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1. Introduction

The concept of local derivations was originally proposed by Kadison, Larson, and Sourour in 1990
for the study of Banach algebras (see [6, 7]). In 2016, Ayupov and Kudaybergenov studied the
local derivations of a Lie algebra. They asserted that every local derivation of a finite-dimensional
semisimple Lie algebra over an algebraically closed field of characteristic zero is a derivation (see [1]).
Many researchers have focused on studying local derivations of Lie algebras (see [2,12,14]). Motivated
by [1], Chen et al. introduced the definition of local superderivations for a Lie superalgebra in 2017
(see [5]). More and more scholars have begun to study local superderivations of Lie superalgebras.
In [4,5, 13], Chen, Wang, and Yuan et al. studied local superderivations of a simple Lie superalgebra.
They proved that every local superderivation is a superderivation for basic classical Lie superalgebras
(except A(1, 1)), the strange Lie superalgebra q,, and Cartan-type Lie superalgebras over the complex
field. In [3, 11], Camacho and Wu et al. reached a similar conclusion for a particular class of
solvable Lie superalgebras and the super-Virasoro algebras over the complex field. One can also
consider local superderivations of a Lie superalgebra in their modules. When the simple modules
of a Lie superalgebra are completely clear, it is possible to determine the local superderivations of
a Lie superalgebra for all simple modules. In [10], Wang et al. determined the simple modules of
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the orthogonal symplectic Lie superalgebra osp(1,2) over a field of prime characteristic. In [8, 9],
Wang et al. studied the 2-local derivations of Lie algebra sl(2) for all simple modules and the first
cohomology of osp(1,2) with coefficients in simple modules over a field of prime characteristic.

In this paper, we are interested in determining all local superderivations of the Lie superalgebra
osp(1, 2) for all simple modules over a field of prime characteristic. The paper is structured as follows:
In Section 2, we recall the basic concepts and establish several lemmas. In Lemma 2.1, we show the
connection between the bases of the simple module and the bases of the inner superderivation space.
We introduce the notion of local superderivations for a Lie superalgebra to any finite-dimensional
module (see Definition 2.1). By [10], any simple module of osp(1,2) is isomorphic to some simple
module L,(4) for highest weight A and p-character x, and y is either regular nilpotent, regular
semisimple, or restricted. The first cohomology of osp(1,2) with coefficients in L, (1) was described
in [9], from which we obtain the bases of the vector space of superderivations. We introduce the method
to determine the local superderivations of osp(1,2) to L, (A1) of parity @ in Lemma 2.2. In Section 3
(resp. Section 4), we show that every local superderivation of osp(1,2) to L,(4) with y being regular
nilpotent or regular semisimple (resp. y is restricted ) is a superderivation.

2. Preliminaries

In this paper, the underlying field F is algebraically closed and of prime characteristic p > 2, and
Zy = {6, T} is the additive group of order two with addition, in which 1+ 1 = 0. Recall that a Zo-
graded vector space V = V5 @ V7 is also called a superspace, where the elements of Vg (resp. V7)
are said to be even (resp. odd). For @ € Z,, any element v of V,, is said to be homogeneous of

parity a, denoted by |[v| = a. Write {xy,...,x, | yi,...,y,} implying that x; is even and y; is odd in a
superspace. If {x;,...,x, | y1,...,Y4) 1S a Z,-homogeneous basis of a Z,-graded vector space V, we
write V = (xi,...,X, | y1,...,y,). Denote by Hom(V, W) the set consisting of all the F-linear maps

from V to W, where V and W are Z,-graded vector spaces. We define the Z,-gradation on Hom(V, W)
by Hom(V, W), = {¢ € Hom(V, W) | ¢(Vp) C Wop, B € Zo}.

Let L be a Lie superalgebra and M an L-module. Recall that a Z,-homogeneous linear map of parity
a, ¢ : L — M, is called a superderivation of parity « if

o([x,y]) = (=D™Mxp(y) — (=1)PHyp(x), forall x, y € L.

Write Der(L, M), for the set of all superderivations of L to M of parity a. It is easy to verify that
Der(L, M), 1s a vector space. Denote

Der(L, M) = Der(L, M) & Der(L, M)j.

For a Z,-homogeneous element m € M, define the linear map D,, of L to M by D,,(x) = (=1)*I" x.m,
where x € L. Then D, is a superderivation of parity |m|. Let Ider(L, M) be the vector space spanned
by all D,, with Z,-homogeneous elements m € M. Then every element in Ider(L, M) is called an inner
superderivation. It is easy to check that

D: M — Ider(L,M), m — D, (2.1

is an even linear map. Then we have the following lemma, which is simple and useful.
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Lemma 2.1. Let H'(L, M) = 0. Then the linear map D (defined by Eq (2.1)) is a linear isomorphism.
In particular, {D,, , D,,, ..., Dy,} is a basis of Ider(L, M) if and only if {m;, m,, ..., m} is a basis of M.

Recall the well-known fact that the first cohomology of L with coefficients in L-module M is
H'(L, M) = Der(L, M)/1der(L, M).

Obviously, H!(L, M) = 0 is equivalent to Der(L, M) = Ider(L, M).

Definition 2.1. A Z,-homogeneous linear map ¢, of a Lie superalgbra L to L-mod M of parity «
is called a local superderivation if, for any x € L, there exists a superderivation D, € Der(L, M),
(depending on x) such that ¢,(x) = D,(x).

Let B, = {D:,D,,...,D,,} be a basis of Der(L, M), and T, € Hom(L, M),. For x € L, we write
M(B,; x) for the matrix (Dx D,x ... D,,x) and M(B,,T,; x) for the matrix (M(B,; x) T,x), where
a € Z,. The following lemma can be easily verified by Definition 2.1.

Lemma 2.2. Let 7, be a homogeneous linear map of a Lie superalgbra L to L-mod M of parity a.
Then T, is a local superderivation of parity « if and only if the rank of M(B,; x) is equal to the rank of
M(B,, T,; x) forany x € L and a € Z,.

Seth := Ey —E33, e .= Ex3, f =Fy, E:=E3+E,, F:=E,—Ej, where Eij is the 3 X 3 matrix
unit. Recall that {h, e, f,| E, F} is the standard Z,-homogeneous basis of the Lie superalgebra osp(1, 2).
Hereafter, we write L for osp(1, 2) over F and L, (1) for the simple module of L with the highest weight
A and p-character y. Recall the basic properties of L, (1), which we discuss in this paper (see [10],
Section 6). There are three orbits of y € Lg:

(1) regular nilpotent: y(e) = y(h) = 0 and x(f) = 1;

(2) regular semisimple: y(e) = x(f) = 0 and y(h) = a” for some a € F \ {0};

(3) restricted: y(e) = x(f) = x(h) =0

That is, the p-character y is either regular nilpotent, regular semisimple, or 0. We have the following
standard basis for L,(1). For A < p, we have Ly(1) = (vo,Vv2,..., Va2 | Vi,V3,...,V20-1). For y # 0,
we have L, (1) = (vo,V2,...,V2p—2 | Vi, V3,...,V2p_1). The L-action is given by

hv; = (1 - v,

__(/1 +1- )V,-_z, if i is even,
-5,  ifiisodd,
vl+2, O<i<2p_39
fvi=1{x f"o, i=2p-2,
X, i=2p-1,

eV, =

——vl 15 if i is even,
1-5 l)v, 1, 1fiis odd,
Vit1, < 2p - 2’
—)(fvo, i= 2p - 1.

/—’_«r—’a
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By [9, Theorem 1.2], we have H'(L, L, (1)) = (0 | 1, ) for (1,x) = (p — 1,0), where
Yi(e) = vap-3, Y1(E) = =vap-a, Y2(f) = vi, Ya(F) = vy,
Yi(h) =y (f) = Y1 (F) = ¢a(h) = Yale) = Ya(E) = 0.
Otherwise, H'(L, L, (1)) = (0 | 0). By Lemma 2.1, we have
(Dyys Dyys -, Dyyy 5 | Dy Doy, Dy ), if y #0,

Der(L, L,(A)) = {(Dy,, Dy,.....Dy,, | Dy, D,...... Dy, ), ify=0and1#p—1,
(Dyys Dys s Dyy 5 | Dy Doy Dy i), ify =0and A= p—1.

3. The regular nilpotent or semisimple case

In this section, we shall characterize local superderivations of L to the simple module L, (1), where
x # 0. We have (see Section 2)

DCI'(L, L/\((/l)) = (Dvo, sza ey sz,,_z | Dv1 s DV3’ ey szp_| >
Let D; be the matrix of D,, under the standard ordered bases of L and L,(1). That is,

(D,,(h), D,(e), D,(f),D,,(E), D, (F)) = (vo,V2,...,V2p—2 | Vi,V3,...,V2p-1)D;.

By the definition of innner superderivations, we have

(h.v, e, fvi, Evi, Fv,), if i is even,
(Dvi(h)’va(e)’Dvi(f)’DVi(E)aDVi(F)) = op e e
(h.vi,ev;, fvi,—E.v;,—F.v)), ifiis odd.

Hereafter, write &; for the 5-dimensional column vector in which i entry is 1 and the other entries
are 0 as well as E; ; (resp. E,-, ;) for the 2p x5 (resp. p X p) matrix in which (i, j) entry is 1 and the other
entries are 0. Then forz € {0, 1, ..., p — 2}, we have

Dy =(A=20E 1) —t(A+1-0DE; 3 — E03 —tE,4+ Epyii s,
Dyy1 =A@ =2t=DE 1) —t(A=DEp 0 — Eprpinz — (A= 0DE 14— Eas,
Doy = A+ 1DEy,  + A+ DEy 12+ x(f )P Epriz— A+ DEp4 + x(f)E; s,
Dopy =(A+2)E, 1 + (A +2)E,_ 15+ X(f)Ei3+ Esp_14+ Esps.

For convenience, put / = {1,2,3,4} and Y = {y|,y2,...,yo}, where y; = &1, yar; = &; + &4,
Yorm = Em + & fori e I, j e I\{3,4} and m € I\ {4}. We introduce the following symbols for
kel{l,2,...,p}

/lxl —/lXZ 0 0

—X3 (/1—2))61 0 0
M(Bg; x); = S : : :

0 0 v (A=2k+Dx; (k- DA —k+2)x

0 0 -X3 (A =2k +2)x;
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—Axy 0 0 0
—x5 —(A-1Dx4 --- 0 0
M(Bi; x); = : : : ,
0 0 o —(A—k+2)xy 0
0 0 —X5 —(/l—k+ 1)x,
xs —x4 -+ 0O 0
0O x5 -+ 0 0
MBy; 0 = 1 e S
0 0 - x5 —(k—1xy
o o0 --- 0 Xs
A-Dx; —-(A-Dxy --- 0 0
—X3 (/l— 3)X1 0 0
M(By; x); = : : : .
0 0 cor A=2k+3)x; —(k—DA—-k+ Dx,
0 0 —X3 (A =2k + 1)x;

Proposition 3.1. Suppose that p-character y # 0. Let T,, be a homogeneous linear map of L to L, (1)
of parity a. Then the following statements hold:

(1) Suppose that y is regular nilpotent. The matrices M(B,, T,; x) and M(B,; x) have the same rank
for any x € L if and only if M(B,, T,;y;) and M(B,;y;) have the same rank for any y; € Y \ {y2, V4, s}
ifa=0andy; € Y\ {y3,v4, 6} if @ = 1.

(2) Suppose that y is regular semisimple. The matrices M(B,, T,; x) and M(B,; x) have the same
rank for any x € L if and only if M(B,, T,;y;) and M(B,;y;) have the same rank for any y; € Y \ {y4, ys}
ifa=0andy; €Y\ {ys,ys}ifa = 1.

A
Proof. Set Ty = (O g g g), where A, D € M, 3 and B, C € M,,,. Write a;;, by, c; and

d,; for the elements of matrix blocks A, B, C, and D, respectively, where i, j € {1,2,3}, q,1 € {1,2}.
Let X = (x1, X2,...,x5)" be the coordinate of any element x € L under the standard basis of L. In this
proof, wewrite le [, ke I\ {p},meI\{p—-1,p},t €\ {1}, where I ={1,2,...,p}.

(1) If y is regular nilpotent, that is, y(f) = 1, xy(e) = x(h) = 0. Then we have

Jana 7, -

M(Bg; x)), + x3E1

M(Bj; X)}, + XSEI,p)
M(Bg; x),, )

M(By; x) = :
(Bp; x) ( M(BI;X)f,+X3E1,p

) and M(Bj; x) = (
Then, M(By, Ty x) = (M(By; x) Tox) and M(By, Ty:x) = (M(By;x) Thx).
Since the matrices M(Bg, Tj; y;) and M(Bp; y;) have the same rank for any y; € Y\{y2, y4, ys}, we have

apr =b,1 =0, aj3=">bp,, a; =(A—=21+2)b,,
arp = —k(A =k + Dbis12, Qre13 = —bro, by = —kbgir2.

It follows that for any x € L,

T()X = bl,zDox + bz’zsz + ...+ bp,zsz_zx.
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That is, Tpx is a linear combination of {Dyx, D»x, ..., D,,»x}. Hence, M(By, Ty; x) and M(Bjp; x) have
the same rank for any x € L.
Since the matrices M(Bji, Ti;y;) and M(Bj; y;) have the same rank for any y; € Y\{y3, y4, Vs}, we have
dyr =0, cp1=—(A+1Dcip, dy_1p=dy1 = (A+ 1)cy2,
Cky = (A =k + Dk, diy = —(A =2k + Degyr 2,

dpy = M(A —m)Cpi22, diz = Cpp.
It follows that for any x € L,
TIX = —Cz,lex - C3’2D3X — .. Cp,zsz_3x + Cl,zsz_lx.

That is, Tix is a linear combination of {D;x, Dsx, ..., D, 1x}. Therefore, M(Bj, T1; x) and M(Bj; x)
have the same rank for any x € L.

(2) If y is regular semisimple, that is, y(e) = y(f) = 0, y(h) = a”, where a € F \ {0}. Then, for any
a € Z,, we have

. 1
M(B,: x) = (M(B“’x)l’).

M(B,; x);

Therefore, M(Bg, Tg; x) = (M(B(); X) T()x) and M(B1,T7; x) = (M(Bi;x) Tix).
A similar calculation, as in the case of regular nilpotent, shows that

a3z =ap,=b,1 =0, a;; =(A-20+2)b,,
arp = —k(A =k + Dbyy12, Grer3 = —brp, by = —kbyy 2.

It follows that for any x € L,
T()X = bl,zDox + b2’2D2X + ...+ bp,zsz_zx.

That is, Tpx is a linear combination of {Dyx, D,x, ..., D,, »x}. Hence, M(Bjy, Ty; x) and M (Bp; x) have
the same rank for any x € L.
Since M(Bji, Ti;y;) and M(Bj;y;) have the same rank for any y; € Y \ {y3, ys}, we have
dyy=di3=c12=0,d,) =dp_12=—cp1,c1 = (A —k+1)Crs12,
diy = —(A =2k + Deppr2, dma = m(Ad — m)Cpio2,di3 = €1
It follows that for any x € L,
1

TI)C = —C2,2D1X — C3,2D3X — ... Cp’zsz_3)C - —Cp,lsz_l.X.
A+1
That is, T1x is a linear combination of {D;x, D3x, ..., D5, 1x}. Therefore, M(Bj, T1; x) and M(Br; x)
have the same rank for any x € L. O

By Lemma 2.2, as a direct consequence of Proposition 3.1, we have the following theorem:

Theorem 3.1. Let L, (1) be the simple module of osp(1, 2) with the highest weight A and p-character y.
Suppose that p-character y is regular nilpotent or regular semisimple. Then every local superderivation
of osp(1,2) to L,(4) is a superderivation.
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4. The restricted case

In this section, we shall characterize local superderivations of osp(1, 2) to the simple module Ly(A).
We have (see Section 2)

(Dy,, Dy,,...,D,, | D,,D,,,...,D,, ), ifA#p-1,

’ V22-1

Der(L, Lo(1)) = .
(DV()aDvZ""’Dva_z | DV17DV35‘ . -,Dva_3, l//hw2>’ if A= pP— L.

Let D; be the matrix of D,, under the standard ordered bases of L and Ly(1). That is,
(Dv;(h)a DV[(e)’ Dv;(f)7 Dv,'(E)7 Dv,(F)) = (VO’ V2,...,V2 | Vi, V3, onns vZ/l—])Di-

By the definition of inner superderivations, we have

(h.vi, ey, fvi, Evi, Fv), if i is even,

D, (h),D,. (e), D, (f),D,(E),D,(F)) =
(D (). Dy(€): D). Do (E). Do (F)) {(h.v,-,e.v,-,f.vi, —Ewv;,—Fv,), ifiisodd.

Write &; for the A-dimensional column vector in which i entry is 1 and the other entries are O as
well as E,-, j for the (24 + 1) X 5 matrix in which (i, j) entry is 1 and the other entries are 0. Then for
me{0,1,...,4—-1}, ne{0,1,...,4 -2}, we have

Dy = (A - Zm)Em+l,1 —m(d—m+ 1)Em,2 - Em+2,3 - mEA'/l+m+l,4 + E/l+m+2,5’
Doy = (A= 2n = DEj01 = 1A = ) Epni12 = Eenzs — (A= n)E 14 — Epans,
Doy = (A= DEss1 — (A= DEpp — Eja — Enys,

Doy = —AE 11 — AE 5 — A4

Proposition 4.1. Let T be a homogeneous linear map of L to Ly(1) of parity 0, where 1 € {0, 1, ..., p—
1}. Then the matrices M(Bg, Tp; x) and M(Bg; x) have the same rank for any x € L if and only if
M(Bg, Tg; y;) and M(Bg; y;) have the same rank for any y; € Y \ {ys, y4, ys}.

A
Proof. Set Ty = ( where A € M,,,3 and B € M,,. Denote by a;; and b, the elements of

0
0 3
matrix blocks A and B, respectively, where i, j € {1,2,3}, ¢,1 € {1,2}. Let X = (x1, X5,..., x5)" be the
coordinate of any element x € L under the standard basis of L. In this proof, we write k € {1,2,..., 4},
tef{l,2,...,A—1}%L

It is obviously true that the proposition holds for 4 = 0. In the following, we assume that A is not
equal to 0. Denote

M*(B();x)ﬁ = (M(B();X)ﬁ _/lx“g/l)gxun)'

Then we have

(B0 = ().

M*(Bg; x);

Therefore, M(By, Ty; x) = (M(Bg;x) Tox). Since the matrices M(By, Ty y;) and M(Bg: y;) have the
same rank for any y; € Y \ {ys, 4, ys}, we have

a3 =ay12=0,a2 =by1, a1 = (A =2k +2)by2,
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ap = —t(A—t+ Dbp1o, k13 = —bro. by = —thyy 5.

Therefore, for any x € L, we have
1
T()x = bl,gDox + bz,zDgx + ...+ bqu_zx - /—1b2,1,2D2,1X.

That is, Tpx is a linear combination of {Dyx, Dx, ..., Dy x}. Therefore, M(By, Ty; x) and M(Bg; x)
have the same rank for any x € L. O

Proposition 4.2. Let 77 be a homogeneous linear map of L to Ly(A) of parity I, where A € {0,1,...,p—
1}. Then the following statements hold:

(1) Suppose that 4 # p — 1. The matrices M(Bj, T1; x) and M(Bj; x) have the same rank for any
x € Lif and only if M(B1, T7;y;) and M(B7;y;) have the same rank for any y; € Y \ {yg}.

(2) Suppose that 4 = p — 1. The matrices M(Bj, T7; x) and M(Bj; x) have the same rank for any
x € Lif and only if M(Bj1, Ti;y;) and M(Bj;y;) have the same rank for any y; € Y \ {y1, ¥2, ¥3, V4, Vs}.

0
Proof. Let T; = ¢ , where C € My, and D € M,;. Denote by c; and d;; the elements of
D 0 ’ ’ /

matrix blocks C and D, respectively, where i, j € {1,2,3}, k,[ € {1,2}. Let X = (x|, X2, ..., x5)" be the
coordinate of any element x € L under the standard basis of L. In this proof, we write k € J, m € J\ {1},
te J\ {4}, where J ={1,2,...,4}.

(1) Let 4 # p — 1. Denote

\ M(By; x)!
M’ (By; x)) = (_x @ )TA) :
SNV asyxa

Then we have

M(Bi: ) = (M*(BTQ x)ﬁ) .

M(Bj; x);

Therefore, M(Bji, T7; x) = (M(Bi; X) TIx).
Since the matrices M(Bj, T7;y;) and M(B7;y;) have the same rank for any y; € Y \ {yg}, we have

diz=dys=cip=ci11 =0,di1 = —(A =2k + 1)cis12,
dip = —HA = 1)Cri22,dp3 = Cnoa, k1 = (A =k + 1)Cpy1 2.

Then, for any x € L, we have
TTX = C2,2D1X + c3,2D3x + ...+ cﬂ,2D24_3x + C,1+1,2D2,1_1x.

That is, T7x is a linear combination of {Dx, Dsx,...,D,,_1x}. Therefore, M(Bj, Ti; x) and M(Bj; x)
have the same rank for any x € L.
(2) Let 4 = p — 1. Using the fact that M(Bji,T7;y;) and M(Bj;y;) have the same rank for any

yi € Y\ {y1,¥2,¥3, Y1, ys}, We have

Ck1 = —ka+1,2,dk,1 = 2kck+1,2,dz,2 =—(r+ 1)Cz+2,1,

diz = Ck,Zadp—l,Z = ~Cp1-
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Therefore, for any x € L, we have
zj = —Cz,lex - C3’2D3X - .. — Cp’zsz_3X — Cp’llﬂlx + Cl,zlﬁzx.

That is, Tix is a linear combination of {Dx, D3x, ..., Ds,_1x,¥1x,Y>x}. Therefore, M(By, T7; x) and
M(Bj; x) have the same rank for any x € L. |

By Lemma 2.2, as a direct consequence of Propositions 4.1 and 4.2, we have the following result:

Theorem 4.1. Let L, (1) be the simple module of osp(1, 2) with the highest weight A and p-character y.
Suppose that p-character y is restricted. Then every local superderivation of osp(1,2) to L, (1) is a
superderivation.

5. Conclusions

Let L be the orthogonal symplectic Lie superalgebra osp(1,2) over an algebraically closed field of
prime characteristic p > 2. By [10], any simple module of L is isomorphic to some simple module
L, (1) for highest weight A and p-character y, and y is either regular nilpotent, regular semisimple, or
restricted. According to Theorems 3.1 and 4.1, the following conclusion can be summarized: Every
local superderivation of L to any simple module is a superderivation over an algebraically closed field
of prime characteristic p > 2.

We give an example. Every local superderivation of L to a 1-dimensional trivial module of L is
a superderivation. In fact, according to the definition of superderivations, we can obtain that every
superderivation of L to a 1-dimensional trivial module is equal to 0. According to Definition 2.1, we
know that in this case, every local superderivation is equal to 0.
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