradicts with (4.7). Therefore, the conclusion is proved. O

Remark 4.2. Providing the condition J(uy) = e is changed to 0 < J(uy) < e in Lemma 4.2, then the
conclusion also holds.

Theorem 4.3. (0 < J(uy) < d) Let uy € W., 0 < J(up) < d, I(uy) < 0, and r satisfies (1.2). Then u(t)
blows up in finite time and the upper bound for blow-up time T,,,, is

po?

(r—2)po - (||VM0||§ + |||x|_5“0||§)’

Tmax S

where p and o are given in (4.13) and (4.14), respectively.

Proof. First, it is clear that J(u) < d from J(uy) < d and (4.7). Then, we can get u € V by Lemma 4.2
with 6 = 1. From Lemma 2.9, we can find a 4* < 1 that satisfies I(4*u) = 0. Hence,

. o f[r—2 @ 1 .
d<JQu) =@ )2( > )||Au||§ 5 llull” + ;I(/l u)
11 ! 4.8)
< (5 - ;) IAul + = lull

On the contrary, it is assumed that u is the global weak solution of problem (1.1). Then T,,,, = +co.
Forany T € [0, T},..), we construct

H(@) = f R(@)dr+ (T -1)R(0) + g(t +0)?, 4.9)
0
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1 ;
and H(t) > 0, where R(¢) = 3 (lqull% + |||x|_§u||§) , p > 0,0 > 0. We calculate the derivative of H(¢) as

H@®=R#)—-RO)+p(t+o0) :f %R(T)d‘l’-f-p(l-i—(f)
0

, (4.10)
= f (f Vu - Vu.dx + f |x|""u - urdx)dr +pt+o0),
0 Q Q

H' O =R O +p=—Tw+p=—rJw+ (% - 1)||Au||§ + % lullZ + p. @.11)

So, we can get

H@tH" (@)~ (1+e)[H OF =H@®OH" (1)
' ) o (4.12)
+(1+a): {g (1) - [2H (1)) = 2(T = ) R(0)] [ fo (nmuz + [l e z)dr +p }

in which we define

2
2)dT+p

!
2 _s
- [ f (19l + e
0

2

O [ fo (nwn% + |||x|‘5u||§)df +plt+ o)

!
- [f f (Vu - Vu, + |x|"°u - udx)dxdr + p (t + o)
0 Jo

Applying Holder’s inequality and the Cauchy-Schwarz inequality, we can get o(f) > 0. Next, we
choose a = % > 0, and (4.12) becomes

HOH (1) = 5[H O

> H(OH' (1)~ 5 [2H () - 2(T ~)RO)] [ f (”le_%ur
0
;)dT - rp}

r — 2 1 ! _Ss
=H (1) [—rJ(u>+ TnAun% + — lldly = r f (nmni + ||Ix 2 u,
0

=H@OM(),

2
L+ ||Vu,||§)dr +p

t
> H (1) [H” (0 -r f (19l + e
0

i)dr +( - r)p]

we denote « (¢) as

r 1 r ! _s 2
M) = —rJ (u) + (E - 1) 4wl + — ulf; - rf (||VuT||§ ||l 2)dT +(1-np.
0

From (4.2) and (4.8), the conditions under which we can choose p is

] (O’ rd- J(Mo))]

r—1

(4.13)
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such that

r—2 1
Aun=—3—nmma+;wm+(1—wp—erw

>rd-Jwy)+A-r)p=>0.
From what has been discussed above, we arrive at
HOH' (-1 +a)[H ®] > 0.

After direct calculation, we have H(0) > 0, H'(0) = po > 0. Therefore, by Lemma 2.10, we can

2H(O
find a T, that satisfies 0 < T, < # where H(t) — oo, t — T, and we can obtain that
(r=2)H'(0)

2
g
Tmax < P

=2 por = IVl + [l o)

where

Vatol + ||x 3 uo
,8>max{0, | uo(zrt||2|i:”°||2}. (4.14)

This obviously contradicts the assumption that H() is clearly defined on [0, T'] for any 7 > 0. Thus,
the finite time blow-up result is proved. O

Theorem 4.4. (J(uy) < 0) Assume that uy € W., I(ug) < 0, J(uy) < 0, and r satisfies (1.2). Then u(t)
blows up in finite time and

_s 2
IVu(O)I[3 + ||1xI73u(0)]|,
= (r2 = 2r) J (up)
Proof. In view of (2.2), (2.3), and R(¢), we can get

d
—R (1) = fVu - Vu,dx + f |x|"*u - u,dx
dt o 0

= f lul" In || dx — |Aull? = I (u) (4.15)
Q

r L.
= (5 = 1) w3 + = = 7 0.
According to (4.2) and (4.15), we arrive at
d
ER ) = -rJ(u) = —-rJ(uy) > 0. (4.16)
Then, from problem (1.1), we have
d 2 _s 2
- @) = - (IIVutllz + |1 2u,||2) <0. (4.17)
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Making use of Holder’s inequality and the Cauchy-Schwarz inequality, we get

d 1 S s
“R(0) 27 @) = 5 (IVulf + |||x|‘fu<r)||§) (19215 + [t o)
(4.18)

1 d r d

By a simple calculation, we have
(J W RO )= R@®) (R (1) —J (u) - —J () R (t)) (4.19)

for all # € [0, #). According to (4.19), J(up) < 0, and L(0) > 0, we obtain
JW)(R®)2 < J(up) (R(0))2 =-b<0. (4.20)
Combining (4.16) and (4.19), we have

d 2-r _ 2—r _%i
E(R (0 = T(R (1) 7 tR (1)

<rl=
-
- 2

2r—r

2 ,
) (R(1))"2J (u) (4.21)

2

b < 0.

Integrating (4.21) over [0, ¢] for any ¢ € (0, T,,,), then combining this with the fact » > 2, we have
2

0< (R < RO) - (r _zr)bt, t€(0,T,] (4.22)

Obviously, (4.22) cannot be established for all # > 0. Thus, 7,,,, < +0c0. Besides, it follows from (4.22)
that

RO)Z _||VM(0>||§+ [l <0>||2

(Z2)p (P =207 (w0)

The proof is completed. O

Tmax S

5. Critical initial energy J(uy) = d

Lemma 5.1. If uy € W.,, letting u be a solution to problem (1.1) which is not a steady-state solution,
we can find a t, € (0, T,.,) that satisfies

I ]
fo (lquT OB + [|lxFu, (T)||§)dr 5 0.

Proof. Assume that u(x,?) is an arbitrary solution to problem (1.1) with J(uy) = d which is not a
steady-state solution. Using the reduction to absurdity, we suppose that

j: (HHWT @IB + 1 " ur (T)H )dT =0 0= b

Thus, we can conclude u, = 0, which gives u(x, t) = uy(x) for x € Q and ¢ € [0, T), namely u(x,1) is a
steady-state solution, which is a contradiction. O

AIMS Mathematics Volume 9, Issue 8, 22883-22909.



22901

Theorem S5.1. Let uy € W, and r satisfy (1.2). If J(uy) = d, I(ug) > 0, then problem (1.1) allows a

global weak solution u € L*(0, co; W.), u, € L*(0, oo; Hé(Q)) with fot o %dxdr < o0,

Proof. First, we select a sequence {6;};., C (0,1) that satisfies I}im 6, = 1. Then, we discuss

problem (1.1) with initial data u (x, 0) = up = Grup(x).
We then claim that /(uy) > 0 and J(uy) < d. In fact, from 6, C (0, 1) and I(uy) > 0, we get

I(uor) = 67 || Augll5 — 6; In 6 |[uoll” — Q;Zf luol” In |ugldx
Q

> (7 (||Auo||§ —g f Juol” In |uo|dx) CRY
Q
> 621(up) > 0.
In addition, combining the above inequality and Lemma 2.6, we have
d 1 2 2 r r r r 1
—J(Ouo) = — | O [|Auolly — 6, In O [{uoll, — 6; | luol” In |uoldx | = —I(uox) > O,
d@k Qk Q 0/(
which implies that
J(uor) = J(Oruo) < J(up) = d. (5.2)

Since up; — up as k — +oo, by (5.1) and (5.2), we will use a method similar to Theorem 4.1 in the
subsequent proof. m|

Theorem 5.2. Let uy € W, and u(t) be the weak solution of problem (1.1), and r satisfy (1.2). If
J(up) = d, I(ug) > 0, then we can find positive constants satisfying

IVu IR + |2 u)||; < ¢ exp{—eat),

=012 | = 21=5
where ¢ = (||Vu ()13 + |1 2u<ro>||2)exp {eao), ¢ = 222,

Proof. First, on the premise of J(uy) = d, we claim that /(«) > 0 for 0 < ¢ < co provided that I(uy) > O.
Arguing by contradiction, we can find a ) € (0, T,,,,) that satisfies I(u(#y)) = 0, which means that
J(u(ty) > d. In view of energy equality (4.2), we get

J(u(to)) + fo (||Vur<r>||§ + |12 m(r)llj)dr = J(uo) = d.

10 d
So, we get f (It eI + IVl Jdr = 0 for 0 < 1 < o, which implies < = 0. Tt follows
0

that u(x,t) = ug for 0 < t < ty. Then, we can conclude that I(u(ty)) = I(ug) > 0, which contradicts
I(u(ty)) = 0. Thus, for 0 < 7 < co, we can get I(u) > 0.
Next, combining (4.2) and Lemma 5.1, we obtain

Julto)) = d - fo (19 OIB + [l e Jar < .
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So we can select the initial time 7, > O sufficiently small that satisfies I(u(#y)) > 0 and J(u(fy)) < d.
Then, using similar arguments as used in Theorem 4.2, we have

_s 2 _
IVu I + ||l u@)||, < coexp{—ca(t — i)},

— s =12 _ . .
where ¢y = ||[Vu (to)llg + |||x|‘2 u(fy) 5 €2 = %. Thus, by direct calculation, we can get

_s 2
IVu @I + [|lxI 2 u@)|[, < 3 exp{=cat},
where c¢; = cgexp {czfp}. The proof is completed. O

Theorem 5.3. Assume that uy € W,, r satisfies (1.2), I(uy) < 0, and J(uy) = d. So the weak solution
u(t) of problem (1.1) blows up in finite time.

Proof. From Lemma 5.1, we can find a sufficiently small 7; > 0 that satisfies I(«) < 0 for 0 < ¢ < 7.
Combining with (4.2), we obtain

Ju() =d - fo 9+ ([ e <

Therefore, we let t = f; as the new initial time, and we have I(u(f;)) > 0 and J(u(f;)) < d. Hence,
similar to Theorem 4.3, Theorem 5.3 is proved. O

6. Blow-up for high initial energy J(u() > 0

Lemma 6.1. Assume that uy € W, satisfies

r—2
0 < J(ug) < —————||Vuol?, 6.1
(uo) 2p(CH+1)C” oll> (6.1)

where Cy and C is defined in Remark 2.2. Then, for u € W,, we have I(u) < 0.

Proof. In view of (2.1), we have

1 1 1 1
J (up) = —I(up) + (5 = -) llAuoll3 + = ol
1 1 1 (6.2)
> —1(up) + (= — =) |Auoll3 .
r 2 r

Meanwhile, inequality (6.1) means that J (uy) < ||Au0||§, and combining (6.2) and the fact
Cyg+1>1, wehave I(uy) < 0.

Next, we shall prove I(u(t)) < 0 for t € (0, T,,..). If it does not hold, by the continuity of I(x) with
respect to ¢, we can find the first 7 € (0, T,,,) satisfies I(u(7)) < 0 for ¢ € (0,7) and I(u(f)) = 0 with

u(f) # 0. Then, by Corollary 2.1, we know ||Aul|, # 0. From (4.15), we obtain

r—2
2p(Cy+1)

d R
» (lqu O + |||x|_2u(t)||§) = 20(u) >0, 1e(0,D, 6.3)
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and, further, by Remark 2.2, we can get
IVuoll3 < [IVagl3 + [l o[, < |V D> + 6l 2u]f; < (o + D) |[Vud]; - (6.4)
Now we look for the contradiction. In view of (4.17), we arrive at
J(u(®) < J(up). (6.5)

Combining (2.3) (6.5), and I(u(7)) = 0, we have

T+ lI(u@)
or

-2 1
J @) = Jw(@) = == [|Au@; +  [Ju@

r—2 r—2
> 222 ol 2 2 ]
Then, by (6.1), we have the inequality
IVuol > (o + 1) |[Vud|f; -

which is contradictory to (6.4). Hence, we have I(u) < 0 for u € W.. O

Theorem 6.1. Assume that uy € W., J(uy) satisfies (6.1), and r satisfies (1.2). Then u(t) blows up in
finite time, and the blow-up time T,,,, satisfies

T < 2g«k
max

< R . 22’
(e = D(IVuoli + 1 o)

where €, g, and k are given in (6.14), (6.15), and (6.20), respectively.

Proof. We suppose that u(x, ) is a global solution, which means that 7,,,, = +c0. Henceforth, we
structure the following auxiliary functions

L() = fo (19 @I + - uo)|

K@) =L@ +q 'L (0)L) +«, (6.6)

where ¢ and « are given later. First, from (6.3), we have

L' (t) = -2I(u) = -2 (llAull% - f u|" In |ul dx)
Q

4 2(r—=2 1 1 1
= — |lull, + (r ) f || In |u|dx — 4= ||Au||% - - f lul" Inuldx + = ||ull, (6.7)
r2 r o 2 r Jo r2

4 2(r-2
= —4J (u) + = llull; + r=2 f lu|" In |u| dx.
r Q

r

Next, we will consider two situations.
Case 1: J(u) > 0 for 1 € (0, 00)
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Let € > 1. Combining energy equation (4.2), (6.7), and J(uy) > 0, we have

4 2(r—2
L’ (1) = = [leal| + (rr ) f lu|" In|uldx + 4 (e — 1) J (u) — 4eJ (u)
Q
4 2(r—2
> = [lull) + (rr ) f |u|" In |u| dx — 4eJ (u) (6.8)
Q

2(r-2)
r

! -3 2 4 r r
— 4e f (lquT @IE + || zu,(r)||2)dr+ = Il + f " 1 [ul dx — 4eJ (o) .
0 Q

From Lemma 6.1, we have I(1) < 0, which means
||Au||§ < f || In |u| dx. (6.9)
0

By Remark 2.2, (6.8), and (6.9), we arrive at
2(r—-2)

r

(||Vu||§ + |||x|—5u||§) 6.10)

2
[1Aull;

2 4
2)dr + =l +

!
L (1) > —4eJ (up) + 4e f (lquT||§+|||x|_5uT
0

i)dT + 2(r=2)

t
> —4e) (ug) + 4e f (lquT||§+|||x|‘%uT
0

rC(Cy+1)
! s 2(r-2
= —del (up) + e f (19l + e + 202 4
0 rC(Cgyg+1)
We can also derive from (6.10) that
2(r—2
L" (1) > —4eJ (up) + ~(r—)L' (7). (6.11)
rC(Cy+1)
Then, by solving the above inequality, we arrive at
202, 2rC(Cy + 1 _20-d
L@ > L et + 2CCa+ D 0 (1 - erc<cH+1>’). (6.12)
r —
Substituting (6.12) into (6.10), we get
! ; 2(r-2 2=
L’ () > 46f (IIVMTH% + |||X|_7uT 2)dT + [ﬁ—)L’ (0) —4eJ (uo)] e’ (6.13)
0 2 rC(Cy+1)
We can therefore choose € that satisfies the condition
-2)L' (0
lcec L 2DLO (6.14)

2rC (Cy + 1) J (1)
which means that we can choose such € that ensures the following condition on ¢ holds

5 [ 2(r=2)
2L’ (0) | rC(Cy+ 1)

0<g L' (0)—4eJ (uo)] ) (6.15)

2(r-2)
From (6.14), (6.15), and PLIGTDLEN 1, (6.13) becomes

!
L' () > 4e f (19l + 2] Jrr + 2ge ). (6.16)
0

AIMS Mathematics Volume 9, Issue 8, 22883-22909.



22905

By the definition of K(¢) in (6.6), we directly calculate that
K' (1) = (2LO) +¢7'L' ) ' ().

and
K" (6)=2(L' 1) + (2L +q'L' () L" (z).

Then,

(K (1)) = (ML 0 +4q7'L' (0) + g (L' 0)) (L (1))’
(4K () = 4+ (L O)F) (L' @))°

= (4K (1) - o) (L' 0,
where ¢ = 4¢ — ¢ 2(L’ (0))* > 0, which means that

K> (2g)(L (0))".

Then, (6.19) becomes
4K (1) (L' () = (L' ()" + (K’ (1))".
By (6.16), (6.18), (6.19), and (6.21), we have

2K ()K" (1) - (1+ &) (K (1))’
> 2K (1) [2(L 0) + (2L (1) + ¢ L (O) L (1)] - (1 + ©) 4K (1) - §) (L' (1))’
> 4€K (1) (2L (1) + ¢7'L' (0)) (2 f (||Vu,||§ + ||l H e

0

+ (K ) + oL’ ) - 1+ e (K (1))

On the other hand, L’ () can be written as

z)dr +qL’ (O))

!
L' (t)=L (0)+ 2f f (VuVu, + |x|"°u - u)dxdr.
0 Jo

Combining the Cauchy-Schwarz inequality and Holder’s inequality, we have

!
2f f (VuVu, + |x|"u - uT)dxdT]
0 Ja

!
+4L (0)f f (VuVu, + |x|"°u - u;)dxdr
0 Jo
2
2)dT
2
2)d‘z‘

i)dr +2qL (0) L (1)

2
(L' 1) = (L (0)* +

< (L' (0))* + 4L (1) f (IIVuT||§+|||xI_%uT
0

1
2

+ 4L (0) (L (r»%[ f (||Vuf||§ M
0

< (L' (0))* + 4L (1) fo (lquT||§+|||x|_%uT

2
2)dT

s
+2q7'L' (0) f (||Vuf||§+|||xr%uf
0
=A@).

(6.17)

(6.18)

(6.19)

(6.20)

6.21)

(6.22)

(6.23)

(6.24)
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Combining (6.21), (6.22), and (6.24), we can infer that
2K K" (1)~ (1+6) (K (1))
> 4eK (A ) + (K () + (L' (1) - (1 + &) (K’ (1))’
> 4eK (1) (L' () + 4K (1) = ) (L' (1))* + s(L' ()’ = (1 + ) (K’ (1))’
= 4eK (0 (L' (1)’ +4K (O (L' () = (1 + &) (K" ()’
= (1 +esL ) >0,
which says that, for ¢ € [0, 00), there is

K® K" 0 -(1+a) (K ®) >0,
-1
and here we choose a = ET Besides, through simple calculation, we have

K’ (0) = ¢ (L' (0))* > 0 and K(0) =« > 0.

2K (0
Therefore, by Lemma 2.10, there is a T, with 0 < T, < % which satisfies K(f) — oo, t —
e —
T>, and we can obtain that
2gk

< .
(e - D) (L (0))

Tmax

Case 2: J(u(f)) < 0 for some 7 > 0

By J(up) > 0 and the continuity of J(u) on ¢, we can find a time ¢* € (0, T,,,,) that satisfies J(u(¢) < 0
for t > ¢ and J(u(t*)) = 0. Thus, we choose u(¢*) to regard as a new initial datum. Further, it follows
from Lemma 6.1 that I(«) < 0 for t > t*. As to the proof of Theorem 4.4, the result of finite time
blow-up of the weak solutions is proved.

Based on the above two situations, we can infer the blow-up result of weak solutions in finite time
with supercritical initial energy. O
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