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Abstract: A class of algebras D(m, d, &) introduced by [22] were not pointed and generated by the
coradical of D(m,d, &). Let D be the quotient of D(m, d, &) module the principle ideal (g™ — 1). First,
we describe all simple left modules of D. Then, according to Radford’s method, we construct the
Yetter-Drinfeld module over D by the tensor product of a simple module of D and D itself. Hence,
we find some simple left Yetter-Drinfeld modules over D, and the relevant braidings are of a triangular

type.
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1. Introduction

Let k be an algebraically closed field of a zero characteristic. Kaplansky first posed conjecture
about the classification of finite dimensional Hopf algebras over k up to an isomorphism. A general
technique is the lifting method [4] proposed by Andruskiewitsch and Schneider, which works well to
classify Hopf algebras with the Chevalley Property. More recently, Andruskiewitsch and Cuadra [1]
proposed a generalized lifting method to classify Hopf algebras without the Chevalley Property.

Let us briefly recall the generalized lifting method. Let H be a Hopf algebra. Assume the antipode
of H is injective; then, the standard filtration {H},)},>o 1s a Hopf algebra filtration, where H|g, is the
subalgebra generated by Hy. In particular, the associated graded coalgebra grH = @nzo Hyyy/Hyp-1
with H_;; = 0 is a Hopf algebra. In addition, consider a projection 7 : grH — Hjy. By a theorem
of Radford [16], there exists a unique connected graded braided Hopf algebra R = @nzo R(n) in the
monoidal category Z{g} YD such that grH = RiH|y. If the coradical Hy is a Hopf subalgebra, then the
generalized lifting method coincides with the lifting method. Let A be an arbitrary Hopf algebra. We
say that H is a Hopf algebra over A if Hy =~ A.

The lifting method has been applied to classify some finite-dimensional pointed and copointed Hopf
algebras [2, 3, 5-7], etc.; additionally, it has been used to classify finite dimensional Hopf algebras
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whose coradicals are neither group algebras nor the duals of group algebras, for instance, [23-25]. The
generalized lifting method works well for Hopf algebras without the Chevalley Property. Nevertheless,
there are a few classification results such as those in [8,9].

A class of Hopt algebras D(m,d, &) were first introduced in [22] as affine prime regular Hopf
algebras of GK-dimension one. Moreover, D(m, d, £) are not pointed and the coradical of D(m, d, £) is
not a Hopf subalgebra; however, the Hopf subalgebra generated by the coradical is the Hopf algebra
D(m,d,€) [21].

Letl = (g" - 1), D := D(m,d,¢)/1. Then, D are finite dimensional Hopf algebras. Our work is
devoted to classifying finite dimensional Hopf algebras over D based on the generalized lifting method.
In general, each step of the method constitutes a difficult problem to solve. This paper seeks to describe
simple Yetter-Drinfeld modules over D.

Yetter-Drinfeld modules over a bialgebra were introduced by Yetter [19] in 1990. For any finite
dimensional Hopf algebra H over a field k, Majid [15] identified the YetterDrinfeld modules with the
modules over the Drinfeld double D(H®?) by giving the category equivalences
YD ~yeow Y. D"~ pery M. Many mathematicians have contributed to the construction of
Yetter-Drinfeld modules, such as [12, 18]. We take Radford’s method. First, we obtain simple
modules of D by the category equivalences M?" =, M. Then, according to Radford’s method, we
construct the Yetter-Drinfeld module over D by the tensor product of a simple module V of D and D
itself. Moreover, by the structure of D, V@ D = (V ® B) @ (V ® C) as Yetter-Drinfeld modules(see
Section 4). For V ® B, we find the simple left Yetter-Drinfeld modules, see the Propositions 4.3
and 4.5. For V ® C, we have not found simple left Yetter-Drinfeld modules because it is difficult to
describe u u;u,—,.

The paper is organized as follows. In Section 2, we recall some basics and notations of Yetter-
Drinfeld modules, the structure of D(m, d, £), and multiplicative matrices. In Section 3, we describe all
simple modules of D. In Section 4, we determine simple Yetter-Drinfeld modules over D by Radford’s
method. In Section 5, we conclude that the braidings of simple Yetter-Drinfeld modules mentioned in
Section 4 are of a triangular type.

2. Preliminaries

Conventions. Let n be a positive integer. Throughout the paper, we denote condition 0 < i < n -1
simply by “i € n”.

If H is a Hopf algebra over k, then A, &, S denote the comultiplication, the counit, and the antipode,
respectively. We use Sweedler’s notation for the comultiplication and coaction (i.e., A(h) = hq) ® h)
for h € H). For the references of the Hopf algebra theory, one can consult [10, 13, 18, 19], etc.

If V is a k-vector space, v € V, f € V*, we use either f(v), (f, V), or (v, f) to denote the evaluation.
Throughout the paper, A denotes an mth root of A € k* for a positive integer m.

2.1. Yetter-Drinfeld modules

Let H be a Hopf algebra with a bijective antipode. A left-left Yetter-Drinfeld module V over H is a
left H-module (V; -) and a left H-comodule (V, 6) with 6(v) = v_1)®v) € H®V for all v € V, satisfying
the following:

6(/’1 . V) = ]’l(l)V(_l)S (l’l(3)) ® ]’l(z) * V(0)» Yve V, heH.
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We denote YD by the category of left-left Yetter-Drinfeld modules over H. It is a braided
monoidal category: for V, W € #YD, the braiding cyy : V® W — W ® V is given by

Cuw(V®W) =V W®V(o), YveV, weW. (21)

In particular, (V, cyy) is a braided vector space, that is, ¢ := cy,y is a linear isomorphism that satisfies
the following braid equation:

(c®1d)(d®c)(c®id) = (1d®c)(c ®1d)(id ® ¢).

A braided vector space (V, ¢) is of a diagonal type if there exist a basis xy, ..., xy of V and scalars
qij € k* such that
C(Xi®Xj):qinj®X,’, 1§l,]§0

In such case, g = (g;))i je1, , 18 called a braiding matrix of (V, c).

Definition 2.1. [20, Definition 5.1] Let (M, c) be a finite dimensional vector space with a totally
ordered basis X. (M, ¢) will be called right triangular (with respect to the basis X) if for all x,y,z € X
with z>x, there exist 5., € k\{0} and w,, € M such that

c(x®Yy) :,Bx,yy®x+2wx,y®z forall x,y € X.

>x

2.2. The Hopf algebra D(m, d, &)

Let m, d be positive integers such that (1 +m)d is even and £ is a primitive 2mth root of unity. Define
w:=md, y:=&.

As an algebra, D(m, d, £) is generated by x*' g, yand ug, uy, -+ ,u,_; with the following relations:

1 1

xx =x x=1, gx=xg, yx = xy,
yg=vygy, y'=1-x"=1-¢g",
upx = x_lui, Ui = iliyy = fxdul-y, ug = Vix_ngui,

L jG+D 1+m i
(—l)_Jf_]’yuz %X_lz d¢i¢i+1 Tt ¢m—2—jy +Jg
ifi+j<m-=2,
(—1yIg iy L Hdyitig
ifi+j=m-1,

JG+1D) 1 _l+m

(=DTETy T T o P YTE
ifi+j>m,

u,-u.,- =

where ¢; ;== 1 —y " !'x? and i, j € m.
Then, D(m, d, ¢) becomes a Hopf algebra with comultiplication, a counit, and the antipode given by
the following:
AxX)=x®x, A(g)=g®g AQY) =y®g+1®Yy,
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m—1
o oy
Alw) = Z)fj(’ Du; @ x Mgy,
Jj=0

e(x) =¢e(g) =¢eluy) =1, e@y) =e(w) =0,
Sw=x",8=¢",Sm=-yg"'==y"gy
S(I/li) — (_l)ié:—iy_l(t;rl)xid+%(1—m)dgm—i—lui’

foriemand1 </ <m-1.
Moreover, D(m, d, £) has a linear basis {x'g/y', x'g/ujli € w, j € Z,1 € m} ([21, Lemma 3.3] and [22,
Eq 4.7]). The authors in [11] defined the following elements in D(m, d, £)*:

T 8105 i Y
Ao am "\ xigluy - 0 * X xglu (51,0/15/1$ ’
E. - xX'glyl o 6 E, - xghyl e 80(L + ,,ll)
P X e 1_‘—“;451,1 | Xglu e S0t + L)

foranyicw,jeZ,l e mand/ﬁ,/ﬁ e k*.
Additionally, [11] denoted the following:

il
ER . LEk,{xgy = Ok
L

2
| 1 i L é:k _ é:k .
k'?’ Xgu = kL, (1_7—l)k61,k - (1_7—1)(1_),—2)...(1_7—1\')61,/(

2.3. Multiplicative matrices

The notation of the multiplicative matrices over coalgebras was once introduced in [14]. Let us
recall some notations and definitions.

Notation 2.2. Let V and W be vector spaces.

1) For any matrix A := (V;j)ux, over V and matrix B := (w;;).x; over W, denote the following matrix

ARB = (Z Vik ® Wk[) ;
k=1 mxl
2) For any linear map f : V — W and a matrix A := (v;j)ux, over V, denote the following matrix
S(A) = (fFVij)msn-
Then, the multiplicative matrices can be simply defined as follows.

Definition 2.3. Let (H, A, €) be a coalgebra over k.

1) A square matrix G over H is said to be multiplicative if A(G) = G&G and &(G) = I (the identity
matrix over k) both hold;
2) A multiplicative matrix C is said to be basic if its entries are linearly independent.

Clearly, all the entries of a basic multiplicative matrix C span a simple subcoalgebra C of H.
Conversely, when the base field k is algebraically closed, any simple coalgebra C has a basic
multiplicative matrix C whose entries span C.

AIMS Mathematics Volume 9, Issue 8, 21321-21336.
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2.4. Combinatorial notions

The well-known quantum binomial coefficients for a parameter ¢ € k* are defined as

1)
k q' k!l (- k)!,
for integers [ > k > 0, where !, :=1,2,---l,and [, ;== 1+ g+ -+ 4" .

Lemma 2.4. [10, Proposition IV.2.7] Fix an invertible element q of the field k. For any scalar a, we
have the following:

(a=2a=q2)-(a=q"') = Z(—l)l(rll) g a.
q

1=0
3. The simple modules of D

Letl =(g" - 1), D :=D(m,d,¢)/1. In this section, we will determine all simple D-modules.
It is clear that D has a linear basis

(xX'g'y, x'glu i € w, j,1 € m).
Let 1 be an primitive wth root of 1. [11, Proposition 5.6] shows that
{Z,",JZ{',YEL)(;J)({JE{ li € w,j,l €m)

is a linear basis of the 2wm?-dimensional space D*, where Znts Liys Xnas X1, are described in
Section 2.2.

Whence s = n, A = v. Thus A = 1 in this case. Therefore, in this paper, we let 4 = 1.

Because D is finite dimensional, we have MP =, M. In order to determine all simple left D
modules, we first get all simple right D* comodules. We know that a right D* comodule isomorphic
to a minimal right coideal of D*, which contains a simple subcoalgebra of D*. Next, we describe all
simple subcoalgebras of D* by providing all basic multiplicative matrices in Section 2.4.

For convience, for each j € m, we denote the following:

Pl , . . 1
j = 1=y, gh=1-yl gy =,
6= 2L = Gy Gy =12,
Jj
A=t

Then, by [11, Lemma 5.4],
AL 1 1)

Aw Am

m—1
_ _ k] k plm—k]
- /15,/1% ®§,1$,,1% + (1 /l)zév,li,,i%El ®§,1%,,1%§1,YE1
k=1
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+ AL =D X s ®X s
m—1
-1 [k] k. k pplm—k]
k=1
AQr,L )

— (4] k. k  prlm—k]
_4/1%,,1% ®X/1$,,1% — 6 o 'Hk—lé/ﬂ%,)%El ®X/1%,,1%§ Xl,)’Elm

o AW
m—1 by
~Gnk K K plm—k
= 6o Z A6, 'em—k—l)(/1$ A%EE : ®{,1%1 A%gl,yEEm g
k=1

Next, we consider the basic multiplicative matrices over D*.
Proposition 3.1. Since A = 1, let A = y"* for some 0 < k <m — 1.

1) When 1 < k < m — 1, there are m multiplicative matrices of size 2:

[ $1b e Abrj 0N ) e Elm-H ]
Op1---0,€ m_k+]>(1%1,y.i E Ek] g,l_ﬁl,)’-i
and
( Syt ~Abiriej Ok &y b B " )
Oke1+* Ori & / l)( l-ﬁl’ykﬂ,E Ek] g/l S

forO<j<k-landO<j<m-k-1.
2) When k = 0, there are m multiplicative matrices of size 2:

J
J
g X/l%],‘yj {/1

By
forO<j<m-1.
e If 1o = 1, then the above 2 x 2 multiplicative matrices are not basic with group-like entries
A T fj)(ﬁ,yj'
3) Ifk=0, Ao #1lork# 0, then the above 2 x 2 multiplicative matrices are basic.

Proof. The claim follows [11, Lemmas 5.3 and 5.4] and the definition of the multiplicative matrices.

O

Remark 3.2. [11, Lemma 5.4] showed that ({;, + )(1,7)" (k € 2m) were group-like elements. The
case (2) in Proposition 3.1 contains these group-like elements. In fact, the case (3) in Proposition 3.1
contains all basic multiplicative matrices over D* by the coalgebra structure of D*.

Since all the entries of a basic multiplicative matrix span a simple subcoalgebra of D*, then every

line of basic multiplicative matrices are simple right comodules of D*. By M?" =, M, we conclude
all simple left D-modules.

AIMS Mathematics Volume 9, Issue 8, 21321-21336.
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Proposition 3.3. Let A = 1, Ao = 1,0 < j < m— 1. Then, there are 4m one-dimensional modules
k{v} of D, and the actions of D are as follows:
X'y v = §0dby Ty, Xighuy - v = 808 A5y,
or . 4
Xgy v =60dnyMy,  Xg'uy v = =808 Ay,
where i € w,n,l € m.
Proof. By Proposition 3.1, {1 + Ely 1, are group-like elements of D*. Letv = {1 + Ely b

V = k{v}. Then, V is a right D*-comodule with a structure map A. Thus (V,¢,) is a left D module
by [19, Proposition 2.1.1]:

xig"yl ‘Y = <v, x’g"y’> V= 51’0/15')/1'"\/,
xghu v = <v, xig”u[> V= idl,ofj/lﬁy-"”v.
Then, we obtain the claim. O

Proposition34. Let0 < j<m-1,1<k<m—-1,ork =0, A6 # 1. Then, there exist two-dimensional
simple D-modules k{v;, v,}, and the actions of D are as follows:

Xghy vy = Gi0dey v, Xighy vy = 610A8 Y,

. §2k+2j /l‘zi,y(j+k)n
X'g"up-vi = =01, NOksj+1** Omsk—160ks1 *  * Oksj

8 U v LNkt 1 +k—10k+1 k+1(1 (1 =y hy

Va2,

g—k/li‘,yjn
Vi,
(I=y- (L= y ) !

i n _
xg'up vy = =01t

where i € w,n,l € m.

Proof. By Proposition 3.1(3), when k = 0, Ao # lork # 0, we have 2 x 2 basic multiplicative
matrices. It is easy to know that every row of the basic multiplicative matrix spans the isomorphic
minimal right codeal of D*; then, it is a simple right D*-comodule. First,let 1 <k <m—-1,v; = 1 e

and v, = X Y,EE’"—"], where O < j <m —k — 1. Then, V = k{v, v,} is a right D*-comodule with the
structure map A :

AW = V1 @V = Abprjor -+ Ok V2 ® O - Ol 2B
A2 =vi®va+ V@ ot i
Thus, we can obtain the action of D on V by [19, Proposition 2.1.1]:
xignyl vy = <v1’xignyl> v, = 51’0/15‘}/;%1,
xignyl SV, = <§A_m1’yj+k’xignyl> vy = 6l’oﬁ%y(j+k)nvz,

i n _ k+2j k] i n
X'g'up-vi = =AbOijir - Opak—10k41 -+ - Os jE J<)(M1 7,+kE1 , X'g Mz> 1%
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2k+2j /ﬁ" (j+kn
= =01, NOks je1 ** * Opaie—16ks1 - - '9k+j(1 _67_1) — _)21 s

V2,

X'g"u vy = <v2, xig”ul> Vi
= —Om—k f_kﬁiyj’l V1.
A =y (1 = R
Similarly, for the first 2 X 2 basic multiplicative matrix in Proposition 3.1(1), we obtain the module

structure for m — k < j < m — 1 by choosing the appropriate parameters.
When k =0, A5 # 1, the module structures are as follows:

i nyl L jn in,l =t jn
X'g"y vy =0 0dey" vy, X8y vy = 6 0d0 Y vy,

i n 2i4= in i n L in
X' g'up-vi = 6107 Ay vy, X'g"up vy = 6pdey vy

Then, we obtain the claim. O
4. Yetter-Drinfeld modules over D

Similarly, according to Radford’s method [17, Proposition 2], any simple left Yetter-Drinfeld
module over D can be constructed by the submodule of the tensor product of a left simple module V
of D and D itself, where the module and comodule structures are given by the following:

h-(v®g) = (ho - v)®hwgS (hs),

4.1
p(v®g):h(1)®(v®h(2)), V/’l,gED,VEV. ( )

Let B = k{x'g/y' |i € w, j,l € m}, and C = k{x'g/u; | i € w, j,I € m}. Then, D = B&C as coalgebras.
By the Hopf algebra structure of D, we conclude that

B*+C*CB,BC+CBCC,S(BCB, S(C)CC.

Then, as the Yetter-Drinfeld modules over D, V® D = (V® B)® (V& ().
First, we consider the Yetter-Drinfeld modules V ® B. Take ¢ to be an arbitrary integer, and define 7
to be the unique element in {0, 1, ..., m — 1} that satisfies t = t(mod m).

Proposition 4.1. Let V = k{v} be the one-dimensional module of D that appeared in Proposition 3.3.
Then, V ® B is a Yetter-Drinfeld module over D with the module and comodule structures given by the
following:

x-(v® xig"yl) = /li(v ® xig”yl), g-(ve® xig”yl) = yj_l(v ® xig”yl),
y- (V ® xignyl) — ,y—(l+1)(,yj+n _ 1)(V® xign—lyl+l),
0, [>m-p,
, I<p<m-1,0<n+j<p-1,

7._ _1_ o _7._ i _ _: s _ .
i(_1)n+j p(’ZTj_II;)y,lgj 1-2Ip—(n+ j—p)(n+ j+1 p)(v®x i+(j—n l)dgn pyl+p), otherwise.

=

u, - (Ve x'ghy') =

1
in ! i n i n -
p(v®x'g y’)=Z(k)xg Yewexgty™,
k=0 Y

forO0 < p<m-1,and somei € w,n,l € m.
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Proof. We only verfy the action of u,, since others can be easily obtained from (4.1). After a direct
computation, we have that

m—1 m—1
Auy) = D YO PP @ x gty ) @ x Mg,
4=0 k=0
- R a2 3(lem)d —p—
S(x ngqup_q) = (=1)P9ga Py T 1 P) pd+5(1 m)dg p lup_q,
(P=q@)(p—gq+1) q)(P q+1) 1 I+m
u ( 1)q pé:q b m ¢q¢q+1 ¢m—2—(p7q)ypg’ (p <m-— 2)’
() )(7 +1) +m
T gy Ly g (p=m-1).
Then, by (4.1), we know that
m—1
1, (V@ Xg"y) = ) YO Mgty - v @ u xig"y'S (x g, )
q=0
m—1
=x¢ Z(—l)p—q gq—p—l),l(—p—1)+q(n+j—p—1)y—7(” e

q=0
(V® x—[i+(2n+l—p )d]gn p— lyluqup q)

+ é:] - 21pv® (Zm_ 1 ,yq(n+] p)¢ ¢ o ¢m 2 (p q))x—[i+(2n+l—p)d]gn—[)yl+P’ (p <m-— 2)
+1 é;] - 2lpv® (Z ,yq(n+] p))x—[z+(2n+l p)d]gn pyl+p (p =m— 1)

By Lemma 2.4, we have that

—1

3

7’q<n+]_p)¢q¢q+1 P2 (p—g)

MH i

m—1-p
—1- )
,yq(n+J D) Z ( 1)( p) y [(12”'}/ Iq xld
¥l

9=0 [
m—1-p .
— (_1)l(m - 1 - p) 1(1+I) ld Z q(n+j_p_l)
1=0 l y! =y
0, 1Sp£m—1,0§n+JSp_1’
- n+j—p(m=1-p _ D) i g .
m(=1) (n+1 p)y Y : X , otherwise.

Where the last equation holds because 37", 'y¥ = 0for 1 < k < m— 1. Therefore, we obtain the
action of u,,. O

Using the same method, we have the following proposition.

Proposition 4.2. Let W = k{v;,v,} be the two-dimensional simple module of D that appeared in
Proposition 3.4. Then, W ® B is a Yetter-Drinfeld module over D with the module and the comodule
structures given by the following:

x-(n ®@xighy) = (v, @ xighy), g (v @xg"y) =y ®xighy),

AIMS Mathematics Volume 9, Issue 8, 21321-21336.



21330

y- (v @xgy) =y "M - D @ xg" Y,

| -1 i n i n j+k— i n
x-(mex'ghy)=1vmexghy), g-mexgy) =y exgy),
y . (VZ ® xlgnyl) — ,y—(l+1)(,yj+n+k _ l)(V2 ® xlgn—lyl+l),

0, [>m-— m,

0, l<p—k<m-1,0<n+j<p—k-1,
- (@ 2g"y) = { D" N BB+ e

m—1 _p_k {;2]4—2/(—[—21p—(n+_/—p—k)(n+_[—p—k+|)

(Fj—ﬁ)y—l‘ (= D=y

(vy @ x~IHUmn=l¥hd gn=p ylp=ky otherwise.

0, I2m—-p+k—m,
0, 1<p+k-m<m-1l,n+j>2m—-k,n+j<p-1,

up (n® xig”yl) = _(_l)ﬁj—p(m_l;m) £k 1=2lp=Gutj=p)tj+1-p)
wi-p )y Aoy D=y o)
(v) @ x~iH(n=Dd gn=pylprh=my otherwise.
. S0 |
p(v® x'g"y) = Z ) Xg"y ® (ve xight ), v € {vi,m}.
q=0 Y

forO<p<m-1,and somei € w,n,l € m.
Proposition 4.3. The simple Yetter-Drinfeld submodule V;,; of V ® B in Proposition 4.1 is
kiv® x'g"y™ v @ x @m0 <t < [ n+ j = 0},
for some i € w,n,l, j € m.
Proof. For a fix j in Proposition 4.1, we can always find n € m such that n + j = 0. Let V' be a
Yetter-Drinfeld submodule of V ® B, and v ® x'g"y' € V'for some i € w,] € m and n + j = 0. Since
uy - (v® x'g"y') € kfy @ x gy,

then v@x~=@Ddgnyl ¢ V' For the comodule structure of v® x'g"y’ and v ® x~ =gyl "\e conclude
that
Ve xign+tyl—t € V,, Ve x—i—(2n+l)dgn+tyl—t € V,, 0 <t< L

By Proposition 4.1, the action of x, g on v ® x'g""'y"™" and v ® x~~n*Ddgntiyl=t are closed and

y- (V ® xign+tyl—t) e ]k{v ® xi n+t—1yl—(t—])}’ 1<t< l,
Y- (0@ x @ity ¢ gy @ ymin@uidd gnit=l =Dy g
y- (V ® xignyl) — O, y- (V ® x—i—(2n+l)dgnyl) — 0,

for the following formula, 0 <t <,

. 3 =0 t<p<m-1
i n I » s
up - (V ® X g Hy Z){ c ]k{v ® x—i—(2n+l)dgn+t—pyl—(t—p)} 0< p <t

. =0 t<p<m-—1
. —i—Q2n+ld n+t_ -t ’ ) s
u, vex g8y ){ ckiv® xlgn+l—pyl—(l‘—p)}’ 0O<p<t.
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Then, V' = k{v ® x'g"y™, v @ x~=@mthdgntiyi=11) < t < [ n + j = 0}. Next, we prove that V' is
simple.
We know that the simple subcomodules of V” are k{v ® x'g"*'} and k{v @ x~=@*+Ddgn+l} 1 et M be
a simple Yetter-Drinfeld submodule of V’. By [17, Proposition 2], there exists a simple subcomodule
N € M such that M = D - N. However, N is also a simple subcomodule of V’; then, either N =
k{v ® x'g""} or N = Kk{v ® x~=Cn+Ddgntl} Tt follows that M = V’. Hence, V' is simple.
O

Remark 4.4. Let V;,; and V;,, be simple Yetter-Drinfeld submodules of V ® B in Proposition 4.3.
Then, V;,; = Vi in case of s is fixed, and both n = n’,[ = I’, and both have eitheri = —i — 2n +
Ddmodw,i’"=—-i" —2n+dmodwori# —i— (2n+ )d mod w, i’ # —i' — (2n + I)d mod w.

Proposition 4.5. The simple Yetter-Drinfeld submodule W;,,;; of W ® B in Proposition 4.2 is
ﬂ{{\/’l ® xign+tyl—t’ vy ® x—i—(2n+l—k)dgn—k+tyl—t|0 <t< l, n+ ,] — O},
for some i € w,n,l, jk € m.

Proof. For a fixed j in Proposition 4.2, we can always find n € m such that n + j = 0. Let W’ be a
Yetter-Drinfeld submodule of W ® B, and v, ® x'g"y! € W’ for some i € w,] € mand n + j = 0. For
0<k<m-1,

U - (v @ Xg"y) € Kefv, @ xRl gnkyly

then v, ® x ~@mt=hdgn=kyl ¢ W’ By the comodule structure of v; ® x'g"y! and v, ® x~~@m+=hd gn=ky,

we conclude that

!
s

v ® xign+tyl—t c W’, v ® x—i—(2n+l—k)dgn+t—kyl—t c W/’ 0<t<l.

By Proposition 4.2, the action of x, g on

i n+t_I-t —i—Q2n+l-k)d n+t—k_I-t
8 y

vi®xgmy and v, ® x
are closed, and

y- (Vl ® xign+tyl—t) c ]k{Vl ® xi n+t—1yl—(t—l)}’ 1<t< l,

V- (vy @ xR gkt Ity @ p, g yimCnHkd gkri=l -1y
1<t<l,

y- (Vl ® xignyl) — O, y- (V2 ® x—i+—(2n+l—k)dgn—kyl) — O,

for the following formula, 0 <t <,

. =0 p—k>t
u, (1 ® 3 n+t . I-t ’ ) I - ’
p ( 1 g Yy ) c ﬂ({Vz ® x—z—(2n+l—k)dgn+t—pyl—t+p—k}’ 0< p— k<t
_ =0 p+k—m>t
U (vy @ x~—@H=Rd Gni—k i—t > ' >
P ( 2 8 y c 1k{v1 ® ngn—k+t—pyl—t+p+k—m}, 0< p+ k—-m<t.

Then, as a Yetter-Drinfeld submodule of W ® B,
W/ — ﬂ({VI ® xign+tyl—t’ V) ® x—i—(2n+l—k)dgn—k+tyl—t|0 <t< l,n + J — O}

The proof of W’ is similar to Proposition 4.3. O
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Remark 4.6. Let W;,,;x and Wy, v » » be simple Yetter-Drinfeld submodules of W® B in Proposition 4.5.
Then, Wi, x = Wi vre in the case where Ao is fixed, n = n’,l = I',k = k’, and both have either
i=—-i—-2n+l-kdmodw,i?’ =" —-Q2n+l—-kdmodwori # —i— 2n+1[-k)d mod w,
i"£-1"—(2n+1-k)d mod w.

Let V = k{v} be the one-dimensional module of D that appeared in Proposition 3.3. Then, V® C is
a Yetter-Drinfeld module over D with the module and the comodule structures given by the following:

x- (e Xgu) =5 (ve X2, g (vexgu) =y (v e X Mg,
y- (V ® xig"ul) -1® [_yj+n—2(l+l)xi+3d + (yj+n—l—l + f—ly—2(1+l))xi+2d
— &y g g,
!
pve xX'g'u) = > Y P xig" @ (v e x Mg ),
k=0

wherei € w,n,lem,0<p<m-1.
Problem. The action of x,y can easily be obtained from (4.1). After a direct computation, we have
the following:

m—1

- (V@ X'g"uy) =y T Ox W gy v @ uyx' g S (x g, )
q=0

m—1
=+ (—1)? VAg Py 104D Z(_ 1)q§qu<n+j—p—1>—(”*‘”<gi*”
q=0

—i+[p-2n+3(1-m)ld _n—p-1_]
(v® x i+[p=2n+5(1-m)] g’ yuqulup—q)

and
P lim
(=D lf 17 2 +q+l%¢q¢q+1 P2 1PpqPpgr1* Ppri-1X E dgup+l (g+1<m-2)
I y (C3)) _Lim
Ugitp—g = (=1) lé: l'y 2 +Q+l%¢p—q¢p—q+l o pr1 X2 dgup+l (g+l=m-1)

1+m

ety (q+ 12 m)

I(1+1)
(_1)_1'5_[7 2 +Q+l_m$¢q e ¢m—1¢0 e ¢m—2—l¢p—q¢p—q+l e ¢p+l—1x_

Then, the difficulty in handling the action of u, is how to describe u u;u,_,.
5. Braidings of simple Yetter-Drinfeld modules over D
In this section, we provide the braiding of V;,; and W;, ;. By formula (2.1), we easily have the

following propositions.

Proposition 5.1. Let V;,; be simple Yetter-Drinfeld submodules of V ® B in Proposition 4.3, and

i n+t—1_1-(t—1)

V=V ®X y , V: =V ® x—i—(2n+l)dgn+t—1yl—(t—1)’

where 1 <t <[+ 1. Then, the braiding of V;,, is given by the following:

min{s—1,l-(t—1)}
i [—(-1
(v @ vy) = Aoy Trtrem b=l Z ( (k ))
)

k=0
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KD (5= 1)+ (52 ()

()’S_l _ 1)(,),5—2 -1)--- (ys_k - DV ® Virrs

min{s—lz,l:—(t—l)} (l _ (t _ 1))
Y

c(v ® V;) =/li'y(_”‘l+s—1)(n+t—1) '

k=0
,y—k(n+t+l)+(s—1)+(s—2)+---(s—k)

@ =D =D = DY @ v,

_ min{s—1,l—(t—1)} /- (t _ 1)
B Y
Y

k=0
,y—k(n+t+l)+(s—1)+(x—2)+---(s—k)

@ = DOE =D T = Dy ® v,
min{s—1,I-(r-1)}

i ' [—(-1
(v, @ V) =ATby e ( (k ))
k=0 Y

,y—k(n+t+l)+(s—1)+(s—2)+-~-(s—k)

(CARES DICARE ) RSN G DIVANE - RV
where 1 <t,s <1+ 1.

Proposition 5.2. Let W, be simple Yetter-Drinfeld submodules of W ® B in Proposition 4.5, and

n+t—1_1—(t-1) —i—(2n+l-k)d jn—k+t-1

w =y XYW =y, @ x g ymen

where 1 <t <[+ 1. Then, the braiding of W, 1s given by the following:

min{s—1,l-(1—1)}
(W ® wy) =Asy s D=1 ( ( ))
p Y

p=0
,y—p(n+t+l)+(s—1)+(s—2)+-~~(s—p)

@ -DET =D (T = Dy ® Wpar,
min{s—1,[-(t-1)}
(w, ® W) :/l—gy(—n—1+k+s—1)(n+z—1) Z (l — (- 1))
p=0 p Y

,y—p(n+t+l)+(s—1)+(s—2)+-~~(s—p)

P =D 1) (P = Dw_, ® Wy,

min{s—1,I—(t—1)}
—itk=2n=Dd g N . [—(t-1
c(w; ®(-Us) =1 = ,y( n—l+s—1)(n—k+t-1) ( ( ))
p=0 p Y
,y—p(n—k+l+l)+(s—1)+(s—2)+---(s—p)

T =DET =D T = Dy ® Wy,

i min{s—1,l-(t—1)} l _ (l _ 1)
C( ; ® ;) :AT»)/(_”_Hk"'s_l)(n_kﬂ_l) E ( )
Y

p=0 p
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y—p(n—k+t+l)+(s— D+(s=2)+(s—p)

@' -DFT =D - Dl , @ W,
where 1 <t,s <[+ 1.

Remark 5.3. The braiding ¢ in the above two propositions is right triangular by Definition 2.1.
Additionally, by [20, Theorem 5.7], there is a pointed Hopf algebra H with an abelian coradical
having V as a Yetter-Drinfeld module such that the induced braiding is ¢ and G(H) acts diagonally on
V.

6. Conclusions

In this paper, we describe all simple left modules of D. Then, according to Radford’s method, we
construct the Yetter-Drinfeld module over D by the tensor product of a simple module of D and D
itself. Hence, we find some simple left Yetter-Drinfeld modules over D, and the relevant braidings are
of a triangular type.
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