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1. Introduction
Let K (D) denote the family of functions that are analytic in the open unit disk
D:={w:weC and |w| < 1}.

Note that C and N denote the set of complex numbers and the set of positive integers, respectively. For
a € C and n € N, define the class of functions as follows:

Kla,n] :={f: feK®D) and f(w)=a+aw"+---}.
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Suppose the class A of functions f € K (D), which are analytic in D and normalized by
f(w):w+Zakwk, we D). (1.1)
k=2

Given two functions f, g € K (D). If the functions f is subordinate to g, or g is superordinate to f,
written by f(w) < g(w), then there exists a function u € D with u(0) = 0 and [u(w)| < 1 such that
f(w) = g(u(w)). Furthermore, if the function g is univalent in 9, then

Jw) <gw) & f(0) = g(0)
and f(D) C g(D) (see, for details [1,2]).
For the functions f, g € A, the Hadamard product (or convolution) is defined by

(f * QW) = w+ > abow’ =: (g x Hw), (we D).
k=2

Mittag-Leffler [3, 4] introduced and studied the functions

o wk o wk
Ef(W) = kzz(; m and Eérﬁ(W) = kzz(; m, (w, f,ﬁ e C; 9"\({:) > 0)

The Mittag-Lefller function of the two-parameter version contains several elementary functions as
well as their special cases, like the hyperbolic, trigonometric, and exponential functions. Many authors
studied the generalized Mittag-Lefller function, Attiya [5] some applications in the unit disk, Frasin
et al. [6] some properties of a linear operator, Srivastava et al. [7] fractional integral operators involving
a certain generalized multi-index Mittag-Lefller function and its properties studied by Agarwal [8] and
Wiman [9] and the references therein.

Moreover, Prabhakar [10] introduced the function E;ﬁ(w) in the form

EL,w) = Zr(g} Z)k, (.6.8.7 €C: R(©) > 0),

where (1), is the Pochhammer symbol

(/l)n =

TA+n) 1, n=0;
D) A+ 1)...A+n-1).

For y = 1, it becomes the Mittag-Leftler function. In order to study, we define the function 8§,B(w) by

T+ e
£1400 = =P (B0~ )
o Ty + OI(E + p) wh
i ; KT(y + DIk 1)’
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where w, &, 8,y € C and R(£) > 0. Throughout this paper, unless otherwise specified, we only take the
case when the values of parameters &, 3, and y are real-valued and for w € D.

Moreover, a random variable y defines a Pascal distribution if it takes the non-negative integer values
k=0,1,2,... accordingly with the formula

k+s-—1

P(y=k) = ( | )rk(l -1, (keNo=NU{0}),
s —
where 0 < r < 1 and the integers s > 0 are parameters. We denote $;(w) the power series in which

coeflicients are Pascal distribution probabilities

k
PS(w) —w+Z( :1 )k_l(l—r)swk, (keNy, s>1,0<r<1).

The power series P (w) whose radius of convergence is at least % > 1 by the ratio test; therefore, the
series P (w) € A.
We define the Mittag-Lefller-type Pascal distribution series by the Hadamard product

oy o S (k+s=2\ T(y+bLE+B ok
Maﬁ(w)‘WJ“kz:;( s—1 )kzr(y+1)r(§k+ﬁ)rk (L=rw

Now, we introduce a new operator M;; defined, for f(w) € A by

M) = MEYw) * f(w)

- Oy (k+s—=2\ T(y+KkIE+p)
.—W+Z( s—1 )k!r(y+1)F(§k+ﬁ’)

P = ) an,

where £,8,y € C; R(€) >0, BeC\Z;; s>1;0<r< 1.

This investigation was motivated by several recent works [11-13] that exploited different
categories of probability distributions of the class of analytic functions like convex functions and
starlike functions, which are defined and normalized in D.

The main objective of the present article is to investigate several fruitful results of fuzzy differential
subordinations and fuzzy differential superordinations and their applications in geometric function
theory and that results are closely associated with the Mittag-Leffler-type Pascal distribution series.

In 1965, Zadeh [14] introduced the notation of fuzzy set theory. Now it has grown exponentially
and has applications in many areas, such as scientific and technological fields [15]. There has been
extensive research done on fractional calculus of fuzzy functions with fuzzy data, both theoretically
and experimentally. Oros and Oros [16] brought to light different usages of this idea in geometric
function theory with the notion of fuzzy differential subordination in 2012 [17,18]. In 2017, Atshan
and Hussain [19] introduced the concept of fuzzy differential superordination. In this direction, many
researchers have studied different properties of analytic functions using the concepts of fuzzy
differential subordinations and superordinations: Wanas operator [20,21], Salagean and Ruscheweyh
operators [22-24], generalized Noor-Salagean operator [25]. For more details on this subject, we refer
the reader to see fuzzy differential subordinations obtained for strong Janowski functions [26],
spiral-like functions [27], A-pseudo starlike and A-pseudo convex functions [28].
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Since Srivastavas general context was introduced in 1989 [29], many applications of quantum
calculus in geometric function theory have emerged in recent years. Some aspects of the application
of quantum calculus to geometric functions theory are highlighted in geometric function theory and
quantum calculus in [30], while other developments are highlighted in the work of Srivastava [31]
in 2020, as well as a large number of g-operators derived by including known differential and integral
operators. For example, g-analog operators involving analytic functions are studied regarding fuzzy
theory:  g-hypergeometric function and fractional calculus [32], g-analogue of multiplier
transformation [33], g-difference operator [34]. Fuzzy differential subordinations were obtained using
fractional integrals applied to the Mittag-Leffler function [35], the fractional derivative [36], the
fractional integral of confluent hypergeometric function [37, 38], the Riemann-Liouville fractional
integral of the Ruscheweyh and Salagean operators [39], the Atangana-Baleanu fractional
integral [40], and the fractional integral of the Gaussian hypergeometric function [41].

This paper is divided into sections as follows: In Section 2, we reminded ourselves some useful
definitions and preliminaries that provide the foundation of our paper. New fuzzy differential
subordinations are proved, and the fuzzy best dominants are resolved in Section 3. Dual results
regarding fuzzy differential superordinations are established, and the fuzzy best subordinates are
given in Section 4. In Section 5, we present the sandwich-type results based on our work. Lastly, in
Section 6, we completed our study after giving the conclusion of the work.

2. Definitions and preliminaries

To prove our results, we shall need the following definitions and lemmas:

Definition 2.1. ([42]) Suppose X is a non-empty set. A pair (J, F4), where
Fq:X—1[0,1]

and
J=0eX:0<Fq0@) <1} =supp(J,Fq)

be known as a fuzzy subset of X. The membership function of the fuzzy set (7, F 4) is named after the
set function F .

We introduce and apply the concept of membership functions of moduli of complex-valued
functions on the set C given by
z=u+1iv, (u,veR)

and

lzZl = Vu?2 +v2 >0, (z€C).

Definition 2.2. ([24]) Assume that E: C — R, is a function such that
Ec(C) = [EW)|, (weD).
The fuzzy subset of the set C of complex numbers is denoted by
Ec(© ={w:weCand0 < |[E(w)| < 1} = supp(C, E¢).
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We call the following subset:
Fe(©)={w:weCand0 < |[E(w)| < 1} = Dp(0, 1)

the fuzzy unit disk. Note that (C, F¢) is the same as its fuzzy unit disk, Dr(0, 1).
Definition 2.3. ([16]) Each of the following statements holds true.
() f (T, Fq) =(V,Fy), then J =V, where

g =supp(J,Fq)and V = supp(V, Foy).

2) If (J,Fq) € (V,Fy), then J €V, where

g =supp(J,Fq)and V = supp(V, Fy).

Remark 2.4. [24] Set Il c C, and f and g are analytic functions in K(IT). We are usually signified
by
SAD = supp(faD), Fra) = {f(w) : 0 <|Fpay(f W)l < 1, w € I} 2.1

and
gD = supp(g(Il), Fgar) = {gw) : 0 < |Foa(gw))| < 1,w € I1}. (2.2)

Then, for w € I1, we have the following properties:
(1) For any 0 € C, F(5f)(n)(5f)(W) = Ff(H)f(W).
(i) Firagan(f + g)(w) = H 0 Lawets)
(lll) If0 < |Ff(n)f(W)| <landO < |Fg(n)g(W)| <1,then0 < IF(f+g)(H)(f + g)(W)| <1.

Definition 2.5. ([16]) Assume that w, € I1 is a constant value, and f, g € K(IT). We claim that f is a
fuzzy subordinate to g, written as f <g g or f(w) <g g(w), if the following requirements are satisfied:

(1) f(wo) = gwo);
(i) fdI) € gD and |Fyay(f(W)I < [Feam(gw))l,  (w € 1D,
where (i) and (i) are given in (2.1) and (2.2), respectively.

Definition 2.6. ([17]) Let y: C* x © — C and & be univalent in D. If p is analytic in O and the
(second-order) fuzzy differential subordination is satisfied

IF\(c3xo) (X (P(W), wp' (W), w2 p” (W) w))| < [Fucoy(R(w)),
that is,
X(p(w), wp’ (W), w*p” (w); w) <p h(w), (w € D), (2.3)

then p(w) is named a fuzzy solution of the fuzzy differential subordination. The univalent function g(w)
is named a fuzzy dominant of the fuzzy solutions of the fuzzy differential subordination, or simply a
fuzzy dominant, if

|F 0y (POW)| < |F gy (g(W)),
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re., p(w) <g q(w), (w € D) for all functions p that satisfy (2.3). A fuzzy dominant § satisfying the
following condition:

|F300(q(2))] < |F gy (gw)),

re., gw) <g gw), (w € D) for all fuzzy dominants g of (2.3), is called the fuzzy best dominant
of (2.3).

Definition 2.7. ([19]) Let y: C*>x D — C and & be analytic in D. If p and y(p(w), wp'(w), w?*p”' (w); w)
are univalent in O and satisfy the (second-order) fuzzy differential superordination

| Fiy (B < |F ey (pw), wp' (W), w? p' (w); w)l,

that is,

h(w) <i x(pw), wp'(w), w’p" (w);w)  (w € D), (2.4)

then p(w) is named a fuzzy solution of the fuzzy differential superordination. An analytic function
q(w) is named a fuzzy subordinant of the fuzzy solutions of the fuzzy differential superordination, or
simply a fuzzy subordinant, if

|F 40y (g < |F pipy(p(W)),

ie., gw) <g p(w), (w € D) for all functions p that satisfy (2.4). A univalent fuzzy subordination g
that satisfy

|F 40y (gqW))| < |Fan(Gw))l,

ie., gw) <g gw), (w € D) for all fuzzy subordinate g of (2.4) is called the fuzzy best subordinate
of (2.4).

__ Denote by Q the set of all functions g(w) that are analytic and injective as a function of w on
D\ E(g(w)), where

E(gw)) = {{ €0D: ling qgw) = oo}

and are such that ¢’({) # 0 for € 0D \ E(q). The subclass of Q for which ¢(0) = a is denoted by Q(a).
We need the following lemmas to prove the main results:

Lemma 2.8. (/2]) Let ¢ € A and assume that
1 1%
ow) = — f Y(nydr, (we D).
w Jo

I‘f "
‘R(l ‘ %f:;)) . —%, (w € D),

then o is a convex function.

Lemma 2.9. ([18]) Let g € D be a convex function, and the function
h(w) = gw) + nawg’(w), (we D); a >0,
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and let n be a positive integer. If the function

pw) = g(0) + puw" + puaw"*! + -
is holomorphic in D, and the fuzzy differential subordination

|y (p(W) + awp’ (W))| < [Frpyh(w)l,
then

|F p0)(pW)| < |FoygW)l, i.e.,p(w) <p gw), (weD).

The result is sharp.

Lemma 2.10. ([18]) Let h be a univalent convex function in D with h(0) = a and B € C, with R(B) > 0.
If p(w) € Kla, n] with p(0) = a and y: C>* x D — C,

1
x(pw), wp'(w); w) = p(w) + Bwp’(W)

is univalent in D, and the fuzzy differential subordination

1
F\cxp)lpw) + BWP’(W)]

1
< |Fippy(h(w))l = p(w) + BWP/(W) <r h(w), (weD),
then

[F poypW)| < |Fy0yqW)| < [Fppyh(w)l = p(w) <p g(w), (w € D),

where

aw) = -2 f s
0

nwn

is convex, and the fuzzy best dominant.

Lemma 2.11. ([19]) Let h be a univalent convex function in D with h(0) = a and B € C, with R(B) > 0.
If p(w) € QN Kla,n] and y: C* x D — C,

’ 1 ’
X(pw), wp'(w);w) = p(w) + 5P (w)
is univalent in D, and satisfy the fuzzy differential superordination

|Fiy(h(w))| <

1 1
Fycoxp)lpw) + BWP'(W)] = h(w) <p p(w) + EWP'(W), (weD),

then
[Fnoyh(W)| < |F yygW)l < |[Fpipyp(W)l = g(w) <p p(w), (w € D),
where .
qw) = £ f h(tye ' dr
nwn 0

is convex and the fuzzy best subordinant.

In this paper, we have used the generalized Mittag-Lefller functions with the general Pascal-type
probability distribution, which is symmetric in 9. We derive several fuzzy differential subordinations
and fuzzy differential superordinations from the results of analytic functions involving the operator
M;; Afterward, some sandwich-type results are also presented.

AIMS Mathematics Volume 9, Issue 8, 21053-21078.
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3. Fuzzy differential subordination

In this section, we first defined the new class of normalized analytic functions in the open unit disk
by the operator M. 7.

Definition 3.1. The function f(w) € A, given by (1.1), is said to be in the class Mﬂiﬁ’y(p) with
0<p<lif ‘
‘F( M3 @ (M2 Fw) ‘ >p, (weD). (3.1)

We establish the convexity of the class Mng’y(p).

Theorem 3.2. The class /\/(ng’y(p) is a convex set.

Proof. Suppose that
i o € MB.3 (p)
and
Jw) = D1 fi(w) + by fo(w),
where by, b, are positive numbers with
by +b,=1.

We have to prove that f € MB;E’V(;)), (w € D). Now

J'w) = b1 fiw) + b f;(w)

and
(ME3F00) = by (M 1100 + b2 (M0
Since
Ji, 2 € Mng’y(p),
we have
P < 1Emzny o (M;;f I(W)) <1
and

s,y ’
p= ‘F(MEZZJ‘Z)'@) (M«fﬂfZ(W)) ‘ <1,

which implies

F(M;;f 1) (@) (M;g,f I (W)) + F(MZ; £) @) (M;Z;f Z(W))

p=({b+by)p< > <1 (3.2)
Again, by applying fuzzy theory, we get
F (Mf) D (M;%f (W)) =F (M1 fivbafo)) (D) (M;%(b i + beZ)(W)) (3.3)

= Fingmn bt 0 (b1 (M i) + b2 (M W) )

AIMS Mathematics Volume 9, Issue 8, 21053-21078.
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_F(blM”f)(D)( ( ﬁfl(w))) (bM“/f)(Z))( ( ﬁfZ(W)))

2
F(Mngl),(l)) (Mg’z/”fl (W)) + F(M;’;fz),(ﬂ) (M;’;‘fz(w))
2 .

From Definition 3.1, along with Eqgs (3.2) and (3.3), we obtain the required result.

O

We next investigate the fuzzy differential subordination results involving the convex functions and

the operator M.}

Theorem 3.3. Suppose that h € K(D) is a convex function with h(0) = 1 such that

wh'' (w)
h(w)

‘R(l+ )>—%, (w e D).

If f € A satisfies the fuzzy differential subordination
Flagpio MERF0)| < [Froho] = (M09 <5 ). v e D),

then

ML f(w)

M)

Mepf W)
< |Fg(g))g(W)| - T <r gw), (weD),

where

1 w
gw) = — f h(t)dt
w Jo
is a convex function, and the fuzzy is the best dominant.

Proof. Let the function

pw) =

f(W) k+s—-2\ T(y+kI[(E+p)
kz( s—1 )k!r(y+1)r(§k+ﬁ)

It is clear that p(w) € K[1, 1]. We observe that
pw) +wp'(w) = (MZIfW)) . (we D).
Further, suppose h € K (D) with h(0) = 1 such that

wh' (w) 1
h’(w) ) > —E, (W € D)

R (1 +
In view of the Lemma 2.8, we obtain

gw) = l fw h(tdt, (we D).
w Jo

AN - Pfa

(3.4)

(3.5)

(3.6)

(3.7)

AIMS Mathematics Volume 9, Issue 8, 21053-21078.
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Hence, g(w) is the convex univalent function in O, and we can easily compute that
gw) +wg'(w) = h(w).
The fuzzy differential subordination (3.5) can be written as
|Fpor(pw) + wp' W)] < [Fomrgw) + wg' )|, (w € D).
By using Lemma 2.9, we have

Meron
Fayro

b

|F p(D)p(W)| < |F g(Z))g(W)l = < |F 20)8(W)

implies that

MTF(w)
i sw), (we D),

where

1 %
gw) = — f h(t)dt
w Jo
is the fuzzy best dominant. The proof of Theorem 3.3 is completed.

Taking L+ e )
+ Qa - 1w
h(w) = 1w (weD)

in Theorem 3.3, we can get the following result:

Corollary 3.4. Let

(3.8)

1+QRa-1
h(w) = M, h(0) =1
1+w
be the normalized convex function, and 0 < a < 1. If f € A satisfies the fuzzy differential
subordination:
Sy ’ sy ’
‘F(Méiéf)'(@) (Mepron) ‘ < [Fioh)] = (M F00) <5 how),
then
ML f(w) ML f(w)
M;,iilsz)—gﬂ < |Famgw)| = —= <rgw), (weD),
where "
ey = 20— 1+ 287D 1001 4+ w)
w

is convex, and the fuzzy is best dominant.
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Proof. Following from Theorem 3.3, the relation (3.8) can be expressed as

|F o) (pW) + wp' )| < |Frpyhw)|,  (w € D).

Application of Lemma 2.9, we obtain

|Foorpw)| < |Fynrg
that means

MLf(w)

M3/ D) < |F g(@)g(w)|, (we D),

where
1 W
gw) = — f h(t)dt
w Jo
1 M1+QRa—-1t
0

w t+1

1 —

IS ()
w

log(1 +w)

is the convex function and the fuzzy best dominant.
Example 3.5. Let

1 -
hiw) = ——
) w+1

be a convex function in O with h(0) = 1. Suppose that

f(w):w+w2, we D.

Forsz,ﬁ:)/:rzl,k=2ands=%,wehave

1
M(l)jf(w) =w+ sz.

Then 1
(Mg fw)) =1+ 5w
and .
Mo’lf(w) 1
— =1+ -w.
Because
(w) = f 1—t 2[n(w+1)
w) = = .
g t+ 1 w
From Theorem 3.3, we obtain
1+ 1 - 1-w
—-wW s
27 Twrl
then : Y :
+
1+-w<p —1+M, weD).
4 w

AIMS Mathematics Volume 9, Issue 8, 21053-21078.
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By using Lemma 2.9, we obtain the following theorem:

Theorem 3.6. Suppose g is a convex function with
g0) =1 and h(w) =gw) +wg'(w), (we D).

If f € A satisfies the fuzzy differential subordination:

‘F(M;;f)/@) (M;Z;;f(w))" < [Fuphw)| = (M fw)) <¢ h(w),  (w € D),

then

MELF(w) M pf(w)
Frgzro———| S [FaogW)| = ——— <r gw),  (we D).

This result is seen to be sharp when the inequality is satisfied for a suitably specified function.

Proof. The proof follows from Theorem 3.3 by taking
h(w) = gw) + wg'(w), (we D)

and relation (3.7). Hence, by applying Lemma 2.9 with @ = 1, we deduce the required result. This
result is sharp. Thus, the proof of Theorem 3.6 is complete. O

We now have the following theorem:

Theorem 3.7. Suppose g is a normalized convex function and

h(w) = g(w) + ng’(w), weD; b>-2).

b+2
Let bio (v
Glw) =T f(w) =~ f Lr@dt,  (we D). (3.9)
0

Iffe MB?;”(/)) and satisfies the fuzzy differential subordination:

‘F( vy o (ME f(w))" < [Fuphw)| = (M fw)) <r h(w), (3.10)
then
‘F(M%G)@) (M;;G(w))" < [Fupgw)| = (MZGW)) < gw),  (w e D),

where g(w) is the fuzzy best dominant.

Proof. From (3.9), we write
wrG(w) = (b +2) f ' L f(dt, (we D). (3.11)
0
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Differentiating (3.11) with respect to w, we have
b+ DHGw) + wG'(w) = (b +2)f(w). (3.12)

Thus, by applying the operator M;; on both sides of (3.12) and differentiating, after simplifications,
we get

(MZGW) + 5w (MGG = (MGFm) . (we D). (3.13)
The fuzzy differential subordination (3.10) can be written as follows:
sy ’ 1 sy " 1 ’
Finersy o |(MERGOD) + == w (MEG) || < |Fuoy [00) + == wg'w) | (3.14)
Let )
pow) = (MIGw)) . (3.15)

Then p is an analytic function with p(0) = 1. By substituting (3.15) into (3.14), yields

<

1 1
'F(M;:;f),(ﬂ) (P(W) t o 2wp'(w)) Fro) (g(w) W g’(w))‘ .

Now, applying Lemma 2.10, we have

‘F(MEZZG)'(D) (M;:;G(W)), < |Fymigw))|.

Therefore,
(MG <r g0,

where g is the fuzzy best dominant. Thus, the proof of Theorem 3.7 is complete. O
The following result is an immediate consequence of Theorem 3.7.

Theorem 3.8. Suppose h € K(D) is a convex function with h(0) = 1. Let the operator T® be given
by (3.9). If f € Mng’y(p) and satisfies the fuzzy differential subordination

‘F (M) D) (M;;f (W))/‘ < |F h(D)h(W)| = (M;Z;f (W))/ <r h(w),
then
‘F (M26) @) (MQZZG(W)),' < |Fymew)| = (MQEG(W))’ <rgw), (weD),

where

b+2 ("
gw) = —— f 7 h(t)dt
w 0

is the convex function, and the fuzzy best dominant.
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Example 3.9. Let
1-w

) = T

be a convex function in O with h(0) = 1. Suppose that
f(w):w+w2, weD.

Foré=0,B=y=r=1, k=2 and s = 5, we have

1
2’
11 1,
My fw) =w+ A

Then

Mg fw)) =1+ %w.

Now for b = 4, we get

6 (™ 6
GOn =0 = == [+ Padr =+ Su,
0

Hence, 3
1,1 _
My Gw) =w + ﬁw2
and
1,1 ’ 3
My, Gw)) =1+ 7w.
We deduce that
6 (M1-1t, 12In(1+w) 48 66 16 3 12
=— | —Pdt=-"—"—"———— — — — —+—-1.
(W) wo j; t+1 wo wiowt w3 w2 Sw
Using Theorem 3.7, we obtain
1+ 1 - 1-w
—W
27 T w+d
implies
3 12In(1+w) 48 66 16 3 12
l+w<p——m———— - — — — — — — —+—-1, € D).
7w F wo wsowt owd w2 5w (w )

Our next result will demonstrate some significant inclusion relation for the class MB??’V(p).

Theorem 3.10. Suppose that the function
1+@2n-1w

hw) = —————=. ne[0.1)
and b > 0. Let the operator T” be given by (3.9). Then
T [MBL37 (p)| € MBE (%), (3.16)
where
L 42
P =2n—-1+2(b+2)1 —n)fo -~ ldt.
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Proof. Since h € D is the convex function and uses the same line as in the proof of Theorem 3.7, we
obtain from the hypothesis of Theorem 3.10 that

1
F o) (P(W) + 2P (W)) <

where p(w) is defined by (3.15). By applying Lemma 2.10, we have

|Fporpw)| < |Femrgw)] <

implies that

‘F(M%G)'<D> (MQ%G(W)),‘ < |Feangw)| <

where g(w) is given by

b+2 1+@2n—1)
gw) = 2 f t””*dt

1+1¢
2b+2)(1 -n) tb“
=@2n-D+ o 1+t t,

belongs to the convex function class C in D, and g(D) is symmetric with respect to the real axis. Thus,
we get

'F (M6) @) (M%G(W)),‘ = fﬁﬂl“F x|} = [Fymg(D)

and

*i=g(1) =29

This completes the proof of Theorem 3.10. O
4. Fuzzy differential superordination

In this section, we state and prove the following fuzzy differential superordination results involving
the convex function and the operator M,

Theorem 4.1. Considering h as a convex function with h(0) = 1. Suppose that (Mg; fw)) is a
univalent function in D and

MY
Meal W) € QN K1, 1].
w

If f € A satisfies the fuzzy differential superordination:
|Faohn)] < [Foneg o MERFONY | = hw) <r (MERFON)Y, (w e D), @.1)
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then

ML f(w) ML f(w)
|Fg(D)8(W)| < \Fmepo)— = g(w) <f — (w € D),

where the convex function
1 1%
s =+ [
w Jo
is the fuzzy best subordinant.
Proof. Let the function p(w) be defined by (3.6). Using the relation (3.7) in (4.1), we have
|Fa0gw) +wg' W)| < |F ooy (pw) + wp' )|, (w € D).

Since h € K (D) with h(0) = 1 such that

9&(1 + Wh”(w)) > L (we D).

R (w) 2’
From Lemma 2.8, we obtain

glw) = l fw h(dt, (we D).
w Jo

Hence, g(w) is the convex univalent function in 9 and we can easily compute that

gw) +wg'(w) = h(w).
By using Lemma 2.11, we have

M f(w)

|F g(@)g(W)| < |F p(@)P(W)| = |F g(Z))g(W)| < ”

Fopre
MLF(D)

implies that

MELFw)
g(W) <F Ta (W € Z))’

where
1 W
s =+ [ o
w Jo
is the fuzzy best subordinant. This completes the proof of Theorem 4.1.

Taking
_1+@2p-Dw
- I+w

h(w) , weD)

in Theorem 4.1, we get the following result:
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Corollary 4.2. Let the function

1+Qnp-Dw

h(w) = 1+w

,» nel0, 1), weD.

Suppose that (Mgg f(2)) is a univalent function in D and

Mx,y
Meal V) € QN K1, 1].

If f € A satisfies the fuzzy differential superordination:

|Fuoh0)] < [Foresy priof MERFONY | = hw) < (MZF W)Y, (w € D),

then
ML (W) Mg f(w)
|Fg(D)8(W)| < \Fmezpo)— = g(w) <f — (w € D),
where the convex function
In(1 +
ow) = 20— 1 +2(1 — gy L EW)
w

is the fuzzy best subordinant.

Proof. Following from Theorem 4.1, the fuzzy differential subordination (4.2) in the form

|Fuoyhw)| < |F ooy (pw) + wp'w))|,  (w € D).

Application of Lemma 2.11, we have

|F e8| < |F ooy p(w)

2

that means
M5 fw)
|Fg<@)g(w)| S \Pmagro— | (w € D),
where
1 w
gw) = — f h(t)dt
w Jo
1 MM1+QRa-1
:_f_Lij
w Jo r+1
2(1 -
—20— 1+ 27D 001+ w)

is the convex function and the fuzzy best subordinant.

4.2)

O
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Example 4.3. Let
1 -
h(w) = ——
) w+1
be a convex function in D with h(0) = 1. Suppose that

fw)=w+w? weD.
Foré=0,B=y=r=1, k=2,ands:%,wehave

My fw) =w+ %Wz‘
Then,

1
My 1 fw)) =1+ W

is univalent in D and

My f(w) 1
L =1+ 3w eQn K111,
We deduce that
(w) = f 1—t 2ln(w+1)
w) = = _—
g r+ 1 w
From Theorem 4.1, we obtain
1-w <pl+ !
w+l F ZW’
then 51 ! !
—1+M <rpl+-w, (WweD).
w 4

We next establish a series of fuzzy differential superordination results involving the convex
functions and the operator M, }

Theorem 4.4. Let g be a convex function in D, and the function
h(w) = gw) + wg'(w).
Suppose that (M. ,f(W))' is a univalent function in D and

MY
% € QN K1, 1].

If f € A satisfies the fuzzy differential superordination:

(we D),

|Fh(1))h(W)| < ‘F(M‘;zf)'(ﬂ
then

MELFw) ML)

|Fomngw)| < = gw) <p ———, (we D).

Fagro
This result is sharp.
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Proof. Using arguments similar to those in the proof of Theorem 4.1, we have

|Forgw) + wg'W)| < |Fpm)(pw) + wp'w)|,  (w € D),

then by applying Lemma 2.11, we obtain the required result. This result is seen to be sharp when the
inequality satisfies a suitably specific function. Thus, the proof of the Theorem 4.4 is completed. O

We now have the following theorem:

Theorem 4.5. Suppose g is a convex function and

B wg'(w)
h(w) = gw) + AR

with R(b) > =2, w € D. Suppose G(w) is defined in (3.9). Let (M;Z; Jf(w))' be a univalent function in
D, and »

MIGW) € QN KL, 11.

If f € A satisfies the fuzzy differential superordination:

| Fupph(w)| < ‘F oy Mepf (W)Y

= h(w) <r (M3 f W), (we D), (4.3)
then
|Feygw)| < 1F(M;;;Gy@)(M;;;G(w))’1 = gw) <r MZEGW)Y,  (we D)

where the convex function g(w) = f;;?z fow P W(t)dt is the fuzzy best subordinant.

Proof. The proof of this theorem is similar to that of Theorem 3.7. By using the relations (3.13)
and (3.15), the fuzzy differential superordination (4.3) can be written as follows:

1 ’
F M1 (D) (P(W) + ——wp (W))l .

1 ’
Fuop) (g(w) + ——=wg (W))‘ < )

b+2

Now applying Lemma 2.11 with

RB)=b+2>0,
we have
|Fepgw)| < ‘F ey @ MegGw))'|.-
Therefore,
gw) <r MZIGW)),
where g is the fuzzy best dominant. Thus, the proof of Theorem 4.5 is complete. O

We now have the following theorem:
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Theorem 4.6. Let 1403 )
+ j—
howy = LEEZDW 0 1y,
1+w

Suppose G(z) is defined in (3.9), (M;; f(2)) is a univalent function in D, and
(MG@) € QnKI1, 11,

If f € A satisfies the fuzzy differential superordination:

Frh0)] < [Fongs v MELFONY | = h0w) < (MELF0). (v € D), (4.4)
then

where the convex function

(b+2)2 -2y [

=2n-1 dt
§w) =21 " wh+2 o 1+t
is the fuzzy best subordinant.
Proof. Since
b+2 ("
Gw) = TP f(w) = —— f £ f(t)dt.
w 0
We can be written as "
wGw) = (b +2) f L f(Hdt, (we D). 4.5)
0
Differentiating (4.5) with respect to w, we have
b+ DHGw) + wG'(w) = (b +2)f(w). (4.6)

Thus, by applying operator M;}; on both sides of (4.6) and differentiating, after simplifications, we get

sy 4 sy 144 _ sy ’
(MZIGOw)) + L (MZIGW) = (MEfw) . (we D).
The fuzzy differential suerordination (4.4) can be written as follows:
. ’ 1 144
5% Y
|[Fuoyhw)| < |F (M) @) ((Mf,ﬁG(W)) M- 2W(Mf,ﬁG(W)) )‘ *7)

Set )
pow) = (MZGw)) . (4.8)

By substituting (4.8) into (4.7), yields

|Fh(D)h(W)| <

1
F o) (P(W) + me'(W))‘ -
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Thus, by applying Lemma 2.10, we have
|Fioyhw)| < |Fergw)] < [Fporp(w)

implies that

|Fh(@)h(W)| < |Fg(D)g(W)| <

S,’}/ ’
F (M26) @) (MfﬁG(W)) | ’

where g(w) is given by

b+2jwﬁﬂl+an—n%t

gw) = W2

1+1¢
2(b+2)(1—-n) tb+1
= Q-+ = ot

belongs to convex function class C in D, and g(D) is symmetric with respect to the real axis. This
completes the proof of the theorem. O

Example 4.7. Let
1-w
w+1
be a convex function in D with h(0) = 1. Suppose that

h(w) =

fw)=w+w?, weD.
Forgzo,ﬁ:')/:r:l,k:2,ands:%’wehave
1
M(l)jf(w) :W+ZW2.

Then 1
(Mg fw)) =1+ 5w

is univalent in D. Now for b = 4, we get

6 (7 6
GOn =40 = == [+ Padr =+ Su,
0

Hence, 3 3
MiGw) = w + Zw? and (MyGw))' =1+ Zw e QN K1, 1].
We deduce that
6 (M1-1, 12In(1+w) 48 66 16 3 12
= — —trdt=—---"-—"-—"— — - — - — — —+— -1
) wo f r+1 wo wowt owd w2 5w
Using Theorem 4.6, we obtain
1-w
<r 1+
wel PV
implies
12In(1+w) 48 66 16 3 12 3
—_— - — = —+— 1< 1+ =w, e D).
wo wsowt owd w2 Sw F 7W (w )
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5. Sandwich-type results

In this section, two sandwich-type results are introduced. By combining the results of Theorem 3.3
with Theorem 4.1 and we get the following sandwich-type result:

Theorem 5.1. Let g and g, be univalent convex functions in D. Suppose that hy and h, are univqlent
convex functions in D with h;(0) = h,(0) = 1 and satisfy (3.4). Furthermore, suppose (Mg; f (w)) isa
univalent function in D and

MY
MealO¥) € QN K1, 1].

If f € A satisfies the following conditions:

[Fnohi )] < F iy y 0 (M) | < |Framnhaw)]
= (W) <r (MILFW) <p ha(w),  (w € D),
then
M pfw)
w

M)

|Fg1(D)g1(W)| < < |Fg2(Z))g2(W)|

F
M3 f(D)

= g1(w) <r <r &w), WweD),

where g, and g, are the fuzzy best subordinant and the fuzzy best dominant, respectively.
Combining Theorem 3.7 with Theorem 4.5, we obtain the following sandwich-type result:

Theorem 5.2. Let g, and g, be univalent convex functions in D. Suppose that h, and h, are univalent
convex functions in D with
h(0) = 1y (0) = 1

and satisfy (3.4). Furthermore, suppose that G(w) is defined in (3.9),

(MIGW) € @nK(1,1]

and (M;; f (w))’ is a univalent function in D. If f € A satisfies

|Fh1(D)h1(W)| < F(M;;f)’@) (Mgfgf(w)), < |th(D)h2(W)|
= (W) <r (M) <p (W), (w e D),
then

|Femg1(w)| < lFM;;;G@) (M;‘;;Gw))'i < |Fo82(w)|
= g1(w) <r (MIGW)) <r 2(w),  (we D),

where g, and g, are, respectively, the fuzzy best subordinant and the fuzzy best dominant.
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6. Conclusions

In this investigation, we have derived many fuzzy differential subordinations, fuzzy differential
superordinations, and sandwich results for analytic functions in the open unit disk associated with the

Mittag-Leffler type Pascal distribution operator M;; We used the convolution technique to define
a new operator Méz for analytic functions. Using the newly defined class, we have proven some

important results. We have also proven the inclusion relation for this class. This study is expected
to make effective contributions to the fields of geometric function theory and fuzzy set theory. It is
recommended to study these results with g-calculus. This investigation will play a very important role
in doing further research in the fields of fuzzy differential techniques in the modern era.
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