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1. Introduction

Let B[K] be the the algebra of all bounded linear operators acting on a complex Hilbert space K
with inner product (. |. ) and

BIK]" ={U € BIK] /(Uw|w)>0 YweK}.

The elements of B(%K) are called positive operators. For every U € B[K], ker(U), R(U), and R(U)
represent, respectively, the null space, the range, and the closure of the range of U. Its adjoint operator
is denoted by U*. In addition, if U, U, € B[K], then U, > U, means that U, — U, € B[K]*.

For U € B[K], let o ,(U), o(U), o(U), and o,(U) denote the point spectrum, the spectrum, the
surjective spectrum, and, approximate point spectrum of U. If u € o,(U) and u € o ,(U"), then u is
in the joint point spectrum, o ;,(U). If 4 € o,(U) and u € o,(U"), then we say that u is in the joint
approximate point spectrum, o ;,(U). The following classes of operators have been studied by many
authors. An operator U € B[K] is said to be
(1) normal if U*U = UU* [1-3],

(2) hyponormal operator if U*U > UU" [4,5],
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(3) M-hyponormal operator [6] if there exists a real positive number M such that
MU -0 (U-0)2(U-0)(U-0), YeoeC, (1.1)
or, equivalently, if
MU~ of 2 (U -0 VYeoeC,

(4) quasi-M-hyponormal [7, 8] if there exits a real positive number M such that
(Ll*(Mz(‘M — o) (U - g))w > fu*((fu _o)U - g)*)w, VoeC, (1.2)
(5) k-quasi-M-hyponormal operator if there exists a real positive number M such that
UHMA(U - o) (U - U > UH(U - o)(U -0 JU, VoeC (13)

where k is a natural number [9].
In the papers [10, 11], the authors have introduced the class of polynomially normal as follows: An
operator U is said to be polynomially normal if there exists a nontrivial polynomial P = Z bt €

0<k<n

C[z] with
PAU ~UPU) = ) bk(wkw* - ﬂ*wk) - 0.

0<k<n

In the following, we introduce a new class of operators called the class of polynomially quasi-M-
hyponormal operators denoted by [PQK ] ,.

Definition 1.1. An operator U € B[K] is said to be a polynomially quasi-M-hyponormal operator if
there exists a nonconstant polynomial P € C[z] and a positive constant M such that,

P(‘LI)*(MZ(‘LI —o)'(U - g))P(fu) > P(fu)*(«u — U - g)*)P(fu) (1.4)

forallp € Cor
P(%I)*(Mz(fu —0)'(U - 0) — (U — 0)(U — g)*)P(fu) >0,

Remark 1.1. (1) Every M-hyponormal operator is in [PQK]y,.
(2) Every quasi-M-hyponormal operator is in [PQK ]y with P(z) = z.
(3) Every k-quasi-M-hyponormal operator is in [PQ¥K],,. with P(z) = z*.

2. Main results

In this section, we will show several properties of the class [PQK ;.

Theorem 2.1. Let U € B[K]. Then U € [PQK ]y if and only if there exists a real number M that is
positive, such that
MP|(U - ) P(U)wl| = (U - o) P ¥ w e K.
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Proof. Assume that U € [PQK ]y, then there exists P € C[z] and M > 0 for which

(U - o) PP = (U -0 P(Uw | (U - 0) P(U)w)
(P(U)w | (U - 0)(U - 0) P(U)w)

(| PEUY (U - o)(U - 0))P(U)w)
M (w | P(UY (U - o) (U - 0)P(U)w)
M (P(Uw | (U - 0)' (U - 9)P(U)w)
M (U - )P(U)w | (U - 9 P(U)w)
= M|(U - QP(U)w.

I IA 1

Conversely, assume that U satisfies
(U - 0)* Pl < MP|(U - 0)P(U)wl]®

for each w € K, so one can obtain that

(U -0 P(Uw | (U - 0)" P(U)w) (P(Uw | (U — o) (U - 0)" P(U)w)
(w | PU)" (U - o) (U - 0) ) P(U)w)

M*(w | P(UY (U ~ o) (U — o) P(U)w).

IA

So one can obtain that
(| M*P(UY (U - 0)'(U — 0)P(U)w — P(U)' (U - 0)(U — 0)' P(U)w) > 0.

Therefore
MPP(UY (U - 0)' (U — 0)P(U) = P(UY (U — 0)(U — 0)*P(U) > 0.

Hence, one can obtain

M*P(UY" (U = 0)' (U = 0)P(U) = P(UY (U — o)(U - 0)" P(U).
Therefore, U is polynomially quasi-M-hyponormal operator. O
Corollary 2.1. Let U € [PQK 1y such that W = K, then U is an M-hyponormal operator.

Proof. Supposing R(P(U)) = K, let w € K. Then there is a sequence w, € K such that P(U)w,, — w
as n — oo. Now, from the hypothesis of this corollary and Theorem 2.1, we have

M?|(U — P(Uwll = (U ~ o) P(Uwll, ¥ w € K.

This implies
MP|(U = Q) P(U)w,ll = (U = 0)* P(U)w, .

By taking the limit n — oo we obtain
M?|(U - 0wl > (U - o) wll, weK.

Therefore, U is M-hyponormal operator. O
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A characterization of some members of [PQ%K ]y will be given in the following theorem.

Theorem 2.2. Let U € B[K] such that R(P(U)) # K for some P € C|z], then the following are
equivalent.

(1)U € [PAK ] u-

u, U,
0 U

satisfies

QU = ( ) on K = R(P(U)) & ker(P(U)*), where U, = U

ROP(TD)
M (U - 0)' (U, - 0) — (U —o)(Uy — ) —UU; 20, VoeC,

and P(U3) = 0. Furthermore, o(U) = o(U,) U o (U5).
Proof. (1) = (2). By taking into account the matrix representation of U with respect to the

decomposition K = R(P(U)) & ker(P(U)") : U = (7/11 Uu,

. Let P h jecti
0 U ) et |‘R(P(‘LI) be the projection

—_— 1 0 B .
onto R(P(U). Then( 0 ) = iR(P(fu)) = Pive(P(ﬂ))(uPiR(P(w)' Since U € [PQK ]y, from
Definition 2.1, we have
2 _ * _ _ _ _ *
s MU = @) (U = 0) =~ (U = QU = P20
That is
M (U, = 0) (U = 0) = (Uy = o)(Uy - 0)" — U U, > 0,
for all p € C.

On the other hand, let w = w; + w, € K = R(P(U)) ® ker(P(U)*). A simple computation shows that

(P(U3)w, | wy)

(P(UHY(I - P Jw | (I -

R P e
- P|7)a) | P(U)Y (I - P

Jw)
w) =0

RP(D) Ry

So, P(U3) = 0. The proof of the identity o(U) = o(U;) U o(U3) is deduced by an argument similar
to the one given in [12, Corollaries 7 and 8].

U, U,
(2) = (1) Suppose that U = [ ] onto K = R(P(U)) & ker(P(U)*) , with

0 U
M* (U, - 0)" (U — 0) — (U, - 0)(U, - 0)" — UyU; > 0,

forallo € C and P(U;)=0.

m—1
ur Z WU PU,) X
Since U™ = Jj=0 , P(U) = ,
0 0
0 ur
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(U, —0)' (U, - o) (U, - o) U,
(U-0)(U-0) = ,
U (U, - 0) UU> + (U — 0)" (U3 - 0)
and
(U, — o) (U, - 0)" + UU; U(U, - o)
(U-0)(U-0) = :
(U - o)U; (U — 0)(U5 - o)
Further

P(U)P(U)"

[ p(UDP(U)" +XX* 0 }
0 0

where D = P(U,)P(U,)" + XX* = D".
Hence, for all o € C, we have

PAUOPUY (MU - o) (U - o) - (U - 0)(U - o) )PP

D(MZ(% —0) (U —0) = (U —o)(Uh - o) - (le"Ll;)D 0

0 0

\%
e

It follows that
PALOPEUY (MU = o) (U - 0) = (U - 0)(U - o) )PP’ 2 0.

This means that
PCUY (MP(U = 0)' (U - o) - (U = o) U - o) JP(U) 2 0,

on K = R(P(U)*) & ker(P(U)). Consequently, U € [PQK .

In the following theorem we prove that part of [PQ%K ]y, on a closed subspace is again [PQK]y,.

Theorem 2.3. Let U € [PQK |y If M C K is a closed invariant subspace for U, then the restriction
7/1|M is in [PQK | y.

Proof. With respect to the decomposition K = M @& M*, U can be written

(u:((”l %).

0 U
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Hence, for all integer k, k > 1, we get

k—1
k k—=1-p P
(u":{% Pl ] P((u>=(P(;)ul) P()(Zl))’
0 U :

for some X € B[K] and
(U, —0) (U, - 0) (U, - o) U,
(U-0)(U-0) = ,
U (U, - o) U U, + (U — 0)" (U3 - 0)
and
(U, —o)(U, - 0)" + UU; U(U, - o) ]

(U-0)(U-0) = [
(U, —o)U; (U3 — 0)(U5 - o)

Since U € [PQK ]y, there exists P € C[z] and M > O such that for all p € C
POU) (MU - 0) (U - ) — (U = 0)(U - o)’ P(U) > 0.
Hence, we obtain

Pty (WA - o (U - o) - - ot - orJran = g 7).

b 4

where
® = P(U (MU = ) (Us = @) = (U = (s — @) =~ oLh; JP(TUy)
W = POU) (MU - 0 (U - 0) - (Uy — 0)(Uy — o)) ~ Tty )X +
P (MU - 0)'Us = Ua(Uy - o) |P(U)

o ¥

and some operator Z € B[K]. By [13, Theorem 6], ( g 7

) > 0 if and only if ®,Z > 0 and

¥ = ®:WZ? for some contraction W, Thus,
= P(wl)*(Mz((Lll —0) (Ui -0)— (U - o) (U - 0) - WzWS)P((M) > 0.
According to U, U5 > 0, it follows that
® = P(ULY (M(U = o) (Uy = 0) = (Uy - 0)(Us = o) |P(U) > 0.

Consequently, the restriction U, = 7/I|M € [PQK .
O
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U ) gxe w0, 11U, € PAKIL,
0 U

P(U3) = 0 and oy (U,) N o, (U3) = 0, then U is similar to a direct sum of a member of [PQK |y and
an algebraic operator.

Theorem 2.4. Let P € C|z] be a polynomial and U =

Proof. According to the condition o (U,) N o, (U3) = 0, it follows from [14, Theorem 3.5.1, (c)] that
there exists B € B(K) such that U, B — BU; = U,. In view of the equality,

Lo 70 @ =05 (o 7)

(L(gl (2 ) From the assumption that U; € [PQK]y and
3

P(U5) = 0, we get by easy calculation that

It is clear that U/ is similar to ¥ = (

POV (MY =)' (¥ = 0) = (P~ 0)(¥ ~ ) |P(P)
P(‘L(l) 0 )

[ (Mz((ul 0) (U —0) — (U —0)( U — o) 0

}

0 (M*(Us — 0) (Us — 0) — (U3 — 0)(Us - 0)

(P(Wl) 0)
(P((U)((Mz(% 0)" (U, — o) — (U — o)(U, — 0))P(Uy) 0
0 0

> 0.

Following this, U is similar to a member of [PQ%K],, and an algebraic operator.
O

Theorem 2.5. Let N € B[K]| be an invertible operator and U € B[K| be an operator such that U
commutes with N*N. Then U € [PQK 1y if and only if NUN~' € [PQK | .

Proof. Assume that U € [PQK 1. Then there exists P € C[z] and M > 0 such that
PCUY (MU = 0 (U - 0) = (U - o)(U = o) |P(U) 2 0.
From this, we have that
NPQUY (MU = 0 (U - 0) = (U = XU - o) JPADN" 2 0.
A computation shows that

NP(w>*(M2<w —0)'(U - 0) — (U — )(U — g)*)Pm)N*(NN*)

AIMS Mathematics Volume 9, Issue 8, 21383-21396.



21390

NP(‘LI)*(MZ((LI — o) (U - 0) — (U — 0)(U — g)*)P(ﬂ)(N*N)N*

N(N*N)P(%I)*(M%fu —0)'(U - 0) — (U — o)(U — g)*)P(W)N*

(NNINPCUY (MU = 0 (U - 0) = (U - o)(U - o) |PLN".
This shows that the operator NN* commutes with the operator

NP@UY (MU = o (U - 0) = (U = )(U - o) |PADN"
Hence, the operator (NN*)™! also commutes with the operator

NP@UY (MU = o (U - ) = (U = )U - o) |PADN"
Using the fact that the operators (NN*)~! and
NPEUY (MU - 0)'(U = 0) - (U = o) U - 0) |PAON’

are positive, and since they commute with each other. We get that their product is also a positive
operator

NP(fu)*(Mzm O (U —0) ~ (U - 0)(U ~ g)*)P(fLI)N*(NN*)“ >0,
This implies that
Np(w(w(u — o) (U - 0) — (U — o)(U — @*)P(fu)(zv-1 > 0.
From the fact that UN*N = N*NU, it follows that
(NUNY* = (NUNTY (NUNT') - (NUN') = (N*) ' U*N,

(NUN"Y = NUN.
Hence,
P(NUNY = (N 'P(U)*N* and PINUN™") = NP(U)N".

On the other hand,
(NUN' =) (NUN™" = 0) = (N") (U - 0) N'N(U - o)N™" = N(U - 0)"(U — )N,

(NUN™' = 0)(NUN™' = 0)" = N(U - o)N"'(N") (U - 0)'N" = N(U - 0)(U - 0)'N"".
Now we show that NUN~! € [PQK],. Indeed

P(N‘LIN‘I)*(MZ((N(L{N‘I —0)' (NUN™" = 0)) = (NUN" - o)(NUN" - g)*)P(NfuN-l)

= (N)PEUY N (MEN(U = 0 (U = )N = N(U = o)(U - o) N~ NP
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(N*)‘lP((u)*N*N(MZ((u —0)" (U -0)— (U - o) (U - @)")N”NP«mN—1

(N*)‘lN*NP(w*(Mz(‘u — ) (U - 0) - (U - o)(U - o) |PLHN"!

NPEUY (MU = o)’ (U = 0) = (U - 0)(U ~ )’ |PLON
0.

\%

Based on these calculations, we conclude that NUN~! € [PQK ],
Conversely, assume that NUN~! € [PQK]y. Then

P(NleN—l)*(MZ(NfLIN—1 —0)'(NUN™" —0) = (NUN" - o)(NUN" - g))*)P(NfuN‘l) > 0.

Similar to before, we get
NPQUY (MU - 0)' (U - 0) = (U - o)(U - )’ |PLON' 2 0.

Hence,
NP (MU - 0)) (U = 0) = (U - 0)(U - o) |PAON'N 2 0

or equivalently
N'NPUY (MU - 0)'(U - 0) = (U - o)(U - o) |P(U) 2 0.
By using that, N*N commutes with operator U, and hence commutes with operators
N*NP(‘U)*(MQ(‘U —0) (U =-0) = (U-0)(U - Q)*)P(‘H).
It follows that (N*N)™' commute with
N'NPUY (MU - 0)'(U - 0) - (U - 0)(U - o) |P(U).
By observing that (N*N) ™' and
NNPCUY (MU = o) (U - 0) = (U - 0)(U - o) |PU)

are positive, and since they commutes with each other, we have

(VN N NPUY (MU - 0)' (U = 0) = (U - 0)(U = o) |P(U) 2 0.

Therefore,
POUY (MU~ )" (U~ )~ (U~ (U — o) JP(U) > 0.

Whit does it mean that U € [PQK .

O
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Theorem 2.6. Let U € [PQK |y for P € C[z]. Then
ker(U — p) C ker(U — p)* = ker(U* — p),

for all u € C such that P(u) # 0.

Proof. Let w € ker(U — p). Since U € [PQK ]y for P € C|z], it follows in view of Theorem 2.1,
MI(U - WPl = (U - )" P(U)w.
Since Uw = pw, we get P(U)w = P(u)w, and therefore

MI(U - WPl = (U - @) Pall.

According to (U — p)w = 0 we obtain |[(U — p) P(w)w|| = 0 or
IPUOII(U — p) || = 0. Since P(u) # 0 we get (U — u) w = 0. Therefore, the proof is complete. O

Remark 2.1. When P(z) = z, Theorem 2.6 coincides with [8, Proposition 1.9].

Corollary 2.2. Let U € [PQK ]y for some P € Clz]. If a,B € 0,(U) — {0} with a # § and P(B) # 0.
Then

ker(U — a)L ker(U — B).

Proof. Let w; € ker(U — a) and w, € ker(U - B), then Uw, = aw, and Uw, = Pw,. Therefore

(awy | w2)
(Uw | w)
(Wi | U w,)
= <¢’1 |Bw2>
Blw: | wy).

a{w | wy)

We deduce that (o — B) {(w; | wy) = 0 and so that (w; | w,) = 0 (o # B). Thus, ker(U — a)L ker(U —
B). o

Remark 2.2. When P(z) = z, Corollary 2.2 coincides with [8, Corollary 1.10].

Theorem 2.7. [15] Let H be a complex Hilbert space. Then there exists a Hilbert space K > H and
U B(H) — B(K) satisfying the following properties for every T,S € B(H) and o, u € C.

(DY) =y(T)", yn) = Iy, p(@T +puS) = o¥(T) + (S,

(2)Y(TS) = YT (S), (DIl =TI, ¢(T) = Y(S), for T = S,

(3)Y(T)=>0ifT >0,

(4) oa(T) = o,(Y(T)) = p,(Y(T)),

(5) 0ju(T) = 7 j,(Y(T)).

Theorem 2.8. Let U € [PUK]y for some P € Clz] such that P(u) # O for all u € o,(U). Then
o (U) = O-ja(q/{)~

AIMS Mathematics Volume 9, Issue 8, 21383-21396.
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Proof. Since U € [PQK 1y, then there exists P € C[z] and constant M > 0 such that
POUY (MU - 0)' (U = 0) = (U - 0)(U o) |PU) 20 Vo eC. 2.1)
In view of Theorem 2.7, we have

P(t//(‘bl))*(M 2W(U) ~ 0)' W(U) — 0) — W) — ) W(U) ~ @*)P(wm»

l//(P(‘U)*)(M (U~ 0) (U~ 0) — WU~ )(U ~ Q)*)l//(P((‘U))

w(P<w>*(M2<w —0)'(U - 0) — (U — )(U — m*)P(ﬂ))
0 (by Theorem 2.7 and (2.1)).

\%

Hence y(U) € [PQK | y.

From Theorem 2.7, we have o,(U) = o,(W(U)). Since Yy(U) € [PQK ]y, we have ker (Y(U) — u) C
ker (y(U) — p)” (from Theorem 2.6). Hence o,(W(U)) = oj,(y(U)). According to Theorem 2.7, we
have o ,(y(U)) = 0;,(U). Hence, 0,(U) = 0 jo(U). O

In the following theorem, we will prove, under suitable conditions, the stability of the class [PQK ]y
under the sum of operators.

Theorem 2.9. Let U, € [PQK 1y for k = 1,2. If U, and U, satisfy the following conditions for some
P e C[z]:

(U, —0)P(U>) = (U — 0)P(U) =0,
P(U)"(Uy - 0) = P(U) (U2 —0) = 0,

(U —0)' (U, —0) =0,

U Uy, =UU, =0.
Then 7/[1 + 7/{2 S [PQ?(]M
Proof. Set P(z) = Z apZ*. Since U, U, = U, U, = 0, we obtain

0<k<n

P((Lll + (LIQ) = Z ak(ﬂl + (le)k
0<k<n
k k
= > ak(w’; +( )(uf—lfuz +---+( )(ulfug-l +fu§)
0<k<n 1 k - 1

= > a(Uf+ub)

0<k<n

= Z a;ﬂ/llf + Z Clkq/(]zC

0<k<n 0<k<n

= P(Uy) + P(U).
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From the hypothesis that U, and U, are in [PQK ]y, then both of them satisfy (2.1), and by our
hypothesis
(U —0)P(U) = (U — 0)P(Uy) = 0,
P(U)" (U, —0) = P(U) (U - 0) =0,
and
(U —0) (U, -0) =0.
To show that U, + U, € [PQK |y, we have

PCUy + Ty | MU = o) + Uz - 0 (U - 0 + Uz - 0)

-0+ - o))t -0 + @ - o) |Pti + 1)

(Pethy + Pty )| (¥ = o) + (W - o) ) - ) + Uz - 0))
(i -0+ @ - o)) - 0 + (W - o7 )|(P¥i) + P(21)

= Py MU -0 + (W -0 (U - 0) + (U - 0)

-0+ - o)W -0 + @ - oy Pty
P | MUy - o)+ (U = o) (W - 0 + Uz - 0)
(W -0+ W - 0| -0 + @ - oy ||Ptt
Py | MU = o) + (Us - o) |((U - 0) + Uz - 0))

(-0 + @ - o) -0 + (W - o))

&2
+PUY | MUy - o) + (U = o) (¥ - 0) + (W - 0)

P(U)

~(th -0+ @ - o)t -0 + W -o7)
= P((Ul)*(Mz((Ul —0) (U, — o) — (U, —0)(U, - Q)*)P((Ul) +
+P(Us) (MU = 0)' (s = 0) = (U = )Tz — ) |P(Us)
> 0.
Therefore, U, + U, € [PQRK ] y. O

3. Conclusions
In this paper, we have presented a study of new class of operators which considered as an extension
of previous work in this field. This study will contribute to further studies in the field of operator

theory.
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