AIMS Mathematics, 9(8): 21656-21671.
DOI: 10.3934/math.20241053
AIMS Mathematics Received: 10 May 2024

Revised: 22 June 2024

Accepted: 28 June 2024
http://www.aimspress.com/journal/Math Published: 08 July 2024

Research article

A note on some diagonal cubic equations over finite fields

Wenxu Ge'-*, Weiping Li** and Tianze Wang’®

! School of Mathematics and Statistics, North China University of Water Resources and Electric
Power, Zhengzhou 450046, China

2 School of Mathematics and Information Sciences, Henan University of Economics and Law,
Zhengzhou 450046, China

3 Institute of Mathematics, Henan Academy of Sciences, Zhengzhou 450046, China

* Correspondence: Email: gewenxu@ncwu.edu.cn.

Abstract: Let a prime p = 1(mod3) and z be non-cubic in F,. Gauss proved that the number of
solutions of equation
X+ +z0 =0

in F, was p + %(p — 1)(9d — ¢), where ¢ was uniquely determined and d, except for the sign, was
defined by
4p = * +27d%, ¢ = 1(mod3).

In 1978, Chowla, Cowles, and Cowles determined the sign of d for the case of 2 being non-cubic in
IF,. In this paper, we extended the result of Chowla, Cowles and Cowles to finite field F, with g = pk,
p = 1(mod3), and determined the sign of d for the case of 3 being non-cubic.
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1. Introduction

Let IF, be a finite field of
q=7p"
elements. Let F; be the multiplicative group of F, i.s.,
F, = F, \ {0}
Counting the number of solutions (x;, x5, -, X,) € FZ of the general diagonal equation

d d dy _
aixy +axy’ + -+ ayx, =b
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over F, is an important and fundamental problem in number theory and finite field. The special case
where all the d; are equal has extensively been studied by many authors (see, for example, [1-3] for
d; = 3, and [4, 5] for d; = 4).
For a prime
p = 1(mod3),

Chowla et al. [6-8] first considered the number of solutions of equation
X+ +z7x0 =0 (1.1)

over finite field F,.

For z is cubic, using the classic result of the cubic equation of periods by Gauss [9]. Chowla
et al. [10] showed that the number of solutions of (1.1) is p? + c¢(p — 1), where ¢ is uniquely determined
by

4p = * +27d%, ¢ = 1(mod3). (1.2)

For z is non-cubic, as pointed out in [6], using the classic result of the cubic equation of periods by
Gauss [9], one can only obtain that the number of solutions of (1.1) is

1
P'+5(p =D -c),
where c is uniquely determined, and d is determined except for the sign by
4p = * +27d%, ¢ = 1(mod3).

Thus the key of these problems is to determine the sign of d. Chowla et al. [6] determined the sign of
d for the case of 2 being non-cubic in F,,.

Theorem 1.1. [6] Let a prime be
p = 1(mod3).

If 2 is non-cubic in F,, then for any non-cubic element z, the number of solutions of (1.1) is

1
P*+5(p=1DOd o),
where ¢ and d are uniquely determined by (1.2) with

d= c(mod4), ifz=2(modH),
~ | —c(mod4), ifz=4(modH),

where H is the subgroup of nonzero cubes in I,

Therefore, it is nature to ask the following problem: Is there another element which can determine
the sign of d?

In this paper, we extend the result of Chowla et al. to finite field F,, and determine the sign of d by
non-cube 3.
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In the rest of this paper, F, is a finite field of

q=7p
elements with
p = 1(mod3),
and F, is the multiplicative group of F,, i.s.,
F, = F; \ {0}

For any z € F,, one lets A,(z) denote the number of solutions of the following diagonal equation
NAX X =7
over ;. Let B,(z) be the number of solutions of diagonal cubic equation

3., .3 3 3 _
x+x++x,+zx,,,=0

over F,. Since
p = 1(mod3),

the nonzero cubic elements form a multiplicative subgroup H of order %(q — 1) and index 3, which
partitions Pf] into three cosets H, zH and z2H. Now, we can state our main results.

Theorem 1.2. Let F, be a finite field of
q=7r
elements with the prime
p = 1(mod3).

c is uniquely determined, and d is determined except for the sign by
4q = ? +27d%, ¢ = 1(mod3), (c,p)=1. (1.3)
(1)If2 | d, then 2 is a cube in F, and one has
A2)=q-2+c¢c, BQ)=q"+c(g-1).
(2)If2 1 d, then 2 is a non-cube in F,, and for any non-cubic z, one has

A q—2+309d—-c), ifz=2(modH),
Z =

: q-2+(=9d-¢), ifz=4(modH),

and

B = ¢*+3(q-1)Od-c), ifz=2(modH),
@)= ¢* + (g - 1)(-9d - ¢), ifz=4(modH),

where d is uniquely determined by (1.3) and

d = c(mod4).
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Theorem 1.3. Let F, be a finite field of
q=7pr
elements with the prime
p = 1(mod3).

c is uniquely determined, and d is determined except for the sign by (1.3).
(1)If3 | d, then 3 is a cube in F,, and one has

AB)=g-2+c and B3)=¢*+c(g-1).
(2)If 3 1 d, then 3 is a non-cube in F,, and for any non-cubic z, one has

qg-—2+ %(9d —c¢), ifz=3(modH),
Ax(z) = | )
q—=2+5(-9d-c), ifz=9(modH),

and

Botd) = ¢*+g-1)d-c), ifz=3(modH),
2 q* + 3(g—1)(=9d - ¢), ifz=9(modH),

where d is uniquely determined by (1.3) and d = —1(mod3).

Remark 1.4. (1) When z is cubic in F, with
p = 1(mod3),
as pointed out in [11] (or [12]), one has
Axz)=q—-2+c and By(z)=¢q*+c(g-1).

(2) When
q = 2(mod3),

it is known that every element is a cube. When
g = 1(mod3)

with
p = 2(mod3),

as [13, Theorem 16], one has

-2p"2, if k = 0(mod4),
2p2,  if k = 2(mod4),

and d = 0.
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(3) In [12], Hong and Zhu use the generator g of group [, to determine the sign of d, and give the
sign of d by

(= 1)@ - sgn (Im(ry + 3V3rb)), if k = 1(mod2),
6:(q) = e (1.4)
0, if kK = 0(mod?2),
where r; and r, are uniquely determined by
p-1
4p =ri +27r3, r = 1(mod3), 9r, = 2Ng sz, (g) 5 + Dri(modp).
Here, the norm N, /z, (a) of @ € F, over F, is defined by
Ng, /5, (@) = a X af X - X o = @
Recently, the authors [14] determined the sign of d by
4g = 2+ 212, ¢ = 1(mod3), (¢,p) =1, 9d = c(2z'F + 1)(modp). (1.5)

In this paper, we give a more effective way to determine the sign of d for the cases of 2 or 3 being
non-cubic.

Using the author’s methods in [14] and Theorems 1.2 and 1.3, we immediately obtain the following
corollaries:
Corollary 1.5. Let F, be a finite field of
q="r
elements with the prime

p = 1(mod3).

c is uniquely determined, and d is determined except for the sign by (1.3). If 2 1 d, then for any
non-cubic element z, one has

1 2, .3
X Xt 5 (4+c=9d)x"+cx . _
N n T—gx ~ ~ 1-3gxi—gexd if z=2(modH),
Z An(Z)X = L res s
X 7 . _
n=l 1—-gx - W, le = 4(modH),

and
. (g-Dx+1(g—1D)(c-9d)x>

© —

S By =] TF T
1 " 1 (g—Dx+ % (g—1)(c+9d)x>

n= _

if z=2(modH),

, Ifz=4(modH),

I-gx 1-3gx%—qcx?

where d is uniquely determined by (1.3) and
d = ¢(mod4).

Corollary 1.6. Let F, be a finite field of
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elements with the prime
p = 1(mod3).

c is uniquely determined, and d is determined except for the sign by (1.3). If 3 1 d, then for any
non-cubic element z, one has

N i M, if z = 3(modH),

ZAn(Z)Xn _ ) e 1173qx 7qc: 3

=l - S0 iz = 9(mod H),
and | .

o 1 (g=Dx+5(g—1)(c—9d)x L

B =) TE e, T e

n=1 T—gx 1-3g:2—gex3 , Ifz=9(modH),

where d is uniquely determined by (1.3) and
= —1(mod3).
2. Auxiliary lemmas

Lemma 2.1. [15] Let F, be a finite field. Let  be a nontrivial additive character of F,. Then, for any
a € F,, we have

For any a € ]FZ, we defined the Gauss sums

Sa= ) ulax).

xeF,
Lemma 2.2. [13] Let F, be the finite field of g = p* elements with the prime
p = 1(mod3),
and z is non-cubic in IF;. Then, S, S, and S 2 are the roots of the cubic equation
X —3gx—qc =0,
where c is uniquely determined by
4q = * +27d%, ¢ = 1(mod3), (c,p)=1. (2.1)

Lemma 2.3. With the conditions of Lemma 2.2, one has

22

n— 1 n n n n n n
A2 = + 3g(815:+ SiSa + 5581 = S] - ST - 5L
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Proof. Since
p = 1(mod3),

the nonzero cubic elements form a multiplicative subgroup H of order %(q — 1) and index 3, which
partitions Pf] into three cosets H, zH, and z2H. Then, for any a € 7Z/H, we have

Sa ZSZ_/ and Saz =SZ1‘+1.

For any b € Fjl, we have

Sp= ) ubx)

x€Fy,

=1+ Z W(bx)

v
xeFy

=1+3 ) y(ab).

acH
Thus, we have
1
D wlab) = 28, = 1).
acH
Then, by Lemma 2.1, we have

An(z>=}12 S watd 4+ x - 2)

a€Fq (x1,x2, ,Xn)EFy

=¢"' + é Z Y(—az)S"

a€ckFy
1
Lars (S'f Diw-an 1Y l-an) + S D ‘“‘“Z)]
acH aezH acz’H
1
o s T st Y g5 Y e
q acH acH acH
1
=g 5 (165~ D+ SIS = D+ SLS o - 1)
LoL, ; ;
=g+ 3 (151 = D+ SUS 2~ D+ 555, - 1)

=q¢"'+ %](S’fSZ +8752+ 8081 =81 =87 -S0),
since —1 is cubic in F7. O
Lemma 2.4. With the conditions of Lemma 2.2, one has
AR =q"-3q-c

where c is uniquely determined by (2.1).
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Proof. By lemma 2.2, we have
S18,+8.52+85.81=-3¢, S1+S5,+S5.=0
and
S, =39S, +qc, j=0,1,2.

Then, by Lemma 2.3, we have
1
M) = "+ (SIS + 5382+ 5381 =51 - 851-SD)

1
:q2+3—q[3q(SlSZ+SZSZz +82851)+q(c=3)(S1+S,+S2)—3qc]

=q"-3g-c.

Lemma 2.5. With the conditions of Lemma 2.2, one has A,(z) as one of the values
1
q-—2+ §(i9d - ),

and A,(z?) is the other, where c is uniquely determined, and d is determined except for the sign by (2.1).

Proof. Similar to the proof of Lemma 2.4, we have
[P 2 2
Az(z):q—2+E(SlSZ+SZSZz+SZZSl), (2.2)
1
AP =qg-2+ z(s%Szz +8281+525.). (2.3)

By Lemma 2.2, we have

S1S.+S81S2+ 8581+ 8182+ 8281 +55S.
= (SISZ+SzSz2 +SZle)(S1 +SZ+SZ2)—3S]SZ522
- 3qc (2.4)

and
[S1S.+82S 2+ 8281 —(S1S2+ 8281 + 858 )P
= (81 -80S =82S 2 - 81’
= —(4(=3¢)’ +27(=qc)*)
=27¢%(4q - ¢*)
= (27¢d)". (2.5)

Then Lemma 2.5 follows from (2.2)—(2.5).
O
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Lemma 2.6. We have
By(2) = (g — DAx(2) + 3¢ — 2.

Proof. By the definition of B;(z) and A,(z), we have

B@= , |1

(x1,%2,%3)€FS

3,303
X +x5+zx3=0

=2, 2 v
X3€FG (x1,x)eF; (x1,x2)€Fg

3..3 3.3
X)X, 1 +5=0

=Y > 1+3g-2

*3€Fg (x1,x2)€F2

3,,3_
x1+x2—z

= (g9 - DAx(2) + 3¢ - 2.

+zx% =0 X

Lemma 2.7. Let F, be the finite field of
q=rp
elements with the prime
p = 1(mod3).

¢ is uniquely determined, and d is determined except for the sign by (1.3). Then, 2 is a cube in F if,
and only if, 2 | d; 3 is a cube in F, if, and only if, 3 | d.

Proof. Since F is a cyclic group, 2 is cubic in F if, and only if,

a1
3

25 = 1(modp).

By the Euler theorem, we have
Pl

1(modp).
Note that
g=p" and p = 1(mod3),

then we have
2"% = 2’%](1+p+172+~-~+pk") = Zk([;_l)(mOdp).

By [16, Theorem 7.1.1], 2 is cubic in F,, if, and only if, 2 | dy, where ¢y and d, are determined by
4p = ¢ +27d2, ¢y = 1(mod3).

That is,
25 = 1(modp),

if, and only if, 2 | dy. Thus, we have that 2 is cubic in P; if, and only if, 2 | dy or 3 | k.

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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Next, we will prove that 2 | dj or 3 | k if, and only if, 2 | d. Since
4g = A + 274,

we have 2 | ¢ if, and only if, 2 | d. As pointed out in [14, Lemma 2.8], in integeral ring Ok of cubic
cyclotomic field

K =Quw), w-= _1%@,
we have
¢ +3V3di TS 1(c0+3\/§d0i)k.
2 2
So, we have

co +3V3doi ) w1 [0 — 3 V3doi 3\/_d01
A

c=(=DH! [
k k
= (<1 (—CO +23d° ; Sd()w) (=1 (—CO +23 do 3doa) .

If 2 | dy, it is easy to see that 2 | c. If 2 { dy, then 2 | 2% or 2 | 2240 since
4p =t +27d5.

When 2 | @, we have
¢ = 3dp) (" + @) = W* + T (mod2).

When 2 | @, we have

o= (—l)k_l (CO + 32\/§d01) ( l)k 1 (C() 3 \/_dol]
k k
= (=1 (CO_TMO - 3doa) + (D! (CO_—MO - 3dow) .

Thus we have

= (=3dy) (" + @) = " + T (mod2).
Hence, we have 2 is cubic in IF; if, and only if, 2 | dy, or 3 | k if, and only if, 2 | ¢, or if and only if 2 | d.
Similarly, we can also prove that 3 is a cube in FZ if, and only if, 3 | d. O

3. Proof of Theorem 1.2

Let IF, be a finite field of
q=p
elements with
p = 1(mod3).

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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Then the nonzero cubic elements form a multiplicative subgroup H of order %(q —1). We let

M={(a,b)e H}la+b =2} and M =|M,|.

Since for any a € H, the equation x>

}F*q, then it is easy to see that

= a in F, exactly has three different solutions, if 2 is non-cubic in

IM = Ay(2). (3.1)
Lemma 3.1. If 2 and z are non-cubic in F, then

[ Ax(2), ifz=2(modH),
Aafe) = { A(4), ifz = 4(modH).

Proof. Since 2 and z are non-cubic inF}, z € 2HU4H. If z € 2H, i.e.,
z = 2(modH),

thereisah € F, and z = 2h3. Then, it is easy to see that

A= D 1= > 1= > 1=AQ.

(x1,%2)€Fy (x1,x2)€Fy (x1,%2)eFy
x?+x;:z x?+x%:2h3 1 h Y+ (k™3 =2
Similarly, if
z = 4(modH),

we have
Ax(2) = Ay (4).

Lemma 3.2. We have M = 1(mod?2).

Proof. Let
M, ={(a,b)e Hla+b=2,a# b} and M, = M|

Obviously, if (a,b) € M,, then (b,a) € M,. Thus, we have M, is even. If (a,a) € M, thena = 1.
Hence, M is odd. i

Proof of Theorem 1.2. 1f 2 | d, then 2 is a cube in IF, by Lemma 2.7, and one has
Ay2)=g-2+c and By(2)=¢q*+c(qg-1)

as pointed out in [11] (or [12]).
If 2 1 d, then 2 is non-cubic in IF’;’; by Lemma 2.7. Then, by Lemma 2.5, we can assume that

Ar(2) =g -2+ %(9d ~ o).

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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Next, we begin to determine the sign of d. By (3.1) and Lemma 3.2, we have

1
A(2)=q-2+ 5(9d —¢) =9M = 1(mod?2).

Since
q=p"

and a prime

p = 1(mod3),
we have

q = 1(mod?2).
So, we have

1
-1+ 5(90’ —¢) = 1(mod?2),

and then

d = c(mod4).
Thus, by Lemma 2.5, we have
1
Ad)=qg-2+ 5(—9d - ).

Finally, Theorem 1.2 immediately follows from Lemmas 2.6 and 3.1. O
4. Proof of Theorems 1.3 and an example
Let
N@) = ((a1,a2,a3) € Hlay + a; + a3 =z} and N(z) = IN(2)|.
Then, if 3 is non-cubic, it is easy to see that
27N(z) = As(2) — 3A1(2). 4.1
Lemma 4.1. If 3 and 7 are non-cubic in F?, then

_ | Ax(3), ifz=3(modH),
Ae) = { A5(9), ifz=9(modH).

Proof. This is similar to the proof of Lemma 3.1. O
Lemma 4.2. If 3 is non-cubic, we have
N@3) = 1(mod3) and N(9) = 0(mod3).

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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Proof. We divide the set N(z) into three disjoint subsets,

N(z) = Ni(2) U N2(2) U N3(2),

where
Ni@@) = {(a1,a0,a3) € Hlay + ap + a3 = z,a; # a;, 1 <i < j <3},
N;i(z) ={(a,a,a) € Hla+a+a=1z}
Ni(z) = N(@) \ (N1(2) U N3(2)) .
Let

Ni(z) = INi(2)I.

Then, it is easy to see that

Ni(z) = 0(mod3) and N,(z) = 0(mod3).

Since
q=p"
and a prime
p = 1(mod3),
we have

N3(3) ={(1, 1, D}.

Thus we have
N(3) = 1(mod3).

Since 3 is non-cubic, then
N5(9) = 0.

So, we have
N(@9) = 0(mod3).

Proof of Theorem 1.3. 1f 3 | d, then 3 is a cube in F, by Lemma 2.7, and one has
Ay(3)=q-2+c and By(3)=¢*+c(g-1)

as pointed out in [11] (or [12]).
If 3 t d, then 3 is non-cubic in IF; by Lemma 2.7. Then, by Lemma 2.5, we can assume that

1
A(3)=¢g-2+ 5(961 - ),

then {
Ay9)=qg-2+ 5(—9d - ).

Next, we begin to determine the sign of d.

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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By (4.1), we have
27N@3) = A3(3) — 3A,(3), 27N(9) = A3(9) — 3A,(9).
Then, by Lemma 2.4, we have

27(N(3) = N©9)) = A3(3) — 3A45(3) — (A309) — 3A2(9))
=3A2(9) - 3A2(3)
= 274,

and by Lemma 4.2, we have
d=NO)-N@B3) =-1(mod3).

Thus, by Lemma 2.5, we have
1
Ay(3)=qg-2+ 5(90,’ -0)

with
1
d=-1(mod3) and A,(9)=qg-2+ z(—9d —0).

Hence, Theorem 1.3 immediately follows from Lemmas 2.6 and 4.1. O

Example 4.3. We take
g =312

If the integers ¢ and d satisfy that
4.31% = ? +27d%, ¢ =1(mod3), (c,p)=1,

then
c =46, d==8.

Thus, 2 is cubic and 3 is non-cubic. Then, it follows from Theorem 1.3 that the numbers A,(3) and
B;(3) of the cubic equations

3.3 - 3,.3 3 _
xi+x,=3 and x{+x;,+3x;=0

are given by

1
A(3) =312 -2+ 5(9-8—46) =972

and

1
B,(3) = 31* + 5(312 - 1)(9-8—-46) =936001,
respectively.

AIMS Mathematics Volume 9, Issue 8, 21656-21671.
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5. Conclusions

In this paper, we study the number of solutions of equations:
X +x+z6=0
and
X +x =2
in finite field F, with
g =p', p=1(mod3).

When
g = p = 1(mod3),

for any z is non-cubic in F,. In 1978, Chowla et al. determined the sign of d for the case of z = 2
being non-cubic in F,. In Theorem 1.2, we extend the result of Chowla et al. to finite field F,. In
Theorem 1.3, we establish a new method to determine the sign of d for the case of z = 3 being non-
cubic. Moreover, we think it is interesting to find a more effective way to determine the sign of d for
the case of z > 3.
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