AIMS Mathematics, 9(8): 22251-22270.
DOI: 10.3934/math.20241083
AIMS Mathematics Received: 30 May 2024

Revised: 01 July 2024

Accepted: 09 July 2024
http://www.aimspress.com/journal/Math Published: 16 July 2024

Research article

Random uniform attractors for fractional stochastic FitzHugh-Nagumo
lattice systems

Xintao Li* and Yunlong Gao
School of Mathematics and Statistics, Liupanshui Normal University, Liupanshui 553004, China
* Correspondence: Email: xintaolimath@ 126.com.

Abstract: The present study focuses on the asymptotic behavior of fractional stochastic FitzHugh-
Nagumo lattice systems with multiplicative noise. First, we investigate the well-posedness of solutions
for these stochastic systems and subsequently establish the existence and uniqueness of tempered
random uniform attractors.

Keywords: fractional stochastic FitzHugh-Nagumo lattice systems; multiplicative noise; random
uniform attractor; almost periodic symbol
Mathematics Subject Classification: 35B40, 35B41, 37L30

1. Introduction

In this paper, we investigate the dynamics of a fractional stochastic FitzZHugh-Nagumo lattice system
defined on the integer set Z:

lft,‘ + (—Ad)sﬁi +av; = ﬁ(f, ﬁi) + gi(f) +éeljow, t> O,
1;/'i+0'\_/'i—ﬁljti:]’li(l‘)+8\_/'i0d), t>0, (11)

i1;(0) = it;0,v:i(0) = Vi,

where i1;, V; € R, (—A,)’ is the fractional discrete Laplacian, s € (0, 1), @, o, 8 are positive real constants,
f(t,u) = (fi(t,u;))icz 1s a nonlinear function that satisfies certain conditions, the terms g(¢) = (g:(?))icz
and A(t) = (h;(t));cz are time-dependent, while w is a two-sided real-valued Wiener process. The system
should be understood in the Stratonovich-integral sense.

Lattice systems with standard discrete Laplacian has been extensively investigated in the literature.
Previous studies [1, 2] have investigated the existence of traveling wave solutions in such systems,
while other relevant research mentioned in [3, 4] has also analyzed the chaotic properties associated
with these solutions. For a comprehensive understanding of the asymptotic behavior of lattice system:s,
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interested readers are referred to references [5—17]. The framework of the pullback random attractor
proposed by Wang [18] effectively captures the dynamics of non-autonomous stochastic systems in
the pullback sense. However, it lacks information regarding the desired forward dynamics. Therefore,
Cui and Langa [19] introduced the concept of a random uniform attractor as a random generalization
of deterministic uniform attractors that exhibit uniform attraction in symbols from a symbol space.
Furthermore, Cui et al. [20] investigated the conditions that ensure a random uniform attractor
possesses a finite fractal dimension. A random uniform attractor is defined as being pathwise pullback-
attracting, while also exhibiting weak forward attraction in terms of probability. Recently, Abdallah
conducted a study on the existence of the random uniform attractors within the set of tempered
closed bounded random sets for a family of first-order stochastic non-autonomous lattice systems with
multiplicative white noise in [21].

The fractional discrete Laplacian, which extensively explores the fractional powers of the discrete
Laplacian, has been thoroughly investigated in previous studies [22,23]. In [23], the discrete diffusion
systems with fractional discrete Laplacian were examined, and the pointwise nonlocal formula and
various properties associated with this operator were derived. Additionally, Schauder estimates in
discrete Holder spaces and the existence and uniqueness of solutions for the considered system were
established. By employing the theories of analytic semigroups and cosine operators, the existence
and uniqueness of solutions to the Schrodinger, wave, and heat systems with the fractional discrete
Laplacian were successfully established in [24]. Recent studies have focused on exploring the
existence, uniqueness, and upper semi-continuity of random attractors in fractional stochastic lattice
systems with linear or nonlinear multiplicative noise [25, 26].

The FitzHugh-Nagumo systems were employed to describe the transmission of signals across axons
in neurobiology [27]. The long-term dynamics of FitzHugh-Nagumo systems have been investigated
in both deterministic scenarios [28—30] and stochastic scenarios [31-35]. Among these studies, Wang
et al. [34] derived the existence and upper semi-continuity of random attractors for FitzHugh-Nagumo
lattice systems with multiplicative noise in £? x £?, while Chen et al. [35] obtained the existence and
uniqueness of weak pullback mean random attractors for FitzHugh-Nagumo lattice systems driven by
nonlinear noise in weighted space £2 X ¢>.

However, as far as we know, there is no result available regarding the stochastic dynamics of
fractional FitzHugh-Nagumo lattice systems with multiplicative noise. The main challenge of this
paper lies in establishing the asymptotic compactness of solutions to system (1.1), which bears
resemblance to the scenario encountered in stochastic partial differential equations on unbounded
domains where Sobolev embedding is no longer compact. More precisely, we will demonstrate, using a
cut-off technique, that the tails of solutions for system (1.1) remain uniformly small as time approaches
infinity. This aspect will play a crucial role in establishing the asymptotic compactness of solutions.
By leveraging the asymptotic compactness of solutions and uniformly absorbing sets, we can derive
the existence and uniqueness of random uniform attractors.

This paper is structured as follows: In Section 2, we establish the conditions for the Hilbert space
and state fundamental assumptions regarding the nonlinearity and forcing terms of the system (1.1).
We also present several significant lemmas and properties that greatly facilitate the analysis of solutions
throughout this paper. Additionally, we investigate the well-posedness of solutions to the system (1.1).
In Section 3, we derive all the necessary uniform estimates of the solutions. Section 4 is dedicated to
proving the existence and uniqueness of random uniform attractors for system (1.1).
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2. Spaces and assumptions

In this section, we will introduce the appropriate spaces and assumptions regarding the linear and
nonlinear parts of a fractional stochastic non-autonomous lattice system (1.1).
Consider the Hilbert space

0= {u = (U)iezlu; € R, Z uil* < +°°},
i€Z
with the inner product and norm given by
v) = > wi, P = (,u), u,v e &
i€Z
For 0 < s < 1, define ¢, by

(. . |ut;|
ti={u:2Z—- IR”lI/t”[A = Z W < +OO}.
i€Z
Obviously, (" c " c {;if l <m<n<+ccand 0 < s < 1.
The fractional discrete Laplacian (—A,)* simplifies to the discrete Laplacian —A, if s = 1. Fori € Z,
the discrete Laplacian —A, is given by

—Agu; = 2u; —uiy — Uy

For 1 < s < 1 and u; € R, the fractional discrete Laplacian (—A,)* is defined with the semigroup
method in [36] as

s 1 Ay dt 51
(—Ag)’u; = Ts) Js (e™u;— Mj)tlj, (2.1)
where I' is the Gamma function with I'(-s) = —% f0+°° re”"dr < Oand v;(t) = ey ; 1s the solution for

the semidiscrete heat system

ath = Ade, in7Z x (0, +OO), (22)
Vj(O) =uj;, on Z.
The solution to system (2.2) can be expressed by the semidiscrete Fourier transform
eMuj= Y G(ji—i,ui= Y Gl i, 120, (2.3)

i€Z i€Z

where the semidiscrete heat kernel G(i, f) is defined as e >'I;(2t), and I; represents the modified Bessel
function of order i. Subsequently, the pointwise formula for (—-A,)* has been presented as follows:

Lemma 2.1. ( [23], Lemma 2.3) Let 0 < s < 1 and u = (4;);ez € €;. Then, we have

(=A)'wi = Y (= upKy(i - j),

JEZ, j#i
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where the discrete kernel K, is given by

451‘(l+s) N .
K(j) = \/7rlrz(—s>\ ’ r<|j|{+1+s)» J € Z\ {0},
0, j=0.

In addition, there exist positive constants ¢; < ¢, such that for any j € Z \ {0},

A

~ . Cs
= K‘Y(J) = |j|1+2s'

Cs
|j|1+2s

In this paper, we will consider the probability space (Q2, ¥, P), where
Q={weCR,R): w() =0},

¥ 1is the Borel o-algebra induced by the compact-open topology of €, and P is the corresponding
Wiener measure on (€2, 7). Define the time shift by

w()=w(+1) —w@), we, telR. 2.4)

Then (Q, F, P, (6,),cr) is a metric dynamical system (refer to [37] for details).
Moreover, let us consider the stochastic equation as follows:

dz + zdt = dw. (2.5)

In fact, the following lemma can be obtained:

Lemma 2.2. There exists a {6,},cr-invariant subset Q' € F of full measure such that

lim W_EIN -0 forall wel), (2.6)

t—=+00
and the random variable given by

0
Z(w) = —f e’w(s)ds

(%)

is well defined. Moreover, for w € ), the mapping

0 0
(t,w) — z(6w) = —f e'0,w(s)ds = —f e‘w(t + s)ds + w(t)

—00 [Se]

is a stationary solution of (2.5) with continuous trajectories. In addition, for w € (),

!

0 1
im PO o i L [ wyds = o. 2.7)
0

t—+00 t t—+o00 [

For all v = (v;)iez, vi € R, let p and g be two given functions satisfying the following conditions:
pPOv) = (pivi)iez, qv) = (qi(Vi))iez, Pisqi € C(R, (0, +00)), (2.8)
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and there are continuous functions L, L, : R* — (0, +00) such that for s > 0,
IpWIl < Li(s), VIVl < 5, qi(r) < Lo(s), Vi € Z,|r| < 5. (2.9)
For all v = (v))iez, vi € R, let W be the set of functions ¢ with
P(v) = (¢:i(vi))iez, ¢i € C'(R,R), ¢,(0) =0, Vi € Z, (2.10)

and

sup su 9. + |¢i(r)|) < +00 2.11)

iez. rer * Pi(r) qi(r)
By using the similar proof of Lemma 5.2 in [5], we obtain the following lemma:

Lemma 2.3. W is a real Banach space with norm given by

16llw = supsup (122, i)
iz rek > pir) - qi(r)

).V € W.

Moreover, we assume that

(H)) go, ho : R — €% with go(¢) = (g0i(1))icz, ho(t) = (hoi(t))iez are almost periodic functions of ¢.

(Hy) fo(t,u) = (foi(t, u;))icz is a nonlinear function of # € R and u = (¢;);cz, u; € R with f; : RX R
such that fy(¢, -) is an almost periodic function of ¢ with values in W and

foilt, )’r < A, t,reRieZ (2.12)

for some 4 > 0.
The space C,(R, X) represents the Banach space of bounded continuous functions on R, where the
functions take values in a Banach space X and are equipped with a norm given by

€llc,@x) = supllE@llx, & € Cp(R, X). (2.13)

teR

Let & : R — X be an almost periodic function of ¢ with values in X. By Bochner’s criterion in [38],
the set of translations {&)(- + s) : s € R} is precompact in C,(R, X). The closure of this set in C(R, X)
is referred to as the hull H (&) of the function &(?), i.e.,

H(&y) = {&o(- + 5) 1 s e R} cc Cp(R, X). (2.14)

Furthermore, for any &(t) € H (&), & is almost periodic in X, and H (&) = H(E).

In this study, we consider the time symbol &y(f) = (go(?), fo(t, u), ho(t)), where gy, fo, and hy are
determined by assumptions (H;) and (H,). It is observed that &y(¢) exhibits almost periodic behavior
with values in £2 x W x £2. Subsequently, we focus on the symbol space X = H(gy) X H(fo) X H(hy),
which is compact in C(R, £?) x C,(R, W) x Cy(R, £2). Under these conditions, £(f) = (£,(1), &(1) =
((g(), f(t,u)), h(?)) € T also demonstrates almost periodicity in X Wx £? and X = H(g) X H(f)xH (h).
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The objective of this study is to investigate the existence of random uniform attractors with respect
to £(1) = (g(1), f(t,u), h(t)) € X for the fractional stochastic FitzZHugh-Nagumo lattice system with
multiplicative white noise as follows:

i+ (=Ag)’u+av = f(t,in) + g(t) + ginow, t >0,
V+ov—Bit=h(t)+evow, t >0, (2.15)
u(0) = itg, v(0) = vy,

where it = (i;)icz, V = (Viez, f(&, ) = (fi(t, W;))iez, &) = (&i(1))iez, and h(t) = (hi(1))ez.

Furthermore, it can be deduced from Lemma 2.1 that the fractional discrete Laplacian (—A;)*u is a
nonlocal operator on Z, and (—A;)*u is a well-defined bounded function wherever u € ¢9(1 < g < +00).
In particular, we obtain that, for 0 < s < 1, if u € £2, then

(—=A)'u € €% satisfying ||(=Ag) ul| < 4°||ull. (2.16)

The subsequent lemma will be repeatedly utilized in various estimations of solutions to system (1.1).

Lemma 2.4. ( [26], Lemma 2.3) Let u,v € €*. Then, for every s € (0, 1),

&Awmﬁz&AMmemﬁﬁzéz]Eym—wm—wmﬁ—ﬂ

i€Z jeZ,j#i
3. Continuous NRDS and uniform absorbing set

In this section, for w € Q, & = (£1,&) = ((g, f),h) € X and initial conditions (ug,vy) € £* X {2,
we aim to demonstrate the existence of global solutions (u(t, w, &1, up), v(t, w, &, vp)) to system (2.15)
by transforming the original random system into a deterministic one. Specifically, we introduce the
non-autonomous random dynamical system (NRDS) ¥ : R* X Q X X X £2 x {* — {* x {? associated
with system (2.15), which is jointly continuous in both £ and ¢ x £? and possesses a closed random
uniformly D-(pullback) absorbing set.

By using the similar proof of Lemma 3.1 in [30], we obtain the following lemma:

Lemma 3.1. Suppose assumptions (H,) and (H,) hold. For (¢£1,&,) € X, there exist non-negative
constants 61(go), 02(fo), and 53(hy) such that

lIgllc,e.2) = sup llg@Il = 61(go), llAllc,w.e2) = sup AN = 62(ho), (3.1)

teR teR

and fort,re R, i € Z,

fit,r)r < —ar?, (3.2)
0.9 < 85(fopi(r), (33)
[ZED) < 5y ran 34

:
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Next, we will define NRDS V¥ for system (2.15). To this end, we need to transform the stochastic
system (2.15) into a deterministic one through the utilization of z(6,w). Let

I/t(t, w, ‘fl > I/l()((,())) = e_gzwtw)ﬁ(ta w, é:l > ﬁO(w))’

V(ta w, 527 V()(CL))) = e_SZ(le)‘_}(ta w, 62’ \70(6())), (35)

where (i1, V) is a solution of system (2.15), up(w) = e *@iiy(w) and vy(w) = e *“(w). Then (u,v)
satisfies

i+ (—=Ay)*u — ez(B,w)u + av = e~ f(1, 50Dy 4 =E0W) o(1) > 0,
v+ (0 — 2(6,w))v — Bu = e OO p(1), t > 0, 3.6)
u(0) = ug, v(0) = vy.

According to Lemma 4.4 of [21], for f € H(fy) cc C,(R, W), it can be inferred that the function
f:Rx € — % with (t,u) — f(t,e%“y) is a continuous function of z. Moreover, for R > 0 and
T >0,u' = )icz, u* = (u)iez, € €% satisfying |lu'|| < R, |[u|| < R, and 7 € [0, T], we obtain that

1 (2, e @ut) = f(1, e OP)| < 83(fo)Lo(e™ P R)e DN’ —u, (3.7

where a,(T) = trer[l(?%(] lez(6,w)|. Then, it follows from (2.16), (3.7), and the standard theory of ordinary

differential equations that system (3.6) has a unique local solution (u(t), v(f)) € C([0, T], £* x £*) for
some 7' > 0. The following estimates show that this local solution is actually defined globally.

Lemma 3.2. For every w € Q, (£1,&) € %, and (uy(w), vo(w)) € €% x €%, then the solution
(I/l(t, w, fl s I/l()(w)), V(t, w, 625 V()((U))) OfSyStem (36) SatiSﬁes

l(t, , &1, ug(@)| + V(1. @, &, vo(@)IP < ™2 b XDl ()P + [lvo(ew)])

2 ! .
+ _(ﬁ(é‘l (gO))2 + a’(62 (hO))z) f eK(r—t)—Zé‘ft Z(@[w)dl—2&‘z(9,-w)dr.
YK 0

Proof. By (3.6), we have

BEP + 5P + B2, ) = Bzl + e — extBe)IM? .
= ,Bef‘%(e"")( f(t, ey, u) + Be 50w (g(t), u) + aeiSZ(H"“)(h(t), v).
By Lemma 2.4, we obtain
B((—20)'u, 1) = B((=80) 711, (=8) 1) = Bll(=00) ul. (3.9)
By (3.2), we find
,Be_“(e"")( f(t, e y), u) = ﬁe‘z‘”(e’w)( f(t, ey, e‘”(e"”)u) < —AB|ull*. (3.10)
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By (3.1) and Young’s inequality, we obtain

ﬁe—sz(érw)(g(t)’ u) + ae—sz(ﬁ,w)(h(t)’ v)

B o B oebw 2,00 5 X oehw) 2
sjllull +3€ gl +Tllvll +e SN (3.11)
W B

—2e7(6,w ga @ oebw
THMH2 + 7€ 2e0)(51(80)) + THVH2 + e 2509) (55 (h))*.
It follows from (3.8)—(3.11) that

B

d s
d—t(ﬁllull2 +allvIP) + (k = 2e2(6,0))Bllull” + alVIP) + 2Bll(—20)2ull® + jllull2

(3.12)

2 e—ZSZ(G,w)

< T(ﬁ(al(go»Z + a(02(ho))?),

ki=2e [} 2(Ow)dl

where k = min{4, o}. Let y = min{e, 8}, multiplying (3.12) by e , we have

d ‘ ' s pl
T (b P 4+ IP)) + e b Ol ag) ull + Tl

. 2
< ekt—Zst Z(e,w)dl—Zez(etw)_(ﬁ(dl(go))z + a’(él(hO))z)’
YK

which implies that
llu(t, , &1, ug()I? + V(t, w, &, vo(w))IIP

!
+ zf ek(r—t)—zsft Z(O[a))le(_Ad)%u(r’ w, é:l, Ll()((,()))”zdr
0

A T
+ . f oAD2¢ | OO y(r, w, &, uo(w))|Pdr (3.13)
0
< 722 b ()P + [Ivo(w)|P)
2 ! —1)—2¢& " w)al—LE: w
+ ﬁ(ﬁ(él(go))2 + a(52(ho))2)f K078 [ 02520, .
0

This completes the proof. O

For w € Q, (£1,&) € X, and (ug,vg) € €* x €%, by Lemma 3.2, we get that the solution
(u(t, w, &, up(w)), v(t, w, &, vo(w))) to the system (3.6) is defined globally in £2x£? which is measurable.
Then, system (3.6) generates the NRDS @ : R* X Q x X x £2 x £* — > x {*, where

O(t, w, &, up(w), vo(w)) = (u(t, w, &1, up(w)), V(t, w, &2, vo(w))). (3.14)
By the fact of (3.5), the system (2.15) generates the NRDS W : R* X Q X T x €2 x {? — £> X (%, where

lP(ta w, é:a IZ()(CL)), Vo(w)) = (ﬁ(ta w, érl > Ijlo((l))), \_/(t, w, §25 ‘70((/‘))))

3.15
= eSZ(sz)(u(t’ w, f] » MQ((,L))), V(t7 w, §27 V()((.l)))), ( )

where (uo(w), vo(w)) = e~ (fig(w), To(w)).
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Lemma 3.3. The NRDS ¥ associated with system (2.15) is jointly continuous in T and €* x , i.e., for
w € Qandt > 0, the mapping (&, ilp(w), Vo(w)) = P(t, w, &, iig(w), Vo(w)) is continuous from T X > x {2
into €2 x €2,

Proof. For w € Q, t > 0, r € [0,7], and n = 1,2, let (u"(r, w, &, ug(w)), V' (r, w, &5, vi(w))) be the

solution of system (3.6) with symbol &" = (£7,&5) = ((g", f"),h") and initial data (u"(0),Vv"(0)) =
(ug(w), vo(w)). Set

(i(r), ¥(r)) = (u' (r, w, f} , u(l)(a))) —u(r,w, ff, ué(w)), v w, f%, v(l)(w)) (1, w, f%, v(z)(a)))).
By system (3.6), we obtain

it + (=Ag)*ii — ez(B,w)it + aV = e FEI(fl(r, O Oyly — £2(r, 50 Oy2) + gl(r) — g*(r)),
V + (0 — £2(0,w))V — Bit = e =) (h' (r) — W (1)),

which implies that

——(ﬁnun2 +allflP) + B((~80)'8 ) — Bez(@, )l + a0 — £2(6,w))IIFI

= Be5r w)( FLr, OOy ty = 2y, 5400 2), u) + Be~cr “’)(g (r) - gX(r), u) (3.16)
+ cxe_szw"“)(h1 (r) — K (r), \7).

Let ay = ax(w) = max{llug()I* + [vg(@)IP, llug(w)I* + ()P} By (3.13), we obtain

"I + V1 < as,n = 1,2, Nl + 1917 < 2as, (3.17)
where
as = as(t, w) =a; max ¢ b A
rel0,1] (3 18)
2 T 5 .
(90610 + (Gl mgx [ et 2o,
’yK rel0,1] 0
By (2.9) and (3.4), we have
,36_ (fl(r esz(f)rw) 1) f (r eaz(@ W) 2) l/l)‘
< PNl f2(r, T O?) = f2(r D) (3.19)
+ Be” = alll £, esz(ef‘” D= fln e u)|
< Bos(f)La( V2a3e™Nall* + N2asBe” N f2(r, & ul) = f1(r, O u).
Note that
Be (g (1) = g7(r), it) + ae™ " k' (r) = (1), D
(&' ) ( ) 520

243 (Blg!(r) = P + allh' () = ().
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It follows from (3.16) and (3.19)—(3.20) that
1d, . . . .
5 2 Bl + llFIP) = fe@.w)lalf + alo — ex(@,w)IFIF
< B8 () La(V2ase ™ NP + V2aspe =N\ 2, ety = £ ety G2
2a3¢ 0 (Blig' (r) - (Il + allh' (r) = K.
Lety = min{a, B}, ai = ay(t, ) = 2 max (ele(6,w)| + 55(fy) La( V2a3e=)) + 2 max (o + elz(6,)]),
rel0,t

as = 2\/57 m['f}x] el Then, by (3.21), we obtain
rel0,t

d—r(llftn2 +IFI) = as(ll@l® + 1171P) < asBllf>(r, ety = f(r, e @ub)|
+as(Bllg' () — g2 (P + allh' (r) = K1),
which implies that
d (17 V —aar £z7(0rw g7(0,w
—[e™ (lall® + I71*)] < asBe || f2(r, €@ uty = f1(r, @ ul)|

dr
+ase™ (Bllg' (r) = &l + el (r) = BA(@)I).

Integrating both sides of the above inequality from O into ¢, we obtain

@I + IPOIF <e™ (laO)I* + IO )+ 5'8 e m[aXIIf (r, e ul (r) = £ (r, e ul (n)|
(3.22)
+ Lo max (Bllg (r) — ¢ (V)II + allh'(r) = B (D).
ay rel0,¢]
By (2.9) and (3.17), we have
sup |1/2(r, "' (r)) = £ (r, U ()|
re[0,f]
2 c2(0,w),,1 _ rl ez(0,w),,1 2
= Sl[«})p]z |p (esz(e,w) 1( ))|2|f; (r’e |ui((r)30 )f;l((r,)j|2 4 (r))l
re[0,1] 2 (e Dy (r
- pRe=T (3.23)

\f2(rv) = fl (o)l —
< sup sup sup > sup Z |p (50 l(r))|
reR i€Z wveR |pi(v)| rel0.1] 527
asy

< |If* - I sup [|p(e™ ™ ul (M) < (L I I
f =r Cb(R,W)re[OI,Jt] p( ) ( 1(2\/—)) fF=r Cp(R,W)*

Observe that
sup (Bllg' (r) — &Pl + allk' (r) = K*()]]) < sup (Bllg' (r) — &Pl + ik’ (r) = K*()]])
re[0,1] reR (3.24)
<Bllg' - 82||cb(R,€2) +allh' - h2||ch(R,52)-

It follows from (3.22)—(3.24) that

GO + IF@IP <e™ (O + 7O + == ast —e(L, (Z“i})) 172 = 1)

as
+ 2e(Blig" - licyee + it = Plic,e.e).
ay

which shows the desired result. O
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For w € Q, let D = D(w) be a family of nonempty subsets of £> x £2. D is called tempered if for
every ¢ > 0, the following holds:

Jlim e DO w)|| = 0, (3.25)
where ||D|| = sup,.p |lxl]l. In the sequel, we denote by D the collection of all families of tempered

nonempty subsets of £2 x £2.

Lemma 3.4. For w € Q, the NRDS V¥ associated with system (2.15) has a closed random uniformly
D-(pullback) absorbing set Q C D such that

Q(w) = {(@,9) € & x € : [lall* + 7> < R(w)}, (3.26)
where R(w) is given by (3.29).
Proof. Replacing w by 6_,w in (3.13), we have

llu(t, 61w, &1, ug(O_W)II* + [V(t, 6-, &, vo(0-w))II”

< &2 RO o0 )| + Ivo(@-w)I)
2 ! .
+ _(ﬁ(él (go))z + a/(52(h0))2) f eK(r—l‘)—Z&ft Z(Q]-,w)dl—ZSZ(H,_,w)dr 397
VK 0 (3.27)

< e7+28 [0 1y @) + [vo(Ow)|P)

2 ° — " —2ez7(6,w
+ 2 (B@1(50))” +al@a(ho))’) f el e g,

By (3.15), we note that for D € D(£* x £2) and (uy(6_,w), vo(6_,w)) € D(6_,w),

(ﬁ(t, Q—I(’U, é:l ’ ﬁO(Q—tw))’ ‘_}(tv G—Iw? §25 ‘_}0(9—10))))
= eSZ(w) (l/l(t, g—twa ‘fl’ uO(Q—tw))9 V(ta 9_[(1), §2’ V()(Q_;(.U))),
which, along with (3.27) implies that
||17t(t’ 9—1(‘)’ év‘:la ﬁO(g—tw))”z + ||1_/(t, g—twv 52’ \70(9—[(‘)))”2

0
< etesmwts2e L0209 (o ()| + 7o (6 w)I)

2ez(w)

(3.28)

+

0 .
YK (ﬁ((sl(g()))z + a(éz(ho))z) f eKr—ZS](‘) Z(elw)dl—Zé‘Z(Qrw)dr'

By (2.7), we obtain

2ez(w)

0
R() = (B(61(20)? + (E2(h0))?) f 2 f IR0 gy < oo (3.29)

YK

and there exists T} = T1(w) > 0 such that

0
—Kt + 28f 72(Qw)dl — 2ez(0_;w) < —gt, t>Ti,

t
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which, together with (3.25) implies that

lim 72 L0250 o (0 )P + [7(0-)I)
=S 2 ) (3.30)
< lim e ¥ (lig(0- ) + [Fo(6- ) = 0

Then, there exists 7, = T»(w, D) > 0 such that for r > 75,

1
22 [0 (0 )| + [Fo(6-)IP) < FR(@). (331)

By (3.28), (3.29), and (3.31), we have

(2, 0, &1, it (O DI + [9(2, 61w, &2, Vo0 ) < R(w), t =T, (3.32)
Then, the set Q given by (3.26) is a closed random uniformly D-(pullback) absorbing set for V. Next,
we need to obtain Q € D(£? x £?). Indeed, for any > 0, we obtain

e~ 1+2e2(61w) 0 .
¢ 'R(O-w) = 4(B(61(80))° + &(62(h0))") ———— f R
YK oo

e—§t+281(9,,w) —t .
— 4(B(61 (go))z + a((sz(ho))z) f eK(r+l)—2€ Lt z(le)dl—Zsz(H,w)dr.
YK —o0
By (2.7), we find that there exists 753 = T5(w) such that

1
2e7(0_w) < 5{ t, t>Ts.
Then,

. .1
lim e ¢"*2626-+9) < lim 725" = (),

t—+00 —+00

which implies that

lim e “R(0_,w) =

t—+00

This completes the proof. O
4. Random uniform attractors

In this section, we will derive uniform estimates for the tails of solutions to system (2.15), which
is crucial in establishing the asymptotic compactness of solutions. To this end, we select a smooth
function ¥(r) that satisfies 0 < 9(r) < 1 for all s € R*, and

0, 0<r<il,
W”:{l r>2

Moreover, given s € (0, 1), by Lemma 3.3 of [6], we note that for all i € Z and k € N,

|l|

w M’KO i<

JEZ, j#i

< & (@.1)
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Lemma4.1. Fore >0, w € Q, and D € D> x?), there are K = K(w,€) > 0and T = T(w, €, D) > 0,

such that for all (¢1,&,;) € Z, (ip(0_,w), vo(0_,w)) € DO_,w), t > T and k > K, the solution (i1, V) to
system (2.15) satisfies

D (2, 0.0, &, (0 + (1, 010, £, Fo(0-, ) < €.

lil=k
Proof. By (3.6), we have

%%Z ("')(ﬁ|u|2+a| |)+EZ ||( Ag) U - u;

i€Z
—ﬁsz(etw)z s + ator - sz(@w))z Dy
i€Z |l| i€Z | | (42)
—az(efmz f(t eSOy Ny + Be sz(erw)z gl(t)ul
i€Z i€Z
—sz(é,w) Z | | h (I)V,
i€Z
By Lemma 2.4 and (4.1), we obtain
| | s |l| |/l
3 ()t = =5 S = (5 = (Kot =
i€Z i€Z jeZ,j#i
LY > "' “'))(ui—u,-)uiks(i—p
i€Z jeZ,j#i
| | 5.
N S (- R -
I€Z jeZ,j#i (4.3)
B iy _ g
<[ Y (Y o(2) - (D) Keti - )
i€Z  jeZ,j#i
(D - wPRiG - )|
i€Z, j#i
. VL
_ + A 2
<7 ol 2+ I(=aa)2ull).
By (3.2), we obtain
—sz(H,w) || f(t eez(etw) )M _ﬁe—Zsz(é’,w) || f(t esz(@,w)u )esz(G,w)
;Z: ;Z: 4.4)
| | '
<=8 ) B il
i€Z
By Young’s inequality and x = min{4, o}, we have
A
e S (Mo + ae =0 S o Do < L3 ol + S o Fw?
i€Z i€Z nez nez
—28z(9,w) |l| 5 ) (45)
s Zzlﬂ(;)(ﬁm(m +alh(P).
1€
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It follows from (4.2)—(4.5) that

dt[z (Ill)(,g|ul| + alv] )] + (k- Zsz(G,w))Z (B|u| +avi?)

i€Z

L —2e7(6,w)
: g;(n P+ i-207ul’) + — é(ﬁlgia»%alhi(nlz),

which implies that for ¢ > 0,

di e " 2Ow)dl /i 2, \/_:3 Ls o126 [y 20wl 2 s o2
Sl e bt ST BTN Bl + av)] < = e bl + )00 bulP)
ez (4.6)

e~ 26010)
LY e [0 D B0l + alh(®)P).

Kk i€Z

Integrating both sides of (4.6) from 0 into ¢, we have

3 ()00 1+ 10 200D
i€Z
< e—mzsfo’z(e,w)dzz (| |)(|u01(w)| + [voil(w)?)

i€Z

+£ﬁ5 f 0726 [ XDy, o, £ ()P + (= 2a) ulr, w, &1 up(w))|P)dr

2,), ks
1 ! r
+ — ek(r—t)—28£ 2(Qw)dl-2ez(6,w) Z (ﬁlgz(r)|2 + a'|h,~(r)|2)dr,
Yk Jo icZ

where y = min{«a, 8}. Replacing w by 6_,w, we find

> (' N2, 00, 1, 00N + i, 610, &5, vo (0D

i€Z
—kt+2¢e ! w ||
< 2R N g o0 ) + vo0-)P)
i€Z
V2BL, (" r
" _zyﬁk_éf M2l OO (00, 1, (O w) P 7
\/z Ls ! —1)— r s
* ‘zfﬁf IS OO p ) u(r, 010, €1, (0 w))IPdr
1 (" r
+ y_K oKr=0=2¢ [ 20 1w)dl1-262(0,w) Z (Blg:(P)P + alh(r)P)dr.
0 i€Z

Since s € (0, 1) and L; is independent of s, given € > 0, there exists K; = K;(€) > 1 such that for all

k> K,

V2B L,

z_ﬁ(” ull? + =822 ul) < elull” + (=) 2ull),
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which, along with (3.13) and (4.7), implies that

>0 (| ')(|u (1, 0_0, &1, ug(O- ) + Vi(t, 0,0, &2, vo(0_w)))

i€Z
—kt—2¢& ! w |l|
< (14 e 2 b0 Y9N Qua (@) + v (0-)) 4.8)
i€Z
t .
+ 1+ n f ek(r—t)—Zsj; 20—y w)dl-2&z(0,—;w) Z (ﬂ|g;(”)|2 + alh,-(r)lz)dr,
YK 0 i€Z

where n = max{%, zlﬁ}. Since g and h are almost periodic functions, the sets {(g;(¢))icz : t € R} and

{(hi(t))iez : t € R} are precompact in £2. Then, for € > 0, there exists K> = K»(g, h, w, €) > 0 such that
forall k > K,

= D Bl + alhP) < 5 4.9)
lil>k
where
0
ag = a6(w) — f eKr—Zsj;) z(elw)dl—Zsz(G,w)dr. (410)

By (4.9), g € H(go), and h € H(hy), we get that there exists a constant K3 = K3(w, €) > 0 such that for
all k > K3,

1+ €
— TN Blgi(DP + alh(IP) < 5.
YK sk 2as
which implies that for all k¥ > Kj,
1
+ ﬂf K(r=1)=2¢ [" 201 jw)dI-2e2(6,- ,w)Z (,3|g,(r)|2 + alh; (r)|2)dr < f @11

YK Jo ok

[\)

By (2.7), we note that there exists T4 = T4(w, €, D) such that for (uy(6_,w), vo(6_,w)) € D(6_,w) and
t> Ty,

(1 -+ pet#2e b s edi-2ex0-0 Z ) 0-.) + 0o}
ieZ (4.12)
< (1+me M IDO-WI < 5.
Note that
Z (lﬁl(ta 9—1‘0)’ fl’ ﬁo(g—tw))lz + |‘_}l(t9 9_1‘(1), fz’ ‘_}0(0—1‘(’0))|2)
li|>2k
< Z | |
(Iu (1, 0_0, &1, g (O_w)* + [9:(t, O_w, &, Vo(O_,w))*)
i€Z
- I I
@ 3 9 (e, 00, €1, up(O- ) + it 0, 2, vo(O-))P),
i€Z
which, along with (4.8), (4.11), and (4.12) conclude the proof. O
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Lemma 4.2. The NRDS Y associated with system (2.15) is uniformly D-(pullback) asymptotically
compact, ie., for D € D(* X {*), w € Q, any sequence {(t,,&",u}(0-,w), Vp(O_,w)}'
with (t,,&", itg(0-,w), Vj(6_,w)) € R X X X D(O_,w) and lim,_,.t, = +oo, the sequence
{P(t, 0_,w,&", uy(0_;,w), Vi (0-;,w))} 2] has a convergent subsequence.

Proof. By the boundedness of D(w), for sufficiently large n, we obtain
\P(tn’ g—lna)’ ffl, ﬁg(e—t,, (L)), ‘_}8(9—@, CL))) € Q((L))

Then, there is (i*,v*) € ¢* X €* and a subsequence of {¥(z,, 0_,,w, &", il (0_,w), Va0, W)} (still
denoted by {¥(z,, 0w, &", ity (6, w), Vj(6_,w))} 2 ) such that

(P(ty, 0,0, E" 0O, w), Vo0, w))} — (@, 7)) weakly in €% x . (4.13)

The present study aims to demonstrate the equivalence between weak convergence and strong
convergence, i.e., for € > 0 there is N = N(€, w, D) > 0 such that

@(tn, 6y, , &}, i5(0_y,w)) = &> + [[P(tn, 0y, w, &, 76—, w) = V| < €, n 2 N. (4.14)

From Lemma 4.1, there are N; = Ni(e, w, D) > 0 and K, = K4(€, w) > 0 such that

2
€
Z (lﬁi(tn’ 0_[”(»0, 6?9 ag(g—lnw))lz + |‘_}i(tn’ g—tnw’ ga vg(e—tnw))lz) < ga nz Nl' (415)

[i|>K4

Since (i, 7*) € € x £, then there is K5 = K5(e) > 0 such that

D@+ 5P < <
i i) =g (4.16)

liI>K5

Choosing K = K(€, w) = max{Ky(€, w), Ks(€)} and by (4.13), we have for |i| < K as n — +oo,
Wi(t, 0-,w, ", g (0-,, w), V(0-,w)) — (ii;, ;) strongly in R, 4.17)

and so there is N, = N,(e, w, D) > 0 such that for all n > N,,

(3]

=n —% €
Z (|ﬁl(tn’ e—tnw’ '5}117 ﬁg(g—tnw)) - ﬁflz + h_}t(tna e—tnwa ’219 Vo(g_tn(l))) - v[ |2) < 5 (418)
li<K

Let N = N(€, w, D) = max{N,(€, w, D), N,(€, w, D)}. Then, by (4.15)—(4.17), we find that forn > N,

- — —x112 = = —x(12
”M(l’n, H—Inw’ ’11’ ug(g—tnw)) - M*” + ”V(tna H—Inwa ;’ Vg(g—t,,w)) - V*”

= 3 (i(t, 01,0, €1, (0, ) = B + [Fi(ty, 0,0, €1, 750,00 = ¥ P)

lil<K

— - —x2 = = —%2
£ ity 0-1,00, €1, T(0-,,0)) = B P+ 70, 0,0, €5, T3(0-,,0)) = ;1)
li|>K

< €.

This completes the proof. O
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The main result can be readily derived by applying Theorem 2.7 in [21], along with Lemmas 3.3, 3.4
and 4.2 from this paper.

Theorem 4.1. The NRDS ¥ associated with system (2.15) has a unique random D-uniform attractor
A € D(£? x £?) given by

Alw) = W(w, Z, Q),Yw € Q.
Furthermore, for all t > 0 and w € Q, the attractor ‘A is negatively semi-invariant, i.e.,
Abw) CY(t, w, 2, A(w)),
and is uniformly D-forward-attracting in probability, i.e.,

lim P(w € Q,supd(¥(t, w, £, D(w)), A(Bw)) > €) = 0,Ye > 0,D € D(£* x £,

t—+00 fex

5. Conclusions

The current focus lies in the theoretical proof of the well-posedness of solutions, as well as the
existence and uniqueness of random D-uniform attractors for a fractional stochastic FitzHugh-Nagumo
lattice systems. In future research, we will explore the convergence and approximation of these
systems’ random D-uniform attractors under noise perturbation. Furthermore, we can investigate these
asymptotic behavior for retarded lattice systems on Z* in weighted spaces.
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