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1. Introduction

The aim of this work is to study the weighted Choquard equation with zero mass and polynomial
kernel given by

—div (A(xDI V" Vu) = (ﬁ 0 - |>F<u>) Q) f(u) in RV (Chy)
with N > 2. Here, A and Q are positive radial weight functions, u € (0, N), and the nonlinearity f is
positive. Since the operator is built on the N-Laplacian, one expects that the maximal integrability for
the nonlinearity is exponential. This is indeed the framework we are considering, with the additional
difficulty of the absence of a mass term.

Choquard-type equations, namely Schrodinger equations with a nonlocal right-hand side, appear in
many physics contexts, since they originate from systems where a Schrodinger and a Poisson equation
are coupled: those systems, indeed, model, among others, the interaction of two identically charged
particles in electromagnetism, and the self-interaction of the wave function with its own gravitational
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field in quantum mechanics. For the physics background, we refer to [8, 27] and to the references
therein. The mathematical interest lies on the fact that the equations of the form

—Au+ V(x)u = (ﬁ s F(u)) f(u) in R", (Ch)
where f is a subcritical or critical nonlinearity, can be treated by variational methods. Indeed, if N > 3
and in the case where the potential V > 0, one usually works in the natural Sobolev space H'(R") and
takes advantage of the Hardy-Littlewood-Sobolev inequality (see Lemma 2.2 below) to prove that the
functional associated to (Ch) is well-defined, see [16, 17,29, 30,34]. The planar case N = 2 is more
delicate, since this setting is limiting for the Sobolev embedding, and specific techniques need to be
developed, see [1,2]. Note, however, that in order to retrieve the connection with the Schrodinger-
Poisson system, the kernel |- |™ should be replaced by —log |- |, which is sign-changing and unbounded
from above and below, and this makes the analysis even harder: we refer to [12, 15,19, 28] and to the
recent developments in [11, 13, 14].

However, some physics models prescribe that the potential V appearing in the Schrédinger equation
is identically zero, e.g., in the study of the Yang-Mills equation in the nonabelian gauge theory of
particle physics, see [25]. Such “zero mass case” is mathematically intriguing, since the absence of the
mass implies a lack of control of the L2-part of the norm in H'(R"). Therefore, even if the right-hand
side is just local, one is lead to study the equation in the homogeneous Sobolev space Dé’Z(RN ), defined
as the completion of Cg"(RN ) with respect to the norm ||V - ||,. In the higher dimensional case N > 3,
one can still work in this homogeneous space thanks to the critical Sobolev embedding D(l)’z(RN ) —
L*¥ (RV), see e.g. [4,6,9] for Schrodinger equations and [5] for Choquard equations. However, in the
Sobolev limiting case N = 2, where already the additional difficulties due to exponential nonlinearities
appear, the space Dé’z(Rz) is not a space of functions anymore; indeed, one cannot distinguish between
u and u + ¢ for all ¢ € R, and no Sobolev embeddings can be proved in this setting. The same problem
of course occurs for D(l)’N (RM). Nevertheless, we point out that, when dealing with Choquard equations
with zero mass and logarithmic kernel, that is originating from Schrodinger-Poisson systems, a sort
of mass term may be retrieved from the nonlocal term anyway by a careful splitting of the logarithm,
and this enables one to work again in a (possibly inhomogeneous) Sobolev space, see [18,36] for the
linear case f(u) = u and [10] for the delicate extension for a general class of subcritical and critical
nonlinearities. This trick however does not work in the case of a polynomial kernel.

In the context of Schrodinger equations with zero mass in RY, and extending the results of [35] for
the non-conformal case, in their recent paper [21], de Albuquerque and Carvalho managed to retrieve a
good functional framework by modifying the operator, namely introducing in the standard N-Laplacian
div (IVuIN ‘ZVu) a positive radial coercive weight function A, which satisfies

(A) A : R* — Ris continuous, lim (i)pf A(r) > 0, and there exist Ay, £ > 0 such that A(r) > Ay’ for all
r>0,

and considering the weighted operator div (A(IxI)IVulN ‘2Vu). Equations driven by weighted p-Laplace
operators may be found in several branches of physics such as fluid mechanics, see e.g. [20]. In our
case, the functional space which naturally arises is

E:={ue LgC(RN)| f A(x)IVul¥ dx < +eo, (1.1)
RN
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which is a reflexive* Banach space when endowed with the norm

lJull -= (fRN AVl dX) ; (1.2)

see [21, Lemma 2.1 and Corollary 1.5]. In particular, in its radial subspace, denoted by E,,4, one
may recover the Sobolev embeddings, which are necessary not only to enable us to accomplish our
estimates, but also to show that E,,q4 is in fact a space of functions. For p > 1, let us first define the
Q-weighted Lebesgue space

Lh®RY) :={u e M(RN)‘ f Q(xDlul” dx < +eo,

RN
where M(R") stands for the set of all measurable functions on R".
Theorem A. ( [21], Theorem 1.2) Assume (A) and

(Q) O :R" — R* is continuous and there exist by, b > —N such that

br) <400 and limsup Q(br)
r? r—+00 r

lim sup < 400

r—0+*

Then, the embedding E,.; — LZ(RN ) is continuous for y < p < +oo, where

(1.3)

(b—€+N)(N+1)+N}

t

{N {N if b<€-N,
v := max<{ N,

CLMOED LN if b > £~ N.

Furthermore, the embedding is compact for y < p < +o0o when b < £ — N, and for y < p < 400 when
b>¢—-N.

Note that assumption (Q) allows for weight functions which can be singular at the origin and
vanishing at infinity, and has also been used in the study of Choquard equations with vanishing
potential, see e.g. [1].

In [21] the authors were also able to prove that in this limiting setting, a sort of PohoZaev-Trudinger-

Moser inequality holds. The critical exponential growth is the same as in the unweighted case, namely
N

t — e while the influence of the weight functions appears in the Moser exponent. Since we are

considering the whole space, one needs to subtract the first terms of the Taylor expansion from the

exponential, by introducing the functions
N Jo—1 o
(1) =M =) . (1.4)

J=0

fora > 0 and jj, € N.

*The reflexivity of E can be shown in the usual way thanks to the reflexivity of the weighted Lebesgue spaces LY (R", A(| - |) dx) for
N > 2 see e.g. [23].
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Theorem B. ( [21], Theorem 1.6) Assume (A) and (Q) hold, and let j, = inf {j e N| j > %} Then,
foreachu € E,,; and a > 0, the function @, ; (1) belongs to LIQ(RN ). Moreover; if

1
- bo\( . L
O<a<ayn(0) =ay (1 + N) (XEII?I{O)AGXD) , (1.5
where ay := N a)]lv/f];f_l), with wy_ denoting the measure of the unit sphere in RY, then
sup O(|x]) @, j, (1) dx < +o0.

UEE g, |lull<1 RN

With these tools available in E,q4, the existence for the Schrodinger equation with zero mass
~div (AQDIVul*?Vu) = Q) f(u) in RY

was proved in [21], in the case of a positive critical exponential nonlinearity f in the sense of Theorem
B, which undergoes a strong growth condition, which is effective in a neighbourhood of zero, namely

F(s) > As” with v >y and A large enough, (1.6)

for all s € R and 7y defined in (1.3). In this functional framework, a Schrédinger-Poisson system
with zero mass, in gradient form and with critical exponential nonlinearities, was recently considered
in [32]. After reducing the system to the Choquard equation with logarithmic kernel

1
|-

existence is proved using a variational approximating procedure in the spirit of [13,14,28]: in fact, the
difficulties due to a sign-changing kernel which is unbounded from below and above, are overcome by
means of a uniform approximation which exploits suitable kernels having a polynomial behaviour. The
global condition (1.6) was also avoided by obtaining a fine upperbound on the mountain-pass level by
means of a careful analysis on Moser sequences.

In this paper, we study (Chy), which is the counterpart of (1.7) where the logarithm is substituted
by the polynomial kernel | - |, u € (0, N), hence we need to face the combined difficulties due to
the conformal framework (where one naturally considers exponential nonlinearities), to the absence of
mass (where one looses the standard functional setting) and the nonlocality of the right-hand side. As
far as we know, Choquard equations with zero mass and polynomial kernels in the conformal case have
not been studied before. On the one hand, the analysis will be less involved than the one in [32], since
we do not have to face the problem of a sign-changing kernel, and thus we can work directly with the
equation without relying on approximation procedures; on the other hand, we would like to avoid the
global growth condition (1.6), so a fine analysis on the mountain-pass level should still be performed.

—div (A(IXI)IVMIN_zVu) =Cy (10g *O(-DF (u)) Q(x)f(w) in RY, (1.7)

Before stating our results, let us introduce some additional conditions on A and Q:

(Qu) Q:R* — R* is continuous and there exist by, b > § — N such that

o) <400 and limsup o)

rbo r—+400 rb

lim sup

r—0+

< 400}
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(A’) there exist ryp > 0 and L > 0 such that Ag(1 + |x|°) < A(|x]) < Ao(1 + |x|*) for all x € B,,(0), with
Ay, € given by (A);
o e Q)
Q") h,nléPfrTo =Cy>0.

The last two conditions will be needed in estimating the mountain pass level, and can also be found

in [21,32], while (Q,,) is the adaptation of assumption (Q) to the Choquard case, and is used to prove
that the functional assocated to (Chy) is well-defined, see Lemma 3.1 below.

Notation: With a little abuse, from now on A(x) := A(|x|) and similarly Q(x) := Q(|x]).

Concerning the nonlinearity f, aiming at modeling both the subcritical and the critical case, we
consider the following conditions:

(fo) f € C'(R), f(t) > 0fort > 0,and f(£) = 0fort <0;
(fy) f 1s subcritical in the sense of Trudinger-Moser, namely

t
lim f(N) =0 forall @ >0;
t—+00 e(nm

(fy) f 1s critical in the sense of Trudinger-Moser, namely there exists a > 0 such that

lim =
[—+00 emm

f@ {0 for a > ay,

+00 for a < ay;

(f») there exists p > (1 - %)y such that f(f) = o(t* ') as t — 0%;
(f3) there exist T € (1 -2, 1) and C > 0 such that

Ff ()
T<——~
(f@®)

(f) there exist & > 0 and v > y such that

<C forany t>0;

F(@t) > ¢ér forte(0,1];
(f4) there exist ty, My > 0 and 6 € (0, N — 1] such that
0 < 7F(t) < Myf(t) for t>ty;

(fs) there exists By > 0 such that

F(t
lim inf (3, >y >0.

t—+00 eaotm

Definition 1.1 (Solution of (Chy)). We say that u € E is a weak solution of (1.7) if

f A)IVul**VuVedx = f ( MCU) Q) f(u(x)) p(x) dx
RN RN RN

lx — I

forallp € E.
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Theorem 1.1. Let u € (0, N), under conditions (A), (Qy), (fo), (f2), and ( f3), assume either that
S) the problem is subcritical, namely ( f,°) holds,
or that

C) the problem is critical, namely ( f°) holds, and
i) (f¢) holds with & > & (depending on v) given in (3.11)
or, alternatively,

ii) (A°), (Q°), (fa)-(f5) are fulfilled.

Then, (1.7) has a positive radially symmetric weak solution in E,,.

Remark 1. We stress the fact that our results are new even in the planar case N = 2. Moreover, they
can be seen as an extension of the corresponding results in [1,2] to the zero mass case, of those in [32]
to the case of polynomial kernels, and of those in [21] to the Choquard framework.

Remark 2. Since the weight A is continuous and bounded below by (A), it is clear that for all Q cc RY
there exist constants a,,ap > 0 such that ¢, < A(x) < ao for all x € Q. This implies that £ C
D'"W(RY) c W.N(RY), where D'V(RY) is the homogeneous Sobolev space defined in (1.1) with A = 1,
see [24, Lemma I1.6.1]. Therefore, it is sufficient to prove the existence of a nonnegative solution
of (1.7) in order to retrieve its positivity by the strong maximum principle for quasilinear equations,

see [31, Theorem 11.1].

Remark 3. The coercivity of the weight function A in the operator is striking in order to work in a
suitable functional setting. By now, the more natural case A = 1 seems still out of reach in both
conformal Schrodinger and Choquard frameworks, with the exception of the Schrédinger-Poisson
system, see [10, 18].

Notation For R > 0 and x, € RY we denote by Bg(x,) the ball of radius R and center x,. Given a
set Q c RV, its characteristic function is denoted by yq and Q¢ := RV \ Q. The space of the infinitely
differentiable functions which are compactly supported is C° (RM), while L?(RY) with p € [1, +o0] is
the Lebesgue space of p-integrable functions. The norm of LP(R") is denoted by || - ||,. For g > 0,
we define |¢g]| as the largest integer strictly less than ¢; if ¢ > 1, its conjugate Holder exponent is
q = %. The symbol < indicates that an inequality holds up to a multiplicative constant depending
only on structural constants. Finally, 0,(1) denotes a vanishing real sequence as n — +oo. Hereafter,
the letter C will be used to denote positive constants which are independent of relevant quantities and

whose value may change from line to line.

Overview After the short Section 2, in which we discuss some consequences of our assumptions and
state some useful results, we prove existence for the Choquard equation (1.7), splitting the proof in
Sections 3 and 4, according to the set of assumptions considered in Theorem 1.1.

2. Preliminaries

From now on, we set ®, := ®; , with j, defined in Theorem B. We start by collecting some
comments on our assumptions:

AIMS Mathematics Volume 9, Issue 8, 21538-21556.
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Remark 4. (i) From (fy)-(f")-(f2) and (1.4), it is easy to infer that for fixed & > ao, p > 1, and for
any € > 0 one has

IfOI < et~ + Ci(a, p, o)t D, (1), teR, (2.1)
for some Cy(a, p, €) > 0, and consequently,
IF()| < &ltl’ + Ca(a, p, )P @u(r),  1€R, (2.2)

for some Cy(a, p, &) > 0. In the case (f,’) holds in place of (f,°), inequalities (2.1) and (2.2) are
valid with a > 0 arbitrary.
(i) Assumption (f3) implies that f is monotone increasing and

Fi&)<(-1tf(t) forany t>0. (2.3)

(iii) Although frequent in the literature, see e.g. [1,3,21], assumption (f;) is very strong, not because
of the polynomial growth ¢ — ¢ with v > y, which is reasonable since it excludes just exponential
decays at 0, but mainly because of the fact that one should prescribe this behaviour in the whole
range [0, 1] and not just asymptotically. In fact, it is not easy to verify. For instance, the easiest
example F(t) = t“ with y < k < v verifies this growth condition just in a small right neighborhood
of 0 and not in the whole [0, 1]. This is the reason why we are also considering an alternative proof
of our main result which uses assumptions (f;) and (fs), although the argument which exploits
(f¢) is much easier.

(iv) (fs) is a condition at infinity, compatible with the critical growth (f,) and related to the well-
known de Figueiredo-Miyagaki-Ruf condition [22]. It is crucial in order to estimate the mountain
pass level and gain compactness, see Lemma 4.1. A similar condition appears also in [2, 10, 11,
15,32], however, as in [1, 18], we do not prescribe S, to be large.

(v) Examples of admissible subcritical or critical nonlinearities are F(f) = t?%¢ with g > (1 - %)y

and a € [O, %] The critical case (C-ii) corresponds to the choice of @ = &~ . Regarding the

weight functions A and Q, possible examples which fulfill (A)-(A”) or (Q,)-(Q’), respectively, are:
o A(r) = Ap(1 + 1Y) or A(r) = Ape’, with Ay, £ > 0;
e 0=1,0r Q(r) = Mxp<ry + xirs1y With by, b > 5 — N, or Q(r) = re”".

The next lemma assures that the function ®, introduced in (1.4) has the same properties of the
exponential.

Lemma 2.1. Fora > 0, r > 1, and v € R it holds that

(D, (1) < D,,(0) forall t >0 2.4)

and
®,(vt) = (D(W% (1) forall t>0. (2.5)
Proof. For the first inequality, see [37, Lemma 2.1]; the second is just an easy calculation. m|

We end this section by recalling the well-known Hardy-Littlewood-Sobolev inequality, see [26,
Theorem 4.3], which will be frequently used throughout the paper.

Lemma 2.2. (Hardy-Littlewood-Sobolev inequality) Let N > 1, s,r > 1, and u € (0, N) with %+%+% =
2. There exists a constant C = C(N, 1, s, r) such that for all f € L*(RY) and h € L'(RN) one has

j‘tL*dh“SCWMMW
ryv A\ |-
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3. Proof of Theorem 1.1: the subcritical case and the critical case (i)

We start by proving that the functional J, formally associated to (Chy),
1 1 F
J() = — f AX)|VuNdx — = f M dy | O(x)F(u(x))dx

N Jry 2 Jp\Jpy x =yl

is well-defined in the space E\,q, is C ! with derivative

, _ O F (u(y))
r@igl = [ Awwur2vurpds- [ ( | e dy) 000 F(u() 9(x) i,
RV v \Jrv X =y
and possesses a mountain-pass geometry.

Lemma 3.1. Under assumptions (fo), (f2), and either (f) or (f*), the functional J : E,.,q — R is
well-defined and C'. If f satisfies also ( f3), there exist constants p,n > 0 and e € E,,q such that:

() Jls, = n >0, where S, = {u € E.pq|llull = p};
(ii) |le|l > p and J(e) < O.
Proof. Although the proof is standard, the main tool being the Hardy-Littlewood-Sobolev inequality

(Lemma 2.2), we retrace it here, in particular to show the rdle of assumption (Q,).
We focus on the second term of J, the first one being already ||u||", see (1.2). By Lemma 2.2 with

r=t=— the estimate (2.2), and Holder’s inequality, one infers
2N—u
F N
f ([, 222 o) goracorar < [ 1orwr)
Vv \Jrv X =y RN

2N-u 2N-u 2N-u

ov o ooavp \ N vpy | N e ong \ Ve

s( f leuw) +( f QZN“IMIW) ( f QZNu|cDa(u)|z~u) ,
RN RN RN

for @ > ap in case (f;°) holds (resp. @ > 0 if (f,*) holds). In order to use now the Sobolev embedding
given by Theorem A, as well as to bound the exponential term by Theorem B, in both cases the weight
function Q = QZ% must verify assumption (Q), and the exponent of u, namely %, should be greater
than y. However, it is not difficult to show that this is the case under (Q,) and (f>). As a result, using
also (2.4), one infers

2N-u

[ ( LOFG)) (”(y”dy)Q(x>F(u(x>>dxs||u||2?’+||u||21’( [ §®M<u>)w<+oo. G3.1)
v \Jrv X —yF RY e

This shows the well-posedness of J in E.,4, while the regularity of J follows by standard arguments.
In order to show (i), from (3.1) and (2.5) we deduce

2N—u

T() 2 el = 11eallPP = a7 (fRN Q(DW” e (IIZI)) '

2N—u

Therefore, in order to apply the uniform estimate of Theorem (B), one needs ;xq‘lllullN T < aN(Q)

defined in (1.5), namely to require that p < (2Nq aN(Q)) . If so,

N 2p 2
J@) 2 Mlull™ = {ull™ = lual
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which implies that 0 is a local minimum by choosing p large enough, since 2p > (2N — )% > N. Let
us now take 0 < ¢ € E,,q4 and define

1
vor=5 | (| . QF(t<p)) 0f(tp)dx.

Using (2.3), it is then standard to show that ‘”((f)) 2 3 2T)t, which in turn implies ¥(¢) > w(l)tﬁ. Hence,

J(tp) tNII IV — () < tNII IV - cr -
= = - — — -7 —00
¢) = ylle Y(t) < a4 ,

since T € (1 - 1%], 1) by (f3). It is then sufficient to take e := fyp with 7, large enough, to conclude that
(if) holds. O

As a consequence of this mountain-pass geometry, one infers the existence of a Cerami sequence in
E..q at level

oo 3= 10 MR SO0,

where
[':={y e C([0, 1], Ea) | ¥(0) = 0,¥(1) = ¢} ,

namely, a sequence (), C Ey,q such that
J) = ey and (1 + [lu)J () = 0 in (Epaq)’ (3.2)

as k — +oo. In details,

1 1
T) = f A)IVig dx — 3 f (— * QF(”k)) QF () = cmp + 0x(1), (3.3)
RN

|-

and for all ¢ € E\,4 one has

1
J'(u)le] = f A V|V Vi Vo dx — f (W x* QF (uk)) Of )y = or(Dllgll, (3.4)
RN RN\
from which
1
J ()] = f A@)|Viy N dx - f (I m QF(uk)) Of (wiuy = o (1)||ugl] . (3.5)
RN

Lemma 3.2. Assume that (fo)—(f3) hold. Let (u)i C E..q be a Cerami sequence of J at level c,,,. Then
()i is bounded in E with

1 1-7\"
”uk”NSCmp(ﬁ_ > ) + oi(1), (3.6)

and there exists u € E, ;3 such that u, — uin E, ;.

AIMS Mathematics Volume 9, Issue 8, 21538-21556.
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Proof. By (3.2) and (3.5) we obtain

1 _
Cnp + 0x(1) = J(u) = —— ' ()]

2
1 1- 1 1
= (ﬁ -3 T) IVuelY — 2 f (W o QF(uk)) O (F(w) — (1 = 1) f(up)ug) dx
1 1-71 N
> (N 7 )IIVukII

by (2.3). The weak convergence follows since E,q is a closed subspace of a reflexive Banach space. O

To show that the limit function u is indeed a weak solution of (Chy), we may prove that u; — u in
E..q. This is manageable in the subcritical case. On the other hand, in the critical case, we first need
to get a suitable uniform control on the mountain-pass level, see (3.7) below, so that one can use the
uniform estimate given by Theorem B in order to prove the convergence of the nonlocal term in the
functional. Under assumption (f;), this is relatively easy, since by taking the constant & large enough,
one can decrease the value of the mountain pass level up to the desired threshold. This is the aim of
the last part of this section, which therefore contains the proof of Theorem 1.1 under the first set of
assumptions, while we defer its proof under the more verifiable assumptions (f;) and (f5) to Section 4.

In the spirit of [1] we then prove the following.

Lemma 3.3. Under (fy), (), (f2), there exists & > 0 explicit such that, if f satisfies (f¢) with & > &,

then o
1 1-7\(2N - ay(0)
m - - =:Cy, 3.7
Cmp < (N 2 )( N ¢ -7)
from which
gl 1 < N, Ean0). (3.8)

Proof. Fix a nonnegative radial function ¢y € C7°(B;(0)) with values in [0, 1] such that ¢y = 1 in B 1 0
and |Vgy| < 2. Then

1 1
J(@o) = = A(X)|Veol” dx — = f ( F ) F
(@) = fB ey (Vo[ dx = 5 o TP * QF (o) | QF (¢o)

WN (SN fzf ( )
<—(2"-1) sup A- = * Qo |0y
N ( )Bl<0)\35<0) 2 Jpo)\I- ¥ 0)=ror

Noting that the right-hand side tends to —co as & — +oo, one may take & > &, where £; is chosen such

that )
‘f]f ( WN N
— x Qon| Qg 27 —1) sup A,
2 I\l o)X= N ( )Bl<0)\35<0)

and get J(¢o) < 0. As aresult, by definition of ¢,,, we can estimate as follows:

Vol Er 1
Cmp < max J(tpp) < max (th A(x) dx — * Qon| 0wy
P = . 07 = fei0.1] B,(0) N 2 Jgo\l- 0 0

fzf ( 1 N )
< x Q 0 max —yt7),
2 ol ™ 20 2 man (7 —x”)

AIMS Mathematics Volume 9, Issue 8, 21538-21556.
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2
where y = (é) > 1. It is standard to prove that the map A(z) := " — yt*” achieves its maximum in
1

ty = (%)m € (0,1) since v > y > N. Hence, inserting h(t,) in (3.9), one gets

24V
v—N
S (ﬁ
mp — 2N

5w \2V

% 2y — N 1 o
) f ( * Q%)Q% =: co(v.N, &1, Q, o) £ 7R (3.10)
4y o\l ¥

To show (3.7) we then need to choose ¢ so that the right-hand side is below the threshold c., namely

&> & = max{&, &}, 3.11)
where &, satisfies the equality in (3.10). At this point, combining the uniform bounds in (3.6) and (3.7),
it is immediate to infer a nice uniform control on the norm of (u;), given by (3.8). |

We are now ready to prove Theorem 1.1 under assumptions (fy)-(f3) and (fy) with & > &, defined
in (3.11).

Proof of Theorem 1.1 (S)-(C-i). We aim at proving that

1
T(w) := f (— * OF (uk)) Qf (uwe)(ux —u) — 0 (3.12)
RN

|-

as n — +oo. Indeed, if so, by (3.4) with ¢ = u and (3.5), one would infer

f AOIVuN 2V V(i — u)dx — 0
RN

which, combined with
f AQ)|IVul" 2 VuV(uy — u)dx — 0
]RN

by weak convergence, would guarantee that u; — u strongly in E by means of the simple inequality
(see [33, inequality (2.2)])

(1Y 21 = 229001 = y2) = C(N)lys — yal¥ forall yy, y, € RY.

Since the functional is C!, the fact that u is a weak solution of (Chy) directly follows.
Hence, we can show (3.12). By the Hardy-Littlewood-Sobolev inequality, we obtain

7 (i)l < N1QF ull 2x 1O f (i) (e — )l 2 (3.13)

and we prove that the first term on the right is uniformly bounded, while the second converges to O.
Indeed, similarly to (3.1), we have

2N—u

— N " 2N
IOF (o)l g < sl + llael” ( fR 07 @gmmm)) - (3.14)
If (f,) holds, since [[u]| is uniformly bounded by Lemma 3.2, then
2Nqa N =
2Nfﬂ||uk||zv—1 <@y (0) (3.15)
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follows by taking a sufficiently small @ > 0. On the other hand, in the critical case (f,°), by (3.8) one
may take g > 1 close to 1 and @ > a close to ay, so that (3.15) holds. In both cases the last term
in (3.14) is then bounded uniformly in k. As a result,

IQF (uoll 2 < C (3.16)
by Lemma 3.2. Similarly, recalling the notation Q := QZIZTN/J by (2.1) and the Holder inequality with
conjugate exponents p, p’ = 17_ for the first term, and r, " and v,V for the second, we get

Sil=

1Q.f () (s — M)||2gzvy s (f Q|“k|2N;) p (f Oluy — uIZZNNZ)
+ (L’V §|Mk|(p—1)M) (L’V Olu, — u|2N u) (f Q Yoy, ”N 1(||uk||)) .

As before, in the subcritical case, again a choice of @ small enough is sufficient to control the
exponential term, while in the critical case one needs to choose r,v > 1 close to 1 and @ > «a close to
@p, and consider the upper bound (3.8). In both cases, we may show the boundedness of the
exponential term. Up to a smaller v and a bigger p, one also has 5 2N r LY and (p — D5y= 2N 2> Hence,

- < p—l - D p—l - v
10wt = )l 2. % Pl u||L§NL_,L+||uk|| " u||L§,NT_ﬁo G

by Lemma 3.2 and the compact embedding given by Theorem A. Combining (3.16) and (3.17)
with (3.13), (3.12) holds, and the strong convergence u; — u follows, which proves that u is a weak
solution of (Chy). O

4. Proof of Theorem 1.1: the critical case (ii)

As we mentioned in the introduction, the global growth assumption (f;), introduced in the critical
case, is in fact not easy to verify. In this section, we prove the existence of a weak solution of (Chy)
in the critical case by using (f4)-(fs) instead of (fz); however, we will need to prescribe some control
from below of the weight functions A and Q as in (A’)-(Q’). The argument, inspired by [1,2], exploits
the concentration behavior of the Moser sequences to infer a suitable uniform bound for |||, which
turns out to depend on all structural constants of the equation.

Let us introduce the Moser sequence as
1-1 : P
(logn)™v if 0<|x[ <%,

P
—~ log 7~ .
Wh(x) 1= { B if 2 <|x<p

=~

(logn)
0 if [x| > p,

where p < ry is given by (A’). Using (A’), we estimate from below its norm in E as

f AX)|Vw,[N dx = @1 fn AW dr > wy-140 f” 1+ 0"
RN n IOgl’l L r = logl’l o .

¢ 1
= wN—lAO 1+ P +o0 s
{logn
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and analogously from above, hence we can state that

— ‘e 1 L/L 1
il = woydo(1 46, with 2184, <5, <2, L@
logn logn logn logn

Hence, defining _
Wy

 (wnaAo(1 + )Y

Wy -

one has ||w,|| = 1 for all n € N.

Lemma 4.1. Under (A)-(A’), (Qu)-(Q’), (fo)-(f3), and ( f1)-(f5), one has

-1

(4.2)

(UN—IAO (250 + 2N — ,Ll)N
Crmp < N

2&0
Proof. We aim at showing that there exist a suitable b > 0 (to be chosen later) and ny € N such that

ma})x J(wy,,) < b. 4.3)
1>

Suppose by contradiction that (4.3) does not hold. This means that for all n € N there exists £, > 0
such that
J(t,w,) = m%x J(tw,) > B.
>

Since the convolution term is positive and ||w,|| = 1 for all n € N, this implies
' > NB. (4.4)

On the other hand, one may suppose that ¢, is chosen such that J(¢,w,) = max{J(tw,)|t > 0} by the
geometry of the functional on radial functions with compact support obtained in Lemma 3.1. Hence,
4| J(tw,) = 0, from which

dtl¢=1,

1
o = fR . (W * QF(tnwn)) Of (t,wp)t,wy, . 4.5)

Using assumptions (f3) and (f5), for all € > 0 fixed, there exists ¢, > 0 such that for r > max{z, ¢,} one

has
6+1

B¢ 4
tf(OF(t) > —(F(1))* > =—*1e2a0™ 4.6
f()()_MO(())_ M, e (4.6)
Hence, recalling that w,, is constant in B% (0), we can estimate the right-hand side of (4.5) from below
by (4.6) as

s f ( f OOIF(tawny) dyJ 000 f (1w (X)) dx
Bo(0) | JB

2 (0) lx =y
(ﬁz _ 8)t9+1 (10 n)(l_%)(ﬁﬂ) 201 1ognl o( )Q(y) @.7)
> 0 n g — e ((+om)Agwy_1 ) N=1 f x— dx dy )
My ((1 + 6,)Aown-1) ¥ Bp(0) JBp(0) |x =yl
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By (Q’), we have Q(r) > c¢r™ in Bf,; (0) for n large enough. Hence, using the simple estimate
( zip)ﬂ for all x,y € Bg (0), we obtain

p 2
f O 4 dy > ¢ (i) f Il dux
Bp(©) JB, 0) lx — y|# 2p Bp(0)

P 2
2P 0 2#(b0+N)2 n

Hence, from (4.7) one infers

2ao 1) N-1
N1 > K exp il — — (2by+2N — ) |logn + @+ Dloglognt,  (4.8)
(Aown-1(1 +6,))7 N
where the constant K is defined as
Ko (B3 — &) wy,_ pHor-H _
Mo2+ (b + N)* (Agwy-1(1 +6,)) ™
Applying the log on both sides of (4.8) yields
N-1) ~ N-1
(N-1 —9)( N )t,’,v’1 > (N —-1-6)log(t,) > logK + N @+ 1)loglogn
o 4.9)
2 tN 1
+ by +2N - |logn.
(Apwy-1(1 + 6,))7T
_N_
Dividing by #,”', we obtain
N-1 2 2by + 2N —
wN-1-g =D G B P
N (Agwy-1(1 + ;)™ o

If 1, = +o00, then one would get a contradiction for large n, since 6 € (0, N — 1], and similarly, if the
factor in front of log n is positive. Hence, we infer that (¢,), is bounded with

2by + 2N — u\"™!
i < Agwy_i(1 + 5,1)(0—“) . (4.10)
2&0
Comparing (4.4) and (4.10), and since 6,, = 0,(1) as n — +o00, we see that by choosing
Aown_i [2bg + 2N — u\" !
B .= 209N-1 (2P0 K 4.11)
N 2&0

one reaches the claimed contradiction. Namely one gets

d lim ¢, = Agwn-q

n—+oo

2bo + 2N — p\M!
2(10 '
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Now, combining (4.4), (4.11), and (4.10), from (4.9) we deduce

N
2ap 1) N -
cz( LA —(2b0+2N—,u)]10gn+
(Apwy-1(1 +6,))71

1
@+ 1)loglogn

1
6+ 1)loglogn

N —
2(2b0+2N—,u)( —1)10gn+

(1+6,)7
1
0+ 1)loglogn

-5 N —
> (2by + 2N — 1) (N -+ 0(6n))logn +

N-1
=0,(1)+ @+ 1)loglogn,

recalling (4.1), which is again a contradiction. Therefore, (4.3) with (4.11) must hold true, which
readily implies (4.2). O

With the fine upperbound of the mountain-pass level given by Lemma 4.1 we are in a position to
prove the existence of a nontrivial weak solution of (Chy). The argument follows the line of [2], see
also [1], and we only sketch it, but paying attention to the more delicate points.

Proof of Theorem 1.1(C-ii). First, we prove that

(I n * QF (uk)) Of (u)p — (W * QF (u)) Ofwy  in L'RY) (4.12)

for all test functions ¢, where u is the limit point of the Cerami sequence (u;),. For such ¢, it is easy to
prove that wy := ﬁ € E,,q. Indeed,

VoV v
||wn||st A(x)( Vol™ |, lplTViud )dx
RN

(L+u)™ (1 + )N

< fN A)IVel" dx + C(p) fN AVl dx < llgll™ + ¥ < €
R R

by Lemma 3.2. This implies that one may test (3.4) with wy and find

f (| 7 OF@))0f () ¥ dr = f ACV Y2 Twy dx + o (1w
RN

< f AV Vgl dx + f A ViV ‘1' A dx + ox(1) (el + el (4.13)
RN RN +

< 20l™ + llll™ + 0x(1) < C,

since u; > 0 in the second integral, and having used the Holder inequality there. Let Q cc RY and
¢ > 0 be a test function such that ¢ = 1 on Q. Then,

[ (5 + erw) eraas

<2 f ( « QF( k)) AACH) f (— *QF(uk)) O (e
we<yno\l L+ uy weennal\l

1
< f (— * QF(Mk)) Qf(uk)1 .t f (— * QF(Mk)) Of wue < C,

a\l-F |-

Uy
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thanks to (4.13), (3.5) and (3.6). As a result, the measure v,, defined by
1

Vu(Q) = I(W * QF(Mk)) Of (u) dx
o\l

has uniformly bounded total variation, hence there exists a measure v such that, up to a subsequence,

1
f (—*QF(uk)) 0 () ¢ dx — f odv
o\l ¥ Q

vV, — v, namely
for all ¢ € C;(Q). As in [2, Lemma 2.4] we may then conclude that v is absolutely continuous

with respect to the Lebesgue measure and it can be identified as v = (# * QF (u)) Qf(u)dx, which
proves (4.12).

Combining (4.12) with the weak convergence u; — u in E, we infer that u is a weak solution of
(Chg). We need now to prove that u # 0. To this aim, we first show that

1 1
LN(— * QF(uk)) QF (uy) — fRN(— * QF(M)) QF (u) . (4.14)

|- |-

Reasoning as in [2, Lemma 2.4], thanks to (f3) it is possible to reduce the proof of (4.14) to show

| ( [ dy) O(OF (i) d
{ur <M} {up<K} |X - )’|“

-

( OO F (u(y))
{usM} \J{u<K} lx - yl#

for all M, K > 0 large enough. However, if u; is pointwisely bounded, by (f>) one deduces F(u;) <
C M,Kluklﬁ, therefore,

dy) Ox)F(u(x))dx (4.15)

| ( | Mdy) QUOF () dx 5 QNP1 — QW1 (4.16)
wem) \Juw<ky X =y W N
by the strong convergence given by Theorem A. Hence, by the inverse of the dominated convergence
theorem [7, Theorem 1.2.7], the left-hand side of (4.16) is uniformly bounded and we can use the
dominated convergence theorem to prove (4.15), and in turn (4.14).

Assuming by contradiction u = 0, combining (4.14), F(0) = 0, and (3.3) one then infers

Cmp = J(uy) + 0 (1)

AN | 1 N 4.17
o Mol 1 f L 0Fw)| 0F @) + o1y = I 4 o1y, 17
N 2 Jpa \|-#
from which, by Lemma 4.1,
2Na, ~  2Nay 1
N-T = Nc,,,) VT 1
o= T = S (N + k(1)
2NCZO 1 2b0 +2N—,Ll
AT —0—
2N—,u(wN 1 0) 20,0 (418)
| 2bg
= N(wy-_140)¥1 |1 .
(WN-1 O)Nl( +2N—,u)
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By (3.5) and the Hardy-Littlewood inequality, we have
lagl¥ + 0x(1) < IQF ol 2 1O f (gl 2 (4.19)

and we estimate the two terms as in (3.14) thanks to (2.2) and (2.1), respectively. The exponential term
is then uniformly bounded by Theorem B by (4.18), since

= i 1 2N

= N(wy_1Ag)™ T |1 + =b .
an(Q) = N(wy-140) ( N 02N—,u)
Since uy — 0 in L_(RY) for t > 7y, from (4.19) we conclude that ||| — 0, which leads to a

contradiction with (4.17). We can thus conclude that the weak solution « is nontrivial. O
5. Conclusions

In this paper we studied Choquard equations in R with subcritical or critical exponential
nonlinearities and with polynomial kernel, in the framework of zero mass problems. By using
variational methods in a suitable functional setting, we proved the existence of a positive solution by
means of a careful analysis on the mountain-pass level. Our work extends previous results in [1,2,21]
to the case of zero mass Choquard equations, and complements the analysis carried out in [32], where
the case of a logarithmic kernel was considered.
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