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1. Introduction

The singularity phenomenon exists in a large number of physical models and biological processes,
for instance, viscoelasticity, aerodynamics, hydrodynamics, rheology, and infectious diseases. In
nonlinear elastic fracture mechanics, there is a singular relationship between the range q and the stress
near the crack tip; the stress shows that the power singularity is q‘%, where q is the range determined
from the crack tip [1]. As is well known, fractional differential equations have significant advantages
in describing local limitations and long-term, large-scale physical phenomena. Westerland [2] depicts
the transmission of electromagnetic waves in the following model:

0’B(u, s) , 0’B(u, s)
ﬁgT + 29g)(Z)SB(u, s) + T =0,
here ¥, ¢, x are constants, and D} B(u, s) = % is a fractional derivative. The authors in article [3]
constructed a fractional Maxwell model
d° de
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with fractional parameters p and p satisfying 0 < p <o < 1.
This work treats the singular fractional order system:

Diyiw(1) + Ay f1(t, w(), v(1) = 0,
DY) + D folt, w(), v(1) =0, 0 <1 < 1,

w(0) =w'(0) = -- W™ =0, Diiw(l) = f " hi(5)DE w(s)ds, (1.1)
0

72
v(0) =v/(0) =-- v =0, Dv(1) = f ha(5)DEv(s)ds,
0

where 4; > 0 (i = 1,2) is a parameter, and Z)gi is the Riemann-Liouville derivative. n; — 1 < «; < n;,
n>3,1<p <n-20<gq; <ps,pu >00<mn <1,h e L'0,1] is nonnegative, A; =
I'a)/T(a; — p)(1 — p; fom hi(s)s“971ds) > 0, f; : (0,1) X [0, +00)* \ {(0,0)} — [0, +00) is continuous,
fi(t, x,y) may have singularity at t = 0, 1 and (x,y) = (0, 0).

Fractional calculus has attracted widespread attention from scholars in various fields. Additionally,
a large number of theories and arguments have been concentrated on that can be utilized to characterize
various differential equations, such as operator theory [4-6], space theory [7-10], variational
methods [11-13], fixed point theorems [14—17], etc. For instance, employing the fixed index theory,
Xu et al. [18] talked over the fractional boundary value problem (BVP):

{ng(t) +h(Of(t,u()=0,0<t<1l,n—-1<a<n, n>3, 12

W0)=0,0<k<n-2, [@gu]t:l:o,lgﬁs;a—z,

where D, is the Riemann-Liouville derivative. f € C([0, 1] X [0, +00), (0, +00)), h € C(0, 1) N L(0, 1),
h is nonnegative. By adopting the famous Krasnosel’skii fixed-point theorem, the author in [19] also
researched BVP (1.2) with f : [0, 1] X [0, +c0) — [0, +00)) being continuous and & = 1.

Henderson and Luca [20] focus on the following equation:

D) +aftu@) =0,0<t<1, n—l<a<n, n>3, (1.3)

with multi-point boundary value conditions of fractional order

m

w(©0)=0,§=0,1.2,..n-2, Dhu(l) = > a:Dfu). (1.4)

i=1

where p > 0 is a parameter and Oj, is the Riemann-Liouville derivative. 0 < & < --- < §, < 1,
1 <p<n-20<g < p, the sign of f can be changed, and it can be singular when # = 0, 1.
Existence results for at least one positive solution are given in [20] according to Krasnosel’skii fixed-
point theorem.

Wang and Jiang [21] also studied Eq (1.3) with the parameter i = 1, and the boundary condition is

. 1
w(©0)=0,j=0,1,2,...,n -2, Dy.u(l) = ﬁf h(s)DI u(s)ds. (1.5)
0

They determined that there exist two positive solutions on the basis of the Leray-Schauder nonlinear
alternative and the fixed-point theory of cone tension and compression.
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Motivated by the aforementioned works, in this article, we consider the system (1.1), under the
argument of fixed-point theory, whose existence will be gained. What is more, we obtain the exact
interval in which the positive solution exists under the confinement of the singularity in nonlinear
term. The remaining parts of this article are arranged as below: In Section 2, we put forward some
preliminary and necessary lemmas. The proof of system (1.1) will be constructed under the fixed-point
theory in Section 3. In the following section, an example for demonstrating the applicability of the
primary conclusions will be given. In Section 5, we draw conclusions from this article.

2. Preliminaries and lemmas

Please refer to [22, 23] for the related definitions and lemmas of fractional derivative and integral.

We put in several lemmas for the rest of the paper. The following Lemmas 2.1 and 2.2 have been
proved in [20, 24, 25].

Lemma 2.1. Assume that A\; # 0, y; € C[0, 1] (i = 1, 2), the boundary value problems
Dz +y, (1) =0, 0<r <1,
Ti
20)=Z(0) =+ 2" =0, DIE() = f hi() DL Z(s)ds,
0

has the representation

1
21 = ﬁ Gi(t, 9)yi(s)ds,

in which
Gi(t,s) = Gul(t,s) + Gnl(t,s), i=1,2, (2.1)
1 [ A=) P == P, 0<s<1<],
gil(t5 S) = = < ai—1 ai—pi—1

[(a;) [ (1 = s)¥ 7P, 0<t<s<l,

M[‘t(li_l i
Gi(t,s) = f hi(H (¢, s)dt,
i 0
1 taf—%'—l 1 —s @i—pi—1 _ t—§ (Yi_Pi_l’ 0<s<r<l1,
Hi(t,s) = ————13 ._1( : R =9
I'la; —q;) (1979 (1 — )@ 7P, 0<t<s<l.

Lemma 2.2. G(t, s) (i = 1,2) labeled (2.1) has the following properties:
(1) Gi(t,s) € C([0,1] x [0, 1], [0, +00)).
(2) Gi(t,s) < &(s), 0<t,s <1,

i ' —_ i1 — (1 — i
&i(s) = hi(s) + Z_l, ‘[(:I hi(OH(t, s)dt, hi(s) = (I-y) pr(gi) (1 S)p).

(3) w(Hé(s) < Git,s) <ow(), 0<t,s <1,

o) = min{r* ", 7"}, @) = max{r* !, 127",
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O =max {F(al)

['(ay)

Denote the Banach space X = C[0, 1] X C[0, 1] with norms:

1
+,U1f (Ot~ ATy — q1)
0

172
+,U2f hy ()t~ dt | AT (ary — Clz)}-
0

lw, vl = [wll + VIl lIwll = max [w(r)], [[v]] = max [v(2)].
0<t<1 0<t<1

Let

K ={w,v) € X :w(t) > 0@)|wll, v(t) =@V, 0 <t <1},

then K C X is a positive cone. For any real number 0 < 7 < R, let

Kig ={w,v) € K7 < l(w,v)l| < R}, I = {(w,v) € K : ||(w,v)|| < 7).

For i = 1,2, the assumption through the work must hold.

(H)) f;:(0,1) X [0, +00)*> \ {(0,0)} — [0, +00) is continuous and

|filt, %, 9] < biOF (1, x, ), (2, %,) € (0, 1) X [0, +00)* \ {(0,0)},

b, € C(0, 1), b; is singular at t = 0 andfor t = 1, by(t) Z 0 on [0, +o0), F; : [0, 1] X [0, +00)* \ {(0,0)} —

[0, +00) is continuous,

lim sup f Ei(b;()F (s, w(s),v(s))ds =0, 0 < r{ <r; < 400,
H(m)

m—+00 (W,V)EW[,T ,r;]

m

(H,) fol E(s)bi(s)ds < +oo.

where H(m) = [(), l] U [’7%1, 1].

Remark 2.1. (H;) can be inferred from (H,). As a matter of fact, by (H), for 0 < r; < r, < +o0,

choose (w(z), v(¢)) = (” ’—]) € Kiy,.-,)» for any fixed m > 0, we have

202

H(m)

Since F; : [0, 1] X [0, +00)? \ {(0, 0)} — [0, +00) is continuous, we have

&i(s)bi(s)ds < +oo.

H(m)

m

Asb;, & |3, m-l| _5 [0, +c0) is continuous, we see that
m

AIMS Mathematics

7
f:
m

m—1

" E(s)by(s)ds < +oo,

E(5)bi()F; (s, 2, %)ds <ol i=1.2.
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1 m_1
f &i(s)bi(s)ds = f &i(s)bi(s)ds +
0 H(m)
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=

7

" E()bi(s)ds < +o0, i = 1,2,
According to conditions (H;) and (H,), for any (w,v) € K \ {(0,0)}, define 7 : ‘K \ {(0,0)} — X,

T (w, (@) = (T1w, v)(0), T2(w,v)(0), 0 <t <1,

(2.2)
1
Tilw,v)(@) = A f Gi(t, 5) fi(s, w(s), v(s))ds, i = 1,2.
0
It can be declared that 7 (w,v) is well defined. Actually, for any fixed (wg,vo) € K \ {(0,0)}, there
exists r > 0, such that ||(wy, vo)|| = r. In (H;) and (H,), we will show that
1
Ti(wo, vo)(r) = ﬂif Gi(t, ) fi(s, wo(8), vo(s))ds < +oc0, 0 <t <1, i=1,2.
0

(2.3)

By (H,), there exists IeN (N represents the set of natural numbers) such that
sup 4;

Ei(bi($Fi(s,w(s),v(s))ds < 1, i=1,2.
(w)edk, H(l)
For each (w,v) € %, t € [%, 7‘7‘],

w'r <w) +v(t) £r, @ = min {ZJ(t) A= l
Let

7—1}
= .
1 -1
M = max< gt x,y): 7$ts ?, Wr<x+ys<rn x
So, by (H;), (Hy) and Lemma 2.2, forO0 <t <1, i = 1,2, we have

- 2}.
T i(wo, vo)(1)

1
sup  4; f Gi(t, 5) fi(s, w(s), v(s))ds
(w,)edK, 0

\%
=}

<

<

1
< sup A f Ei(s)bi($)F (s, w(s), v(s))ds
(w,v)eIK, 0
< sup A | _&(9)bi(9)F (s, w(s), v(s))ds
(w,)eIK, H()

=1
+ sup A
(w,)eIK,

G (5IF (5, ws), ()

1
<l+ M/llf é‘:i(S)bi(S)dS < +00.
0
AIMS Mathematics
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Then, we know (2.3) holds. In combination with the continuity of G;(t, s), T:(wo, vo) € C[0,1], T :
K\ {(0,0)} — C[O0, 1] is well defined. Therefore, 7 = (71,7>) : K \ {(0,0)} — X is well defined. The
fixed point of operator 7~ in K \ {(0, 0)} is the solution of the system (1.1).

Lemma 2.3. Assume that (H,) (H;) hold. Then T : K, ,,; = K is completely continuous.

Proof. Firstly, we illustrate 7 (Kj,,.,}) € K. Fori = 1,2, (w,v) € Ky, 1, 0 < t < 1, as for the proof
of (2.3), we know

1 1
A; f Gi(t, ) fi(s,w(s),v(s)ds < A; f &Ei(s) fi(s, w(s), v(s))ds < +oo.
0 0

So, by (H,) and Lemma 2.2,

1
17w, Il = max |Ti(w, v)(1)| = max |4; fo Gi(t, ) fi(s, w(s), v(s))ds

1
< /l,-f &i(s) fi(s,w(s), v(s))ds < +oo.
0

By (H,) and Lemma 2.2, for any (w,v) € Ky, 0 <t < 1,
1
Ti(w,v)(@) =4; f Gi(t, 5) fi(s, w(s), v(s))ds
0

1
>4 f w(D)Ei(5) fi(s, w(s), v(s))ds.
0

Then T:(w, v)(t) = wOIT:(w, I, T (Kir,.r1) € K.

Next, we explain 7 : K, ,,; — K is a continuous operator. Let (w,, v,), (w,v) € K|, -], such that
[|Wys vi) = (W, V)| = 0 (n = +00), we will prove that |7 (w,,v,) =T (w,v)|| = 0 (n — +00). By (H)),
for any € > 0, there exists ¢ € N satisfying

sup  4; ()b ($)F (s, w(s), v(s))ds < f, i=1,2. 2.4)
WKy JHEO) 4
For each (w,v) € Ky, ), t € [%, %], we have

— 1 ¢-1
w'ry <w() +v(t) £ ry, ' =min {w(t) ‘TE [E’ 7]}

= ] w'ry < w(t) +v(t) < rp, w(t), v(t) meet one of the following three cases:
(1) & <w() < 1y, % <w(t) <.
(2) L < w(f) < 1, 0 < W) < 41
(3) 0 <w(t) <41, <L <v(b) < 1o
Since for (¢, x,y) € |1 %] X [‘”", 2] X [%, r2] or (¢, x,y) € [%, %] X [M r2] X [0, %] or (¢, x,y) €

[l ﬂ] X [0, %] X [f% 2], fi(t, x,y) is uniformly continuous, we have

£’ L
lim {£i(s, wa(5), va(s)) = fils, w(s), ()| = 0, i = 1,2

AIMS Mathematics Volume 9, Issue 8, 22435-22453.



22441

holds uniformly on s € [lg, f;é,l] Then the Lebesgue-dominated convergence theorem yields that

A [ BS99, = Fsw(5) W = 0. = oo, 1= 1.2,

So, for the above £ > 0, there exists a sufficiently large Ny(Ny € N), when n > Ny,

A ﬁ EIs Wa(9),91(5) = fils w(s). V(s)ds < Si= L2 2.5)

It follows from (2.4) and (2.5) that, when n > Ny,

T :(Wn, vi) = Ti(w, V)|

1
<4 j; Gi(t, $) fi(s, Wa(5), va($)) — Gi(1, 5) fi('s, w(s), v(s))ld's

S/lif [ Ei(ONfi(s, wa($), va(8)) = fi(s, w(s), v(s))lds

+ sup 4 Ei(bi()IFi(s, wa(s), viu(5)) + Fi(s, w(s), v(s))lds

WK JHO

<g, i=1,2.

Thatis, 7 : K}, .,y — K is a continuous operator.

Then, we show 7 : K|, ., — K is compact. Let A C K|, ., be any bounded set. For (w,v) € A,
we have r| < ||(w,v)|| < r.. By (H)), there exists j € N satisfying

sup /l,-f Ei(bi($F(s,w(s),v(s)ds < 1, i=1,2.
H())

(W,V)E']([rl 2]

For each (w,v) € K|, .}, t € [%, %], we can see

- 1 57-1
W'y <w(t) +v(t) < ry, w”:min{w(t):te[—,J—]}.
J J
Let
7" 1 J~ ” .
M’ =max<sF(t,x,y): —<t<——, '1<x+y<r,x>20,y>0,i=1,2¢.
J J

AIMS Mathematics Volume 9, Issue 8, 22435-22453.
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So, by (H;) and (H,), we have

1
sup A f Gilt, ) fi(s, w(s), v(s))ds
0

(W,V)E']([rl 2]

I
< sup /lif-fi(S)bi(S)Fi(S,W(S),V(S))ds
0

(W,V)E(]([rl ]

< sup 4 Ei()bi()F (s, w(s), v(s))ds

(WaV)E(]([rl,rz] H())

+ osup A f Gy (5. w(s), v(s))ds

(W,V)E(l([,-l o3 ;

1
<1+ M”/lif &i(s)bi(s)ds < +oo, i =1,2.
0

Therefore, for any (w,v) € A,0 <t < 1, we have

1
A f Gt ) (5 w(s), v(s))ds
0

1
<  sup /lif Gi(t, 5)f:(s,w(s), v(s))ds
0

(W’V)e(]([rl ,rzj

1
<1+ M"/lif &i(s)bi(s)ds < +o0, i =1,2.
0

So, 7(A) is bounded in X.
Finally, we explain that 7;(A) is equicontinuous. By (H;), for any & > 0, there exists 7 € N, we
have

sup A ()b ($)F (s, w(s), v(s))ds < Z, i=1,2.

(W»V)Eq([rl,rz] H(h)
Let

1 h—1
;ISIST’ wOrlSX+ysr29 XZO’yZO,i:LZ},

My = max {F,-(t, X,y):

Wy = min {ZD(I) ‘te [%, 7%1]} . The uniform continuity of G;(t, s) on [0, 1] X [0, 1] means, for the above
£ > 0, there exists 6y > 0 such that for any t,,1, € [0, 1], |t; — t2] < 6o, 5 € [%, %], we have

B-1 -1
|g,-<r1,s)—gi<rz,s>|<g(MoAi f bi(s>ds] Li=1,2.

1
i

AIMS Mathematics Volume 9, Issue 8, 22435-22453.
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Thus, when 1,1, € [0, 1], |t} — 12| < 0y, for any (w,v) € A,

ITi(w, v)(t1) = Ti(w, v)(12)|

h—=1

<4 [h Gi(11, 5) = Git2, | fi(s, w(s), v(s5))ds

7

+ sup /L‘f IGi(t1, 5) — Gi(ta, )|bi()Fi(s, w(s), v(s))ds
H(n)

(u,V)E‘]([rl 2]

Al

h
gg YoM | E(s)bi(s)ds <&, i= 1,2
n

This means that 7;(A) is equicontinuous. By the Arzela-Ascoli theorem, T;(A) is a relatively compact
set. S0 T = (71,72) : Ky, = K is compact. Combining with the continuity of 7' : K, ,,; = K,
T : Kir,.r,) — K is a completely continuous operator. m]

The following Lemmas 2.4 and 2.5 can be used to explain the existence of the fixed point, that is,
the existence of positive solutions to the system (1.1).

Lemma 2.4. [26] Let P be a positive cone in a Banach space E, Q, and Q, are bounded open sets
inE 6e€Q,Q c A:PNWL\Q — Pis a completely continuous operator. If the following
conditions are satisfied:

[[Ax]| < ||x]l, Yx € PN OQ, ||Ax]| = ||x]l, Yx € P N 0Dy,
or

[[Ax]| > ||x]l, Yx € PN IQ;, ||Ax]| < ||xll, Yx € P N 0Qy,
then A has at least one fixed point in P N (ﬁz\Ql).

Lemma 2.5. [27] Let P be a positive cone in a real Banach space E. Denote P, = {x € P : ||x|| < r},
5,,13 ={xeP:r<|xll £RLO<r<R< +c0. Let A : ?’r,R — P be a completely continuous operator.
If the following conditions are satisfied:

(1) lIAx]] < [Ix]l, Vx € 0Pk,

(2) There exists a xy € 0P, such that x # Ax + mxy, Yx € 0P,, m > 0,
then A has fixed points in ﬁr’R.

Remark 2.2. If (1) and (2) are satisfied for x € 0P, and x € 0P%, respectively, then Lemma 2.6 still
holds.

3. Main results

Theorem 3.1. Assume that (H,) (H,) (H3) hold.
(H3)
Fi(, x,
0 < F° = lim sup max Filt, %, y) <L,

xty—+oo  t€[0,1] X+ y
(x,)#(0,0)

. . . 1 t’ X,

0 </ < fio=liminf min u£+
(x+))~;(>g”(f)) t€la,blc(0,)  x+Yy
Xy A

OO,i: 1’25

AIMS Mathematics Volume 9, Issue 8, 22435-22453.
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-1 -1
where L; = (4 fol f,-(s)bl-(s)ds) , = (252 fab é—',-(s)ds) . W = Milyep,p) O(1). For any

ll Ll ) ( lz L2 )

A € T T , Ay € =l I (31)
: (flO F] ? ‘fZO F2

system (1.1) has at least one positive solution.

Proof. Fori = 1,2, let A; satisfy (3.1) and let &y > 0 be chosen such that L; — &y > 0 and 4;¢°> < L; — &.
From the first inequality in (Hj3), it can be inferred that there exists 7 > 0, making

1
Fi(t,x,y) < I(L,- —-&)(x+y), x+y>r, te[0,1]. (3.2)

Let

1
M = max sup /L-f ()b ($)F (s, w(s), v(s))ds.
0

=12 (w,v)EOK=

As for the proof of (2.3), we obtain M < +oo. Take

AML, 4ML,
l+g 1+¢g

R, > max {7, }, K, = {w,v) € K : |l(w,v)ll < Ry}

For any (w,v) € 0Kk, let
D(w,v) ={t€[0,1] : w(t) + v(t) > r}.

So, for any t € D(w, v), we receive
r<w(t) +v(t) < ||(w,v)|| = R;.

Thus, by (3.2),
Fi(t, w(®),v(t)) < %(Li — g0)(w(t) + v(1)), (w,v) € OKg,, t € D(w, V). (3.3)

For any (w,v) € 0Kj,, let

wi(f) = min{w, ;} (@) = min{w, ;}

then we have

[lwy, vOIl = max |w ()] + max |[vi(D)] =7, (wy,vy) € 0Kz
1€[0,1] 1€[0,1]

AIMS Mathematics Volume 9, Issue 8, 22435-22453.
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So for any (w, v) € 0%Kg,, by (3.3),
173(w, V)|

1
= max 1, ‘ f Gi(t, )fi(s, w(s), v(s))ds
0

te[0,1]
1
<A f &i($bi()Fi(s, w(s), v(s))ds
0
<A f &i($)bi($)F (s, w(s), v(s))ds
D(w,v)

+ 4 f &i($)bi($)Fi(s,w(s), v(s))ds
[0,1\D(w,v)

1

<—
A

I
(L; - So)ﬂif &i($)bi()(w(s) + v(s))ds
0

1
+ A f E(S)bi(s)F (s, wi(s), v1(s))ds
0

S(L,- — &R, T < Ry _ lwll + IIVII'
4L, 2 2
Thus

7w, Il = 171w, VI + [[T20w, I < Wl + (VI = (1w, v,

(W, v) € 0K, . (3.4)

Fori = 1,2, let 4; satisfy (3.1) and let € > 0 be chosen so that /; + £ < A, f;. By the second inequality

of (Hj), there exists R, < R; meeting
1
|fi(t, x, y)| > I(li +e)(x+y), O<x+y<Ry te

Choose Kg, = {(w,v) € K : [|(w,V)|| < R,}. For any (w,v) € 0Kx,,

[a,b]. (3.5)

Ry > w(®) +v(t) > o®)|w|| + @@®)||V|| > ©WR, > 0, t € [a,b].

Combining with (3.5), we gain

i, w(®), v(D)| = %(li +E)W() + (1), (W,v) € 0Kg,,

Therefore, for any (w, v) € 0Kx,, by (3.6),
Ti(w,v)(1)

1
=1 f Gi(t, ) fi(s, w(s), v(s))ds
0

b
> f Gi(t, 5)fi(s, w(s), v(s))ds

b
Z%(l,- +8)A; f W(E(5)(wW(s) + v(s))ds

b
Z%(l,- + E)/l@f Ei()(w(s) + v(s))ds

Ry _ [wll + vl
2 2 '

AIMS Mathematics
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Thus
T w, Il = 171w, VI + ([ T2w, I = W]+ VI = ([, Wl (W, v) € 0K, (3.7)
As can be seen by (3.4), (3.7), and Lemmas 2.3 and 2.4, 7 has a fixed point (w,v) with 0 < R, <
[l(w, v)|| < R;. Then system (1.1) has a positive solution (w, v). O

Remark 3.1. From Theorem 3.1, the superlinear and sublinear conditions of fi(¢, x, y) and F;(z, x, y) are
not necessary. In reality, Theorem 3.1 still applies to the following situations:

(1) F® < Li, fp = +o0, 4, € (o, FLM).
() F® =0, fio = +00, ; € (0, +00).

G)YF* =0, fo>1>0,4 e(” +00).

Remark 3.2. Fori = 1,2, since 0 < 1’0 <1

Theorem 3.1 is true.

l li
= > 1, we have 1 € (Z’FT’)’ sowhen Ay = 4, = 1,

Theorem 3.2. Assume that (H,) (H,) (H,) hold.

(H,)
i(Z, X,
0 < FY = lim sup max Filt, x,y) < L,
x+y—0F 1€[0,1] X + y
(£)#0.0)

1fi(z, x, y)I

0 < < fiw=liminf min <400, i=1,2,

&*“):(g"g) t€la,b]c(0,1) X + y

-1
the definitions of L; is the same in Theorem 3.1: [} = (2 MiNeqq p) fa b Gi(t, s)d s) . For any

l, Ll l, L2)
A ! ) A € _29_ ’
: (floo FO) ’ (f20<> Fg

system (1.1) has at least one positive solution.

Proof. Fori = 1,2, for any A; € (j ¥ ), there exists £ > 0 so that

i <1< L
fio—& T T 04’

fiw —& > 0.

According to the first inequality of (Hy), there exists r > 0,
Filt,x,y) < (F{ +&)x+y), 0<x+y<r,1€[0,1]. (3.8)

Set
K, = {w,v) € K llw, vl < 11}, (11 < 7).

From (H,), there exists m’ (m’ € N),

sup 4 Ei(bi($)Fi(s, w(s), v(s))ds < o (3.9)
(W,V)Et'i‘KrI H(m’) 4
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For any (w,v) € dK,,, we can acquire

"—1
O<wrnswht)y+vit)<r<r,te|—, ,
m’ m’

where w’ = min {ZJ(I) ite [mi, ’”T‘l]} From (3.8), we know

, b

Fi(t, w(®), v(t)) < (F" + £)(w(t) + v(©), (u,v) € 0K, 1 € [ni mlm_, 1]. (3.10)

Equations (3.9) and (3.10) can be introduced so that, for any (u,v) € 9%,

|7:(w, V)l
1
~ max 4 f Gilt, )5, w(s), v(s))ds
t€[0,1] 0
< sup A [ EObHF (s, ws), v(s))ds
(W)€K, H(m’)

m' -1

F A f " ()b i(s, w(s), V(5))ds

m’
m' -1

3% + (8" + &N, ﬁ " EIHONS) + V(5)ds

m’

ri_ Al vl

2 2
Thus
T w, Il = 1T 1w, I + 1 T2(w, I < (Wl + (V] = (1w, VI, (w,v) € 0K, (3.11)
Fori = 1,2, for the above & > 0, on the basis of the second inequality of (Hs),
ro > wry; >0, w = min ZJ(t)
t€la,b]
satisfying
Lfi(t, x, V)| = (fiw — €)X +Y), x+y =19, t €a,b]. (3.12)
Let
_ 1
r =ro/w > ry, K, = {w,v) € K [[(w, V)|l < 12}, (uo.vo) = (5, 5) € 0K,.
Then, we demonstrate
(3.13)

w,v) # T (u,v) + p(wo.vo), Y(u, v) € 0K,,, Yu > 0.

Otherwise, there exists (w, v2) € K, and p, > 0 such that
(W2, v2) = T (W2, v2) + pa(wo, vo).
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Owing to the fact that
wa(t) + vo(t) = w|wal| + w|vall = wry =19, a <t < b,
by (3.12), we can find that
fi(t, w2 (D), V2 (D) = (fioo — E)W2(2) + (D)), (W2, v2) € K, a <t <b. (3.14)

Suppose
& =min{w,(r) + vo(t) : a <t < b}. (3.15)

Then wy(f) + vo(t) > & > 0, a <t < b. Therefore, for any a <t < b, by (3.14),

wa (1) + va(1)
=T 1 (W2, v2) + T2(Wa, v2) + ta(wo + Vo)

A, fo 10, (5. o). i)l

e [ Galt, ) o5 o). () + s + o)
2 [ " Gt )5, wa(5), a5

e [ " Gt ) s, wa(s), va( ) +
> min (ws(5) + 2() i = &)1 miny | G, )ds

b
i 02(5) + 25 i = &) i [ Gt 5 +
s€la, tela, a
>E+ Uy > €.
Thus
Wat) + Vo) = & + o, 1 € [a, b, (3.16)

Obviously, (3.16) and (3.15) yield contradiction, thus (3.13) holds. It follows from (3.11), (3.13), and
Lemmas 2.3 and 2.5 that 7 has a fixed point (w, v) with 0 < r; < ||(w, v)|| < . Then system (1.1) has
a positive solution (w, v). |

Remark 3.3. Similar to Remark 3.1, for i = 1, 2, Theorem 3.2 holds to the situations:
(1) fino = 00, FO < L, 4; € (o, ,%)
(2) fiw = +00,F? =0, A; € (0, +00).
(3) fioo > [ FO = 0, 2; € (5, +00).

’
i

Remark 3.4. Since 0 < fl—m <1, ,% > 1,wehave 1 € (fl—m %) so when A; = A, = 1, Theorem 3.2 also
holds. ' l
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4. An example

Example 4.1. Take account of the fractional system

Dowlt) + filtw(o), V(1) = 0,
Div() + HEwOVD) =0, 0< <1,

1
1 3, 1
W(0) = w(0) =0, w(1) = 5 f D2 wnydr, @1
5 ' 1 % 5
W(0) = v(0) =v"(0) = 0, Dg.v(1) = f iDLV,
0
where
1
fit,x,y) =3 +tsin + | In(x + y)|,
xX+y
Lt x,y) =12 —t+ x+y+|In(x +y)|.
Obviously,
5 7 .
) = 5 @ = 5 bi(t) =1, Fi(t, x,y) = fi(t,x,y), i =1,2.
By computation
I'(ay) = 1.3294, T'(an) = 3.3237, A; = 0.7714, A, = 0.8485, & =~ 1.1843, & =~ 0.8901.
For &(¢) = 12, define a cone
K ={(w,v) € X 1 w(@) 2 lwll, vty 2 Clvll, 0< 1 < 1}
For any 0 < r{ < rj < +oco and (w,v) € Kjs 1, @(O)r; < w(t) +v(t) < r5. So
Fit,w(),v(®) <4 +|Inrj| + |[Inr;| + | In w(7)],
. 4.2)
Fo(t, w(t), v(1) < 12 + \/72 I+ 1 In ]+ [In @),
1
f | Inw(?)|dt < 4. 4.3)
0

The absolute continuity of the integral gives

lim f [ Inw(z)|dt = 0.
H()

m—+oo

AIMS Mathematics Volume 9, Issue 8, 22435-22453.
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By (4.2) (4.3), we obtain

0< sup f E1(bi(F (s, w(s), v(s))ds
H(m)

(w,v)E‘K[rT,,.;]

< 1.1843f 4+ |Inrj| + |Inr| + | Inw(s))ds
H(m)

< 1.1843(4+|lnr’]"|+|lnr§|)f ds+2f | Inw(s)|ds
H(m) H(m)

2.3686 (4 + In ;| + | In })) R
= — + f | Inw(s)|ds.
m H(im)
By
1 —
lim = =0, lim f |Inw(t)|dt = 0,
m—+oco M m—+00 ) fy (i)
we know
. 2.3686(4 + |Inrj| + |In7})) .
lim — + f [Inw(s)|ds = 0,
m—+co m H()
so, we have
lim sup E1($)b1()F (s, w(s), v(s))ds = 0. 4.4)

m—3+00 (W’V)EW[rT,r* H(m)

51

Similar to (4.4), we also have

lim sup f E1()by($)F2 (s, w(s), v(s))ds = 0.
H(m)

m—+oo (W’V)E(]([’TJ;J

These imply that condition (H;) holds.
By calculation, F{* = F5 = 0, and fjp = fo0 = +00. Therefore, by Theorem 3.1, for each 4; € (0, +0)
(i = 1,2), we get that system (4.1) has at least one positive solution.

5. Conclusions

In this article, we investigate a singular fractional differential system involving integral boundary
value conditions. The existence and explicit interval can be acquired under the argument of fixed-
point theory. Since f; (i = 1,2) is the abstract function, in the actual world, there are quantities of
functions that satisfy the requirements of this article, which proves the effectiveness and feasibility of
these theorems.
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