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1. Introduction

Algebraic structures are a crucial aspect of pure and applied mathematics, and other domains,
with an enormous variety of applications in computer science [1-3], theoretical physics [4], coding
theory [5], and other domains. The idea of Lie algebra was initially discovered by Sophus Lie [6] as
continued transformation groups (now referred to as Lie groups). The inception of this idea of Lie
algebras was presented when Sophus Lie tried to distinguish certain “smooth” subgroups of general
linear groups. Many scholars have focused on Lie algebras over the years, creating a variety of


http://www.aimspress.com/journal/Math
http://dx.doi.org/ 10.3934/math.20241075

22113

structural concepts pertaining to the theory of groups, rings, fields, and other algebraic aspects. Lie
groups, Lie similarities and Lie algebras are fundamental notions in mathematics.

The inception of the notion of fuzziness structures was performed by a well-known mathematician,
Zadeh in 1965 [7]. After him, the concept has undergone plenty of additions, improvements and
developments by numerous researchers who adopted further advanced and novel kinds and aspects of
the notion, such as interval-valued fuzziness structures [8], cubic structures [9], and N-structures [10].
For the results on algebraic structures with uncertainty (see works by the authors of [11-17]).

In the fuzzification of Lie algebras and bringing together the concepts of fuzziness structure and Lie
subalgebrs or ideals, the thought of fuzziness structure was connected with Lie algebras by Yehia [18].
A lot of researchers concentrated on Lie algebras in fuzziness structures (see works by the authors
of [19-21]). Applying the idea of interval-valued fuzziness structures to Lie algebras, Akram [22]
extended the work of [18] and studied the conception of interval-valued fuzziness Lie subalgebras
and Lie ideals. In the intutionistic fuzziness Lie algebras, Akram and Shum [23] applied intuitionistic
fuzziness structures to Lie algebras by merging the notions of intuitionistic fuzziness structures and Lie
algebras. They proposed and discussed the idea of intuitionistic fuzzy Lie subalgebras and investigated
some of their characteristics and properties in a Lie algebra. As an extension of the results in [18,23],
Akram et al. [24] developed single-valued neutrosophic Lie subalgebras and ideals. They described
some significant results of single-valued neutrosophic Lie ideals.

In terms of the case of CCSs, Jun et al. [25] were the first one presenting this concept. They
defined the same or opposite direction order, §-intersection (union), and O-intersection (union) of
CCSs, and discussed their related properties. On a nonempty set £, a CCS indicates a map known as
the membership function

¢ < — P0,1] x[-1,0].

The introduction of CCSs is based on the ideas of interval-valued fuzziness structure indicates a map
known as the membership function

wy L — PO, 1]

and the negative version of fuzziness structures (say, N-structures) indicates a map known as the
membership function

ne L — [-1,0].

In [26], Jun and Song applied this notion to BCK and BClI-algebras. They implemented the notions
of CC ideals in a BCK/BClI-algebra, CC o-subalgebras of a BCK-algebra with the condition ($'), and
investigated certain characterizations and translations of CC subalgebras and ideals. Oztiirk et al. [27]
applied this notion to commutative BCK-algebras and semigroups. Mostafa et al. [28] proposed («, @)-
CC QS-ideals of QS-algebras, and discussed certain related characteristics and results.

To convey the novelty of this framework, Figure 1 depicts a novel hybrid modification of interval-
valued fuzziness Lie algebras and a negative version of fuzziness Lie algebras known as CC Lie
algebras.
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Figure 1. Contributions toward CC Lie algebras.

This study is the initial effort to discuss and utilize the CCSs in Lie algebras. The overall structure
of the manuscript is as follows: In Section 2, we review the definitions of Lie subalgebra, Lie ideal, and
homomorphism. We present the definitions of fuzziness Lie subalgebra and Lie ideal of Lie algebras.
Moreover, we propose the notion of CCSs with their level cuts. In Section 3, we develop the concepts
of CC Lie subalgebras, CC Lie ideals, and homomorphism. We discuss the Cartesian product of CC Lie
subalgebras. Also, we describe certain significant results of CC Lie ideals. In Section 4, we provide a
construction of a quotient Lie algebra via the CC Lie ideal in a Lie algebra. Also, the CC isomorphism
theorems are presented. Lastly, the conclusions and certain potential future studies of the current article
are proposed in Section 5.

2. Preliminaries

Here, we initially review some fundamental aspects that are significant for this manuscript.
Throughout this manuscript, . is a Lie algebra.

A Lie algebra is presented as a pair (.Z, [+, ]), where .Z is a vector space over a field F (R or C)
and [-,-] : £ X .Z — £ is denoted by (/1, ;) — [l1, ] achieving the axioms below:

(A1) [1;, o] bilinear;
(A2) [ll,lz] =0 Vll € g;
(A3) [[L, L1, 1 + [[L, B, L] + ([, L], L] =0V, b, 1 € Z.

(1324

We note that the operation “.” in .Z is anti-commutative, i.e., [[;, ] = —[l, [;]. But it is not associative,

i'e~9 [[ll’ 12]’ 13] # [119 [12’ 13]]
Now, we recall the concepts of a Lie subalgebra and a Lie ideal.

e A Lie subalgebra is a subspace 7 of .Z that is closed under “[-,-]”.
e A Lie ideal is a subspace .# of .Z with the property [.¥, Z] C .¥.
e Any Lie ideal .# is a Lie subalgebra.

Let @ be a fuzzy structure on %, i.e.,@ : £ — [0, 1]. Then, @ is a fuzzy Lie subalgebra [18] of
Z if the following identities are satisfied: Y/, € Z,a € F,
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SD @y + L) 2 min{w(l), w(l)},
(82) w(aly) =2 w(l),
(83) w([l1, L)) = mintw(ly), w(l)}.

A fuzzy structure @ is a fuzzy Lie ideal [18] of .Z if (S1), (S2), and @ ([/,,]) > @(l,) are satisfied
Vll,lg S g,a e F.

Consider the interval numbergz [£7,&%]of [0, 1], where £7,&% € [0, 1] and ¢~ < €. P[0, 1] denotes
the set of all interval numbers. For the interval numbers 'g', = [&7,¢&7], T = [v7,7]] € P[0, 1], where
i € A. We give:

nﬁq{éﬁ} = [min{é;, v}, min{éS, T},
max(;, Ti} = [max(gy, 77}, maxté;, T,
bbb <&andé) <8,

efi=bHL e =& and & =&,

To say that 5 < é:f; (resp. 5 > 5), we mean 5 < 5 and 5 * E:*; (resp. 5 > é:f; and 5 * «5).

F(Z,[-1,0]) indicates the collection of maps from a set . # ¢ to [—1,0]. An object of
F(Z,[-1,0]) is a negative-valued map from .Z to [-1, 0] (simply, an N-function on ). (Z,n)
is an N-structure, where 7 is an N-function on .Z.

Definition 2.1 ( [25]). Let .Z be a non-empty set. A CCS of .Z is a structure having the shape:
¢ ={{l,me(D, (D) | L € 2},

where wy : £ — P[0, 1] is an interval valued fuzziness structure on . and ¢ : .Z — [—1,0] is an
N-function on .Z.

For the sake of simplicity, we shall use the symbol 4 = (wy,ny) for the CCS ¥ =
KL aeD),me(D) | 1 € L}

Definition 2.2 ( [25]). Let € = (W, n¢) be a CCS of Z. Then, (v,y)-level of € = (wy, ny) is the
crisp set in .Z denoted by T(%; O, y)) and is defined as
(€)= {le L 1T =V me() <y,

where v € P[0, 1] and y € [-1,0].
Forv € P[0,1] and vy € [-1,0]. The v-level ‘I’(%cg;'f) and y-level T(ﬂ'cg;’)/) subsets of 4 can be
defined as:
T(@¢:7) = {l € L | To(l) =V} and Y(ms1y) = {l € L | me (D) < v}

3. Crossing cubic Lie subalgebras and ideals

In the current section, we originate the concepts of CC Lie sub-algebra, ideal, and homomorphism.
Also, we investigate some features of these notions.

Definition 3.1. A CCS ¥ = (wy, ny) is a CC Lie subalgebra of . if it meets the following identities:
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(A) (V1 € 2) ( Bl + ) = minl@e (1), Te(b), )

e (l + b) < max{ng(ly), me (1)}
g (aly) > Te(ly), )

B) (Ve L a€F
(B) (Vi ¢ )( mg(ah) < mg(lh)
([, b]) = minlwe (1)), Ty ()}, )

ne([l, b)) < max{ng (L)), ne(l2)}

Note that for all [ € L, w4(0) > w4 (l) and n4(0) < me(]). If @ # 0,wx(al) = w4 (), since

we(al) = () = To(a (al) = To(al). Similarly, ne(al) = me(1).

Definition 3.2. A CC Lie subalgebra ¢ = (wy,ny) of £ is a CC Lie ideal of .Z if it meets the
conditions (A) and (B) of Definition 3.1, respectively, and the condition (E), where

To([l1, L)) = me(ly), )

©) (VL e2) (

ne ([, k) < me(lh)
The Next two examples illustrate the above two definitions.

Example 3.1. Let £ = R?® = {(n,y,m) : n,y,m € R}. Then, (R?, [-,-]) is a real Lie algebra, where the
bracket [-, -] is defined as [/, ;] = [; X [, (the usual cross product). We define a CCS as:

EB) V,LeZ) (

([0.7,0.9],-0.8), ifn=y=m;

¢(n,y,m) = { ([0.6,0.8],-0.7), otherwise.

It is clear that, ¥ = (@¢,ny) is a CC Lie subalgebra of R?. But it is not a CC Lie ideal, since
@¢([(1,1,1),(1,2.4)]) = @¢((2, -3, 1)) = [0.6, 0.8] £ [0.7, 0.9] = w«((1,1,1)).

Example 3.2. Let £ = R?® = {(n,y,m) : n,y,m € R}. Then, (R?, [-,-]) is a real Lie algebra, where the
bracket [-, -] is defined as [/, ;] = [; X [, (the usual cross product). We define a CCS as:

([0.7,0.9],-0.8), ifn=y=m=0;

¢(n,y,m) = { ([0.6,0.8],-0.7), otherwise.

Clearly, one can obtain that 6 = (@, 1) is a CC Lie ideal of R.
Theorem 3.3. Any CC Lie ideal is a CC Lie subalgebra.
Proof. The proof is obvious. O

The converse of Theorem 3.3 does not hold in general.

Example 3.3. Let £ = R[n] be the set of all polynomials with coefficients in R. Then, (R[n], [-,-]) is a
real Lie algebra over R, where the bracket [-, -] is defined as

[p(n), g(m)] = q(0)p(n) — p(0)g(n).
We define a CCS as :

1 -1
“om) ={|0. Gy T dem v 2
Note that, for any p(n), g(n) € R[n], and @ € R:
deg(p(n) + g(n)) < max{deg(p(n)), deg(q(n))},
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deg(ap(n)) < deg(p(n),
deg([p(n), q(n)]) < max{deg(p(n)), deg(q(n))}.
It is clear that, ¥ = (w¢, 1) is a CC Lie subalgebra of R[n], but it is not a CC Lie ideal, since

ne((n® + 1,05 + 1)) = np(n® = 1) = _71 £ % = 11 + 1).

Theorem 3.4. A CCS € = (wy,ny) is a CC Lie subalgebra (ideal) if and only if

T(Te:v) = {1 € L | T(l) =V} and Y(ne1y) = {l € L | me) < )
are Lie subalgebras (ideals) of £ for any (v,y) € Im(wy) X Im(ny), where v € P[0, 1] and y € [-1,0].
Proof. Assume that ¢ = (w¢,n¢) is a CC Lie subalgebra, and let v € Im(wy) and y € Im(ny). Let

I, € T(?ﬁgﬁ) and a € F. Then w4 (l;) > v and w¢(l,) > v. It follows that

@Te(h + ) = min{@e (L), T (b)) = 7,
wg(al) > Te(ly) =,
@o([11, b]) = minfwe (L), e(h)} =V
and hence, [, + b, aly, [1;, L] € 'Y'(Efg;?). Thus, T(TU%»;V) is a Lie subalgebra of .Z. The proof of
T(ﬂ(g; 7) 18 similar.
Conversely, suppose that T(TU%;V) and T(ﬂ(g; y) are Lie subalgebras of .Z for any v € Im(wy),y €
Im(ng). Let 1, € L and a € F. Taking

v = min{@y (1), Te (1)),
Thus, I;,1, € T(*&g;V). Then, we have [; + [; € T(a’cg;V), which means
Tl + ) =V = min{@e (1), T ()}

Similarly, we can show that:
Fe(al) = Ty,
@ ([l b)) = min{we (1), Te (b))

In a similar way, we use the fact that T(ﬂ(g; y) is a Lie subalgebras of .’ to show:

ne(ly + b)) < max{ng(l), ne(12)},
ng(aly) < me(ly),
e ([, b)) < max{ng (1)), ne (L)}

Hence, € = (w¢, n¢) is a CC Lie subalgebra. The proof of the Lie ideal is similar. O

Theorem 3.5. Let ¢ = (wy,ny) be a CC Lie subalgebra. Define a binary relation »< on £ by

T () = 1) = @(0),

(b e D)lieh) & ( 1ol = ) = e (0)

Then, > is an equivalence relation on £ .

AIMS Mathematics Volume 9, Issue 8, 22112-22129.
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Proof. Clearly, the reflexiveness and symmetry of »< are trivial. So, we only need to demonstrate that
>< is transitive. Let ll,lz,L3 S g, If ll > lg and lz > 13, then 5’%(11 - lz) = 5%(0),5’%(12 - 13) =
w4 (0) and 7o (l; — 1) = n4(0), (I, — I3) = m4(0). Thus, it follows that

T (0) = Tp(ly — 3) = T (ly — b + b — I3) = min{@y (I, — ), Te(ly — 13)} = Te(0)
and

76 (0) < my(ly — ) = ne(ly — L + 1 = I3) < max{ng (L, — ), ne(ly — I3)} = 74(0).

Hence, > is an equivalence relation on .Z. m]

Theorem 3.6. Let 7, C 74 C ... C H, = £ be a chain of Lie algebra £ . Then, there exists a CC
Lie subalgebras € = (wy, ng) for which the level subsets

V(@i %) = {1 € 2| Boel) = W2} and V(mgim) = {l € L | 7o (D) < ),
Ve, Y1) € Im(wy) X Im(ngy), where vy € P[0, 1] and y; € [—1,0], 1 < k < n coincide with this chain.

Proof. Take v; and y;, k =0, 1, ..., n such that
Vo=V Z o =V,

and
Yo <Y1 < . SV

We can choose v = [0, 7] and ¥, = =, k=0,1,..,n. Let € = (@, 1¢) be a CCS of & defined by

Vo, yo), if 1 € Hy;

e = Va2, y2), if l e 65 — 4,

s vy, i L€ A — .

We first prove that € = (@, ) is a CC Lie subalgebra of .. Let [;,l, € £ and a € F. Suppose that
ly € 76— -, and |, € J¢; — J¢_, for some i, j. We may assume that j < i. Then, we have [;, [, € JZ.
Thus, I; + L, aly, [1;, 1] € F. It follows that

Tl + L) = v = min{v;, v;} = min{@ (1)), s (L)},
5‘5(%) = F‘Z = 5:{,([1),

and
ne(li + b) < yi = maxty, y;} = max{ng (L), ns ()},
ng(ah) <y = ne(lh),
e ([l L)) < yi = maxty;, y;} = max{ng (1)), me (L)}
So, € = (w¢,ny) is a CC Lie subalgebra of . and all its level sets are Lie algebras, since Im(wy) =
Vo, V1, ..v,} and Im(my) = {yo, Y1, ...vn} are level subsets of ¥ form chains:

(T %) € Y(@Te:71) € ... € X(Tes70) = L.
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and
T(w;m) C T(w;yl) c..cC ‘Y’(ﬂcg;yn) =2,

respectively. We now prove that
V(@i %) = A = T(neivi) k= 0,1,..m

Clearly, 74, C T(ﬁ(g; 17;}) and 774, C T(?T(,gﬂ; yk). Ifl e T(%fg; 17,;) then wy(l) > v and so w«(l) = v; for
some i < k. Thus, [ € J7. Since J¢ C 74, it follows that [ € J7;. Consequently, 77 = T(?U'(g; 17,}) The
proof of T(mg; y) is similar. O
Definition 3.7. Let € = (wy,ny) and ¥ = (w4, ny) be two CCSs on L. If € = {(wy,ny) is

a CC relation on %, then € = (wy,ny) is called a CC relation on ¥ = (wgy,ngy) if we(l,h) <
min{@w4(ly), Ty(lL)} and T (11, 1) > max{my(ly), 7y(l)} forall [}, 1, € L.

Definition 3.8. Let ¢ = (wy,ny) and ¥ = (wy,n4) be two CCSs on Z. Then, the generalized
Cartesian product % X & is presented as:

x99

(W, mg) X{(@Wg,Mg)

<a(5 X a-.@’ﬂ'(f X 7-(.0]>’

where (@ X @o)(11,1) = min{@¢(h), To(l)} and (1 X 15)(11.b) = max{@e(h), Tz (L)} for all
(I, b)) € LxZL.
It is clear that the generalized Cartesian product ¢ X ¥ is always a CC structure on .Z X .Z.

The proof of the next theorem is trivial, so it is omitted.
Theorem 3.9. Let € = (wy,ny) and 9 = (wy,ng) be two CCSs on L. Then,
(1) € x Z is a CC relation on Z.
2) T(%%o X 5@;37) = T(z’ﬁ%, ) X T(w@, ) and T(ﬂ'cg X 71'_@,’)/) = T(ﬂg,;;y) X T(ﬂ@;y)
Yv e P[0, 1],y € [-1,0].

Theorem 3.10. Let € = (wy,ny) and 9 = (w4, gy be two CC Lie subalgebras on L. Then, € X 9
is a CC Lie subalgebra on £ x L.

Proof. Letl = (I;,1),n = (n;,ny) € £ x £. Then,

(Te X T)(l1, 1) + (n1,n2))
= (@y X @)Ly + my), (L + n2))
n%{%g(h +m), Tl + my))

(@g X @5)( +n)

Y

min{min{@ (1)), e (1)}, min{@ o (1), W/(nz)}}

min{min(@ (1), T (L)), min(@ e (m), T (n)})
minl(@ X Bo)(l, b, (F¢ X To)m,m))
min{

= min{(@g X @o)(), @y X @) ()},
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(Ty X @g)(al)

(@y X wy)([I + n])

Also,

(my X )+ n)

(e X o) (al)

and

(s X mz)([1 + n])

i

Il /AN T ||

<

(@e X @) a(ly, 1))

(T X @) (aly, aly)

min{@y (aly), To(al))
min{@¢(1,), (L))
(@y X @)1, 1)

(T X T5H)(D),

'

(iﬁff fﬁ@)([(ll, L) + (ny, izzv)])
min{min{@ ¢ (L), T (L)}, min{@ e (m), To(na)}]
min{(@y X @)1, ), (@Te X To)(n1, 7))

min{(@y X @o)(1), (@T¢ X To)(n)).

(e X 1) (11, 1) + (ny, ny))
(me X a)(Iy + ny), (I +ny))
max{ng(ly + ny), my(lr + ny))

max{maxine (), me(m)}, max{rs (), 75 (n)})

max{(mg X 75)(l1, 1), (mg X 75) (N1, 12)}

max{maxiny (1), w5 ()}, maximg (), 7o (n))}
{
max{(ny X 7)), (mg X w5) (M)},

(my X wg)a(ly, 1))
(my X ng)(aly, aly)
max{ng(al,), ng(al))
max{me (L), 75(l)}
(me X)Ly, 1)

(g X g )(1)

IA

(e X wo)([(L1, L) + (n1, m2)])

maX{max{ﬂsg(l 1), ()}, max{mg (ny), ﬂ@(nz)}}
max{(mg X 7)1, ), (mg X 75)(n1, 12))}
max{(mg X 75)(D), (Mg X 75)(n)}.

Hence, ¢ X Z is a CC Lie subalgebra on .Z x .Z. O

Definition 3.11. Let € =

<5’<g,7'(<g> and Z =

(wg,ny) be two CC Lie ideals of .. Then, % is the

same type of Z if € = P o ¥ for some ¥ € Aut.Z, i.e., wy(l) = w4(Y(l) and ng(l) = e (W(1)) for

alll e Z.

AIMS Mathematics
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Theorem 3.12. Let ¢ = (wy,ny) and 9 = (wqy,ng) be two CC Lie ideals of £. Then, € is
isomorphic to 9 if and only if € is a CC Lie ideal having the same type of 9.

Proof. Let € = (wy,ny) and 9 = (@4, n4) be two CC Lie ideals of .Z. If ¥ is isomorphic to Z,
then clearly % is a crossing Lie ideal having the same type of 2. Now, suppose that % is a crossing
Lie ideal having the same type of Z. Then, AY € Aut(.Z’) such that

@y (l) = T (P(h)) and o (1) = me(P(1))
forany [, € £. Let Q : €(.%) — 2(£) be a map presented by:
Q&) = 2(¥)
for any /; € .%. That is,
Q@4 (1)) = w5 (Y1) and Qg (1)) = 7o (P(1))

for any [; € .Z. Then, it is obvious that Q is surjective. Since Q(w«(l})) = Q(w« (L) forany [;,1, € £,
then w4 (W(l))) = @w4(¥(ly)) and therefore w4 (1)) = @4 (). Similarly, Q(ny(l1)) = Qs (¥(L))) for
any [y, 1, € Z, then @w4(Y(l))) = n4(¥(l,)) and therefore 4 (l) = n4(l;). Now, for any [, 1, € £, we
have

Q@z(h + b)) =wy(Y(y + b)) = @5 (Y(lh) + ¥(h)),

Q@ (al) = wy(Y(al) = awy (Y1)

and
Q@4 ([l + L)) = TPl + L) = To([P(1) + (D).
Similarly,
Qs (l + b)) = no(P(y + 1)) = oY) + P(l)),
ng(aly) = ny(P(al))) = ang(Y(h)),
and
Qr ([l + L)) = 7o(Y([L + kD) = no([Y() + Y(L)D.

Therefore, Q is a homomorphism. Thus, € is isomorphic to . O

Theorem 3.13. Let € = (wy,ny) and 9 = (wqy,n4) be a CC Lie ideals of L. If € is s CC Lie ideal
having the same type of 9, then ¥ € Aut(L) such that @y oY = Wy and ng o ¥ = 7.

Proof. The proof is obvious from the Definition 3.11. O

AIMS Mathematics Volume 9, Issue 8, 22112-22129.
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Definition 3.14. Let ¥ : .| — % be a homomorphism Lie algebras. For any CC structure ¢ =
(Wy, M) on 25, we present a CC structure € = (@, 7,y on £}, where € () = €(¥(])) for any
le A . Thatis, @ () = wx(¥(])) and JT;(Z) = n4(W(l)) for any [ € 7).

Theorem 3.15. Let V¥ : & — £ be a homomorphism Lie algebras. If € = (wy,ny) is a CC Lie
ideal of £, then € = (w,,,n..) is a CC Lie ideal of £,.

Proof. Letl,l, € £ and a € F. Then,
@ (Y1) +P(h))
min{@w4(Y(1h)), s (P (1))}

min(@ (1), T,

Tyl + b) = (P + 1))

v

Ty(al)) = Te(P(alh) = Te(@P(h) = Te(P()) = Ty(l)
and
@yl + b)) = (P + b)) = Te((P) + P(D)]) = Te(P(lh) = Ty(l).
Similarly, 7%(l) + L) < max{z2(), 7%(L))), mh(ab) < 7% and TL(L + L) < @E(L). Thus,
¢" = (Y, x%) is a CC Lie ideal of . O

Theorem 3.16. Let ¥ : £, — % be an epimorphism of Lie algebras. If €% = (@.,, n..) is a CC Lie
ideal of L), then € = (W, ny) is a CC Lie ideal of %.

Proof. Since Y is surjective, then for any [;,l, € %, there are n,n, € % such that [, = ¥(n;) and
I, = ¥(ny). Hence, @y (1)) = @, (n1), @y () = @y, (ny), me(ly) = my(ny) and (L) = 7 (n2). Now,

Tl + ) = Te(P() + ¥(p)) = Tp(P(ny + ny))
= @, (n +m)
> minl@i(n), T ()}

= %{%g/(l]),%%(lz)},

@ (Y(an))
5;(111)

w4 ()

wmy(al) = my(@¥(n))

\'%

and

@ ([n + mal))
777'/;(”1)

@y ().

([l + b)) = TL([P(n1) + P(n2)])

\'%

Similarly, (I} + ) < max{ng(ly), nz (L)}, me(aly) < mye(ly) and e ([l + L]) < we(ly). Thus, ¢ =
(@, m)is a CC Lie ideal of .Z}. o
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In Theorems 3.17-3.20 below, let ¢ = (¢, ny) and ¥ = (w4, 4) be two CC Lie ideals of .Z.

Theorem 3.17. If wy o ¥ = @y and ny o ¥ = ny for some ¥ € Aut( L), then g(wy) = Wy and
g(ny) = 7mg.

Proof. Let € = (wy,ny) and & = (w4, n4) be CC Lie ideals of .Z. Assume that AY € Aut(¥) such
that wy o ¥ = wy and 1 o ¥ = 7y, then w(VY(1,)) = wy(l)) and 4 (¥(l;)) = 74(l;). Thus,

Y @e(h) = sup @y(h) = Te(P() = Do)

lzel}'(ll)
and
Y () = inf 74(h) = me (V1)) = mo(ly)
lzel}'(ll)
foralll; € £.1f g = P!, then g € Aut(.¥), therefore g(wy) = Wy and g(ny) = 4. m]

Theorem 3.18. If g(wy) = @y and g(ny) = ng for some g € Aut( L), then Ah € Aut( L) such that
h(z’ﬁ@) = 5% and h(ﬂ'@) = Tg.

Proof. Let € = (wy,ny) and 9 = (w4, n4) be two CC Lie ideals of .Z. Suppose that g(wy) = Wy
and g(ny) = my for some g € Aut(Z), then

To(l) = g@e) = sup @e(h) = Te(g™ (1)

heg ()
and
ng(P(lh)) = g(ng) = inf  my(lh) = me (g~ (1)
heg™\(I)
Thus,
g\ = lsug)a-i_@(lz) = @y(g(h)) = Te(g' (g(1)) = Te(ly)
2€8(01
and
g ') = lzieI;(fll)ﬂg(lz) = 119(g(h)) = m (g7 (g(1)) = me(ly)

forany [, € Z.If h = g7!, then h € Aut(¥) and therefore h(w4) = Wy and h(ny) = ng. O

Theorem 3.19. If h(wy) = wy and h(ngy) = ny for some h € Aut( L), then Y(wy;v) = h(V(@4;V))
and Y (rg;y) = W(X(ng;y)) forall v € P[0, 1] and y € [-1,0].

Proof. Let € = (wy,ny) and Z = (w4, n4) be a CC Lie ideals of .Z. Suppose that h(w4) = @y and
h(ry) = ny for some h € Aut(.Z), then

Te(l) = h@e)(h) = sup @To(l) = Toy(h™ (1)
lzeh_](ll)

and
g(lh) = h(zg)(h) = inf  75(k) = ny(h™ (1))
lzeh_l(ll)

forany [} € .Z. Now, letv € D[0, 1] and y € [-1,0]. If [; € T(@w; V) N T(7g;7y), then

@To(h™' (1) = Te(ly) =V
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and

mo(h™' (1) = me(ly) <,
which implies that h~'(1)) € V(@ 4; V) N T (ng;y), i.e., x € h(Y(@4; V)N T(74;y)). Hence, Y(@y; V) C
WY (@ 5;v)) and Y(ng;y) C h(Y(ngy;y)). Now, let [; € h(Y(@»;v)) N h(Y(ny;y)). Then, h™'(l)) €
h(C(@4;v)) N h(Y(rg;y)). Therefore,

Te(l) = ok (1)) =V

and

me(l) = ok () < y.
It follows that [; € Y (wy;v) N T(7wy;y). Hence, h(Y(w4;Vv)) C Y(wy;v) and h(Y(ng;y)) C V(ng;y).
Thus, Y (w¢; V) = (Y(wy;Vv)) and Y(ng;y) = h(Y(ny;y)) forall v € P[0, 1] and y € [-1, 0]. O

Theorem 3.20. If 3h € Aut.Z such that V(wy;v) = (@ 4;Vv)) and Y(ng;y) = h(C(ng;y)) for all
(v,y) € P[0, 1] X [—1,0], then € is s crossing structure having the same type of 9.

Proof. Let € = (wy,ny) and 9 = (w4, n4) be two CC Lie ideals of .£. Assume that Ik € Aut¥
such that T(wy;v) = h(V(@4;Vv)) and Y(ny;y) = h(Y(ng;y)) for all (v,y) € P[0, 1] x [-1,0].
Let @o( L7 Y(l) = vV and wy(L7Y() = vy. Then, h™'(l)) € Y(@y;V) N Y(ry;y). Hence,
i € h(Y(@z:V) N h(Y(nz:y) = T(@e: V) N V(ngsy). Thus, @e(ly) = Vv = wyh ' (1)) and
we(l) <y = @Tye(h (1)) for all [, € £. Therefore, € is s crossing structure having the same type
of . O

4. Crossing cubic quotient Lie algebras

Here, we give a construction of a quotient Lie algebra via CC Lie ideal .Z. Then, we present the
CC isomorphism theorems.

Theorem 4.1. Let . be a Lie ideal of L. If ¢ = (wy,n¢) is a CC Lie ideal of £, then a CCS
= (w%ﬂgg) is a CC Lie ideal of the quotient Lie algebra £ |.%, where w4 = sup,. ,(I; + k) and
Ty = lnfkej(ll + k)

Proof. Straightforward, ¢ is well defined. Let (; + .9), (L + .9) € £].#, then

Te((lh + b)) + F)
= sup((h + lz) + k)
ke .7

= sup ((l] + lz) + k)
k=a+pe.s

Te((lh + ) + (L + 9))

> sup min{@g () + @), el + B))
a,pBedS

= min{sup(l; + @), sup(l + )}
acS pes

= min{@we(l, + 7). Tl + 9)),

T (6l + 9)) = TSl + 7)) = sup(Sl, + k) = sup(ly + k) = Tl +.9)
ke s ke s
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and

e[l + L] +.9)

= sup@e((l + b]+k)
ke s

el + I, (L + 7))

> sup ?ﬁ_cg(ll + k)
ke s

= Tl + .9).
Also,
ae((li+ )+ L+ 7)) = me((lh + )+ .F)
= inf((l; + L) +k)
ke s
= inf y((ll +1b)+k)

k=a+pe

< iﬁnff max({me(l; + @), e (L + B)}
= max{inf(/; +a), ggﬁ(lz +B)}

= max{zmg(l + ), 75 (L + I},

7z (6(l + F)) =z (0l + F) = gné(éll +k) < gné(ll +k)=ns(l + )
and

(b + I [b+ ) mg(lh + L]+ .7)

= inf e[y + L] + k)
ke s

< ]gl; e (L) + k)
= 7wl + .9).
Hence, € is a CC Lie ideal of & /7. |

Theorem 4.2. Let VY : £ — £ be an epimorphism of a Lie algebra £ onto a Lie algebra £. Then,
the following statements hold:

(i) If € is a CC Lie ideal of .Z, then Y(%) is a CC Lie ideal of Z.
(ii) If 9 is a CC Lie ideal of £, then Y~'(2) is a CC Lie ideal of <.
Proof. Straightforward. O

An equivalence relation > in Theorem 3.5 is a congruence relation. To verify that > is a congruence
relation on .Z. Let [; »< [, and [, »< I3, then @y ([ — 1) = @4(0), we(l, — ) = g (0), 7e(l; — ) =
n¢(0) and (I, — 3) = n4(0). Now, let ny, no, m;,my € £, we have

wy((ng —my) + (ny — my))

> minfwy(ng —my), @e(ny —my)}

a'(g,,”((nl + nz) - (ml + mZ))

Y
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= w¢(0),

we(an, — amy) Te(a(ng —m)) = we(n —my) = @y (0),

Te([ny,n] = [my,m]) = @e([ny —myl, [n2 — my])
> min{wg(ng —my), Te(ny — my)}
= w4(0).

Also,

e ((ny —my) + (no — my))
max{ng(ng —my), ne(ny — mo)}
7 (0),

e ((ny + no) — (my + my))

IA

g (any — amy) e (a(ng —my)) < ng(ng —my) = n4(0),

ne([ny —my], [np — my])
< max{ng(ng —my), ne(ny — mo)}
= ﬂ'cg(O)

ne([ny, na] — [my, my])

That is, ny + ny = my + my, any = am; and [n, ny] >< [m;, my]. Thus, >« is a congruence relation on .Z.

The set of all equivalence classes ¢’[.Z] is denoted by .£°/% . It is a Lie algebra under the following
operations:

T A + T L) = o[ L+ L), 0w [ L) = Tola ), [Tl L), T L)) = Tl [ L+ L,
To| L) + gL = Tl L+ L), ang[ L) = Tgla ] and [7[.L), 7o | L] = mel[ L+ L.

Next, we present the CC isomorphism theorems over Lie algebras.

Theorem 4.3. Let ¥ : & — & be an epimorphism, where £ and £  are Lie algebras. If € =
(g, ny) is a CC Lie ideal in &', then L VY~ (€)= L' €.

Proof. Define Q : L/¥Y~(€) —» L' |F as:
QY (@« (1) = T (P(1) and QY (m4(D)) = 7x (P(D)).
V1 € . and for any collection of the CCSs of .#". Hence, Q is an isomorphism. ]

Theorem 4.4. Let € = (wy,ngy and 9 = (wqy, ng) be two CC Lie ideals in £, with @w4(0) = @ 4(0)
and 74 (0) = 74(0). Then, (Ly + L) D = Loy ] (€ N D).

Proof. Clearly, %4+ %4 and %4 /(¢ N D) are CC Lie ideals in .Z. Forevery | € (L + %5),l = a+b,
where a € £, and b € Z,. Let ¢ and Z have a congruence relation oc on .Z, defined as:

acwe (&g(a -w) = @y(0), mg(a —w) = n4(0), my(a —w) = @5(0), 19(a —w) = ﬂ@(O))
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for all ¥ and Z. Define Q : (L4 + £9)] 9 — L /(€ N D) as:
Q(@z()) = UAwg(a +b) = (@y N@g)(a)

and
Q((rz(D)) = Qrg(a + b) = (mg N 1y)(a).

Then, € is an isomorphism. ]

Theorem 4.5. Let € = (wy,ny)y and 9 = (@4, n4) be two CC Lie ideals in £, with w4(0) = @w4(0),
7¢(0) = 75(0) and € C 9. Then, (L]€)](Ly)]EC) = L/(D.

Proof. Clearly, (Z/%¢)/(Z)/%) is a CC Lie ideal over .Z. Define
Q:(Z/)6)(£L)]C) > ZL[(Z

as:
Q@ (D) + (£2)/€)) = @) and (74 (D) + (L9)/ ) = m ()

Y1 € Z. Then, the proof is straightforward. O
5. Conclusions

As discussed earlier, the CC structure is a parallel concept between interval-valued and negative
versions of fuzziness structures. The idea of the CC structure is an extension of the fuzziness structure
of two polarities (positive and negative). In this paper, we develop the concepts of CC Lie subalgebras,
CC Lie ideals, and homomorphism. We discussed the Cartesian product of CC Lie subalgebras. Also,
we described some interesting results of CC Lie ideals. In addition, we provided a construction of a
quotient Lie algebra via the CC Lie ideal in a Lie algebra and presented the CC isomorphism theorems.

The idea of CC structure is a topic of great interest, and it is a task to apply this logical concept
to problems in theoretical physics, coding theory, and quantum mechanics. Further, the results of this
study can be utilized in a variety of algebraic frameworks, for instance Hom-Lie algebras, Hom-Lie
bi-algebras, semirings, I'-semirings, and QS/UP/KU-algebras.
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