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Abstract: This article discussed a new fractional model that included governing equations describing 

mass and thermal diffusion in elastic materials. We formulated the thermal and mass diffusion 

equations using the Atangana-Baleanu-Caputo (ABC) fractional derivative and the Moore-Gibson-

Thomson (MGT) equation. In addition to the fractional operators, this improvement included 

incorporating temperature and diffusion relaxation periods into the Green and Naghdi model (GN-III). 

To verify the proposed model and analyze the effects of the interaction between temperature and mass 

diffusion, an infinite thermoelastic medium with a cylindrical hole was considered. We analyzed the 

problem under boundary conditions where the concentration remained constant, the temperature 

fluctuated and decreased, and the surrounding cavity was free from any external forces. We applied 

Laplace transform techniques and Mathematica software to generate calculations and numerical results 

for various field variables. We then compared the obtained results with those from previous relevant 

models. We have graphically depicted the results and extensively examined and evaluated them to 

understand the effects of the relationship between temperature and mass diffusion in the system. 
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1. Introduction 

Thermoelasticity theory, a prominent field in solid mechanics, investigates the interaction 

between thermal and mechanical phenomena in materials. The theory acknowledges that temperature 

fluctuations can lead to changes in shape and internal forces in a material, and vice versa, applying 

mechanical forces can result in temperature alterations [1]. Thermoelasticity theory is based on the 

idea that temperature fluctuations cause changes in a material's internal structure and properties, 

resulting in thermal strains and stresses. Thermoelasticity theory has a variety of applications in 

engineering. The design of structures and components that experience temperature fluctuations is an 

essential consideration. Engineers can improve the performance of their designs by understanding how 

materials react to thermal and mechanical loads, which allows them to predict and prevent possible 

problems [2]. The aerospace industry uses thermoelasticity theory to design aircraft components that 

can withstand the significant temperature variations encountered during flight [3]. Civil engineers also 

use thermoelasticity theory to design structures such as bridges and pipelines that are subject to 

temperature fluctuations. Moreover, it holds significance in the examination of thermal strains in 

electronic devices and microelectromechanical systems (MEMS). These fields benefit from 

understanding the impact of temperature fluctuations on the mechanical properties and dependability 

of the materials and components in question [4]. 

The conventional coupled thermoelasticity (CTE) theory, as proposed by Biot [5], is subject to 

certain unrealistic constraints because it assumes that heat can propagate at an infinite velocity. Several 

alternative thermoelasticity models, known as generalized thermoelasticity, have emerged to resolve 

this issue. These models have garnered substantial scientific attention in recent years. Lord and 

Shulman [6] developed a theory by altering the heat conduction equation to include the heat flow rate. 

They developed an expanded thermoelasticity theory integrating a thermal flux rate alongside the 

conventional Fourier heat conduction law. Furthermore, Green and Lindsay [7] developed a theory 

incorporating the temperature rate as a fundamental component. In their hypothesis, they introduced 

two relaxation periods, which modified the energy equation and established the relationship between 

Duhamel and Neumann. Following this, the work of Green and Naghdi [8–10] garnered significant 

interest as they formulated three distinct forms of generalized (GN) thermoelasticity theory, 

stimulating further research in this field. The initial theory is referred to as GN-I, the subsequent theory 

as GN-II, and the final theory as GN-III. In its linearized form, the GN-I theory aligns with the 

traditional heat conduction equation. The GN-II model does not involve any loss of thermal energy. 

Instead, it introduces an alternative equation for heat conduction that addresses the issue of infinite 

propagation of heat waves in thermoelasticity. 

The field of acoustics and wave propagation frequently uses the Moore-Gibson-Thompson 

(MGT) equation, a third-order differential equation. It is notably used to model situations where 

dissipation and dispersion play important roles. Its higher-order nature allows it to represent more 

complex dynamic behaviors than classic second-order wave equations, such as those found in standard 

thermoelasticity and acoustics [11]. Quintanilla [12,13] introduced a unique thermoelastic model 

featuring two temperatures, incorporating the MGT version for heat conduction. This model was 

developed from the GN-III theory, with the addition of a relaxation component. Quintanilla's model 

includes a relaxation factor [14]. This new model exhibits additional dynamics and properties that go 

beyond those seen in standard thermoelasticity models. The introduction of the MGT has had a 

substantial impact on the field of thermoelasticity. This model has attracted a wider variety of 



21862 
 

AIMS Mathematics  Volume 9, Issue 8, 21860–21889. 

researchers and has stimulated further inquiries into the theory and its applications [15–18]. Ahmed 

et al. [19] developed a singular boundary approach, often referred to as SBM, to solve transient, 

dynamically coupled thermoelastic issues. The Helmholtz decomposition and eigenvalue analysis in 

the frequency domain (Fourier space) are used to obtain novel fundamental solutions to dynamically 

coupled thermoelastic issues. 

Mass diffusion refers to the movement of atoms, molecules, or other species within a porous 

material due to concentration differences. It involves transferring mass from areas of higher 

concentration to areas of lower concentration. The random movement and collisions of particles within 

a medium cause mass diffusion [20]. The concentration gradient, species diffusivity, and 

environmental conditions are some of the factors that affect the rate of mass diffusion. Elastic materials 

link the processes of heat diffusion and mass diffusion. Sometimes, temperature differences can cause 

concentration differences, a phenomenon known as thermodiffusion, or the Soret effect. Under the 

influence of a temperature gradient, this effect causes different species to move through the material 

more rapidly [21]. Understanding how heat and mass move through elastic materials is important in 

many fields, such as physics, materials science, and engineering. It is a key component of many 

processes, including heat transfer, mass transport, phase changes, and diffusion-based methods for 

characterizing materials [22].  

In semiconductor production, thermal diffusion is used to establish precise doping profiles in 

semiconductor materials. Dopant atoms must be carefully diffused into silicon or other semiconductor 

substrates to alter the electrical properties of transistors, diodes, and other electronic devices [23]. 

Thermal and mass diffusion play crucial roles in processes such as diffusion coating and surface 

modification. These processes enhance the characteristics of a substrate material by diffusing a thin 

layer of another material onto its surface. Diffusion occurs when carbon penetrates the outer layer of 

steel, forming a tough, carbon-rich layer known as the carburized layer. This process enhances the 

steel's resistance to wear and tear. Thermal diffusion is widely employed in heat treatment processes, 

including annealing, tempering, and quenching [24]. These processes involve the deliberate 

application of heat and cold to manipulate the internal structure and characteristics of materials. 

Thermal diffusion is essential for establishing the required temperature profiles and managing phase 

transitions within the material. 

Nowacki introduced the concept of thermoelastic diffusion [25]. This concept introduces a novel 

thermoelastic model that necessitates the transmission of thermoelastic waves at infinite speeds. 

Sherief et al. [26] proposed a generalized thermoelastic model indicating restricted velocities for the 

propagation of thermoelastic and thermal waves. 

This article describes a new model for mass and thermal diffusion based on the MGT fractional 

thermodiffusion theory. It demonstrates how thermoelasticity and mass diffusion interact. The purpose 

of this model is to rectify the shortcomings of prior models and enhance our understanding of 

thermodiffusion. This new model includes the fractional MGT equation, which provides an accurate 

description of heat conduction and diffusion in elastic materials. The equation is derived using the 

fractional Atangana-Baleanu-Caputo (ABC) derivative, which incorporates a nonlocal and non-

anomalous kernel. Using fractional derivatives allows the inclusion of memory effects, which 

effectively explain why thermal and mass waves propagate at finite speeds. Additionally, this proposed 

model accounts for the restricted speeds at which thermal and mass waves can propagate. This differs 

from the assumptions made in conventional Fourier models and the third form of GN theory. The goal 

of this new model is to address the limitations of previous theories by incorporating fractional 
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derivatives. This approach will result in a more precise and comprehensive depiction of 

thermodiffusion in elastic materials. 

To examine the proposed model, the study focused on investigating thermal diffusion interactions 

in an infinitely large isotropic material with a cylindrical hole. This problem assumes that both time-

dependent heat transfer and chemical convection affect the surface of the cylindrical hollow, which 

offers no resistance to movement. The problem was analyzed using the Laplace transform approach. 

The Laplace transform was used to derive analytical expressions for the system's physical fields, such 

as temperature and concentration. After obtaining the solutions in the Laplace domain, an appropriate 

numerical inversion procedure was used to transform the solutions back to the space-time domain. To 

verify the accuracy of the model and compare it with other established models, we computed the 

numerical values of the physical fields and displayed them in figures and tables. We verified the 

efficacy and distinctiveness of the proposed model in describing thermal diffusion interactions in the 

analyzed system by computing numerical values for the physical fields depicted in figures. This 

comparison also facilitated the assessment of the efficacy of the proposed model, as well as its 

congruence with preceding theories and empirical evidence. 

Nomenclature: 

𝜆, 𝜇 Lamé′s constants  𝐾 Thermal conductivity
𝛼𝑡 thermal expansion coefficient 𝜌 Density of material 
𝛼𝑐 coefficient of linear diffusion 𝑄 Heat source

𝛽1 = (3𝜆 + 2𝜇)𝛼𝑡 thermal coupling 𝛽2 = (3𝜆 + 2𝜇)𝛼𝑐 Diffusion coupling 

𝑇0 environmental temperature   𝛿𝑖𝑗 Kronecker′s delta function

𝜃 = 𝑇 − 𝑇0 temperature increment    ∇2 Laplacian operator
𝑇 absolute temperature 𝜏0 Phase lag of heat flux  

𝐶𝐸 Specific heat 𝒫⃗ Position vector

𝑒 = 𝜀𝑘𝑘 = ∇ ∙ u⃗ cubical dilatation 𝜏𝜂 Phase lag of diffusing mass

𝜎𝑖𝑗 Stress tensor 𝑎 measure of thermoelastic diffusion effect

𝜀𝑖𝑗 Strain tensor 𝛼 Fractional order

u⃗ Displacement vector 𝐷 Thermodiffusion coefficient

H⃗⃗ Heat flux vector 𝑃 Chemical potential

𝜂 Diffusing mass vector 𝐶 Concentration of diffusion material

 

2. Fractional MGT thermodiffusion model 

Mathematics, physics, and engineering frequently employ Fourier and Fick's formulas to explain 

the processes of thermal conduction and mass diffusion in elastic materials. Nevertheless, these models 

may exhibit deficiencies or imperfections that do not consistently align with experimental observations. 

In this section, we will develop a novel model that overcomes the restrictions and offers a more 

comprehensive understanding of heat transfer and diffusion phenomena. The model incorporates the 

MGT equation and utilizes fractional-order differential operators. 

The equations and relationships that describe how generalized thermodiffusion works in uniform, 

isotropic, elastic solids are based on the laws of conservation of energy, momentum, and mass. They 

also look at the relationships between stress, strain, heat flux, and mass flux. The principles of 

thermodynamics and continuum mechanics commonly represent these equations as partial differential 

equations. The following equations regulate the thermodiffusion behavior of elastic solids [23–26]: 
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 𝐻⃗⃗ (𝒫⃗ , 𝑡) = −𝐾∇𝜃(𝒫⃗ , 𝑡), (1) 

 𝜂 (𝒫⃗ , 𝑡) = −𝐷∇𝑃(𝒫⃗ , 𝑡), (2) 

 𝜀𝑖𝑗 =
(𝑢𝑗,𝑖+𝑢𝑖,𝑗)

2
, (3) 

 𝜌𝐶𝑒
𝜕𝜃

𝜕𝑡
+ 𝛽1𝑇0

𝜕

𝜕𝑡
(∇ ∙ u⃗ ) + 𝑎𝑇0

𝜕𝐶

𝜕𝑡
= −∇ ∙ H⃗⃗ + 𝑄, (4) 

 −∇ ∙ 𝜂 = 𝐶̇, (5) 

 𝑃 = −𝛽2𝜀𝑘𝑘 + 𝑏𝐶 − 𝑎𝜃. (6) 

Equations (1)–(6) allow prediction of the behavior of the material under different loading and 

temperature conditions. In addition, they allow for the analysis of the effect of thermodiffusion on the 

solid's mechanical response. 

The conventional laws of Fourier and Fick, which govern heat transfer and diffusion, have been 

extensively employed and validated for several practical applications. Nevertheless, these principles 

fail to precisely represent the patterns of temperature fluctuations in the short-term period, especially 

at higher frequencies and smaller wavelengths. In order to overcome this constraint and rectify the 

incongruity with physical events, generalized equations have been formulated. Over the last thirty 

years, nonclassical diffusion and thermal elasticity models have been superseded by more 

comprehensive equations designed to address this discrepancy. A specific model that incorporates 

thermodiffusion with a relaxation time is the generalized model established by Sherief et al. [26]. This 

model incorporates a relaxation time parameter to facilitate the attenuation of thermal wave 

propagation. 

Notably, the Cattaneo equation, a modified version of the heat equation, frequently replaces the 

conventional Fourier's law of heat conduction [27]. It provides a more complete picture of heat 

transport by considering the finite speed of thermal waves and capturing events that the standard 

Fourier equation does not adequately explain. The modified Cattaneo equation can be written as 

follows [27,28]: 

 (1 + 𝜏0  
𝜕

𝜕𝑡
) 𝐻⃗⃗ (𝒫⃗ , 𝑡) = −𝐾∇𝜃(𝒫⃗ , 𝑡), (7) 

where 𝜏0 denotes the characteristic relaxation time constant.  

An expression resembling the Cattaneo equation is provided, but it is applicable to diffusive mass 

or mass flow as opposed to heat transfer. The formulation is as follows [26]: 

 (1 + 𝜏1  
𝜕

𝜕𝑡
) 𝜂 (𝒫⃗ , 𝑡) = −𝐷∇𝑃(𝒫⃗ , 𝑡), (8) 

where 𝜏1 represents the relaxation parameter for diffusion time. The relaxation times (𝜏0 and 𝜏1) in 

thermodiffusion models show how long it takes for a material to reach a new state of equilibrium after 

changes in temperature or other thermodynamic variables. These relaxation periods are frequently 
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included in the governing equations of the models to accurately represent the time-dependent behavior 

of the systems. 

Green and Naghdi [16,17] introduced a novel thermoelastic theory that incorporates a constituent 

function 𝜓 . This function represents the gradient of thermal displacement and is considered the 

mechanical displacement counterpart in thermal fields. In the GN-III model, the equation that describes 

the law of enhanced heat transfer is as follows [16]: 

 𝐻⃗⃗ (𝒫⃗ , 𝑡) = −𝐾∇𝜃(𝒫⃗ , 𝑡) − 𝐾∗∇𝜓(𝒫⃗ , 𝑡), (9) 

where the function 𝜓  is taken to satisfy the equation 𝜃 = 𝜕𝜓/𝜕𝑡  and 𝐾∗  represents a positive 

constant feature of the material that is known as the heat conductivity rate. 

Abouelregal [29–31] proposed a relation that is analogous to this one for the diffusion mass 

vector, which may be expressed as follows: 

 𝜂 (𝒫⃗ , 𝑡) = −𝐷∇𝑃(𝒫⃗ , 𝑡) − 𝐷∗∇𝜙(𝒫⃗ , 𝑡), (10) 

where the function 𝜙 is the chemical displacement gradient to satisfying the relation 𝑃 = 𝜕𝜙/𝜕𝑡 

and the parameter 𝐷∗ represents the diffusion rate factor. 

It was discovered that the same defect in the traditional Fourier hypothesis, which states that 

thermal conduction waves propagate instantaneously, also occurs when the modified Fourier law (9) 

is combined with the energy equation (4). To address this problem using the MGT equation, 

Quintanilla [12] updated this suggestion in a general sense and integrated a relaxation time into the 

Green-Lunge model of the third form. Quintanilla incorporated the following modification [12]: 

 (1 + 𝜏0  
𝜕

𝜕𝑡
) 𝐻⃗⃗ (𝒫⃗ , 𝑡) = −𝐾∇𝜃(𝒫⃗ , 𝑡) − 𝐾∗∇𝜓(𝒫⃗ , 𝑡). (11) 

A differentiation of Eq (11) yields the following: 

 (1 + 𝜏0  
𝜕

𝜕𝑡
)

𝜕𝐻⃗⃗ (𝒫⃗ ,𝑡)

𝜕𝑡
= −𝐾

𝜕

𝜕𝑡
∇𝜃(𝒫⃗ , 𝑡) − 𝐾∗∇𝜓(𝒫⃗ , 𝑡). (12) 

By applying symmetry, the mass flow equation (10) can be refined to have the following structure, 

similar to how Eq (11) was derived. 

 (1 + 𝜏1  
𝜕

𝜕𝑡
) 𝜂 (𝒫⃗ , 𝑡) = −𝐷∇𝑃(𝒫⃗ , 𝑡) − 𝐷∗∇𝜙(𝒫⃗ , 𝑡). (13) 

When we differentiate the previous relationship, we arrive to the following: 

 (1 + 𝜏1  
𝜕

𝜕𝑡
)

𝜕𝜂⃗⃗ (𝒫⃗ ,𝑡)

𝜕𝑡
= −𝐷

𝜕

𝜕𝑡
∇𝑃(𝒫⃗ , 𝑡) − 𝐷∗∇𝜙(𝒫⃗ , 𝑡). (14) 

The applications of fractional order derivatives in diffusion equations have increased 

significantly in recent years. Fractional diffusion equations now come in a wide variety of forms, 

including the fractional diffusion-reaction equation [32], the fractional sub-diffusion equation [33], 

and the fractional dispersion equation [34]. Although the Caputo fractional derivative [35] has been 

widely applied in various fields, its singular kernel is a significant drawback. Atangana and 

Baleanu [36,37] modified the kernel to address this issue. The new definition proposed by Atangana 
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and Baleanu, with its non-singular and nonlocal kernel, has advantages over Caputo's definition, 

especially in physics problems involving initial values. Following this revised definition, significant 

work has been carried out, including contributions by Atangana and Koca [38] on the existence and 

uniqueness of solutions to fractional systems. Numerous researchers have demonstrated the 

practicality of using the Atangana-Baleanu-Caputo (ABC) derivative in real-world applications. The 

Caputo fractional derivative of a function 𝒽(𝑡) with order 𝛼, represented as 𝐷𝑡
(𝛼)

, is defined in the 

following manner: 

 𝐷𝑡
(𝛼)

0
𝐶 𝒽(𝑡) =

1

Γ(1−𝛼)
∫ 𝒽̇(𝜏)(𝑡 − 𝜏)−𝛼𝑡

0
𝑑𝜏,   0 < 𝛼 < 1. (15) 

The ABC derivative for a function 𝒽(𝑡), of order 𝛼 ∈ (0, 1] is defined as the following form 

 𝐷𝑡
(𝛼)

0
𝐴𝐵𝐶 𝒽(𝑡) =

𝑀(𝛼)

1−𝛼
∫ 𝒽̇(𝜏)𝐸𝛼 (−

𝛼̂

1−𝛼
(𝑡 − 𝜏)𝛼)

𝑡

0
𝑑𝜏, (16) 

where 𝑀(𝛼)  is a normalization function such that 𝑀(1) = 𝑀(0) = 1  and 𝐸𝛼(∙)  denotes the 

Mittag-Leffler function with one parameter. Also, the value of 𝛼̂ is determined by 𝛼/𝑡0, while 𝑡0 

represents the standard unit of time [39,40]. However, they ultimately determined that 𝛼̂ = 𝛼. 

The current work presents an extension of the MGT model by incorporating the fractional 

derivative into Eqs (13) and (14). This generalization allows for the description of the nonlocal effects 

and memory effects of thermal conduction phenomena. By choosing the correct fractional derivative 

factor and the value of the fractional order parameter 𝛼, it is possible to capture different types of 

temporal behavior, such as sub-diffusion and super-diffusivity. Thus, this makes it possible to obtain a 

more accurate description of heat conduction processes in complex materials and applications. Within 

the framework of this proposal, the standard integer-order time derivative 𝜕/𝜕𝑡 is substituted by the 

fractional ABC derivative operator 𝐷𝑡
(𝛼)

, where 0 < 𝛼 < 1. Therefore, the following modifications 

can be made to Eqs (12) and (14): 

 (1 + 𝜏0
𝛼 𝐷𝑡

(𝛼)
)

𝜕𝐻⃗⃗ (𝒫⃗ ,𝑡)

𝜕𝑡
= −𝐾

𝜕

𝜕𝑡
∇𝜃(𝒫⃗ , 𝑡) − 𝐾∗∇𝜓(𝒫⃗ , 𝑡), (17) 

 (1 + 𝜏1
𝛼 𝐷𝑡

(𝛼)
)

𝜕𝜂⃗⃗ (𝒫⃗ ,𝑡)

𝜕𝑡
= −𝐷

𝜕

𝜕𝑡
∇𝑃(𝒫⃗ , 𝑡) − 𝐷∗∇𝜙(𝒫⃗ , 𝑡). (18) 

One may get a modified fractional heat conduction equation by combining the energy equation (4) 

with the MGT heat equation (17): 

 
𝜕

𝜕𝑡
(1 + 𝜏0

𝛼 𝐷𝑡
(𝛼)

) (
𝜕

𝜕𝑡
(𝜌𝐶𝑒𝜃 + 𝛽1𝑇0𝑒 + 𝑎𝑇0𝐶) − 𝑄) = (𝐾

𝜕

𝜕𝑡
+ 𝐾∗) ∇2𝜃. (19) 

The modified fractional MGT equation of mass diffusion can be obtained by applying the 

divergence operator to Eq (18) and utilizing Eqs (5) and (6): 

 (1 + 𝜏1
𝛼 𝐷𝑡

(𝛼)
)

𝜕2𝐶

𝜕𝑡2 = (𝐷
𝜕

𝜕𝑡
+ 𝐷∗) ∇2(𝑏 𝐶 − 𝑎 𝜃 − 𝛽2 𝜀𝑘𝑘 ). (20) 

In order to finalize the system of equations that regulate thermal transfer and diffusion in 

homogeneous bodies with isotropic properties, the constitutive and equation of motion equations, 

respectively, will be presented: 

 𝜇𝑢𝑖,𝑗𝑗 + (𝜆 + 𝜇)𝑢𝑗,𝑖𝑗 + 𝐹𝑖 = 𝜌𝑢̈𝑖 + 𝛽1𝜃,𝑖 + 𝛽2𝐶,𝑖 , (21) 
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 𝜎𝑖𝑗 = 2𝜇𝜀𝑖𝑗 + 𝛿𝑖𝑗𝜆𝜀𝑘𝑘 − 𝛿𝑖𝑗(𝛽1𝜃 + 𝛽2𝐶). (22) 

The equations presented in this part establish a structure for studying the interconnected 

relationship between mechanical deformation, heat transfer, and diffusion in materials. In diverse 

engineering and scientific contexts, such as examining the behavior of materials under thermal and 

mechanical stress, investigating diffusion processes, and designing structures with specific thermal 

and diffusion characteristics, this system of equations facilitates a thorough comprehension of the 

material's reaction. 

3. Special cases 

When the generalized fractional equations for thermal conduction (19) and mass diffusion (20) 

are considered, general models of thermoelasticity with and without diffusion and fractional derivative 

operators can be obtained. Some special cases can be summarized as follows: 

3.1. In the absence of the diffusion influence and fractional derivatives 

Without considering the effects of diffusion influence and fractional derivatives (𝐶, 𝑃 = 0 and 

𝛼 = 1), the following models can be derived: 

• Biot's thermoelastic theory (CTE) [5] at 𝐾∗ = 0 and 𝜏0 = 0. 

• Lord-Shulman theory with a thermal relaxation time (LS) discussed in [6] at 𝐾∗ = 0. 

• Thermoelasticity without energy dissipation (GN-III) [10] at 𝜏0 = 0. 

• Thermoelasticity with energy dissipation (GN-II) [9] when 𝜏0 = 0 and the term 𝐾
𝜕

𝜕𝑡
 is absent. 

• Moore-Gibson-Thompson thermoelastic model (MGT-TE) [15,17] when 𝐾∗, 𝜏0 > 0. 

3.2. Without fractional derivatives and considering the diffusion effect 

When heat transfer and mass diffusion are considered, the generalized model proposed in this 

case allows the study of coupled phenomena involving both thermal and concentration fields. This is 

applicable in cases where there is simultaneous transfer of heat and mass diffusion, such as in 

chemically reactive systems or multiphase materials. By accounting for diffusion and excluding 

fractional derivatives (𝛼 = 1), it is possible to construct five thermodiffusion models that are like the 

previous ones. These models are represented as CTE-D, LS-D, GN-II-D, GN-III-D, and MGT-TE-D. 

3.3. When diffusion influences and fractional derivatives are present 

By considering the diffusion effect and fractional differential derivatives, we can create five other 

thermoelastic models like the ones above designated as CTE-FD, LS-FD, GN-II-FD, GN-III-FD, and 

MGT-TE-FD. 

4. Application to the proposed model 

We studied a thermo-diffusive material with an unbounded dimension and a cylinder-shaped hole 

(see Figure 1). A cylindrical coordinate system (𝑟, Θ, 𝑧) with the 𝑧-axis aligned with the cylinder axis 
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will be considered for the study's purposes. The regularity condition will be considered to ensure that 

the values of all the variables that make up the physical field, such as temperature, concentration, and 

displacement, disappear as 𝑟 approaches infinity. At time 𝑡 = 0, the elastic medium will be at rest, 

with an initial concentration of 𝐶0 and a temperature of 𝑇0. It was assumed that there were no external 

forces or sources affecting the elastic material. 

 

Figure 1. Schematic diagram of an infinite thermally diffusive medium with a cylinder-

shaped gap. 

Based on the problem assumptions, the components of the displacement and strain tensor can be 

determined as follows: 

 𝑢𝑟 = 𝑢(𝑟, 𝑡),   𝑢Θ = 0 = 𝑢𝜑, (23) 

 𝜀𝑟𝑟 =
𝜕𝑢

𝜕𝑟
,   𝜀ΘΘ =

𝑢

𝑟
,  𝜀𝑧𝑧 = 𝜀𝑟𝑧 = 𝜀𝑟Θ = 𝜀Θ𝑧 = 0. (24) 

From Eq (21), we can get the cubical expansion as:  

 𝑒 = 𝜀𝑟𝑟 + 𝜀𝜑𝜑 + 𝜀ΘΘ =
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
. (25) 

With the help of Eqs (22) and (6), the radial and hoop stresses, as well as the chemical potentials, 

can be written by the following relations: 

 𝜎𝑟𝑟 = 2𝜇
𝜕𝑢

𝜕𝑟
+ 𝜆 (

𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
) − 𝛽1𝜃 − 𝛽2𝐶, (26) 

 𝜎ΘΘ = 𝜆 (
𝜕𝑢

𝜕𝑟
+

𝑢

𝑟
) + 2𝜇

𝑢

𝑟
− 𝛽1𝜃 − 𝛽2𝐶, (27) 

 𝑃 = 𝑏𝐶 − 𝑎𝜃 − 𝛽2𝑒. (28) 
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The modified MGT fractional heat transfer equation (19) and the modified MGT fractional 

diffusion of mass equation (20) can be described by the following equations: 

 
𝜕

𝜕𝑡
(1 + 𝜏0

𝛼 𝐷𝑡
(𝛼)

) (
𝜕

𝜕𝑡
(𝜌𝐶𝑒𝜃 + 𝛽1𝑇0𝑒 + 𝑎𝑇0𝐶) − 𝑄) = (𝐾

𝜕

𝜕𝑡
+ 𝐾∗) ∇2𝜃, (29) 

 (1 + 𝜏1
𝛼 𝐷𝑡

(𝛼)
)

𝜕2𝐶

𝜕𝑡2 = (𝐷
𝜕

𝜕𝑡
+ 𝐷∗) ∇2(𝑏 𝐶 − 𝑎 𝜃 − 𝛽2 𝜀𝑘𝑘). (30) 

In the context of cylindrical coordinates and radial symmetry, the Laplacian operator ∇2 can be 

represented as follows: 

 ∇2=
𝜕2

𝜕𝑟2 +
1

𝑟

𝜕

𝜕𝑟
. (31) 

The motion equation (21) can be written as follows when considering cylindrical coordinates: 

 𝜎𝑟𝑟,𝑟 +
1

𝑟
(𝜎𝑟𝑟 − 𝜎ΘΘ) = 𝜌

𝜕2𝑢

𝜕𝑡2 . (32) 

When we substitute Eqs (26) and (27) into Eq (32), we get the following differential equation: 

 [
𝜕2

𝜕𝑟2 +
1

𝑟

𝜕

𝜕𝑟
−

1

𝑟2 −
1

𝑐1
2

𝜕2

𝜕𝑡2] 𝑢 =
𝜌𝛽1

𝑐1
2

𝜕𝜃

𝜕𝑟
+

𝜌𝛽2

𝑐1
2

𝜕𝐶

𝜕𝑟
, 𝑐1

2 =
𝜆+2𝜇

𝜌
. (33) 

The result obtained by applying the cylindrical divergence operator (∇ ∙) to both sides of Eq (33) 

is as follows: 

 [∇2 −
1

𝑐1
2

𝜕2

𝜕𝑡2] 𝑒 =
𝜌𝛽1

𝑐1
2 ∇2𝜃 +

𝜌𝛽2

𝑐1
2 ∇2𝐶. (34) 

For the purpose of simplifying the governing equations in a form that is more convenient, the 

dimensionless variables that are listed below can be utilized: 

 
(𝑟′, 𝑢′) = 𝑐1𝜂(𝑟, 𝑢), ( 𝑡′, 𝜏0

′ , 𝜏1
′) = 𝑐1

2𝜂( 𝑡′, 𝜏0, 𝜏1), 𝜂 =
𝜌𝐶𝐸

𝐾
,

𝜎𝑖𝑗
′ =

𝜌

𝑐1
2 𝜎𝑖𝑗 , 𝜃

′ =
𝜌𝛽1

𝑐1
2 𝜃,  𝑃′ =

1

𝛽2
𝑃,   𝐶′ =

𝜌𝛽2

𝑐1
2 𝐶.

 (35) 

By introducing these dimensionless quantities, the basic equations can be written as follows: 

 (∇2 −
𝜕2

𝜕𝑡2) 𝑒 = ∇2(𝜃 + 𝐶), (36) 

 
𝜕2

𝜕𝑡2 (1 + 𝜏0
𝛼 𝐷𝑡

(𝛼)
)[𝜃 + 𝜀𝑒 + 𝜂1𝐶] = (

𝜕

𝜕𝑡
+ 𝛾1) ∇2𝜃, (37) 

 (
𝜕

𝜕𝑡
+ 𝛾2) ∇2(𝜂3 𝐶 −  𝑒 − 𝜂4𝜃 ) = 𝜂2(1 + 𝜏1

𝛼 𝐷𝑡
(𝛼)

)
𝜕2𝐶

𝜕𝑡2 , (38) 

 𝜎𝑟𝑟 = 𝜉1𝑒 + 𝜉2
𝜕𝑢

𝜕𝑟
− (𝜃 + 𝐶), (39) 

 𝜎ΘΘ = 𝜉1𝑒 + 𝜉2
𝑢

𝑟
  − (𝜃 + 𝐶), (40) 
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 𝑃 = 𝜂3𝐶 − 𝑒 − 𝜂4𝜃, (41) 

where  

 
𝜂1 =

𝑎𝛽1𝑇0

𝜂𝐾𝛽2
, 𝜂4 =

𝑎𝜌𝑐1
2

𝛽1𝛽2
  𝜂2 =

𝜌𝑐1
2

𝛽2
2𝜂𝐷

, 𝜂3 =
𝑏𝜌𝑐1

2

𝛽2
2 , 𝜀 =

𝛽1
2𝑇0

𝜌2𝑐𝐸𝑐1
2 ,

𝛾1 =
𝐾∗

𝜌𝐶𝐸𝐾
, 𝛾2 =

𝐷∗

𝛽2𝐷
, 𝜉1 =

𝜆

𝜆+2𝜇
, 𝜉2 =

2𝜇

𝜆+2𝜇
.

 (42) 

For the sake of simplicity, we have decreased the primes in Eqs (36) through (41). 

5. Initial and boundary conditions 

To find a solution to this problem, we will take into account the initial conditions. This is the 

initial state of the system when 𝑡 = 0. It is initially assumed that the displacement, temperature, and 

concentration variables are all equal to zero, and that their time derivatives are also equal to zero. Then, 

the initial conditions can be written as: 

 𝑢 = 0 =
𝜕𝑢

𝜕𝑡
,   𝜃 = 0 =

𝜕𝜃

𝜕𝑡
,    𝐶 = 0 =

𝜕𝐶

𝜕𝑡
, 𝑡 = 0. (43) 

The traction-free limits and varying temperature of the decomposing surface of the inner cylinder 

bore will be taken into account. In addition, we assumed a possible chemical shock and a sudden 

change in the chemical potential on the cavity surface. As a result, the boundary condition on the inner 

surface of the cavity (𝑟 = 𝑅) can be expressed as follows: 

 𝜎𝑟𝑟 = 0                at     𝑟 = 𝑅, (44) 

 𝜃 = 𝑀(𝑡) = 𝜃0𝑡 cos(𝑡) 𝑒−𝛿𝑡/2       at     𝑟 = 𝑅, (45) 

 𝑃 = 𝑃0 𝐻(𝑡)           at     𝑟 = 𝑅, (46) 

where 𝜃0  and 𝑃0  are assumed to be constants, 𝛿  is the decay rate constant, and 𝐻(𝑡)  is the 

Heaviside unit step function. 

6. Solution in the Laplace transform domain 

The function 𝑓(𝑟, 𝑡) is transformed by the Laplace transform with respect to the time 𝑡. This 

transformation is denoted by 𝑓(̅𝑟, 𝑠) and is defined as follows: 

 𝑓(̅𝑟, 𝑠) = ∫ 𝑓(𝑟, 𝑡) 𝑒−𝑠𝑡𝑑𝑡
∞

0
. (47) 

In this context, the complex frequency parameter is denoted by 𝑠. Through the utilization of the 

Laplace transform on the governing equations, it is possible to transform the partial differential 

equations into the subsequent algebraic and differential equations: 

 (∇2 − 𝑠2)𝑒̅ = ∇2(𝜃̅ + 𝐶̅), (48) 

 𝜀𝜔1𝑒̅ = (∇2 − 𝜔1)𝜃̅ − 𝜂1𝜔1𝐶̅, (49) 
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 ∇2𝑒̅ = (𝜂3 ∇
2 − 𝜔2)𝐶̅ − 𝜂4 ∇

2𝜃̅, (50) 

 𝜎̅𝑟𝑟 = 𝜉1𝑒̅ + 𝜉2
𝑑𝑢̅

𝑑𝑟
− (𝜃̅ + 𝐶̅), (51) 

 𝜎̅ΘΘ = 𝜉1𝑒̅ + 𝜉2
𝑢̅

𝑟
  − (𝜃̅ + 𝐶̅), (52) 

 𝑃 = 𝜂3𝐶̅ − 𝑒 − 𝜂4𝜃̅, (53) 

where 

 𝜔1 =
𝑠2(1+𝜏0

𝛼𝐺(𝑠))

𝑠+𝛾1
, 𝜔2 =

𝜂2𝑠
2(1+𝜏1

𝛼 𝐺(𝑠))

s+𝛾2
 , 𝐺(𝑠) =

1

1−𝛼

s𝛼

s𝛼+𝛼/(1−𝛼)
. (54) 

It is important to note that the Laplace transform of a fractional differential operator will transform 

to 𝐺(𝑠) = s𝛼 when the fractional differential derivative of Caputo is applied. 

In order to eliminate functions 𝐶̅ and 𝑒̅, the transformed Laplace equations (48) and (49) can be 

substituted into Eq (50). This method of deletion yields 

 (∇6 − Λ1∇
4 + Λ2∇

2 − Λ3) 𝜃̅ = 0, (55) 

where 

 

Λ1 =
𝑦3𝑥1+𝑦2+𝑦1𝑥3−𝑥2

𝑦1−𝑥1
, Λ2 =

𝑥2𝑦3−𝑦2𝑥3+𝑦1𝑥4

𝑦1−𝑥1
, Λ3 =

𝑥4𝑦2

𝑦1−𝑥1
,

𝑥1 =
𝜔1(𝜀𝜂3+𝜂1)

𝜂3
, 𝑥2 =

𝜀𝜔1𝜔2

𝜂3
, 𝑥3 =

𝜔2+𝜂3𝜔1+𝜂1𝜂4𝜔1

𝜂3
, 𝑥4 =

𝜔1𝜔2

𝜂3
,

𝑦1 = 𝜔1(𝜀 + 𝜂1), 𝑦2 = 𝑠2𝜂1𝜔1, 𝑦3 = 𝜔1(𝜂1 − 1).

  (56) 

The elimination method can also be applied to obtain the following differential equations 

 (∇6 − Λ1∇
4 + Λ2∇

2 − Λ3)  𝑒̅ = 0, (57) 

 (∇6 − Λ1∇
4 + Λ2∇

2 − Λ3) 𝐶̅ = 0. (58) 

The characteristic polynomial of Eq (55) can be written as follows: 

 𝑚6 − Λ1𝑚
4 + Λ2𝑚

2 + Λ3 = 0. (59) 

When factoring Eq (55), we obtain 

 (∇2 − 𝑚1
2)(∇2 − 𝑚2

2)(∇2 − 𝑚3
2) 𝜃̅ = 0. (60) 

The values of the parameters 𝑚1, 𝑚2and 𝑚3 can be determined by solving Eq (59) as follows: 

 

𝑚1 = √
2𝑝 sin(𝑞)+𝐴1

3
,          𝑚2 = √𝐴1−𝑝(√3cos(𝑞)+sin(𝑞))

3
,

𝑚3 = √𝐴1+𝑝(√3cos(𝑞)−sin(𝑞))

3
,      𝑝 = √𝐴1

2 − 3𝐴2,

   𝑞 =
1

3
sin−1(𝜒),   𝜒 = −

1

2𝑝3
(2𝐴1

3 − 9𝐴1𝐴2 + 27𝐴3).

 (61) 

Under the regularity requirement, Eq (60) can be solved and has the following form 
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 𝜃̅(𝑟, 𝑠) = ∑ 𝐵𝑖(𝑠)𝐾0(𝑚𝑖𝑟)
3

𝑖=1
. (62) 

In this equation, 𝐵𝑖 , 𝑖 = 1 , 2  and 3  represent the integral parameters, while 𝐾0(𝑚𝑖𝑟) 

represents the second sort of Modified Bessel function with a zero order. 

Similarly, we can write 

 𝑒̅(𝑟, 𝑠) = ∑ 𝐵𝑖
′(𝑠)𝐾0(𝑚𝑖𝑟)

3

𝑖=1
, (63) 

 𝐶̅(𝑟, 𝑠) = ∑ 𝐵𝑖
′′(𝑠)𝐾0(𝑚𝑖𝑟)

3

𝑖=1
. (64) 

It is possible to construct the following relations by incorporating Eqs (63) and (64) into Eqs (48) 

and (49): 

 𝐵𝑖
′ = 𝛤𝑖𝐵𝑖 ,   𝛤𝑖 =

𝑚𝑖
4+𝑦3𝑚𝑖

2

𝑦1𝑚𝑖
2−𝑦2

, 𝐵𝑖
′′ = Ω𝑖𝐵𝑖 , Ω𝑖 =

𝑚𝑖
2(1−𝛤𝑖)−𝑠2

𝑚𝑖
2 . (65) 

Then, Eqs (58) and (59) can be represented as follows: 

 𝑒̅ = ∑ 𝛤𝑖𝐵𝑖𝐾0(𝑚𝑖𝑟)
3
𝑖=1 , (66) 

 𝐶̅ = ∑ Ω𝑖𝐵𝑖𝐾0(𝑚𝑖𝑟)
3
𝑖=1 . (67) 

Taking advantage of the relationship between 𝑢̅ and dilatation 𝑒̅, the finite solution for the radial 

displacement 𝑢̅ can be determined as follows: 

 𝑢̅(𝑟, 𝑠) = −∑ (𝛤𝑖/𝑚𝑖)𝐵𝑖𝐾1(𝑚𝑖𝑟)
3
𝑖=1 . (68) 

The thermal stress and chemical potential solutions may be derived by substituting the functions 

𝜃̅, 𝑒̅, 𝑢̅, and 𝐶̅ into Eqs (51)–(53): 

 𝜎̅𝑟𝑟 = ∑ ((Γ𝑖 − 1 − Ω𝑖)𝐾0(𝑚𝑖𝑟) + Γ𝑖𝜉2𝐾1(𝑚𝑖𝑟)/(𝑚𝑖𝑟))𝐵𝑖
3
𝑖=1 , (69) 

 𝜎̅ΘΘ = ∑ ((𝜉1Γ𝑖 − 1 − Ω𝑖)𝐾0(𝑚𝑖𝑟) − Γ𝑖𝜉2𝐾1(𝑚𝑖𝑟)/(𝑚𝑖𝑟))𝐵𝑖
3
𝑖=1 , (70) 

 𝑃̅ = ∑ (𝜂3Ω𝑖 − 𝜂4 − 𝛤𝑖)𝐾0(𝑚𝑖𝑟)𝐵𝑖
3
𝑖=1 . (71) 

In the transformed domain, the boundary conditions (44)–(46) can be written as follows: 

 
𝜃̅(𝑟, 𝑠) =

4𝜃0(−3+4𝑠+4𝑠2)

(5+4𝑠+4𝑠2)2
= 𝑀̅(𝑠),            at        𝑟 = 𝑅,

𝜎̅𝑟𝑟(𝑟, 𝑠) = 0,         𝑃̅(𝑟, 𝑠) =
𝑃0

𝑠
,              at        𝑟 = 𝑅.

 (72) 

By applying the above boundary conditions (72) to the Eqs (62), (70), and (71), we can derive the 

following system of linear equations: 

 ∑ 𝐵𝑖(𝑠)𝐾0(𝑚𝑖𝑅) = 𝑀̅(𝑠)
3

𝑖=1
, (73) 
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 ∑ [(Γ𝑖 − 1 − Ω𝑖)𝐾0(𝑚𝑖𝑅) +
Γ𝑖𝜉2

𝑚𝑖𝑟
𝐾1(𝑚𝑖𝑅)] 𝐵𝑖 = 03

𝑖=1 , (74) 

 ∑ (𝜂3Ω𝑖 − 𝜂4 − 𝛤𝑖)𝐾0(𝑚𝑖𝑅)𝐵𝑖
3
𝑖=1 = 𝑃0/𝑠. (75) 

By solving the system (68)–(70), the values of the integral parameters 𝐵1, 𝐵2, and 𝐵3 can be 

determined. 

7. Generalized MGT model of thermoelasticity without diffusion 

The theory of thermoelasticity without diffusion involves making simplified assumptions about 

the coupled thermal and mechanical processes that occur in an elastic material. In the absence of mass 

diffusion effects, the functions 𝐶 and 𝑃 are eliminated from the basic equations. This enables us to 

concentrate solely on the interplay between thermal and mechanical behavior in elastic materials. 

Using the same previous technique, the following two differential equations can be obtained for the 

functions 𝜃̅ and 𝑒̅ inside the Laplace transform field: 

 (∇2 − 𝑠2)𝑒̅ = ∇2𝜃̅, (76) 

 𝜀𝜔1𝑒̅ = (∇2 − 𝜔1)𝜃̅. (77) 

Additionally, the stress-strain-temperature relations can be expressed as 

 𝜎̅𝑟𝑟 = 𝜉1𝑒̅ + 𝜉2
𝑑𝑢̅

𝑑𝑟
− 𝜃̅, (78) 

 𝜎̅ΘΘ = 𝜉1𝑒̅ + 𝜉2
𝑢̅

𝑟
  − 𝜃̅. (79) 

In the equations shown above, by removing either 𝑒̅ or 𝜃̅, the following fourth-order differential 

equation can be derived: 

 (∇4 − 𝐸1∇
2 + 𝐸2) {𝜃̅, 𝑒̅} = 0, (80) 

where 

 𝐸1 = 𝑠2 + 𝜔1(𝜀 + 1), 𝐸2 = 𝑠2𝜔1. (89) 

Equation (80) has a solution that may be expressed as 

 𝜃̅ = ∑ 𝐾0(𝑛𝑖𝑟)𝐿𝑖(𝑠)
2

𝑖=1
, (90) 

 𝑒̅ = ∑ 𝐻𝑖𝐾0(𝑛𝑖𝑟)𝐿𝑖(𝑠)
2

𝑖=1
, (91) 

where 𝐿𝑖, 𝑖 = 1, and 2 are integral constants. Also, the parameters 𝐻𝑖 and 𝑛𝑖
2 are given by 

 𝐻𝑖 =
𝑛𝑖

2−𝜔1

𝜀𝜔1
, 𝑛𝑗

2 =
1

2
(𝐸1 ± √𝐸1

2 − 4𝐸2). (92) 

The expressions of additional physical fields, including thermal stresses and displacement, can 

be simplified similarly to the preceding analysis, using the aforementioned solutions: 
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 𝑢̅ = −∑
𝐻𝑖

𝑚𝑖
𝐾1(𝑛𝑖𝑟)𝐿𝑖(𝑠),

2
𝑖=  (93) 

 𝜎̅𝑟𝑟 = ∑ [(𝐻𝑖 − 1)𝐾0(𝑛𝑖𝑟) +
𝐻𝑖𝜉2

𝑚𝑖𝑟
𝐾1(𝑛𝑖𝑟)] 𝐿𝑖

2
𝑖=1 , (94) 

 𝜎̅ΘΘ = ∑ [(𝜉1𝐻𝑖 − 1)𝐾0(𝑛𝑖𝑟) −
𝐻𝑖𝜉2

𝑚𝑖𝑟
𝐾1(𝑛𝑖𝑟)] 𝐿𝑖

2
𝑖=1 . (95) 

The boundary conditions in Eqs (44) and (45) may be enough to find the integration constants 𝐿𝑖 

(where 𝑖 = 1  and 2 ). This would solve the thermoelasticity problem completely without mass 

diffusion. 

8. Laplace transforms inversion 

The Laplace transform is a mathematical method used to convert functions from the time domain 

to the frequency domain (or complex domain). This transformation frequently facilitates the analysis 

of differential equations by making them easier to work with. However, to resolve issues in the Laplace 

domain, the solution must ultimately be converted back to the time domain using an inverse Laplace 

transform Many people use an approximation algorithm method that uses Fourier series expansion to 

do inverse Laplace transforms [41] to figure out the numbers of time domain functions from their 

Laplace-transformed representations. This technique allows us to estimate the inverse Laplace 

transform using the following formula: 

 𝑔(𝑟, 𝑡) =
𝑒𝜛𝑡

𝑡𝑚𝑎𝑥
(

𝑔̅(𝑟,𝜛)

2
+ 𝑅𝑒 ∑ 𝑒

(
𝑖𝑘𝜋𝑡

𝑡𝑚𝑎𝑥
)
𝑔̅ (𝑟,𝜛 +

𝑖𝑘𝜋

𝑡𝑚𝑎𝑥
)

𝒩

𝑘=1

) , 0 ≤ 𝑡 ≤ 𝑡𝑚𝑎𝑥. (96) 

The constant " 𝜛 " is used to offset the real part of the complex frequency, which guarantees the 

convergence of the series. 𝑡𝑚𝑎𝑥 represents the maximum duration during which we aim to calculate 

the inverse, and the parameter 𝒩 represents the total number of terms in the Fourier series. Increasing 

the value of 𝒩  generally leads to a more accurate approximation, but it also necessitates more 

computational resources. Specifically, the parameter 𝒩 can be determined to satisfy the following 

relationship: 

 𝑒𝜛𝑡𝑅𝑒 (𝑒
𝑖𝒩𝜋𝑡

𝑡𝑚𝑎𝑥𝑔(𝑟,𝜛 + 𝑖𝒩𝜋/𝑡𝑚𝑎𝑥)) ≤ ℰ. (97) 

The parameter ℰ represents the required threshold for the error or residual in the approximation. 

If the magnitude of this term is very small, it implies that adding more terms will have a negligible 

effect, indicating that the approximation is suitably precise. Based on our numerical analysis, we 

observed that the value of 𝜛𝑡 between 5 and 10 yielded satisfactory outcomes for 𝒩 values ranging 

from 50 to 5000. In our numerical results, we selected a value of 𝜛𝑡 = 5, 𝑡𝑚𝑎𝑥 = 20, and 𝒩 =

2000. 

9. Numerical example and discussion 

Presenting and explaining the numerical results is a powerful way to confirm the success of the 
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newly proposed model and give a complete picture of how diffusion and some physical phenomena 

affect the regions studied. Visual images and spreadsheets effectively illustrate the relationship 

between physical fields and other physical phenomena. We will compare the results obtained with 

those in the relevant literature. Copper is a versatile metal that exhibits exceptional thermal 

conductivity, electrical conductivity, and ductility. These features make it widely used in a variety of 

applications, especially thermoelasticity issues where thermal and mechanical effects are interrelated. 

This study will demonstrate numerical calculations based on the physical properties of copper which 

are expressed in international system units as follows [42,43]: 

 

𝑇0 = 293(K),  𝜌 = 8954(kg/m3), 𝜏0 = 0.02s, 𝐶𝐸 = 383.1(J/kg K),

𝛼𝑡 = 1.78 × 10−5(1/K), 𝛼𝑐 = 1.98 × 10−4(m3/kg), 𝑅 = 1, 𝜏1 = 0.2s,

{𝜇, 𝜆} = {3.86,7.76} ×  1010(kg/m s2), 𝑏 = 0.9 ×  106(m5/kg s2),

𝑎 = 1.2 ×  104(m2/s2K), 𝐾 = 386(W/mK), 𝐷 = 0.85 × 10−8(kg s/m3).

 

For the purpose of calculations, the parameter values 𝑡 = 0.12, 𝛾1 = 1 and 𝛾2 = 0.5  shall be 

utilized, unless stated otherwise. To determine the numerical values of the system's physical fields, 

including temperature change 𝜃 , radial displacement 𝑢 , radial stress 𝜎𝑟𝑟 , hoop stress 𝜎ΘΘ  and 

concentration 𝐶 as also the chemical potential 𝑃, the numerical algorithm described in Eq (96) will 

be utilized. 

9.1. Comparison of different thermal diffusion models 

In order to thoroughly analyze the behavior and performance of the proposed heat transfer and 

fractional mass diffusion models, we will compare the numerical findings obtained with those of earlier 

models. This comparison will authenticate the precision and dependability of the suggested model. 

Furthermore, we will perform sensitivity analysis to investigate the impact of various factors on the 

model predictions. In this part, we'll look at how the MGT fractional thermodiffusion model, the 

extended fractional thermal diffusion theory with thermal relaxation time (LS-FD), and the classical 

thermodiffusion theory (CTE-D) compare from one another. Both the theory of fractional thermal 

diffusion without energy dissipation (GN-II-FD) and the theory of fractional thermodiffusion with 

energy dissipation (GN-III-FD) will be considered.  

The graphical examples presented in Figures 2–8 depict the radial distribution of physical fields. 

These samples are representative of several thermal diffusion models. By comparing the graphs, we 

might get a better idea of how different thermal diffusion models affect how temperature, pressure, 

and other physical properties are spread out in a thermoelastic material with a cylinder-shaped cavity.  

Different diffusional thermoelastic models in Figure 2 show the relationship between temperature 

(𝜃) and radial distance (𝑟). These models take mass diffusion into account. From the figure, it can be 

observed that the temperature values reach their highest point at the surface of the spherical cavity 

(𝑟 = 1) due to the presence of a dynamic thermal field at the surface. This result indicates that the 

problem's thermal boundary condition is satisfied by the temperature distribution. As the radius 

direction (𝑟) increases, the temperature drops and continues to move in the opposite direction of heat 

wave propagation. Gradually, it diminishes until the temperature hits zero. This indicates that the 

transport of heat within the flexible medium occurs at restricted velocities, in accordance with 

empirical data. Efficient electronic component performance relies on critical heat management to 
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prevent overheating. The progressive decline in temperature with increasing radial distance signifies 

the need for heat sinks and cooling systems to be engineered to accommodate the finite rate of heat 

transmission. A comparison of the qualitative results with the relevant literature reveals that the 

findings of other authors, such as those in [44,45], are consistent with the current behavior of the 

qualitative data. 

 

Figure 2. Temperature change 𝜃 under thermal diffusion models. 

Efficient thermal management is important in order to avoid excessive heat buildup, which can 

result in decreased performance, component malfunctions, and a shortened system lifespan. Through 

the examination of heat dissipation and distribution in different operational scenarios, engineers can 

develop more effective cooling methods and enhance system performance and durability [46]. 

Furthermore, precise thermal modeling can assist in anticipating potential thermal problems in advance, 

allowing proactive steps to be implemented to avert any detrimental impacts on the system [47]. 

Temperature fluctuations (𝜃) in a substance can result in thermal expansion or contraction, which 

subsequently induces displacement inside the substance. The occurrence is referred to as thermal strain. 

The displacement 𝑢  can lead to the formation of thermal stresses, which can greatly impact the 

structural integrity of a material or component. Figure 3 examines the impact of various parameters, 

such as relaxation times, on the behavior of the displacement distribution (𝑢) produced by several 

thermal diffusion models. The figure indicates that the radial displacement distribution (𝑢) starts with 

a negative value and increases rapidly, peaking around the point 𝑟 = 1.6, then gradually decreases 

again to zero with increasing distance from the center of the cylindrical cavity. The shape curves also 

indicate that the thermal relaxation times 𝜏0 and diffusive relaxation times 𝜏1 play a crucial role in 

the body's deformation behavior. 
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Figure 3. Radial displacement 𝑢 under thermal diffusion models. 

Figures 4 and 5 are presented for the purpose of comparing the impact of various thermodiffusion 

models on the variability of thermal stresses (𝜎𝑟𝑟 and 𝜎ΘΘ). These visual representations allow for 

the examination of stress fluctuations and model comparisons. Figure 4 demonstrates that the radial 

thermal stress 𝜎𝑟𝑟  begins at zero, signifying the fulfillment of the imposed mechanical boundary 

conditions and the accuracy of the numerical findings. The value rises rapidly to reach a maximum, 

which could indicate the thermal stress resulting from the diffusion and expansion of heat in the radial 

direction. The magnitude of the radial stress 𝜎𝑟𝑟 increases rapidly until it reaches its maximum value 

at 𝑟 = 1.6, after which it gradually diminishes until it approaches zero. This behavior is consistent 

with the usual thermal stress patterns, in which tension accumulates as a result of thermal expansion 

and then decreases as heat spreads and the material reaches a state of balance. Understanding these 

patterns is essential to ensure the structural integrity of spherical cavities and other geometries 

subjected to thermal stresses. This aligns with the findings acquired by Geetanjali and Sharma [48]. 

Figure 5 illustrates that the hoop stress 𝜎ΘΘ initially has a negative value, indicating the presence 

of compressive stress on the surface of the spherical cavity. This is consistent with the hoop stress's 

fatigue characteristics, where the interior structure may experience stress as a result of expansion and 

heat deformation. The hoop stress 𝜎ΘΘ has a similar pattern to 𝜎𝑟𝑟, characterized by a quick ascent 

to a maximum value followed by a steady decline to zero. According to its inherent characteristics, 

thermal stress causes compression in the outer layers and expansion in the inner layers, resulting in an 

equilibrium between radial and hoop loads. The diffusion thermoelasticity models LS-FD, GN-II-FD, 

and MGT-TE-FD display a low trend compared to other models. This suggests that these models may 

have common assumptions or formulas in their approach to thermal elasticity and diffusion. 

Figure 6 visually represents the numerical calculations of the chemical potential 𝑃 as a function 

of the radial distance r for the five different thermodiffusion models. Figure 6 illustrates that initially, 

the chemical potential 𝑃 exhibits a high variance, but the transition vibrations gradually diminish and 

become less noticeable with increasing 𝑟  value. We have successfully determined the chemical 

potential 𝑃 profile by initially considering the highest surface value and ensuring that it satisfies the 

imposed boundary constraints. In agreement with the boundary conditions of the issue, it can be 
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observed that the chemical potential with maximal values 𝑃 = 1 is found at the surface 𝑟 = 1. This 

process has confirmed and validated our results. We conducted a comparative analysis of five theories, 

namely CTE-D, LS-FD, GN-II-FD, GN-III-FD, and MGT-TE-FD, for thermoelastic diffusion. We 

observed that the variations in the coupled thermal diffusion state and GN-III-FD are comparable to 

each other and exhibit the greatest amounts. However, the LS-FD models, GN-II-FD, and MGT-TE-

FD exhibit smaller magnitudes, likely due to the influence of extended thermal relaxation factors. The 

results of Figure 6 reveal that the proposed model (MGT-TE-FD), which includes the relaxation 

coefficients of generalized thermoelasticity and diffusion, significantly influences the properties and 

behavior of the chemical potential distribution (𝑃). 

 

Figure 4. Thermal stress 𝜎𝑟𝑟 under thermal diffusion models. 

Relaxation times (𝜏0 and 𝜏1) are essential in mass thermoelastic diffusion models since they 

determine the mass concentration distribution (𝐶) within an elastic medium. These relaxation times 

correspond to the specific timescale at which the system achieves a new equilibrium state in reaction 

to alterations in mass concentration or other thermodynamic variables. Figure 7 illustrates how the 

presence of relaxation durations affects the concentration distribution in an infinite elastic media 

according to the mass thermoelastic diffusion models. The data in Figure 7 indicates that the mass 

concentration values increase as the initial distance 𝑟 values increase until they reach a maximum 

point, following which they gradually decrease within the thermoelastic medium. This indicates a 

decrease in concentration levels within the thermoelastic material. As the mass concentration declines 

following the peak, it signifies that the diffusion process has reached a stage where the substance is 

being more uniformly dispersed or starting to disperse. The correlation between mass concentration 

and thermal stress in thermoelastic mediums is of utmost importance. Variations in mass concentration 

can impact mechanical qualities, resulting in changes in thermal stress. When mass diffusion affects 

the mechanical properties of materials, as in industrial operations or material creation, a thorough 

understanding of this concept is essential. 

These relaxation times (𝜏0 and 𝜏1) likely influenced the dissipation of thermal waves. The CTE-

D and GN-III-D thermoelastic-diffusion models exhibited elevated temperature values in comparison 
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to the GN-II-D, LS-D, and MGT-TE-D thermodiffusion models. These findings indicate that the CTE-

D and GN-III-D models result in reduced dissipation of thermal waves, resulting in elevated 

temperatures [49]. The fractional MGT-TE-D thermodiffusion model accurately predicted a significant 

decline in temperature, which can be attributed to the inclusion of relaxation times (𝜏0 and 𝜏1) in the 

derived equations [50]. 

 

 

Figure 5. Thermal stress 𝜎ΘΘ under thermal diffusion models. 

 

Figure 6. Chemical potential 𝑃 under thermal diffusion models. 
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Figure 7. Mass concentration 𝐶 for different thermal diffusion models. 

The present thermoelastic-diffusion model incorporates the interplay of thermal, mechanical, and 

diffusive phenomena in the material. This model provides a more thorough understanding of heat 

transfer processes by considering the finite pace at which heat spreads as well as the interplay between 

heat, stress, and mass diffusion within the material. The thermoelastic-diffusion model provides a more 

precise depiction of heat transport phenomena in real-world situations by including extra parameters 

such as fractional operators and relaxation time. This aligns with the empirical observations and 

validates the significance of the suggested model, which is in line with the findings given in [51,52]. 

Engineers can enhance the durability of structures by comprehending the relationship between 

temperature variations, displacement, and thermal stresses. Additionally, taking into account the finite 

pace at which heat spreads enables the design of structures that can better endure thermal cycling and 

uphold their structural integrity in the long run. 

9.2. Effects of fractional differential derivatives 

Thermoelastic models are affected by nonlocal influences when fractional differential derivatives 

are introduced. Unlike traditional derivatives that only evaluate the current state of a system, fractional 

derivatives account for the entire history of the system over a specific time or space. This phenomenon 

of nonlocal behavior captures long-range interactions and memory effects in matter interaction. 

Thermoelastic models can exhibit anomalous diffusion behavior as a result of fractional derivatives. 

Anomalous diffusion pertains to scenarios where the propagation of heat or mass deviates from the 

predictions of classical diffusion equations. Fractional derivatives enable the characterization of sub-

diffusion (slower than classical diffusion) or super-diffusion (faster than classical diffusion) processes. 

Integrating fractional differential derivatives into thermoelastic models may enhance accuracy in 

representing the behavior of actual materials in certain instances. Fractional derivatives provide a 

versatile and sophisticated mathematical framework that can more accurately depict intricate processes 

and empirical phenomena. 

This subsection of the discussion and analysis will examine the particular consequences and 

ramifications of incorporating fractional differential derivatives into diffusional thermoelastic models. 
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Additionally, the behavior of the physical fields of the system will be influenced by varying the order 

of the fractional derivatives employed. Only the MGT fractional thermal diffusion (MGT-TE-FD) 

model will be considered. This study will compare traditional integer-order differential actuators with 

fractional actuators with memory effects, notably those utilizing Caputo (C) and Atangana-Baleanu 

(AB) fractional derivatives. The AB fractional derivative is a distinct fractional derivative operator that 

has garnered significant interest in recent times. It offers an alternative mathematical expression in 

contrast to the C derivative. The AB fractional derivative utilizes a Mittag-Leffler kernel, which is both 

nonlocal and non-singular in nature. 

Figures 8–13 illustrate the response of many physical parameters, including temperature 𝜃 , 

chemical potential 𝑃 , radial displacement 𝑢 , thermal pressures ( 𝜎𝑟𝑟  and 𝜎ΘΘ ), and mass 

concentration 𝐶, under the condition of constant thermal diffusion relaxation times (𝜏0 and 𝜏1). The 

data presented in Figures 8 and 9 demonstrate that reducing the fractional order parameter (𝛼) from 1.00 

to 0.70 results in a deceleration in thermal diffusion wave propagation. Moreover, the magnitude of 

the chemical potential diminishes as 𝛼  decreases near the wavefront. Figure 10 indicates that 

decreasing the value of 𝛼 from 1.00 to 0.60 results in a greater degree of thermal displacement 𝑢. 

Additionally, it has been demonstrated that the elastic wavefront exhibits retrograde motion, which 

suggests a reduced velocity of the elastic wave. Figures 11 and 12 demonstrate that as the value of 𝛼 

decreases, there is a significant improvement in the peak value of thermal stresses and enlargement of 

the stress response region. Figure 13 shows that before the arrival of the heat wave, the magnitude of 

the concentration variation (𝐶) was steadily decreasing as the fractional order (𝛼) decreased. It is clear 

from this discussion that fraction-order must be added to the constitutive relations of generalized 

thermoelastic diffusion theory because it has such a huge effect on the transient responses of structures. 

The figures clearly demonstrate that incorporating fractional differential derivatives into 

thermoelastic models allows for the representation of more intricate and realistic phenomena, such as 

anomalous diffusion and memory effects. This, in turn, enhances the accuracy of modeling and deepens 

our understanding of the underlying physical processes. This phenomenon aligns with the findings 

mentioned in reference [53].  

 

Figure 8. Temperature change 𝜃 under different fractional operators and fractional order 

parameter. 
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Figure 9. The chemical potential 𝑃  under different fractional operators and fractional 

order parameter. 

The various graphs demonstrate that the differential operator selection, such as the C or AB 

fractional derivative, significantly influences the mathematical formulation and operation of the 

fractional model. Varied interpretations of fractional derivatives can result in different characteristics 

and solutions for wave equations and physical fields within a given system. In addition to this, it is 

observed that the magnitude of the partial order parameter has a significant impact on the stability and 

equilibrium conditions of waves [54]. Specific ranges of fractional orders might result in steady wave 

propagation, while other ranges may cause instability or oscillatory behavior. 

 

Figure 10. The radial displacement 𝑢 under different fractional operators and fractional 

order parameter. 
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Figure 11. The radial stress 𝜎𝑟𝑟 under different fractional operators and fractional order 

parameter. 

 

Figure 12. The hoop stress 𝜎ΘΘ under different fractional operators and fractional order 

parameter. 

The comparison of the results demonstrates the efficacy of the study and the present fractional 

model in aligning with the findings of earlier scholarly works, as referenced in [55]. The temperature 

distribution and thermal stress exhibit a strong correlation with variations in the fractional operator. 

This suggests that the numerical approach and methods employed in this study are precise and efficient. 

Also, it was shown that the AB operator slows down the propagation of thermomechanical waves 

compared to other operators. This suggests that the unique properties of this fractional operator help 

to improve attenuation and damping. This behavior has important effects on thermoelastic modeling 

because it shows how important memory effects, nonlocality, and larger interactions are for getting 
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stable and reliable solutions [56]. The choice of a fractional operator can have a significant impact on 

the characteristics of thermoelastic systems, making the AB operator a valuable asset in situations 

where wave attenuation and control are critical. 

After analyzing the curves and comparing various forms of fractional operators, it can be 

concluded that the AB operator outperforms the C operator significantly and the conventional 

differential derivative in modeling diffusive heat conduction in thermoelastic media. The non-singular 

and nonlocal kernel of the AB operator, due to its use of the Mittag-Leffler function, along with its 

versatility and wider scope of use, makes it a potent instrument for simulating intricate thermoelastic 

systems. The behavior of the present results shows good agreement with [57]. This advantage can 

result in more precise and dependable forecasts in engineering and scientific scenarios where diffusive 

heat conduction is critical. 

 

Figure 13. The mass concentration 𝐶 under different fractional operators and fractional 

order parameter. 

Finally, the graphs emphasize the importance of choosing the correct fractional derivative 

operator for a specific problem in order to precisely simulate and examine fractional systems' behavior. 

Understanding the effects of distinct derivative operators on fractional equation solutions is critical for 

achieving dependable and significant outcomes in a variety of scientific and engineering applications. 

Reduced wave propagation is beneficial for the development of materials and structures that may 

experience problems due to excessive thermomechanical waves, such as microelectronics, precision 

instruments, or heavy loads. The high damping and attenuation of the AB actuator demonstrate its 

ability to model systems that require wave control and reduction. 

10. Conclusions 

The current study introduces a novel fractional thermoelastic diffusion model that integrates the 

AB fractional operator. The AB fractional derivative utilizes a Mittag-Leffler kernel, which is nonlocal 

and nonsingular. The development of the novel fractional thermoelastic diffusion model focuses on the 

MGT equation. Compared to the C derivative, which may exhibit singularities, the AB operator's 
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Mittag-Leffler kernel offers a more stable and adaptable formulation. Additionally, the nonsingular 

nature of this function improves stability and convergence in mathematical formulations. The 

constitutive equations, as well as the heat and mass diffusion equations, have been adjusted to include 

the AB fractional operator. The introduction of this novel fractional model aims to resolve the 

perceived discrepancy between the infinite thermal and diffusion rates predicted by conventional 

theories of thermoelastic diffusion and the energy dissipation model proposed by Green and Naghdi 

(GN-III). 

Analysis of the results allows the following final conclusions to be drawn: 

• The novel fractional thermal diffusion model incorporates the MGT equation to include the 

finite speed of propagation, thus overcoming the constraints of traditional models that assume infinite 

wave propagation rates. 

• The behavior and decay characteristics of thermal and mechanical wave propagation, mass 

diffusion, and concentration are all affected by delay times in a big way. These parameters slow down 

the propagation rate of heat waves, influencing their distribution and diminishment within the system. 

• The new fractional model of diffusional thermoelasticity incorporates the heat and mass 

diffusion equations through the fractional differential operator AB. This inclusion enables the 

consideration of memory and nonlocal effects, resulting in a more realistic representation of behavior 

and theoretical outcomes that align with observed physical phenomena. 

• Fractional differential derivatives offer a potent means of expanding and broadening 

thermoelastic models. They provide a method to include memory effects, nonlocality, and complicated 

interactions, hence improving the capability to describe and analyze thermoelastic systems. Although 

there are difficulties in calculation, fractional derivatives can create models that are more precise and 

adaptable. 

The fractional MGTED model allows for the study of heat and mass transfer processes in porous 

materials, such as fuel cells, filtration systems, and geothermal reservoirs. Considering the interplay 

between fluid flow, heat transfer, and mass transport inside porous media, it offers a framework for 

examining the combined impacts of thermal and diffusion processes. The MGTED model can 

characterize the thermal behavior and diffusion of advanced materials, including polymers, composites, 

and nanostructured materials. It facilitates the design and development of materials with tailored 

thermal and mass transfer characteristics, higher energy efficiency, and better performance in 

applications such as sensors, membranes, and insulation. Furthermore, the MGTED model allows for 

the analysis of heat and mass transfer processes in biological tissues and biomaterials. It enables the 

study of tissue engineering applications, drug delivery systems, and thermal treatment temperature and 

concentration distributions in tissues. Delay times affect concentration, and the behavior and decay 

characteristics of mass diffusion, as well as thermomechanical wave propagation. These characteristics 

influence the spatial distribution and decay of heat waves traveling in the system, thereby slowing 

down their propagation speed. 
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