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Abstract: In this paper, we study normalized solutions of the fractional Schrodinger equation with a
critical nonlinearity

(-A)°u = Au + |[ulP>u + |u/>2u, xeRV,
EN w*dx = a®, u € H*[RY),

where N > 2,5 € (0,1),a>0,2<p <2t = % and (—A)* is the fractional Laplace operator. In the
purely L?-subcritical perturbation case 2 < p < 2 + %S, we prove the existence of a second normalized
solution under some conditions on a, p, s, and N. This is a continuation of our previous work (Z.
Angew. Math. Phys., 73 (2022) 149) where only one solution is obtained.
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1. Introduction and main results

In this paper, we study normalized solutions of the fractional Schrédinger equation with a critical
nonlinearity of |u|*2u,

(=A)Yu = du+ [ulP>u + [u>"2u, xeRV,

f wdx=d°, ue H'RM), 1.1y
RN

where N > 2, s € (0,1),a >0,and 2 < p < 2} = % The fractional Laplace operator (—A)° is
defined by

(_A)SM — _C(N’ S)PV fRN ”(x"‘y) + l/l(.x—y) - 2u(x)dy

|y|N+2s
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_ W), f u(x) - uy)
R

2 N |X _ y|N+2S

with a positive constant C(J, s), and we normalize the factor C(N, s)/2 = 1 for convenience. For
problem (1.1), p = 2 + 3 is the L?-critical exponent.

The operator (—A)* arises in physics, chemistry, biology, and finance and can be seen as the
infinitesimal generators of the Lévy stable diffusion process (see [1]). Moreover, (-A + m?)2 appears
in quantum mechanics, where m is the mass of the particle under consideration (see [16]). The study
of fractional Laplacian nonlinear equations has attracted much attention from many mathematicians
working in different fields. Felmer et al. [11] studied the existence, regularity, and symmetry of positive
solutions to the fractional Schrodinger equations in the whole space RY. Caffarelli et al. investigated a
fractional Laplacian with free boundary conditions (see [6,7]). We also refer the interested readers to
the works [5,9, 10, 19] for more details on the fractional operator and its applications.

Normalized solutions to Schrédinger equations with L2-supercritical nonlinearity were first studied
in the paper [14], where the energy functional was unbounded from below on the L>-constraint.
Recently, Soave in [21] proved several existence (or nonexistence) and stability (or instability) results
for the Schrodinger equation with combined nonlinearities as follows:

—Au = Au+ plulu + [u 2u, xeRV,

f wdx = a®, ue H'RY),
RN

where N >3, u>0,1e€Rand2<¢g<2* 2 % Wei and Wu in [22] extended the results in [21] in
three aspects. Firstly, they obtained the existence of a solution of mountain-pass type for N > 3 and
2<qg<?2+ %. Secondly, the existence and nonexistence of ground states for 2 + % < g < 2" with
u > 0 large were obtained. Finally, they obtained the precisely asymptotic behaviors of ground states
and mountain-pass solutions as ¢ — 0. Luo and Zhang in [17] dealt with the existence of normalized
ground states for the fractional Schrodinger equation with combined nonlinearities as follows:

(=A)Y’u = Au+ [uP>u + [u|*u, xRV,

f u?dx = a®, u € H'[RM). (1.2)
RN

Under different assumptions on ¢ < p and a > 0, they proved the existence and nonexistence of
normalized solutions in the L*-subcritical case and L?-supercritical case, respectively. But they only
considered the Sobolev subcritical case p,q < 2;. Motivated by the above papers, Zhang and Han
in [25] considered problem (1.2) in the Sobolev critical case g = 27, i.e., problem (1.1). They obtained
the following results:

i) LetN > 2,5 € (0,1),2<p<2+ %, and assume that 0 < a < min{a;,@,}. Then, m] =
inf ey E(u) = inf,ey ) E(u) < 0 and it can be attained by u, ,, which is nonnegative and radially
decreasing. Moreover, problem (1.1) has a ground state (u, , A,+) with 4,, < 0;

(i) Let N > 2, s € (0,1), N> > 8 p = 2+ %S, and assume that 0 < a < ;. Then,
N
my, = inf,cyy- E(u) € (0, 5S5°) and it can be attained by u, . which is nonnegative and radially

decreasing. Moreover, problem (1.1) has a ground state (u, —, A, -) with 4, < 0;
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(iii) Let N > 2, s € (0,1), N> > 8s%, 2+ ¥ < p < 2!, and assume that 0 < a < 4. Then,

N
my, = infcy@- E(u) € (0, S 3°) and it can be attained by u, _ which is nonnegative and radially

decreasing. Moreover, problem (1.1) has a ground state (u, -, A,-) with 4, < 0.

The constants ay, a», @3, a4 that appear in (i)—(iii) are

1
2-pyp.s p(1=yp,s)
*-2

A p2:-2) [2:5 e mo}

=
" 200 N p) 2 = pyps | 22 = Py

Z*szs PaT=vp.s)

[ N
@, & 22} YpsS s
NypsC(s, N, p)(25 = pyps) | 2= PYps ’
) 1
R p 2 R =
= s = s i S?s
7 \2cGw, p)) W e s
where y, ; = N;‘; _52) < 1, the constants S, C(s, N, p) are defined in (1.3), (1.5) respectively and V(a) is

defined in (1.6).

We also refer to the works [2—4, 15,20, 24,26] for other related equations.

In order to state our main results, we denote the best constant of the embedding D**(R") — L% (RN)
by

~A)zull?
Sy = inf u, (1.3)
ueDS2(RN)\(0} ||u||2§
where D*?(R") denotes the completion of the space Cf"(RN ) with the norm ||u[ps2gyy = I(=A)zull,.

Solutions to (1.1) can be obtained as the critical points of the associated energy functional

1 Ju(x) = u@)P 1 1 2
E(w) =3 LN . dedy - ;IIM(X)IIZ - 2—§Ilu(x)||2§ (1.4)

defined on the constraint manifold S (a) £ {u € H'RN) : [lull = az}, where

_ 2
HS(RN) A {l/l c LZ(RN) . ”(_A)%M”% — f |M(X) u(y)l

dxdy < +00
gV Jpv X — y[N¥2s Y }

endowed with the natural norm
2 2 s 0
ol 77 = leall5 + [[(=A)2ull5.

We recall the following fractional Gagliardo—Nirenberg—Sobolev inequality (see [12])
lally, < CCs, N, p)llaly 7PN =)3ully?, Yu € HYRY). (1.5)

Define H:(RY) £ {u € H\RY) : u(x) = u(lxl)}. It is well known that H*(R") is compactly embedded
into LP(R") for any p € (2,2%), and H:(R") is a natural constraint (see [23]).
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Lemma 1. (Lemma 2.1 in [25]). Let (u, 1) € S(a) X R be a weak solution to problem (1.1). Then u
belongs to the set

V(a) £ {ueS(a): P) = I(-A) ully = ¥ llulll - llully; = 0}. (1.6)
Moreover, V(a) can be naturally divided into the following three parts:

V()" £ {ue V(@) : 21=0)7ulf > py; Jlully - 2:lull5:}

V(@) 2 {u € Via) : 2(=A)2ully = py} uly — 25 lully: )}

V(a)” 2 {u e V(a) : 20(=A)ull} < py} ludll} = 2:lully:}
In the L?-subcritical perturbation case 2 < p < 2+ %, since the functional (1.4) is unbounded below
onS(a)as2; <2+ %S, it will be naturally expected that E(u) |5, has a second critical point of mountain
pass type for problem (1.1). In this paper, we give a complete positive answer to the above expectation

(see Theorem 1). Since H*(R") is a natural constraint, we only need to find the critical point for the
functional E(u) defined on H*(RY) N S (a). Define

Via) £ V(a)” N HXRY).

Theorem 1. Let N > 2, s € (0,1),2<p <2+ ‘]‘V—S, and assume that 0 < a < min{ay, a,}. Then m,, z
N
infcy,@- Em) € (0,4S") and it can be attained by u,_ which is positive and radially decreasing.

Moreover, problem (1.1) has a second solution (u,_, A, ) with some A,_ < 0.

Remark 1. The method used in this paper can also be applied to the following Sobolev critical
fractional Schrodinger equation with a parameter u > 0

(=A)u = Au+ plulP2u + |u|>2u, xeRV,

wdx = a2,
RN

which was considered in [27]. We leave the details to the interested readers.

Notations. The notation C in the following context denotes some positive constant that might be
changed from line to line and even in the same line. a ~ b means that Ch <a < Cbanda < b (a 2 b)
means that a < Cb (a > Cb) for some positive constant C. The notation B.(0) denotes the ball in RY of
center at origin and radius z.

2. Proof of Theorem 1

As in [14], we use the fiber map preserving the L?>-norm 7 * u = e u(e"x) for a.e. x € RY. For
u € S (a), define the auxiliary function

DSYp,sT 25sT

14 2
:

1 s e *
Wu(7) = E(Tx ) = 5 I(=A)2ull; lully:, TeR.

Lemma 2. (Lemma 3.3 in [25]). Let N > 2,2 < p <2+ %, and 0 < a < a;. For every u € S(a),
the function ¥, (t) has exactly two critical points s, < t, € R and two zeros ¢, < d, € R with

Sy < ¢, < t, <d, Moreover, we have the following statements:
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(1) sy,xue V(@) andt,«uec V(a)~. If t = u € S(a), then either t = s, or T = t,.
(i1) We have
Eit,*u)=max{E(t+u): TeR} >0
and ¥, (7) is strictly decreasing on (t,,+0). In particular, if t, < 0, then P(u) < 0.
(iii) The maps u € V(a) — s, € Rand u € V(a) — t, € R are of class C'.
Proof. Statements (i), (iii), and the first part of (ii) have already been shown in Lemma 3.3 in [25]. From
the proof of Lemma 3.3 in [25], we know the functions ¥, (7) and ¥}/ (7) have exactly two inflection

points. In particular, ¥, (7) is strictly decreasing and concave on [t,,+c0). Hence, if ¢, < 0, then
Pu)=Y,0)<0. O

Lemma3d. LetN >2,2<p<2+ %, and 0 < a < min{a;, a,}. Then, we have

m = inf E(u)> 0.

@r ueV.(a)~

Proof. Applying (1.4), (1.5), and [lul%. < S;'[I(=A)2ull?, we have

1 s 1 1 2%
E(u) = EII(—A)zuH% - ;Ilullg - 2—§||u||2§

1 s 1 _ s s s *
> SI=A)2ully = —CP(s, N, p)a TPl =8) ull}*” = —lI=8) ully
2 p 3
258s
for every u € V,.(a)”. Define
h(t) A ltz _ Ma(l_)’p,s)plp)’ps _ %tzt
? 287
Since py,, < 2 < 23, it is easy to see that /(0") = 07 and h(+oc0) = —oco. Let fy, denote the

strict maximum of the function A(¢), which is at a positive level (see Lemma 3.2 in [25]). For every
u € V,(a)~, by an easy computation, there exists 7, € R such that |[(=A)Z(t, * u)|l» = fmax. Moreover,
by Lemma 2, we see that the value 0O is the unique strict maximum of the function ¥, (7). Therefore,

E(u) = V,(0) > Y, (r,) = E(t, % u) > h(l(=A)* (1, * w)|l2) = h(tymax) > O.
Since u € V,(a)™ is arbitrarily chosen, we deduce that

m, .= inf E@) > h(ty) >0. O

S ueVi(ay

Lemmad. Let N > 2,2 < p <2+ %‘, and 0 < a < min{a,, @y}, Then m); = inf,cy E(u) =
inf ey E(u) < 0 and it can be attained by u, ., which is positive and radially decreasing. Moreover,
problem (1.1) has the ground state solution (u, ., A,+) with A, < 0.

Proof. By using a similar method used in Theorem 1.1 in [25], we obtain

m: % inf E(u)= inf E(u) <0
ueV(a)

4 uevia)*

and it can be attained by u,,, which is nonnegative and radially decreasing. Moreover, problem (1.1)
has the ground state (u,,A,+) with A4, < 0. Finally, by the strong maximum principle for the
fractional Laplacian (see Proposition 2.17 in [19]), we have that u, . is positive. O
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Lemmas. LetN>2,2<p<?2 + = and 0 < a < min{ay, az}. Then, we have

N
m,, = inf E(u) <m} + SSA?S.
’ ueV,(a)~ N

Proof. As in [18] the function U.(x) = e ( ) solves the equation (=A)*u = |u>2u in RV, where

u(x) = i(x/S 2’)/||u||2 and ii(x) = k(u® + |x|? ) ,x € RN, with k > 0 and u > 0 are fixed constants.
Let y(x) € CX(RY) be a cut-off function satlsfymg.

(@) 0 < y(x) <1 forany x € RV,
(b) x(x) = 1in By(0),
(c) x(x) = 0in RV \ B,(0).

Define W, = y(x)U.(x). According to Propositions 21 and 22 in [18], we know that

s N * N
(=AW |l5 < S + OV ™), IIWsllii =82 +0(M, (2.1)
CeVN-"57r + 0(s™P), N > L2205,
W12 = Cs? log + 0(62) N = 225, (2.2)
N < I%ZS

and

Ce* + O(eV™), N > 4s,
||W8||§ ={ C&* log% +0(*), N =4s, 2.3)
CeN=2 + O(e?), N < 4s.
Now, we define

W, 2 s +tW, and W, 2 &7 W (éx).

Then, it is well known that

=AWy = =M Wefll, Wil = W 15 (2.4)
and
IWedlls = EXNWeilB, Wl = XYW, |17, (2.5)

— 1 _
We choose & = (IIW&tllz /a) *, then W,, € H*(R¥) N S (a). By Lemma 2, there exists 7., > 0 such that
JE— R N
(Ws,t)‘r&, € Vr(a)_’ where (WS,I)T&, = T;[WS,Z‘(TS,ZX)' ThUS,

ST v(2 PYp.s) Y(2 -y v)
(=AW, e, 7" = )/psllwstllp + ”Wat”z " (2.6)
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Since u, . € V(a)*, by Lemma 2, we get 7. > 1. By (2.1), (2.2), and (2.6), we know that 7., — 0 as
t — +oo uniformly for € > 0 sufficiently small. Since 7., is unique by Lemma 2, it is standard to show
that 7, is continuous for ¢, which implies that there exists 7, > O such that 7., = 1. It follows that

m;,, < sup E(W,)). 2.7

>0

Recall that u, , € H}(R") N S (a) and W, are positive. By (2.4) and (2.5), we have

— 1 — |- 1~ o
E(Wep) = I8 el = - €7 P [ Well = S-AWel

Lo U orpapis !
= SI=8)3 (. + W) I3 - ;g“’m Pl + Wl = 52

N

ltgs + WG (28)

By the fact that u, , is a solution to problem (1.1) for some 4, < 0 and the Pohazaev identity satisfied
by u, ., we have

/la,+a2 = /la7+||ua,+”§ = (yp,s - l)lluaﬁ—”g (2.9)

Then, by (2.8) and (2.9), we deduce that E(W,,) — m; ast — 0" and

J— S s 5 /la 2 1
EWe,) < ClI(=8)2 Welly - f (=) g (~A) W+ —— L
RY p()’p,s -1) 2:

as t — +oo uniformly for £ > 0 sufficiently small. Hence, there exists #, > 0 large enough such that
t, € (%, fo) and E(W.,) < Oforz < % and ¢ > 9. Now, we estimate E(W,,) for % <t<t. Letu,,bea
positive and radially decreasing ground state solution to problem (1.1) (see Lemma 4). Then, we have

1
N+2s B 1
f ua,+W8dX ~ f Ug(X)dX ~ & 22 f — rN—ldr
RN B1(0) 0o (C+r)'7

N+2. 1 ZS N-2s
~e 1 (—) ~g 1, (2.10)

2" 2
AW, — —oo

From the definition of WS,,, we obtain

WP 2t P
£ = [ a;”z =1+ Ef Uy Wedx + ;HWSH% (2.11)
RN

for % <t < fp. Applying (2.11) and the inequality (1 +7)* > 1 + af for 7 > 0 and @ < 0, we obtain that

PYp,s—P

2t r ’
g(pyp,x—p)s — (gzs)mz o (1 +— f Ug+ Wedx + _2||W8||%)
a RN a
s— P (2t r
> 14 W (—2 f g Wodx + —2||W8||§). (2.12)
a RN a

Applying (2.8)—(2.10) and (2.12), we have

— 1 s 1 s 1
E(W,,) < §||(_A)2ua,+”§ + EIZII(—A)ZW.SII% - E”ua,+ + tWelly
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S s 1 *
+ tf (_A)Eua&(_A)EWsdx - _”ua,+ + tWS”;’Z
RN 2}‘ s

p7p,s =P 2t tz 2 37
BEETE (; LN Ug+ Wedx + ;HWSHZ IWell

Hy,s —1 —
<mt+ Eawy — =D i
a RN
P(Yps— 1) e
+ t/la,+ ‘[RN ua,+W€d-x - 2—612”Ws||2”Ws,t”5
tz(l - 7p,s)

= m! + E(tW,) + Wl BIIW 1

2a?

t(l -7 ,s) =
2 | g Wodx (Wl = llaa 1)

a2 RN
for % < t < ty. By direct calculation, we have

IWelll, = lua sl = Nt + EWl) — llota 1}

-1
< Mt e 17+ HEWIIE = et 17 + f Wl tW,dx.
RN

Similar to (2.10), we have

— N-2s
f ul ' Wodx < f Ugfx)dxse 2.
RV By (0)

By (2.1)—(2.3) and (2.13)—(2.15), we have

(1 =7yps) N-2s N=2s
—— 7 (0" + W) O"2)

tz(l - 7p,s)
2a?
2 2

r N N
<+ 5 (S5 +0E ) - T (s + oY) - oaw

EW,,) <m +

+E@W,) + IWel Bl + tWell?

N
=25

+0() + 0" T)OUIW,IE) + OUIWLIR) + OUIW IR OUW,IL)

LT SNLATT ISR Y
<my+ =S -=—=87<m; +=S¢
a gt gt T e T NTS

s

for % <t < 1y by taking € > O sufficiently small. By Lemma 3 and (2.16), we obtain

0<my, 2 inf E@)<E(Wey)r,) = EWe,)

a,r
i ueV.(a

IA

sup E(Wy,) <m + %S?

te(t5' 1)

Moreover, by (2.17), for t < % and r > £y, we have

— N
EW.) <0<m) + %S =,

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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It follows from (2.16) and (2.18) that

— N
sup E(W.,) < m* + %S 3

>0

Then, the conclusion follows from (2.7). O
For 0 < ¢ < min{a,, @y}, let u € V(c)*. Then v, = gu € S(b) for all b > 0. By Lemma 2, there
exists 7,(b) > 0 such that

Vp)rs) = (T2(D)) V(12 (b)x) € V(b)*,

where 0 < b < min{a,, a,}. Clearly, 7.(c) = 1.

Lemma6. LetN >2,2<p<2+ %S, and 0 < ¢ < min{a, a,}. Then, (t3.(c))’ exist and
Yp.pllullh + 23llully: = 20(=A)3ull

¢ (2I=A)2ulz = ¥2 pliully - 2:llull3:)

(T = @.19)

Moreover, E((vp)r, ) < E(u) for all b > ¢ such that b < min{a;, a,}.
Proof. The proof is mainly inspired by [8,22]. Since (vy)-,») € V(b)*, we have

25

b 2 , b P b L
(;ri(b)) ||<—A>zu||%=yp,s(;rl"”(b)) ||u||§+(;ri(b)) ;.

Next, we define the function
b\ b, S\ b \®
Ob, 7)) = (—Ti) I(=A)2ull3 = ¥p.s (—Tl”“‘ ) llull; — (—Ti) el 3.
c c c s
Clearly, ®(b, 73(b)) = 0 for 0 < b < min{a;, @,}. Applying u € V(c)* and Lemma 1, we have

By (c, 1) = 2ll(=A)2ull3 = ¥}, pliullh, = 2 lully: # 0.

Applying the implicit function theorem, we have (73.(c))" exists and (2.19) holds. By u € V(c)* once
more, we deduce that

s 25 s
¥ p.splll} + 23l = 20I(=A)3ull3
EX 2%
20I(=2)3ully = 3 opllually = 2illuly:
_ pyp,s(l - yp,s)”””ﬁ
20l(=A)ul = 73 pliully = 2;llull;:

I+c(ti(c) =1+

Since (vp)r, ) € V(b)* and u € V(c)*, we obtain

1 s 1 :
E(p)e.y) = (5 - )||(—A)2(Vb)ri(b)||% + ( - E) ||(Vb)ri(b)||§%
P>s pss N

PRI coo (b V1 1 2

DS P>S N

AIMS Mathematics Volume 9, Issue 8, 21641-21655.
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1 1 s 1 1 9
=5~ I(=A)2ull; + ( - j) llully: + o(b —¢)
(2 PYp.s ) 2 PYp.s 2& %

O 2 eyt 2 i - 0
= E(u) - w(b — ot ob—c).
Thus, we obtain
dE((‘;,bb)‘ri(b)) - - YI;,s)HMHZ <0

Since 0 < ¢ < min{a), @,} is arbitrary and (vp).,») € V(b)*, we have E((vy)-, ) < E(u) forall b > ¢
such that b < min{a;,ap}. O

Lemma 7. Let N > 2,2 <p <2+ %, and 0 < a < min{ay, a,}. Assume that u € V(a) is a critical
point for E(u) |y, then u is a critical point for E(u) |s ).

Proof. By Lemma 3.1 in [25], we have that V(a) is a smooth manifold of codimension 2 in H*(R") and
V(a)" is empty. If u € V(a) is a critical point for E(u) |y, then by the Lagrange multipliers rule there
exist A, 4 € R such that

E'(u)p — A fRN updx — uP'(u)p =0
for every ¢ € H*(R"). This implies
(1 =2 (=A)u = Au+ (1 — wy, plul’u+ (1 — p2)|uf>2u, xeR".
We have to prove that u = 0. By using the Pohozaev identity for the above equation, we know that
(1= 2l (=A)2ul = yps(1 = Ypopllulls + (1 = 2Dl (2.20)
Applying u € V(a) and (2.20), we deduce that
w (2=)2ully = ¥, pliull? = 23ljully:) = 0.

Since u ¢ V(a)’, we have 2||(-A)2ul2 — v, pllully - 2’;||u||§ # 0. Thus, we have u = 0. Hence, u is a
critical point for E(u) s, that is, V(a) 1s a natural constraint. O

N
Lemma8. LetN >2,2<p<2+ %, and 0 < a < min{ay, as}. Assume that m;, < m} + ﬁS >, then
m, , can be attained by some u,_ € HS(RN), which is positive and radially decreasing. Furthermore,
problem (1.1) has a second solution u,_ with some A,_ < 0.

Proof. Let {u,} C V,(a)” be a minimizing sequence. By Ekeland’s variational principle (see [13]), there
exists a new minimizing sequence {u,} satisfying

ity — unllgseyy = 0, asn — oo,

E(un) - m;w asn — o9,

’ (2.21)
P(u,) — 0, asn — oo,
E’lv, - (u,) — 0, as n — oo,

AIMS Mathematics Volume 9, Issue 8, 21641-21655.
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Therefore, we obtain

PYp.s
2

1 1 ) 2%
E "__P l’l:_( _1) np+_ nlloe o . 2.22
(un) > (un) - et |l Nllu 15 = m asn — oo (2.22)

From the third property in (2.21), we have

Yp.sP
2

s 1
E(uy) = %II(—A)M”H% 5 (1 - )Ilunllﬁ +0,(1)

yp,sp
2*

N

S 1 S
> %II(—A)W”H% - —C?(s,N, p) (1 - )a(l_””)”ll(—A)zunllg”‘p +0,(1)
p
by the Gagliardo—Nirenberg—Sobolev inequality (1.5). Then, using that E(u,) < m,, + 1 for n large,
we deduce that

yp,sp
2*

N

%||(—Aﬁun||§ < %cpu, N, p>(1 - )a“-Wu(—A)%unnz"“’ +mg, + 1.

This implies that {«,} is bounded in H¥(RY). Therefore, u, — uo in H*(R") up to a subsequence. By the
Sobolev compact embedding theorem H!(RY) < LP(R") for 2 < p < 2%, we have u,, — uy strongly in
LP(RN) as n — oo up to a subsequence. Without loss of generality, we assume that u, — u, weakly in
H’(RY) and u, — ug strongly in LP(RY) as n — oco. We claim that uy # 0. Otherwise, u, — 0 strongly
in LP(RY). By P(u,) — 0 as n — oo, it follows that

=AY w3 = a3 + 04(1). (2.23)

Applying (2.23) and the embedding D**(R") — L%*(RY), we obtain either u,, — O strongly in D**(R")
as n — oo or

=83 2]13 = Nl + 0,(1)

>S5 4 0.(1).

N
According to (2.22), either m,, = 0 or m,,, > %S +*, which contradicts Lemmas 3 and 5. Therefore, we

obtain uy # 0. Let v, = u,, — up. Then, there are the following two cases:

(i) v, — 0 strongly in H*(R") as n — oo;
(i) [I(=A)2vall3 + Ivall} 2 1.

In the case (i), ug € V,(a)” and m,, is attained by up, which is nonnegative and radially decreasing. By
Lemma 7, uy is a solution to problem (1.1) with 4y € R, which appears as a Lagrange multiplier. By
multiplying equation (1.1) with u, and integrating by parts, it follows from u, € V,.(a)~ that

A0a® = (¥p.s = Dlluoll) < 0.

Hence, 1) < 0. By using the strong maximum principle for the fractional Laplacian, we can see that
ug is positive. It remains to consider the case (ii). Let ||u0||§ = tg. Then, by Fatou’s lemma, we get
0 <ty < a. Next, we have the following two subcases:
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(@) |[vall: = 0 as n — oo up to a subsequence;
2
(b) [lvally: 2 1.

In the subcase (a), by Lemma 2, there exists so > 0 such that (ug),, € V,(f))”. Using Lemma 2 again,
(2.21) and u,, — uy strongly in LP(RY) N L*(RY) as n — oo up to a subsequence, we deduce that

my, + 0,(1) = E(uy) 2 E((un)s,) = E((t0)s,) + 05(1).

By Lemma 6, we have m, , > m . Therefore, E((uo)s,) = m, ,andm, , = m, . If ty < a, we take (uo)s,

o=
as the test function in the proof of Lemma 6, and we deduce that m; , > m; , which is a contradiction.
Thus, in the case of (a), we have 7y = a, and m,, . is attained by (uo),,, which is nonnegative and radially
decreasing. As above, we can see that (i), is positive and (up)s, is a solution to problem (1.1) with

A; < 0. Now, it remains to consider the case (b). Let

1

s 2
A“eﬁym@yﬂ”
Sy = | —= .

2*
Ivall:

Clearly, in the case (b), s, < 1, and by the embedding D**(R") — L%(R"), we deduce that
I(=A)2 (), l15 = ||(Vn)sn||§§
>87,

Since 0 < 1y < a, by Lemma 2, there exists 7o > 0 such that (u)., € V.(t)". We claim that s, > 7 up
to a subsequence. If not, suppose the contrary: s, < 7 for all n. Define an auxiliary functional

. 1 s 1 *
Eo(u) £ 118 ully = Il

Applying Lemma 2 once more, the Brezis—Lieb lemma (see Lemma 1.32 in [23]), Lemma 6, u,, — ug
strongly in L?(RY) as n — oo, and the boundedness of {s,}, it follows that

m;,r + On(l) = E(un) > E((un)sn)
= E((up)s,) + Eo((vs)s,) + 0,(1)
> iy, + S+ 0u(1)

s N
>mt+—S2 +0,(1),
N

which is impossible. Therefore, we have s, > 7 up to a subsequence. Without loss of generality, we
assume that s, > 7 for all n € N. Again, by Lemma 2, the Brezis—Lieb lemma (see Lemma 1.32
in [23]), and the fact that u, — u, strongly in LP(R") as n — oo, we obtain

m;r + On(l) = E(un) > E((un)‘ro)
= E((10)z,) + Eo((Vi)z,) + 0,(1).

According to s, > 79, by the proof of Theorem 1.4 in [27] (see Section 8 in [27]), we have

EO((Vn)‘ro) > 0.
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By Lemma 6, we have 71, = a, and m_, is attained by (ug);,, wWhich is nonnegative and radially
decreasing. By the above analysis, we prove that (u),, is positive and (u)-, 1s a solution for problem
(1.1) with some Aj < 0. Thus, we have proved that m,, can always be attained by u,_, which is
positive and radially decreasing. Hence, problem (1.1) has a second solution (u,—, 4,-) with some
A <0. O
We are ready to give the proof of Theorem 1.

Proof of Theorem 1. By Lemmas 3 and 5, we have m, < m; + S fﬂ Then, Theorem 1 follows from
Lemma8. O
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