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1. Introduction

Fractional differential equations arise in the mathematical modeling of various problems such as
biology, fluid mechanics, electrochemistry, finance, and many other areas of applications; see, e.g., [1-
3]. This fact motivated the study of fractional differential equations in various directions: existence of
solutions [4, 5], comparison principles [6, 7], inverse problems [8, 9], inequalities [10], etc.

One of the most important topics of the theory of differential and partial differential equations
is the issue of nonexistence of solutions, which was initiated by the famous Liouville theorem for
harmonic functions (see, e.g., [11]). Nonexistence theorems have several applications, in particular, in
the study of blow-up of solutions (see, e.g., [12]). The study of nonexistence of solutions to fractional
differential equations and inequalities was initiated by Kirane and his collaborators. Next, this topic
was developed by many authors. For instance, Kirane and Malik [13] investigated the profile of the
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blowing-up solutions to the nonlinear system of fractional differential equations
W' (1) + Diu(r) = (), >0,
V(1) + Dv(t) = ()P, >0,
u(0) = ug, v(0) = vy,

where 0 < a,B8 < 1, CDg (resp. CDﬁ) is the Caputo fractional derivative of order « (resp. §), p,q > 1,
and ugp, vy € R. Laskri and Tatar [14] considered nonlinear fractional differential inequalities of the
form

{ Dgu(t) > 'lu@®)|", t>0,
(1.1)

h?%ﬂmm:a
t—0t

where 0 < a < 1, Dy is the Riemann-Liouville fractional derivative of order a, b € R, m > 1, and
v € R. Using the test function method (see [12]), the authors obtained sufficient conditions under
which (1.1) admits no global solution. Kassim, Furati, and Tatar [15] studied fractional differential
inequalities of the form

Deu(t) + Diu®) = Plu@)l", t>0,

u®0)y=b;, i=0,1,---n-1,

where 0 < f<a,n=—[-al,yeR,m>1,and b; e R,i=0,1,--- ,n— 1. More recent works can be
found in [16-19] (see also the references therein).

In all the above cited works, the fractional derivatives were considered in the sense of Riemann-
Liouville or Caputo (see, e.g., [20] for the definitions of these operators). Very recently, in [21], the
authors studied fractional differential inequalities of the form

Dy u() 2 VOlu@Ir, t>a,

(1.2)
1mUH u) (1) = ug,
t—at

a,on+a

where 0 <o <1,a>0,0>0,7€R, p>1,u, >0, and V is a measurable positive function. Here,
D¢ denotes the Erdélyi-Kober fractional derivative of order a and parameters o and 7, and I'¢

ao,n a,o,n+a
denotes the left-sided Erdélyi-Kober fractional integral of order 1 — & and parameters o and 7 + . It

was shown that, if

T—o0

—oap r — pao
mmMTplj‘VJUWHWW“Jm:o, (1.3)
then (1.2) admits no weak solution. In particular, when

V() > Cy(t” —a’),

where Cy > 0 is a constant, it was proved that, if one of the following conditions:

Cp: pl-a)-1<y<p-1, (a+mp<n,
C): (p-DA+p<y<p-1, (@+np>n,
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holds, then (1.2) admits no weak solution.
The aim of the first part of this work is to obtain sufficient conditions for the nonexistence of weak
solutions to the inhomogeneous version of (1.2) (with V = 1), namely,

Dg o () 2 u()" + f(1), t>a (1.4)
subject to the initial condition
lim ()% 01) () = g, (1.5)
t—a* e

wherea > 0,0 >0, e R,0<a<1,p>1,u, € R,and f € Llloc([a, 00)). Our motivation for
considering problems of type (1.4) is to study the influence of the inhomogeneous term f on the large-
time behavior of solutions to (1.2) with V = 1. We show that, if f(z) > C;t77"(t” —a”)”, t > a, where
Cs > 01s a constant, and y > max{n, —1}, then for all p > 1, (1.4) and (1.5) admit no weak solution.

We next extend our study to systems of fractional differential inequalities of the form

{ Dz, u(t) > g, t>a, 06
Dlyy¥(t) 2 RO, t>a
subject to the initial conditions

lim (Diteatt) (8) = 1, lim (I psav) () = vas (1.7)

where 0 < @, < 1, p,q > 1, g, h are positive measurable functions, and u,, v, € R. Our motivation for
considering systems of the form (1.6) is to extend the obtained results in [13] from the Caputo sense to
the Erdélyi-Kober sense.

We finally mention that some existence and nonexistence results for a class of nonlinear Erdélyi-
Kober type fractional differential equations on unbounded domains were established in [22], making
use of some tools from fixed point theory. The approach that we use in this paper is based on nonlinear
capacity estimates specifically adapted to Erdélyi-Kober fractional derivatives.

The organization of the rest of the paper is as follows. In Section 2, some notions and properties
related to Erdélyi-Kober fractional operators are recalled. The definitions of weak solutions to the
considered problems as well as the obtained results are presented in Section 3. Some important lemmas
are established in Section 4. Finally, the proofs of our obtained results are given in Section 5.

2. Preliminaries and notation

In this section, we recall briefly some basic notions and properties related to Erdélyi-Kober
fractional operators, and fix some notation. For more details, we refer to [20].

Leta, T € R be fixed such that 0 < a < T. We first recall the Riemann-Liouville fractional integral
operators.

The left-sided and right-sided Riemann-Liouville fractional integrals of order x > 0 of a function
f € L([a, T)) are defined respectively by

1 !
0 = s f (1 = 1 f(s)ds
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and ,
1
TN = =— f (s ="' f(s)ds,
! I'(k) J;
for almost everywhere ¢ € [a, T], where I" denotes the gamma function.
The left-sided and right-sided Erdélyi-Kober fractional integrals of order @ > 0 and parameters
o > 0and 5 € R of a function f € L!([a, T]), are defined respectively by

N B o_t—O'(aH]) t SO'7]+O'—1f(S)
(Ia;a',nf)(t) - (@) L (17 — s7)1-@ ds

and ot T Su-(l—a—n)—lf(s)
Ury O = M) J, (57 —17)l >

for almost everywhere ¢ € [a, T].
Some relations between the Riemann-Liouville and Erdélyi-Kober fractional integrals can be easily
obtained. Using the change of variable z = s/, fora <t < T, we obtain

(27
@) Jo (7-2)'
t—cr((z+77) (Ig,f‘};) (t(r)’

>

t—a’(a+77) 1

L)

where
- 1
f)=7"f(z7), a” <z<T".

Using the same change of variable, we get

loa 1
N T Z—((Hn)g(z(;)

I5. ) =
(I7.5-,8)(0) o). Gome
= 17r8)"),
where
—_— 1
2(z) =7 "g(z7), a” <z<T°.

We have the following integration by parts rule (see [21]).

Lemma 2.1. Let u,0 > 0andn € R. Let k,m > 1and%+% <l4+uk#1andm + 1if%+% =1+u).
If f € L*([a,T)) and g € L"([a, T)), then

T T
f (7 By YD) it = f O, @)@ dt.

The proof of the following result can be found in [21].
Lemma 2.2. LetO<u< 1,0 >0, andn € R. For A > 1 (A is sufficiently large), let

()= (T —a) ' T7-1°), a<t<T. 2.1)
Foralla <t < T, we have
o 4 F(/l + 1)0- o o\~ o o -1 0 -
It i1 (t "™l )(f) = _1"(/1—+,u)(T —a”) (T — Ty, (2.2)
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Let0O<a < 1,0 >0,n€Rand f be a function such that

grple  f € AC(la, T)),

a,on+a

where AC([a, T]) denotes the space of absolutely continuous functions on [a,T]. The (left-sided)
Erdélyi-Kober fractional derivative of order @ and parameters o and 7 of f is defined by (see, e.g., [20])

1 d
@ ey - on+l) yl-a
Dy f(6) = 0777 (O-t(r—l dt) (t ! Ia;mn+af) @),

for almost everywhere ¢ € [a, T].

Throughout this paper, we shall use the following notations. By C, we mean a positive constant
independent of 7 and the solutions u and v. Its value is not necessarily the same from one line to
another. By 4 > 1, where 4 > 0, we mean that A is sufficiently large.

3. The results

In this section, we state our obtained results for problems (1.4)—(1.7).
Let us define weak solutions to (1.4) and (1.5). For all T > a, we introduce the set of functions

Wr={yeC(la,T]): ¥ 20, y(T) =0}.

Definition 3.1. We say that u is a weak solution to (1.4) and (1.5), if u € Lf’o ([a, o)) and

T T T
[ worvwars [ rowodr Sp@u < - [0 (1 ) odn G

forall T > a and ¥ € V7.

Notice that, if u satisfies (1.4) and (1.5), then for all 7 > a, multiplying (1.4) by ¢ € ¥r, integrating
by parts over (a, T'), using Lemma 2.1 and (1.5), we obtain (3.1).
Our main result for problems (1.4) and (1.5) is stated in the following theorem.

Theorem 3.2. Leta > 0,0 >0, € (0,1),and p > 1. Let f € Llloc([a, 00)) be such that
f@) = Ct7"(t7 =a”y, (3.2)
for almost everywhere t > a, where Cy > 0 is a constant. If

v >max{n, -1}, (3.3)

then (1.4) and (1.5) admit no weak solution.

Remark 3.3. From Theorem 3.2, we show that the value of the parameter @ has no effect on the
nonexistence result.
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Remark 3.4. In the homogeneous case (f = 0), problem (1.4) under the initial condition (1.5), reduces
to problem (1.2) with V = 1. In this case, from the obtained result in [21], if one of the conditions:

@: pd-a)<l, (e+mp=<n,

(i): n<-1, (a+np>n,

holds, then we have no weak solution. From Theorem 3.2, we show that under conditions (3.2)
and (3.3), the effect of the inhomogeneous term on the large-time behavior of solutions is considerable.
Namely, in this case, for every p > 1, the inhomogeneous problems (1.4) and (1.5) admit no weak
solution.

We now define weak solutions to (1.6) and (1.7).

Definition 3.5. We say that the pair of functions (u,v) is a weak solution to (1.6) and (1.7), if u €
IOC([a 00), h(t) dt) N Lloc([a 00)), vV € LIOC([a ), g(t)dt) N LIOC([a, 00)) and

T T
[ voreowwars Lu@u < - [t (i, @) od G4
a o 0 Ja

T T
[ worhouwdr+ Su@ra < [ (07,0 ) oG9
a g g a

forall T > a and ¥ € V7.

Notice that, if (u,v) satisfies (1.6) and (1.7), then for all T > a, multiplying the first inequality
in (1.6) by ¥ € ¥y, integrating by parts over (a,T), using Lemma 2.1 and (1.7), we obtain (3.4).
Similarly, multiplying the second inequality in (1.6) by ¢ and integrating by parts over (a,T), we
get (3.5).

Our main result for (1.6) and (1.7) is stated in the following theorem.

1 71

Theorem 3.6. Leta > 0,0 >0,n€R, 0<a,B< 1, and p,q > 1. Assume that g7, h+T € L] ([a, o))
and u,,v, > 0. If one of the following conditions:

(i) vy > 0 and

T oo 1 q-1 T (p—Dgq
lim inf 7 ~79(@+AP) ( f t"(”“)_“q-‘hq-'(t)dt) ( f (DI g ‘(t)dt) =0, (3.6

T—o0

(ii) u, > 0 and

T S p-1 T w1 (g-Dp
liminfT“’p(ﬂ“”’)( f 17 1+”‘g”‘(t)dt) ( f t‘T(””)_”q'hq‘(t)dt) =0, @37

T—o00

is satisfied, then (1.6) and (1.7) admit no weak solution.

Remark 3.7. If e =38, p=¢q. g = h =V, u, = v,, and u = v, then system (1.6) under the initial
conditions (1.7) reduces to (1.2). In this case, (3.6) and (3.7) reduce to (1.3). Then, we recover the
nonexistence result obtained in [21] for (1.2).
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We now consider singular weight functions of the forms

g =0t-a)7, h()=01-a)?, (3.8)

where vy, p > 0 are constants. It can be easily seen that gﬂ%ll , hit € Llloc([a, 00)). From Theorem 3.6, we
deduce the following result.

Corollary 3.8. Leta > 0,0 >0,n < -1,0<a,B< 1, p,g > 1, and u,,v, > 0. Let g and h be the
functions defined by (3.8), where y, p > 0. If one of the conditions:

(1) v, > 0 and
Yq +

P < min{g(a+Bp).qla—@+1D(p-1D].qBp-n-1)+n+1-@+ D(pg- 1)},
3.9

(1) u, > 0 and

pp(:y <min{p@B+aq),p[f-n+Dg-D],plag—n-1)+n+1,-(@+ )(pg - 1},

holds, then (1.6) and (1.7) admit no weak solution.
We provide below an example to illustrate the above result.

Example 3.9. Consider the system of fractional differential inequalities

{ D2 u® = (t-a)"hOP, t>a,
7 (3.10)

DY () > (t—a)Plu@)P, t>a,
where a > 0, 0 > 0, y,p > 0, subject to the initial conditions (1.7) with u,, v, > 0. System (3.10) is a
special case of (1.6), where g, h are defined by (3.8), @ = %,,8 = %, n=-2,p=2,and g = 3. From
Corollary 3.8, if
3y+p
o

<3, (3.11)

then system (3.10) under the initial conditions (1.7) admits no weak solution. In this case, we have

Yatp _3y+p
g (o ’

and

3 1
qa+pp)=3, gla=@+Dp-DI=3+2.,qBp-n-D+n+1=3+5 .-+ Dpg-1 =35,
which shows that (3.9) is equivalent to (3.11).
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4. Auxiliary results

In this section, we establish some important lemmas that will be used later in the proofs of our main
results.
Forall T > a and ¥ € W7, let

T ey L
J@) = f P Ot ™ gy @ (1)
and
T oy o -1 pia)
K@) = f R W 0 (1t T gy ) 0, (4.2)
T o o _ T
K@) = f N IORI0) (R G 10 s (4.3)
We have the following a priori estimate for problems (1.4) and (1.5) .
Lemma 4.1. If u is a weak solution to (1.4), (1.5), and u, > 0, then
T
f SOy (@) dr < CIY), 4.4)

forall T > aand y € Y, provided J(i) < oo.

Proof. Let u be a weak solution to (1.4), (1.5), and u, > 0. Let T > a and ¢ € ¥, where J() < oo.
By (3.1), we have

T T T
f ()P y(r) dt + f Foudi+ L, < - f O] |(B ot 00 ) (1) i
a a g g a o

Since u, > 0, the above inequality yields

T T T
f U0 di + f Fowtdr <~ f (ot V) ) 0 dr @45)

On the other hand, we have by Young’s inequality that
l T l_g-—ll (t)l '(Il—(l Z‘0'77+1(l,1—0'(T]+l) )/) (I)‘ dt
ocJ, u T;on+a lr[/
T \ 1 .
= f (luolurr (1)) (;f‘f—‘w P O[5t gy ) (r)\) dt
1 T
S; f u()IPy (1) dt + CI(Y),
which implies by (4.5) that
1 T T
(1 - ;) [ worswars [ rowwar < ciw.
Since 1 - % > (, the above inequality yields (4.4). O
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We also have the following a priori estimate for problems (1.6) and (1.7).

Lemma 4.2. If (u,v) is a weak solution to (1.6), (1.7), and u,,v, > 0, then

W@ < C KW [Ka)] P (4.6)

and
W(@u)"™" < C[Kw)]" [Kiw)] 7, (4.7)
forall T > aand y € Y7, provided K;() < oo, i = 1,2.

Proof. Let (u,v) be a weak solution to (1.6) and (1.7). Let T > a and ¢ € ¥ be such that K;(i/) < oo,
i=1,2. By (3.4), we have

T T
f MOP gD dr + Lo, < - f O (ot Ty ) 0| e 48)
a (o o a

On the other hand, by Holder’s inequality, we get
T
f o) [(B 2t Y ) )
4 1 1 o-17=L =L l-a 0' +1/ 1—0(n+1) 4\
= | (womiopio) (10 O™ @ (115t 7y ) 1))

( f (O RO (1) dr) [Kw)]7

which implies by (4.8) that

1

f V(OI g0 (1) dt + w(a)uas—(f Iu(t)lqh(t)lﬁ(l)dt) [Kiw)]7 . (4.9)

Similarly, by (3.5), we have

T T
J R o | e 2% [ P C R
a (o o a

Making use of Holder’s inequality, we obtain

f ({2 ™ ) o) dr<( f |v(t)|”g<t)w(t>dt) [KW)]7

which implies by (4.10) that

1

f WO di + w<a>va_—( f |v<r>|”g<r>w<t>dt) K] @.11)

Since u, > 0, it follows from (4.9) that

1

f VI g0 () dt < —( f (A0 (1) dt) [Kiw)]7 .
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The above estimate together with (4.11) implies that

1

f Rty di + w<a>va_( f |u<r>|‘fh(t>w<r>dr)"q o KW (K@)

We now use Young’s inequality to get

[ wormouwar s Luam < [ wormowo s e (ki wi® )

that is, .
1 =
(1 - E) f (O hwe) de + ~wi@v, < C (K1 [Ka@)] ")

which yields (4.6). Similarly, since v, > 0, it follows from (4.11) that

T 1 T p p-1
f |u<r)|4h<r>w<t)dts;( f |v(t>|ﬂg(t>w<r>dt) )] .

The above estimate together with (4.9) gives us that

f V(@I gty (1) dt + t//(a)ua _( f Iv(t)lpg(t)w(t)dr) o [Ka)] ™ [Kl(‘//)]qT

which implies by Young’s inequality that

1y (7 _ D\t
(1 - E) f OP gwe) di + ~w@u, < C (K@) [Kiw)] )™

and (4.7) follows.
ForT > awith T > 1 and A > 1, let us consider test functions of the form
p() = 17" e@), a<t<T,

where ¢ is the function defined by (2.1).
Lemma 4.3. The function  defined by (4.12) belongs to Yr.
Proof. The result follows immediately from (2.1) and (4.12).

Let us now estimate the integral terms J(¢) and K;(¢), i = 1,2.

Lemma 4.4. We have )
JW) < CT+F (m T+ T‘T("+1+p”1)).

Proof. By (4.12), foralla <t < T, we have

t0'77+1(t1—0'(77+1)l//)/(t) o‘r]+l /(Z)

(4.12)

(4.13)

AIMS Mathematics Volume 9, Issue 8, 21686-21702.
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which implies by Lemma 2.2 with u = 1 — « that

(It ™ @0 ) (1) = I (177 ) (1)

LA+ 1)o L o (4.14)
(T —q° TO — oylaw 7]+oz)‘
Taag & —9a@ =)

Then, by (2.1), it holds that

]71

e=bp 101 0' oa
e l(t) |(I}(rn+a (1= (n+1)w) )(t)

(c-Dp l1-o@+]) (A—a)p on+a)p

=Ct 7Tt T gonl(T"—a")vl(T"—t") Ul

(00— l)p+l u'(r]+1) o(n+a)p -Ap (A-a)p

=Cr A (T = @) (T — ) F(TT — a) e (T = 17) 7
=Crm MV (T — a7y T - )

Using (4.1) and integrating over (a, T'), we obtain

P
p-1

T Dp -1
J((//) = f l%d/ﬁ(f)‘ I} Oc'ln+oz 0'77+1(t1—0'(77+1)¢)/) (t)

— C(To- _ aa-)—/lf tﬂ(ﬂ+1)—1+%(Tg' _ tg-),l_% dt
a
—ep T opa
< C(Ta' _aa)plf 0'(7]+1) 1+17 T dt
a
< T (InT + 71+,

which proves (4.13). |

Lemma 4.5. Assume that ha' T el!

loc

([a, 0)). We have

oqa

— T
K@) < C(T7 — %)+t f 7D B (1) dit. (4.15)

Proof. By (4.14), it holds that

4
q-1

ol -1 =L 7 o -0 ’
EE R OUT 0| (It 00 ) (1)

(=g 1-oc@+]l) (A-a)q u'(7]+ar)q:|

=Cht () [T T (17 - )T - ) T

(o=lg , 1-o@+D) , olr+a) 1 -1 —Aq (“A=a)q

=ChE() [’“ FESEN T — a)F (T~ )F (T~ a®)T (T - 1) ]

:Chq%'l(t)to'(n+])—l+%(]—va' _ ao-)—/l(T(r _ tcr)/l—ﬁ
Using (4.2) and integrating over (a, T'), we obtain

a4
g-1

T
(o=bg , -L =L a 0' -0 ’
K@) = f R U 0|1t V) 0
T
— C(T(r _ a(r)—/lf ta(n+1)—1+%hﬁ(t)(TJ _ t(r)/l—:%'l dt
—aq a T gqa -1
< C(T° - %)t f (TS L (1) dit,
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which proves (4.15). |
Similarly, by (2.1), (4.3), and (4.12), we obtain the following estimate of K, ().

Lemma 4.6. Assume that gp%ll € Llloc([a, 00)). We have

T
KZ(w) < C(TO' _ao)ﬂf t0’(ﬂ+1) 1+p lgl l(t)dt

The following estimates follow immediately from Lemmas 4.5 and 4.6.

Lemma 4.7. Assume that h' € Ll ([a,0)) and g7 e L' ([a, o0)). We have

loc

T q-1 T (p—1)q
(K@) [K2<w)](f"”qscT‘”‘“"W)(f (7D ”qqlhq‘(t)df) (f o dt)

and

T p-1 T
(K> [Ki() VP < cTmorBrer ( f D=1+ 5 7 () dt) ( f D () dt)

(g=Dp

5. Proofs of the obtained results

This section is devoted to the proofs of Theorems 3.2 and 3.6, and Corollary 3.8.

Proof of Theorem 3.2. We use a contradiction argument. Namely, suppose that u is a weak solution
to (1.4) and (1.5). By Lemmas 4.1 and 4.5, we have

T
f fOydt < CJIWY), (5.1)

where for 7, A1 > 1, the function ¢ is defined by (4.12). On the other hand, by (2.1), (3.2), and (4.12),
we have

T T
f fw@dt = (T7 - a™)™ f f@E (T — 17y

> CH(T" —a”)" f £ — a7 DN TT — 7)Y dt (5.2)

=CHT" - a’)" f (7 —a”(T7 - 7Yt dt.

Furthermore, we have
T
(T(r _ aO')—/lf (tcr _ a(r)y(T(r _ t(r)/lto-—l dt
aT
:(Trr _ aa')—/lf (tcr _ a(r)y(Trr _ ta')/ll_(r—l dt
aT
=(T7 —a°)™ f (" —a®Y [(T7 —a”) — (t —a)* " " dt

T o o \1
l‘ —
:f (r"—af’y(l - a ) 77l dr.
u T —a°

AIMS Mathematics Volume 9, Issue 8, 21686-21702.
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Ton o

Making the change of variable s =

and using that y > —1 (by (3.3)), we obtain

o

—a
T
(To' _ ao')—/lf (ta' _ aa)'y(T(r _ l_cr)/lta'—l dt
1 "
:_(TO' _ a(r)’y+1f s(’y+l)—l(1 _ s)(/l+l)—l
o 0
1
=—(T7 —a"Y*"'Bly + 1,1+ 1),
a

where B is the beta function. Hence, by (5.2), we have

T
f FfOW@)dt > C(T7 = a”)*!

> CT70",

We now use Lemma 4.4, (5.1), and (5.3) to get

T70*) < CT 71 (m T + T“("+1+p”“l)),

that 1s,
1<C(T"InT+T%),
where
T = —0'( >, (y+ 1))
p—1
and

T, = —o(y —n).

(5.3)

(5.4)

Note that due to (3.3), we have 7; < 0, i = 1,2. Hence, passing to the limit as 7 — oo in (5.4) , we

reach a contradiction. This completes the proof of Theorem 3.2.

O

Proof of Theorem 3.6. We also use a contradiction argument. Namely, suppose that (u,v) is a weak

solution to (1.6) and (1.7).
We first consider the case (1). By Lemma 4.2, for all T > a and ¢ € ¥, we have

Waw)"™ < CIRWI" [Ka)] "™,

(5.5)

provided K;(¥)) < oo, i = 1,2. In particular, since gp;-ll,hq%ll € Llloc([a, ©)), then by Lemmas 4.3, 4.5,
and 4.6, (5.5) holds for the function i defined by (4.12). Since y(a) = a”™*V=! > 0, then (5.5) reduces

to
vt < CIK )] [Ka)] P,

which implies by the first estimate in Lemma 4.7 that

T v g-1 T s 1 (p=Dq
yhatt < cTo ) ( f AR TRI () dt) ( f (7 DT e (1) dt) :
a a
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Passing to the infimum limit as 7 — oo in the above inequality and using (3.6), we obtain (recall that
Ve, = 0)
vgq—l =0,

which contradicts the fact that v, > 0.
Consider now the case (ii). Similarly to the previous case, we obtain by Lemmas 4.2, 4.3, 4.5,
and 4.6 that
W™ < CKw)]"™ [Kiw)™7,

where i is defined by (4.12). Then, from the second estimate in Lemma 4.7, we deduce that

T opB -1 Pl T oga -1 ‘-bp
ugq—l < CT—rrp(ﬁ+ap) (f tO'(n+1)—l+Pjgpj(t) dt) (f l,a'(n+1)—1+ﬁhﬁ(l,) dl) )
a a

Passing to the infimum limit as 7 — oo in the above inequality and using (3.7), we obtain (recall that
u, > 0)
ubt™t =0,

which contradicts the fact that u, > 0.
Hence, in both cases (i) and (ii), we reach a contradiction. This completes the proof of Theorem 3.6.
O

Proof of Corollary 3.8. We only give the proof of the case (i). The proof of the case (ii) follows using
a similar argument. By the definition of &, for T > 1, we have

T T
_14gee =L —1+ 29 i)
f to‘(n+l) 1+25 hit () dt = f tﬂ'(fl+l) 1+75 (t—a)sT1(¢)dt
a a
p T oqa
< (T —a)st f (7D gy
a
< CT#1 (m T+ T"(’““%)),

which implies that

T q-1
( f (7O DI B (1) dt) < C(TP(nTyr" + Trrorahram) (5.6)
Similarly, by the definition of g, we have
T s (p—Dygq
(f ttf(n+1)—1+pjg1,j(t) dt) <C (qu(ln T)(P—l)q + T7q+a'((n+l)(p—l)q+pqﬁ)) . (5.7)

Then, it follows from (5.6) and (5.7) that

T gqa -1 ¢! T apB -1 (Pl
T—O'Q(M'ﬁl’) (f tq(n+l)_]+qjhﬂ(t) dt) (f l‘o—(nﬂ)_“ﬁgﬁ(l‘) dl)
u a

<C(T"(n 7)™ + TP(nT)™" + T (In T)"V9 + T™),

(5.8)
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where

m = vyq+p-oqla+pp),

m = yg+p+oq(n+Dp-1)-a],
m o= yg+p+olgm+1-6p)-n-1],
na = yq+p+om+1(pg-—1).

Observe that from (3.9), we have n; < 0, i = 1,2, 3,4. Hence, from (5.8), we deduce that

T oqa -1 q_l T apB -1 (p_l)q
lim 7-04@*hp) ( f (7D R () dt) ( f 7T g () dt) =0,
a a

T—o0

which shows that (3.6) is satisfied. Then, Theorem 3.6 applies. O

6. Conclusions

Using nonlinear capacity estimates, sufficient conditions for the nonexistence of weak solutions
were obtained for the inhomogeneous Erdélyi-Kober fractional differential inequality (1.4) subject to
the initial condition (1.5) (see Theorem 3.2) and the system of Erdélyi-Kober fractional differential
inequalities (1.6) under the initial conditions (1.7) (see Theorem 3.6). By comparing Theorem 3.2 with
the recent result obtained in [21] for the homogeneous problem (1.2) with V = 1, we observe that, if the
inhomogeneous term f satisfies (3.2) and (3.3), then the nonexistence holds for every p > 1. However,
in the homogeneous case, the nonexistence holds for a certain range of p. Furthermore, Theorem 3.6
recovers the nonexistence result established in [21] (See Remark 3.7).

In this paper, we only studied the nonexistence of solutions to the considered problems. It would be
interesting to extend this study in order to get sufficient conditions for the existence of solutions. We
hope that in a future work, this question will be solved.
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