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Abstract: A class of algebras D(m, d, ξ) introduced by [22] were not pointed and generated by the
coradical of D(m, d, ξ). Let D be the quotient of D(m, d, ξ) module the principle ideal (gm − 1). First,
we describe all simple left modules of D. Then, according to Radford’s method, we construct the
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type.
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1. Introduction

Let k be an algebraically closed field of a zero characteristic. Kaplansky first posed conjecture
about the classification of finite dimensional Hopf algebras over k up to an isomorphism. A general
technique is the lifting method [4] proposed by Andruskiewitsch and Schneider, which works well to
classify Hopf algebras with the Chevalley Property. More recently, Andruskiewitsch and Cuadra [1]
proposed a generalized lifting method to classify Hopf algebras without the Chevalley Property.

Let us briefly recall the generalized lifting method. Let H be a Hopf algebra. Assume the antipode
of H is injective; then, the standard filtration {H[n]}n≥0 is a Hopf algebra filtration, where H[0] is the
subalgebra generated by H0. In particular, the associated graded coalgebra grH =

⊕
n≥0 H[n]/H[n−1]

with H[−1] = 0 is a Hopf algebra. In addition, consider a projection π : grH → H[0]. By a theorem
of Radford [16], there exists a unique connected graded braided Hopf algebra R =

⊕
n≥0 R(n) in the

monoidal category H[0]
H[0]
YD such that grH � R]H[0]. If the coradical H0 is a Hopf subalgebra, then the

generalized lifting method coincides with the lifting method. Let A be an arbitrary Hopf algebra. We
say that H is a Hopf algebra over A if H[0] ' A.

The lifting method has been applied to classify some finite-dimensional pointed and copointed Hopf
algebras [2, 3, 5–7], etc.; additionally, it has been used to classify finite dimensional Hopf algebras
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whose coradicals are neither group algebras nor the duals of group algebras, for instance, [23–25]. The
generalized lifting method works well for Hopf algebras without the Chevalley Property. Nevertheless,
there are a few classification results such as those in [8, 9].

A class of Hopf algebras D(m, d, ξ) were first introduced in [22] as affine prime regular Hopf
algebras of GK-dimension one. Moreover, D(m, d, ξ) are not pointed and the coradical of D(m, d, ξ) is
not a Hopf subalgebra; however, the Hopf subalgebra generated by the coradical is the Hopf algebra
D(m, d, ξ) [21].

Let I = (gm − 1), D := D(m, d, ξ)/I. Then, D are finite dimensional Hopf algebras. Our work is
devoted to classifying finite dimensional Hopf algebras over D based on the generalized lifting method.
In general, each step of the method constitutes a difficult problem to solve. This paper seeks to describe
simple Yetter-Drinfeld modules over D.

Yetter-Drinfeld modules over a bialgebra were introduced by Yetter [19] in 1990. For any finite
dimensional Hopf algebra H over a field k, Majid [15] identified the YetterDrinfeld modules with the
modules over the Drinfeld double D(Hcop) by giving the category equivalences
H
HYD ≈Hcop YD

Hcop
≈D(Hcop) M. Many mathematicians have contributed to the construction of

Yetter-Drinfeld modules, such as [12, 18]. We take Radford’s method. First, we obtain simple
modules of D by the category equivalences MD∗ �D M. Then, according to Radford’s method, we
construct the Yetter-Drinfeld module over D by the tensor product of a simple module V of D and D
itself. Moreover, by the structure of D, V ⊗ D = (V ⊗ B) ⊕ (V ⊗ C) as Yetter-Drinfeld modules(see
Section 4). For V ⊗ B, we find the simple left Yetter-Drinfeld modules, see the Propositions 4.3
and 4.5. For V ⊗ C, we have not found simple left Yetter-Drinfeld modules because it is difficult to
describe uqulup−q.

The paper is organized as follows. In Section 2, we recall some basics and notations of Yetter-
Drinfeld modules, the structure of D(m, d, ξ), and multiplicative matrices. In Section 3, we describe all
simple modules of D. In Section 4, we determine simple Yetter-Drinfeld modules over D by Radford’s
method. In Section 5, we conclude that the braidings of simple Yetter-Drinfeld modules mentioned in
Section 4 are of a triangular type.

2. Preliminaries

Conventions. Let n be a positive integer. Throughout the paper, we denote condition 0 ≤ i ≤ n − 1
simply by “i ∈ n”.

If H is a Hopf algebra over k, then ∆, ε, S denote the comultiplication, the counit, and the antipode,
respectively. We use Sweedler’s notation for the comultiplication and coaction (i.e., ∆(h) = h(1) ⊗ h(2)

for h ∈ H). For the references of the Hopf algebra theory, one can consult [10, 13, 18, 19], etc.
If V is a k-vector space, v ∈ V, f ∈ V∗, we use either f (v), 〈 f , v〉, or 〈v, f 〉 to denote the evaluation.

Throughout the paper, λ
1
m denotes an mth root of λ ∈ k∗ for a positive integer m.

2.1. Yetter-Drinfeld modules

Let H be a Hopf algebra with a bijective antipode. A left-left Yetter-Drinfeld module V over H is a
left H-module (V, ·) and a left H-comodule (V, δ) with δ(v) = v(−1)⊗v(0) ∈ H⊗V for all v ∈ V , satisfying
the following:

δ(h · v) = h(1)v(−1)S (h(3)) ⊗ h(2) · v(0), ∀ v ∈ V, h ∈ H.

AIMS Mathematics Volume 9, Issue 8, 21321–21336.
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We denote H
HYD by the category of left-left Yetter-Drinfeld modules over H. It is a braided

monoidal category: for V, W ∈ H
HYD, the braiding cV,W : V ⊗W → W ⊗ V is given by

cV,W(v ⊗ w) = v(−1) · w ⊗ v(0), ∀ v ∈ V, w ∈ W. (2.1)

In particular, (V, cV,V) is a braided vector space, that is, c := cV,V is a linear isomorphism that satisfies
the following braid equation:

(c ⊗ id)(id ⊗ c)(c ⊗ id) = (id ⊗ c)(c ⊗ id)(id ⊗ c).

A braided vector space (V, c) is of a diagonal type if there exist a basis x1, . . . , xθ of V and scalars
qi j ∈ k

× such that
c(xi ⊗ x j) = qi jx j ⊗ xi, 1 ≤ i, j ≤ θ.

In such case, q = (qi j)i, j∈I1,θ is called a braiding matrix of (V, c).

Definition 2.1. [20, Definition 5.1] Let (M, c) be a finite dimensional vector space with a totally
ordered basis X. (M, c) will be called right triangular (with respect to the basis X) if for all x, y, z ∈ X
with z>x, there exist βx,y ∈ k\{0} and ωx,y ∈ M such that

c(x ⊗ y) = βx,yy ⊗ x +
∑
z>x

ωx,y ⊗ z f or all x, y ∈ X.

2.2. The Hopf algebra D(m, d, ξ)

Let m, d be positive integers such that (1+m)d is even and ξ is a primitive 2mth root of unity. Define

ω := md, γ := ξ2.

As an algebra, D(m, d, ξ) is generated by x±1, g, y and u0, u1, · · · , um−1 with the following relations:

xx−1 = x−1x = 1, gx = xg, yx = xy,

yg = γgy, ym = 1 − xω = 1 − gm,

uix = x−1ui, yui = φiui+1 = ξxduiy, uig = γix−2dgui,

uiu j =



(−1)− jξ− jγ
j( j+1)

2 1
m x−

1+m
2 dφiφi+1 · · · φm−2− jyi+ jg

i f i + j ≤ m − 2,
(−1)− jξ− jγ

j( j+1)
2 1

m x−
1+m

2 dyi+ jg
i f i + j = m − 1,
(−1)− jξ− jγ

j( j+1)
2 1

m x−
1+m

2 dφi · · · φm−1φ0 · · · φm−2− jyi+ j−mg
i f i + j ≥ m,

where φi := 1 − γ−i−1xd and i, j ∈ m.
Then, D(m, d, ξ) becomes a Hopf algebra with comultiplication, a counit, and the antipode given by

the following:

∆(x) = x ⊗ x, ∆(g) = g ⊗ g, ∆(y) = y ⊗ g + 1 ⊗ y,
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∆(ui) =

m−1∑
j=0

γ j(i− j)u j ⊗ x− jdg jui− j,

ε(x) = ε(g) = ε(u0) = 1, ε(y) = ε(ul) = 0,
S (x) = x−1, S (g) = g−1, S (y) = −yg−1 = −γ−1g−1y,

S (ui) = (−1)iξ−iγ−
i(i+1)

2 xid+ 3
2 (1−m)dgm−i−1ui,

for i ∈ m and 1 ≤ l ≤ m − 1.
Moreover, D(m, d, ξ) has a linear basis {xig jyl, xig jul|i ∈ ω, j ∈ Z, l ∈ m} ( [21, Lemma 3.3] and [22,

Eq 4.7]). The authors in [11] defined the following elements in D(m, d, ξ)∗:

ζ
λ

1
ω ,λ

1
m

:
{

xig jyl 7→ δl,0λ
i
ωλ

j
m

xig jul 7→ 0
, χ

λ
1
ω ,λ

1
m

:
{

xig jyl 7→ 0
xig jul 7→ δl,0λ

i
ωλ

j
m
,

E1 :
{

xig jyl 7→ δl,1

xig jul 7→
ξ

1−γ−1 δl,1
, E2 :

{
xig jyl 7→ δl,0( i

ω
+

j
m )

xig jul 7→ δl,0( i
ω

+
j

m )
,

for any i ∈ ω, j ∈ Z, l ∈ m and λ
1
ω , λ

1
m ∈ k∗.

Additionally, [11] denoted the following:

E[k]
1 :=

1
k!γ

Ek
1 :

 xig jyl 7→ δl,k

xig jul 7→
1

k!γ
ξk2

(1−γ−1)k δl,k =
ξk

(1−γ−1)(1−γ−2)···(1−γ−k)δl,k
.

2.3. Multiplicative matrices

The notation of the multiplicative matrices over coalgebras was once introduced in [14]. Let us
recall some notations and definitions.

Notation 2.2. Let V and W be vector spaces.

1) For any matrixA := (vi j)m×n over V and matrix B := (wi j)n×l over W, denote the following matrix

A⊗̃B :=

 n∑
k=1

vik ⊗ wkl


m×l

;

2) For any linear map f : V → W and a matrixA := (vi j)m×n over V , denote the following matrix

f (A) := ( f (vi j))m×n.

Then, the multiplicative matrices can be simply defined as follows.

Definition 2.3. Let (H,∆, ε) be a coalgebra over k.

1) A square matrix G over H is said to be multiplicative if ∆(G) = G⊗̃G and ε(G) = I (the identity
matrix over k) both hold;

2) A multiplicative matrix C is said to be basic if its entries are linearly independent.

Clearly, all the entries of a basic multiplicative matrix C span a simple subcoalgebra C of H.
Conversely, when the base field k is algebraically closed, any simple coalgebra C has a basic
multiplicative matrix C whose entries span C.
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2.4. Combinatorial notions

The well-known quantum binomial coefficients for a parameter q ∈ k∗ are defined as(
l
k

)
q

:=
l!q

k!q(l − k)!q

for integers l ≥ k ≥ 0, where l!q := 1q2q · · · lq and lq := 1 + q + · · · + ql−1.

Lemma 2.4. [10, Proposition IV.2.7] Fix an invertible element q of the field k. For any scalar a, we
have the following:

(a − z)(a − qz) · · · (a − qn−1z) =

n∑
l=0

(−1)l

(
n
l

)
q
q

l(l−1)
2 an−lzl.

3. The simple modules of D

Let I = (gm − 1), D := D(m, d, ξ)/I. In this section, we will determine all simple D-modules.
It is clear that D has a linear basis

{xig jyl, xig jul | i ∈ ω, j, l ∈ m}.

Let η be an primitive ωth root of 1. [11, Proposition 5.6] shows that

{ζ i
η,1ζ

j
1,γEl

1, χ
i
η,1χ

j
1,γEl

1 | i ∈ ω, j, l ∈ m}

is a linear basis of the 2ωm2-dimensional space D∗, where ζη,1, ζ1,γ, χη,1, χ1,γ are described in
Section 2.2.

Whence λ
1
ω = η, λ

1
m = γ. Thus λ = 1 in this case. Therefore, in this paper, we let λ = 1.

Because D is finite dimensional, we have MD∗ �D M. In order to determine all simple left D
modules, we first get all simple right D∗ comodules. We know that a right D∗ comodule isomorphic
to a minimal right coideal of D∗, which contains a simple subcoalgebra of D∗. Next, we describe all
simple subcoalgebras of D∗ by providing all basic multiplicative matrices in Section 2.4.

For convience, for each j ∈ m, we denote the following:

ϕ j := 1 − γ jλ
1
m , ϕ′j := 1 − γ j, ϕ′0 :=

1
m
,

θ j :=
ϕ j

ϕ′j
⇒ θ0θ1 · · · θm−1 = 1 − λ,

Λ := λ
(1−m)d/2

ω .

Then, by [11, Lemma 5.4],

∆(ζ
λ

1
ω ,λ

1
m

)

=ζ
λ

1
ω ,λ

1
m
⊗ ζ

λ
1
ω ,λ

1
m

+ (1 − λ)
m−1∑
k=1

ζ
λ

1
ω ,λ

1
m

E[k]
1 ⊗ ζλ 1

ω ,λ
1
m
ζk

1,γE[m−k]
1

AIMS Mathematics Volume 9, Issue 8, 21321–21336.
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+ Λ(1 − λ)(θ−1
0 χ

λ
1
ω ,λ

1
m
⊗ χ

λ
−1
ω ,λ

−1
m

+

m−1∑
k=1

θ−1
m−kχλ 1

ω ,λ
1
m

E[k]
1 ⊗ χλ −1

ω ,λ
−1
m
ξkχk

1,γE[m−k]
1 ),

∆(χ
λ

1
ω ,λ

1
m

)

=ζ
λ

1
ω ,λ

1
m
⊗ χ

λ
1
ω ,λ

1
m
− θ0

m−1∑
k=1

θ1 · · · θk−1ζλ 1
ω ,λ

1
m

E[k]
1 ⊗ χλ 1

ω ,λ
1
m
ξkχk

1,γE[m−k]
1

+ χ
λ

1
ω ,λ

1
m
⊗ ζ

λ
−1
ω ,λ

−1
m

− θ0

m−1∑
k=1

λ
−(m−k)

m θ1 · · · θm−k−1χλ 1
ω ,λ

1
m

E[k]
1 ⊗ ζλ −1

ω ,λ
−1
m
ζk

1,γE[m−k]
1 .

Next, we consider the basic multiplicative matrices over D∗.

Proposition 3.1. Since λ = 1, let λ
1
m = γm−k for some 0 ≤ k ≤ m − 1.

1) When 1 ≤ k ≤ m − 1, there are m multiplicative matrices of size 2: ζ
λ

1
ω ,γm−k+ j Λθ1+ j · · · θk−1ξ

jχ
λ

1
ω ,γm−k+ j E

[m−k]
1

θk+1 · · · θ jξ
m−k+ jχ

λ
−1
ω ,γ j E

[k]
1 ζ

λ
−1
ω ,γ j


and  ζ

λ
1
ω ,γ j′ −Λθk+1+ j′ · · · θm+k−1ξ

k+ j′χ
λ

1
ω ,γ j′E

[m−k]
1

θk+1 · · · θk+ j′ξ
j′χ

λ
−1
ω ,γk+ j′E

[k]
1 ζ

λ
−1
ω ,γk+ j′


for 0 ≤ j ≤ k − 1 and 0 ≤ j′ ≤ m − k − 1.

2) When k = 0, there are m multiplicative matrices of size 2: ζ
λ

1
ω ,γ j ξ jχ

λ
1
ω ,γ j

ξ jχ
λ
−1
ω ,γ j ζ

λ
−1
ω ,γ j


for 0 ≤ j ≤ m − 1.

• If λ
2
ω = 1, then the above 2 × 2 multiplicative matrices are not basic with group-like entries

ζ
λ

1
ω ,γ j ± ξ

jχ
λ

1
ω ,γ j .

3) If k = 0, λ
2
ω , 1 or k , 0, then the above 2 × 2 multiplicative matrices are basic.

Proof. The claim follows [11, Lemmas 5.3 and 5.4] and the definition of the multiplicative matrices.
�

Remark 3.2. [11, Lemma 5.4] showed that (ζ1,γ + χ1,γ)k (k ∈ 2m) were group-like elements. The
case (2) in Proposition 3.1 contains these group-like elements. In fact, the case (3) in Proposition 3.1
contains all basic multiplicative matrices over D∗ by the coalgebra structure of D∗.

Since all the entries of a basic multiplicative matrix span a simple subcoalgebra of D∗, then every
line of basic multiplicative matrices are simple right comodules of D∗. ByMD∗ �D M, we conclude
all simple left D-modules.
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Proposition 3.3. Let λ
1
m = 1, λ

2
ω = 1, 0 ≤ j ≤ m − 1. Then, there are 4m one-dimensional modules

k{v} of D, and the actions of D are as follows:

xignyl · v = δl,0λ
i
ωγ jnv, xignul · v = δl,0ξ

jλ
i
ωγ jnv,

or
xignyl · v = δl,0λ

i
ωγ jnv, xignul · v = −δl,0ξ

jλ
i
ωγ jnv,

where i ∈ ω, n, l ∈ m.

Proof. By Proposition 3.1, ζ
λ

1
ω ,γ j ± ξ

jχ
λ

1
ω ,γ j are group-like elements of D∗. Let v = ζ

λ
1
ω ,γ j ± ξ

jχ
λ

1
ω ,γ j ,

V = k{v}. Then, V is a right D∗-comodule with a structure map ∆. Thus (V, ψ∆) is a left D module
by [19, Proposition 2.1.1]:

xignyl · v =
〈
v, xignyl

〉
v = δl,0λ

i
ωγ jnv,

xignul · v =
〈
v, xignul

〉
v = ±δl,0ξ

jλ
i
ωγ jnv.

Then, we obtain the claim. �

Proposition 3.4. Let 0 ≤ j ≤ m−1, 1 ≤ k ≤ m−1, or k = 0, λ
2
ω , 1. Then, there exist two-dimensional

simple D-modules k{v1, v2}, and the actions of D are as follows:

xignyl · v1 = δl,0λ
i
ωγ jnv1, xignyl · v2 = δl,0λ

−i
ω γ( j+k)nv2,

xignul · v1 = −δl,kΛθk+ j+1 · · · θm+k−1θk+1 · · · θk+ j
ξ2k+2 jλ

−i
ω γ( j+k)n

(1 − γ−1) · · · (1 − γ−k)
v2,

xignul · v2 = −δl,m−k
ξ−kλ

i
ωγ jn

(1 − γ−1) · · · (1 − γ−(m−k))
v1,

where i ∈ ω, n, l ∈ m.

Proof. By Proposition 3.1(3), when k = 0, λ
2
ω , 1 or k , 0, we have 2 × 2 basic multiplicative

matrices. It is easy to know that every row of the basic multiplicative matrix spans the isomorphic
minimal right codeal of D∗; then, it is a simple right D∗-comodule. First, let 1 ≤ k ≤ m− 1, v1 = ζ

λ
1
ω ,γ j ,

and v2 = χ
λ

1
ω ,γ j E

[m−k]
1 , where 0 ≤ j ≤ m − k − 1. Then, V = k{v1, v2} is a right D∗-comodule with the

structure map ∆ :

∆(v1) = v1 ⊗ v1 − Λθk+ j+1 · · · θm+k−1ξ
j+kv2 ⊗ θk+1 · · · θk+ jξ

jχ
λ
−1
ω ,γ j+k E

[k]
1 ,

∆(v2) = v1 ⊗ v2 + v2 ⊗ ζλ −1
ω ,γ j+k .

Thus, we can obtain the action of D on V by [19, Proposition 2.1.1]:

xignyl · v1 =
〈
v1, xignyl

〉
v1 = δl,0λ

i
ωγ jnv1,

xignyl · v2 =

〈
ζ
λ
−1
ω ,γ j+k , x

ignyl
〉

v2 = δl,0λ
−i
ω γ( j+k)nv2,

xignul · v1 = −Λθk+ j+1 · · · θm+k−1θk+1 · · · θk+ jξ
k+2 j

〈
χ
λ
−1
ω ,γ j+k E

[k]
1 , xignul

〉
v2
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21328

= −δl,kΛθk+ j+1 · · · θm+k−1θk+1 · · · θk+ j
ξ2k+2 jλ

−i
ω γ( j+k)n

(1 − γ−1) · · · (1 − γ−k)
v2,

xignul · v2 =
〈
v2, xignul

〉
v1

= −δl,m−k
ξ−kλ

i
ωγ jn

(1 − γ−1) · · · (1 − γ−(m−k))
v1.

Similarly, for the first 2 × 2 basic multiplicative matrix in Proposition 3.1(1), we obtain the module
structure for m − k ≤ j ≤ m − 1 by choosing the appropriate parameters.

When k = 0, λ
2
ω , 1, the module structures are as follows:

xignyl · v1 = δl,0λ
i
ωγ jnv1, xignyl · v2 = δl,0λ

−i
ω γ jnv2,

xignul · v1 = δl,0ξ
2 jλ

−i
ω γ jnv2, xignul · v2 = δl,0λ

i
ωγ jnv1.

Then, we obtain the claim. �

4. Yetter-Drinfeld modules over D

Similarly, according to Radford’s method [17, Proposition 2], any simple left Yetter-Drinfeld
module over D can be constructed by the submodule of the tensor product of a left simple module V
of D and D itself, where the module and comodule structures are given by the following:

h · (v ⊗ g) = (h(2) · v) ⊗ h(1)gS (h(3)),
ρ(v ⊗ g) = h(1) ⊗ (v ⊗ h(2)), ∀ h, g ∈ D, v ∈ V.

(4.1)

Let B = k{xig jyl | i ∈ ω, j, l ∈ m}, and C = k{xig jul | i ∈ ω, j, l ∈ m}. Then, D = B⊕C as coalgebras.
By the Hopf algebra structure of D, we conclude that

B2 + C2 ⊆ B, BC + CB ⊆ C, S (B) ⊆ B, S (C) ⊆ C.

Then, as the Yetter-Drinfeld modules over D, V ⊗ D = (V ⊗ B) ⊕ (V ⊗C).
First, we consider the Yetter-Drinfeld modules V ⊗ B. Take t to be an arbitrary integer, and define t

to be the unique element in {0, 1, . . . ,m − 1} that satisfies t ≡ t(mod m).

Proposition 4.1. Let V = k{v} be the one-dimensional module of D that appeared in Proposition 3.3.
Then, V ⊗ B is a Yetter-Drinfeld module over D with the module and comodule structures given by the
following:

x · (v ⊗ xignyl) = λ
1
ω (v ⊗ xignyl), g · (v ⊗ xignyl) = γ j−l(v ⊗ xignyl),

y · (v ⊗ xignyl) = γ−(l+1)(γ j+n − 1)(v ⊗ xign−1yl+1),

up · (v ⊗ xignyl) =


0, l ≥ m − p,
0, 1 ≤ p ≤ m − 1, 0 ≤ n + j ≤ p − 1,
±(−1)n+ j−p

(
m−1−p
n+ j−p

)
γ−1
ξ j−l−2lp−(n+ j−p)(n+ j+1−p)(v ⊗ x−i+( j−n−l)dgn−pyl+p), otherwise.

ρ(v ⊗ xignyl) =

l∑
k=0

(
l
k

)
γ

xignyk ⊗ (v ⊗ xign+kyl−k),

for 0 ≤ p ≤ m − 1, and some i ∈ ω, n, l ∈ m.

AIMS Mathematics Volume 9, Issue 8, 21321–21336.



21329

Proof. We only verfy the action of up, since others can be easily obtained from (4.1). After a direct
computation, we have that

∆2(up) =

m−1∑
q=0

γq(p−q)(
m−1∑
k=0

γk(q−k)uk ⊗ x−kdgkuq−k) ⊗ x−qdgqup−q,

S (x−qdgqup−q) = (−1)p−qξq−pγ−
(p−q)(p−q+1)

2 γq(q−p)xpd+ 3
2 (1−m)dg−p−1up−q,

uqup−q =

 (−1)q−pξq−pγ
(p−q)(p−q+1)

2 1
m x−

1+m
2 dφqφq+1 · · · φm−2−(p−q)ypg, (p ≤ m − 2),

(−1)q−pξq−pγ
(p−q)(p−q+1)

2 1
m x−

1+m
2 dypg (p = m − 1).

Then, by (4.1), we know that

up · (v ⊗ xignyl) =

m−1∑
q=0

γq(p−q)x−qdgqu0 · v ⊗ uqxignylS (x−qdgqup−q)

= ± ξ j
m−1∑
q=0

(−1)p−qξq−p−lγl(−p−1)+q(n+ j−p−1)γ−
(p−q)(p−q+1)

2

(v ⊗ x−[i+(2n+l−p− 1
2 + m

2 )d]gn−p−1yluqup−q)

=

{
± 1

mξ
j−l−2lpv ⊗ (

∑m−1
q=0 γ

q(n+ j−p)φqφq+1 · · · φm−2−(p−q))x−[i+(2n+l−p)d]gn−pyl+p, (p ≤ m − 2)
± 1

mξ
j−l−2lpv ⊗ (

∑m−1
q=0 γ

q(n+ j−p))x−[i+(2n+l−p)d]gn−pyl+p. (p = m − 1)

By Lemma 2.4, we have that

m−1∑
q=0

γq(n+ j−p)φqφq+1 · · · φm−2−(p−q)

=

m−1∑
q=0

γq(n+ j−p)
m−1−p∑

l=0

(−1)l

(
m − 1 − p

l

)
γ−1

γ−
l(l+1)

2 γ−lqxld

=

m−1−p∑
l=0

(−1)l

(
m − 1 − p

l

)
γ−1

γ−
l(l+1)

2 xld
m−1∑
q=0

γq(n+ j−p−l)

=

 0, 1 ≤ p ≤ m − 1, 0 ≤ n + j ≤ p − 1,

m(−1)n+ j−p
(

m−1−p
n+ j−p

)
γ−1
γ−

(n+ j−p)(n+ j−p+1)
2 x(n+ j−p)d, otherwise.

Where the last equation holds because
∑m−1

j=0 γ
k j = 0 for 1 ≤ k ≤ m − 1. Therefore, we obtain the

action of up. �

Using the same method, we have the following proposition.

Proposition 4.2. Let W = k{v1, v2} be the two-dimensional simple module of D that appeared in
Proposition 3.4. Then, W ⊗ B is a Yetter-Drinfeld module over D with the module and the comodule
structures given by the following:

x · (v1 ⊗ xignyl) = λ
1
ω (v1 ⊗ xignyl), g · (v1 ⊗ xignyl) = γ j−l(v1 ⊗ xignyl),
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y · (v1 ⊗ xignyl) = γ−(l+1)(γ j+n − 1)(v1 ⊗ xign−1yl+1),

x · (v2 ⊗ xignyl) = λ−
1
ω (v2 ⊗ xignyl), g · (v2 ⊗ xignyl) = γ j+k−l(v2 ⊗ xignyl),

y · (v2 ⊗ xignyl) = γ−(l+1)(γ j+n+k − 1)(v2 ⊗ xign−1yl+1),

up · (v1 ⊗ xignyl) =



0, l ≥ m − p − k,
0, 1 ≤ p − k ≤ m − 1, 0 ≤ n + j ≤ p − k − 1,
−(−1)n+ j−p−kΛθk+ j+1 · · · θm+k−1θk+1 · · · θk+ j(

m−1−p−k
n+ j−p−k

)
γ−1

ξ2 j+2k−l−2lp−(n+ j−p−k)(n+ j−p−k+1)

(1−γ−1)···(1−γ−k)

(v2 ⊗ x−i+( j−n−l+k)dgn−pyl+p−k), otherwise.

up · (v2 ⊗ xignyl) =


0, l ≥ m − p + k − m,
0, 1 ≤ p + k − m ≤ m − 1, n + j ≥ m − k, n + j ≤ p − 1,

−(−1)n+ j−p
(

m−1−p+k−m
n+ j−p

)
γ−1

ξ−k−l−2lp−(n+ j−p)(n+ j+1−p)

(1−γ−1)···(1−γ−(m−k))

(v1 ⊗ x−i+( j−n−l)dgn−pyl+p+k−m), otherwise.

ρ(v ⊗ xignyl) =

l∑
q=0

(
l
q

)
γ

xignyq ⊗ (v ⊗ xign+qyl−q), v ∈ {v1, v2}.

for 0 ≤ p ≤ m − 1, and some i ∈ ω, n, l ∈ m.

Proposition 4.3. The simple Yetter-Drinfeld submodule Vi,n,l of V ⊗ B in Proposition 4.1 is

k{v ⊗ xign+tyl−t, v ⊗ x−i−(2n+l)dgn+tyl−t|0 ≤ t ≤ l, n + j = 0},

for some i ∈ ω, n, l, j ∈ m.

Proof. For a fix j in Proposition 4.1, we can always find n ∈ m such that n + j = 0. Let V ′ be a
Yetter-Drinfeld submodule of V ⊗ B, and v ⊗ xignyl ∈ V ′for some i ∈ ω, l ∈ m and n + j = 0. Since

u0 · (v ⊗ xignyl) ∈ k{v ⊗ x−i−(2n+l)dgnyl},

then v⊗ x−i−(2n+l)dgnyl ∈ V ′. For the comodule structure of v⊗ xignyl and v⊗ x−i−(2n+l)dgnyl, we conclude
that

v ⊗ xign+tyl−t ∈ V ′, v ⊗ x−i−(2n+l)dgn+tyl−t ∈ V ′, 0 ≤ t ≤ l.

By Proposition 4.1, the action of x, g on v ⊗ xign+tyl−t and v ⊗ x−i−(2n+l)dgn+tyl−t are closed and

y · (v ⊗ xign+tyl−t) ∈ k{v ⊗ xign+t−1yl−(t−1)}, 1 ≤ t ≤ l,

y · (v ⊗ x−i−(2n+l)dgn+tyl−t) ∈ k{v ⊗ x−i−(2n+l)dgn+t−1yl−(t−1)}, 1 ≤ t ≤ l,

y · (v ⊗ xignyl) = 0, y · (v ⊗ x−i−(2n+l)dgnyl) = 0,
f or the f ollowing f ormula, 0 ≤ t ≤ l,

up · (v ⊗ xign+tyl−t)
{

= 0, t<p ≤ m − 1,
∈ k{v ⊗ x−i−(2n+l)dgn+t−pyl−(t−p)}, 0 ≤ p ≤ t.

up · (v ⊗ x−i−(2n+l)dgn+tyl−t)
{

= 0, t<p ≤ m − 1,
∈ k{v ⊗ xign+t−pyl−(t−p)}, 0 ≤ p ≤ t.
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Then, V ′ = k{v ⊗ xign+tyl−t, v ⊗ x−i−(2n+l)dgn+tyl−t|0 ≤ t ≤ l, n + j = 0}. Next, we prove that V ′ is
simple.

We know that the simple subcomodules of V ′ are k{v ⊗ xign+l} and k{v ⊗ x−i−(2n+l)dgn+l}. Let M be
a simple Yetter-Drinfeld submodule of V ′. By [17, Proposition 2], there exists a simple subcomodule
N ⊆ M such that M = D · N. However, N is also a simple subcomodule of V ′; then, either N =

k{v ⊗ xign+l} or N = k{v ⊗ x−i−(2n+l)dgn+l}. It follows that M = V ′. Hence, V ′ is simple.
�

Remark 4.4. Let Vi,n,l and Vi′,n′,l′ be simple Yetter-Drinfeld submodules of V ⊗ B in Proposition 4.3.
Then, Vi,n,l ' Vi′,n′,l′ in case of λ

1
ω is fixed, and both n = n′, l = l′, and both have either i ≡ −i − (2n +

l)d mod ω, i′ ≡ −i′ − (2n + l)d mod ω or i . −i − (2n + l)d mod ω, i′ . −i′ − (2n + l)d mod ω.

Proposition 4.5. The simple Yetter-Drinfeld submodule Wi,n,l,k of W ⊗ B in Proposition 4.2 is

k{v1 ⊗ xign+tyl−t, v2 ⊗ x−i−(2n+l−k)dgn−k+tyl−t|0 ≤ t ≤ l, n + j = 0},

for some i ∈ ω, n, l, j, k ∈ m.

Proof. For a fixed j in Proposition 4.2, we can always find n ∈ m such that n + j = 0. Let W ′ be a
Yetter-Drinfeld submodule of W ⊗ B, and v1 ⊗ xignyl ∈ W ′ for some i ∈ ω, l ∈ m and n + j = 0. For
0 ≤ k ≤ m − 1,

uk · (v1 ⊗ xignyl) ∈ k{v2 ⊗ x−i−(2n+l−k)dgn−kyl},

then v2 ⊗ x−i−(2n+l−k)dgn−kyl ∈ W ′. By the comodule structure of v1 ⊗ xignyl and v2 ⊗ x−i−(2n+l−k)dgn−kyl,
we conclude that

v1 ⊗ xign+tyl−t ∈ W ′, v2 ⊗ x−i−(2n+l−k)dgn+t−kyl−t ∈ W ′, 0 ≤ t ≤ l.

By Proposition 4.2, the action of x, g on

v1 ⊗ xign+tyl−t and v2 ⊗ x−i−(2n+l−k)dgn+t−kyl−t

are closed, and

y · (v1 ⊗ xign+tyl−t) ∈ k{v1 ⊗ xign+t−1yl−(t−1)}, 1 ≤ t ≤ l,

y · (v2 ⊗ x−i−(2n+l−k)dgn−k+tyl−t) ∈ k{v2 ⊗ x−i−(2n+l−k)dgn−k+t−1yl−(t−1)},

1 ≤ t ≤ l,

y · (v1 ⊗ xignyl) = 0, y · (v2 ⊗ x−i+−(2n+l−k)dgn−kyl) = 0,
f or the f ollowing f ormula, 0 ≤ t ≤ l,

up · (v1 ⊗ xign+tyl−t)
 = 0, p − k>t,
∈ k{v2 ⊗ x−i−(2n+l−k)dgn+t−pyl−t+p−k}, 0 ≤ p − k ≤ t.

up · (v2 ⊗ x−i−(2n+l−k)dgn+t−kyl−t)
 = 0, p + k − m>t,
∈ k{v1 ⊗ xign−k+t−pyl−t+p+k−m}, 0 ≤ p + k − m ≤ t.

Then, as a Yetter-Drinfeld submodule of W ⊗ B,

W ′ = k{v1 ⊗ xign+tyl−t, v2 ⊗ x−i−(2n+l−k)dgn−k+tyl−t|0 ≤ t ≤ l, n + j = 0}.

The proof of W ′ is similar to Proposition 4.3. �
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Remark 4.6. Let Wi,n,l,k and Wi′,n′,l′,k′ be simple Yetter-Drinfeld submodules of W⊗B in Proposition 4.5.
Then, Wi,n,l,k ' Wi′,n′,l′,k′ in the case where λ

1
ω is fixed, n = n′, l = l′, k = k′, and both have either

i ≡ −i − (2n + l − k)d mod ω, i′ ≡ −i′ − (2n + l − k)d mod ω or i . −i − (2n + l − k)d mod ω,
i′ . −i′ − (2n + l − k)d mod ω.

Let V = k{v} be the one-dimensional module of D that appeared in Proposition 3.3. Then, V ⊗C is
a Yetter-Drinfeld module over D with the module and the comodule structures given by the following:

x · (v ⊗ xignul) =λ
1
ω (v ⊗ xi+2gnul), g · (v ⊗ xignul) = γ j−l(v ⊗ xi+2dgnul),

y · (v ⊗ xignul) =v ⊗ [−γ j+n−2(l+1)xi+3d + (γ j+n−l−1 + ξ−1γ−2(l+1))xi+2d

− ξ−1γ−l−1xi+d]gn−1ul+1,

ρ(v ⊗ xignul) =

l∑
k=0

γk(l−k)xignuk ⊗ (v ⊗ xi−kdgn+kul−k),

where i ∈ ω, n, l ∈ m, 0 ≤ p ≤ m − 1.
Problem. The action of x, y can easily be obtained from (4.1). After a direct computation, we have

the following:

up · (v ⊗ xignul) =

m−1∑
q=0

γq(p−q)x−qdgqu0 · v ⊗ uqxignulS (x−qdgqup−q)

= ± (−1)p
√

Λξ j−pγ−l(p+1)
m−1∑
q=0

(−1)qξqγq(n+ j−p−1)− (p−q)(p−q+1)
2

(v ⊗ x−i+[p−2n+ 3
2 (1−m)]dgn−p−1yluqulup−q)

and

uqulup−q =


(−1)−lξ−lγ

l(l+1)
2 +q+l 1

mφqφq+1 · · · φm−2−lφp−qφp−q+1 · · · φp+l−1x−
1+m

2 dgup+l (q + l ≤ m − 2)
(−1)−lξ−lγ

l(l+1)
2 +q+l 1

mφp−qφp−q+1 · · · φp+l−1x−
1+m

2 dgup+l (q + l = m − 1)
(−1)−lξ−lγ

l(l+1)
2 +q+l−m 1

mφq · · · φm−1φ0 · · · φm−2−lφp−qφp−q+1 · · · φp+l−1x−
1+m

2 dgup+l−m (q + l ≥ m)

Then, the difficulty in handling the action of up is how to describe uqulup−q.

5. Braidings of simple Yetter-Drinfeld modules over D

In this section, we provide the braiding of Vi,n,l and Wi,n,l,k. By formula (2.1), we easily have the
following propositions.

Proposition 5.1. Let Vi,n,l be simple Yetter-Drinfeld submodules of V ⊗ B in Proposition 4.3, and

vt = v ⊗ xign+t−1yl−(t−1), v′t = v ⊗ x−i−(2n+l)dgn+t−1yl−(t−1),

where 1 ≤ t ≤ l + 1. Then, the braiding of Vi,n,l is given by the following:

c(vt ⊗ vs) =λ
i
ωγ(−n−l+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
k=0

(
l − (t − 1)

k

)
γ
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γ−k(n+t+l)+(s−1)+(s−2)+···(s−k)

(γs−1 − 1)(γs−2 − 1) · · · (γs−k − 1)vs−k ⊗ vk+t,

c(vt ⊗ v′s) =λ
i
ωγ(−n−l+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
k=0

(
l − (t − 1)

k

)
γ

γ−k(n+t+l)+(s−1)+(s−2)+···(s−k)

(γs−1 − 1)(γs−2 − 1) · · · (γs−k − 1)v′s−k ⊗ vk+t,

c(v′t ⊗ vs) =λ−
i
ωγ(−n−l+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
k=0

(
l − (t − 1)

k

)
γ

γ−k(n+t+l)+(s−1)+(s−2)+···(s−k)

(γs−1 − 1)(γs−2 − 1) · · · (γs−k − 1)vs−k ⊗ v′k+t,

c(v′t ⊗ v′s) =λ−
i
ωγ(−n−l+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
k=0

(
l − (t − 1)

k

)
γ

γ−k(n+t+l)+(s−1)+(s−2)+···(s−k)

(γs−1 − 1)(γs−2 − 1) · · · (γs−k − 1)v′s−k ⊗ v′k+t,

where 1 ≤ t, s ≤ l + 1.

Proposition 5.2. Let Wi,n,l,k be simple Yetter-Drinfeld submodules of W ⊗ B in Proposition 4.5, and

ωt = v1 ⊗ xign+t−1yl−(t−1), ω′t = v2 ⊗ x−i−(2n+l−k)dgn−k+t−1yl−(t−1),

where 1 ≤ t ≤ l + 1. Then, the braiding of Wi,n,l,k is given by the following:

c(ωt ⊗ ωs) =λ
i
ωγ(−n−l+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
p=0

(
l − (t − 1)

p

)
γ

γ−p(n+t+l)+(s−1)+(s−2)+···(s−p)

(γs−1 − 1)(γs−2 − 1) · · · (γs−p − 1)ωs−p ⊗ ωp+t,

c(ωt ⊗ ω
′
s) =λ−

i
ωγ(−n−l+k+s−1)(n+t−1)

min{s−1,l−(t−1)}∑
p=0

(
l − (t − 1)

p

)
γ

γ−p(n+t+l)+(s−1)+(s−2)+···(s−p)

(γs−1 − 1)(γs−2 − 1) · · · (γs−p − 1)ω′s−p ⊗ ωp+t,

c(ω′t ⊗ ωs) =λ
−i+(k−2n−l)d

ω γ(−n−l+s−1)(n−k+t−1)
min{s−1,l−(t−1)}∑

p=0

(
l − (t − 1)

p

)
γ

γ−p(n−k+t+l)+(s−1)+(s−2)+···(s−p)

(γs−1 − 1)(γs−2 − 1) · · · (γs−p − 1)ωs−p ⊗ ω
′
p+t,

c(ω′t ⊗ ω
′
s) =λ

i−(k−2n−l)d
ω γ(−n−l+k+s−1)(n−k+t−1)

min{s−1,l−(t−1)}∑
p=0

(
l − (t − 1)

p

)
γ
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γ−p(n−k+t+l)+(s−1)+(s−2)+···(s−p)

(γs−1 − 1)(γs−2 − 1) · · · (γs−p − 1)ω′s−p ⊗ ω
′
p+t,

where 1 ≤ t, s ≤ l + 1.

Remark 5.3. The braiding c in the above two propositions is right triangular by Definition 2.1.
Additionally, by [20, Theorem 5.7], there is a pointed Hopf algebra H with an abelian coradical
having V as a Yetter-Drinfeld module such that the induced braiding is c and G(H) acts diagonally on
V .

6. Conclusions

In this paper, we describe all simple left modules of D. Then, according to Radford’s method, we
construct the Yetter-Drinfeld module over D by the tensor product of a simple module of D and D
itself. Hence, we find some simple left Yetter-Drinfeld modules over D, and the relevant braidings are
of a triangular type.
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