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Abstract: In this paper, we will deal with the following two classes of best approximation
problems about the linear manifolds: Problem 1. Given matrices Ay, B;,C;, and D; € R™",
find d(L;,L,) = minge, ye,|IX — Y|, and find X € L;,¥ € L, such that [|[X — V|| =
d(Li, L), where L; = {X € SR™|||A;X — By|| = min} and L, = {Y € SR™"|||C,Y — Dy|| = min}.
Problem 2. Given matrices A,, By, E,,F, € R™" and C,,D,,G,,H, € R™, find

d(L3,Ls) = minge,yer, IX — Y|, and find X € L3, ¥ € L, such that [[X -
VI = d(Ls;, L)), where L; = {XeRm ||A2X—BZ||2+||XC2—D2||2:min} and L, =

{Y e R EY — Fo|P + IYGy — Hy|)? = min}. We obtain explicit formulas for d(L;,L,) and
d(Ls, Ly), and all the matrices in question by using the singular value decompositions and the canonical
correlation decompositions of matrices.
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decomposition
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1. Introduction

Matrix equationsplay important roles in structural vibration systems [1, 2], automatic control [3],
and other fields [4,5]. Observe that the linear matrix equation

AX =B (1.1)

and the linear matrix equations
AX =B, XC=D (1.2)

have been extensively studied, and some profound results were established. The various special
solutions of Eq (1.1) have been studied in [6-9]. The various special solutions of Eq (1.2) have been
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considered in [10-14]. Don [15] studied the general symmetric solution to Eq (1.1) by applying
a formula for the partitioned minimum-norm reflexive generalized inverse. Dai [16] derived the
symmetric solution of Eq (1.1) by utilizing the singular value decomposition (SVD). Sun [17] provided
the least-squares symmetric solution for Eq (1.1) by using the SVD. Rao and Mitra [18] studied the
common solutionof Eq (1.2). Yuan [19] considered the least-squares solution and the least-squares
symmetric solution with the minimum-normof Eq (1.2) by applying the SVD. Obviously, the least-
squares solution of the matrix equations form a linear manifold. It is known thatthe manifold distance
is widely used in many aspects, such asin pattern recognition [20], image recognition [21-23], and
Riemannian manifolds [24-27]. There are some results about the distance between linear manifolds.
For example, Kass [28] obtained the expression of the distance from a point y to an affine subspace
(linear manifold) L = {x|Ax = b}. Dupré and Kass [29] and Yuan [30] further proposed the specific
formulas for the distance between two affine subspaces. Grover [31] derived an expression for the
distance of a matrix A from any unital C*-subalgebra of C"™" by the SVD. In addition, Du and Deng [32]
established a new characterization of gaps between two subspaces of a Hilbert space. Baksalary and
Trenkler [33] investigated the angles and distances between two given subspaces of C". Scheffer and
Vahrenhold [34, 35] proposed an algorithm to approximate the geodesic distances and approximate
weighted geodesic distances on a 2-manifold in R?, respectively. Inspired by the works of Kass [28]
and Yuan [30], in this paper we will discuss the best approximation problem between two least-squares
symmetric solution manifolds of Eq (1.1) and the best approximation problem between two least-
squares solution manifolds of Eq (1.2). Namely, we consider the following two problems:

Problem 1. Given A, B,,C;, and D; € R™", find d(L;,L;) = minye, yer, [IX — Y|, and find
X eL,, Y e L,suchthat ||X - Y| = d(L,, L,), where

Li = {X € SR”™||A;X - Byl = min},
L, = {Y € SR™|||C,Y - Dy|| = min},

SR™" stands for the set of all n X n symmetric matrices, and || - || is the Frobenius norm.
Problem 2. Given matrices A,, By, E,,F, € R™" and C,,D,,G,,H, € R™P?, find d(Ls,Ls) =
Mminyez, yer, IX — Y|, and find X € L, Y € Ly such that ||X — ¥|| = d(Ls, Ls), where

Ly = {X € R | |A2X = BulF* + IXC; ~ Dalf* = min},
Ly = {Y e R | |E,Y — Fal? + ||IYG, — Ha|? = min}.

The paper is organized as follows. In Section 2, we introduce some important lemmas. In Sections 3
and 4, we derive the expressions of the matrices X, ¥, X, ¥ and present the explicit expressions for
d(Ly,L,) and d(Ls, L) of Problems 1 and 2 by utilizing the singular value decomposition and the
canonical correlation decomposition (CCD). Finally, in Section 5, we provide a simple recipe for
numerical computation to solve Problem 2.

2. Preliminaries

In order to solve Problems 1 and 2, we need the following lemmas.
Lemma 2.1. [19] Given Ay, By, C1, and D, € R™", let the SVDs of the matrices A, and C; be

% 0 % 0
AIZUI[OI 0:|V1T’ C1:P1|:02 O:|Q;r’
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where X; = diag(yi,...,¥s) > 0 (that is, £, > 0 means that X, is a symmetric positive definite matrix),
sy = rank(A), X, = diag(6y,...,0;) > 0, t; = rank(Cy), and U; = [U1,Uy2], Vi = [Vi1, Vi2l, Pi =
[P11, P12], Oy = [Q11, Q2] are orthogonal matrices with Uy € R™S', Vi € R™1, Py e R™N, Q) €

R™", Let
By B

Dy, D
UTBIVI:[BB BM], PTD1Q1=[ ; ”].

Dz Dy

Then, the solution sets L, and L, can be expressed as

L= {X S SR”XHI X=X+ V12X14V1T2} ,

nxn (2.1)

L, ={Y e SR™| Y =Y, + 0¥ 0),},

where
_ Wi (ZiBi + B[|Z1) X'Bip |+

X, =V [ BEZII 0 Vi, (2.2)

W, (Z,D1y + D] %) 2;'Dyy
Yy =0 [ DT,z H 2 0 07, (2.3)
and Wy * (£1B11 + B],X,) represents the Hadamard product of W, and £,By, + B]\X;, W, = [ngl-)]sml
with wi)) = o (= L), Wa = W T, with wiy = G?ie% (i,j = 1,...,11), and Xy4 €

j
SROTSOX=s0 1y e SRTXUTD qre arbitrary symmetric matrices.

Lemma 2.2. [19] Suppose that A,, B,, E,, F, € R™" and C,, D,,G,, H, € R™?. Assume that the
SVDs of the matrices A,, C,, E,, and G, are

¥ 0 ¥ 0
AZZUZ[ 03 0:|V;a C2:P2|: 04 O:|Q;—’
¥ 0 ¥ O 24)
E2:U3[ 05 O]VJ, GZ:P3[ 06 O]Q;,

where X3 = diag(4y,...,4,,) > 0, s = rank(Ay), X4 = diag(py,...,p,) > 0, ©, = rank(Cy), X5 =
diag(ey,...,€,) > 0, s3 = rank(E,), X¢ = diag(m,...,n,) > 0, t3 = rank(G,), and U,
[Uz1, Unl, Vo = [Va1, Vaal, Py = [Pa1, P2l, Q2 = [Q21,02], Us = [Us1,Us], V3 =[V31, V3], P3

[P31, P32], O3 = [Q31, O32] are orthogonal matrices with Uy, € R™%2, Vo1 € R™%2 Pyy € R (0, €
Rpxtz’ U31 € RmXS3’ V3] € RIZXS3’ P31 € RnXI3, and Q31 € RPXB et
By B Dy Dy
U, B,P, = , ViD,0p = ,
2 oz [BB 324] 2 D202 [D23 D24]
K21 Kzz H21 H22
U, F,P; = , V.H =
s [K23 K24] IR0 [1123 H24]
Then, the solution sets Ly and L4 can be expressed as
Ly = {X e R™| X =X, + Vo Xou P35},
3 { | 2 22424 22} (25)

Ly ={Y e R”" Y =Y, + V3uYau P13y},
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where
_ W3 # (Z3Byy + DyiZs) Z3'By | o7
X, = vz[ Py 0P (2.6)
_ Wy * (ZsKs; + Hy Ze) Zglez T
Y, = vg[ ot S ey @.7)
3 _ 1 4 _

3 . . ) 4 . 1 .
and W5 = [ng)]sm2 with w (i=1,...,85]=1,....), Wy = [ng)]w(,3 with W = pw (i=

ij /ll.2+p§
I,....,83, = 1,...,13), and X4 € R"=2X0=02) 'y, . € RO=9X0=1) gre qrbitrary matrices.

Lemma 2.3. Let Fy, Fs6 € Rthkl,dl’ld Cy= diag(aq, .. .,Clhl) >0, S4 = dlag (B], .. .,ﬁhl) > OSCll‘l'Sfy
+B=1(=1,...h). Then,

D(T>3) = |CaToz + Fagll* + IS aTa3 + Fsell* = min

if and only if
Ty; = —(CaFa + S aFse). (2.8)

Pl’OOf: Let F26 = [fij]aF56 = [gij] S Rthkl, and T23 = [tij] € Rthkl. Then,

h ki

D(Ty3) = Z Z ((a’itij + i)+ Bitj + gij)z) :

=1 j=1

Now, we minimize the quantities
2 2 . .
o1 = (aitij + fi)  +Bitij+ &))" (G=1,...,h; j=1,...,k).
It is easy to obtain the minimizers

@;fij + Bi&ij . .
ij = —W = —(aifij +Bigip) (i=1,....h; j=1,..., k). (2.9)
(2.8) follows from (2.9) straightforwardly. O

Lemma 2.4. Suppose that the matrices Fy,, Fi5 € R, Let Cy = diag(ay,...,ap) > 0, S, =
diag(Bi, .. .,Bn) > 0 satisfy 011.2 +ﬂl.2 =1@G=1,...,h). Then,

DO(T12, J12) = IT12Cx = 12 + F12||2 + [|T128 4 + F15||2 = min (2.10)

if and only if
Tio=—Fi58;', Jin=Fip = Fi58;'Ca. 2.11)

Proof. Let Fi, = [fijl, Fis = [kijl, Tio = [t;;1, Ji2 = [gij] € R’ Then, the minimization problem
of (2.10) is equivalent to

. h

O(T2, Ji2) = Z Z ((tija'j —gij+ £+ @B+ kij)z)- (2.12)

i=1 j=I
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Clearly, the function of concerning variables #;; and g;; in (2.12) is
@2 = (tja;—qi+ ) + @B+ ki) (= 1,...,r5 j=1,...,h).

It is easy to verify that the function ¢, attains the smallest value at

0> 0> . .
— =0, —=0@G=1,...,r; j=1,...,h),
o, a0 (i i J 1)
which yields
tij:—kijﬁj_-l, qij:fij—kijﬁj_-laj(i:1,...,r1; jzl,...,hl). (213)
By rewriting (2.13) in matrix forms, we immediately obtain (2.11). O

Lemma 2.5. [36] Assume that Cy = diag(ay, ...,y ) > 0, S4 = diagB,...,Bs) > 0 with a/l.2 +ﬂl.2 =
1G=1,...,h), and Fa, Fas, Fss € R""_ Then, the problem

DT, J2) = ICaAT2Cs — Joz + Fooll> + 2CaT22S 4 + FoslI* + 1S aT22S 4 + FsslI> = min
has unique symmetric solutions Ty, J»» € RMM with the forms

Ty = Ws % (CaF25S 4+ SaF3sCa + S aFs5S a),

: > (2.14)
J22 = F22 + W5 * (CAFzssACA + CASAF25CA + CASAF55SACA),
where Ws = (W s Wy = mrdiy (o = 1,0 ).
i

Lemma 2.6. [36] Let My, M>s, Ms,, Mss € haXh3, and let C3 = diag(K],...,Kh2) > 0, S;
diag(oy,...,00,) > O satisfy k7 + 07 = 1 (i = 1,...,h), Cqy = diag(s,,...,6s,) > 0, and S,
diag(¢y, ..., &) > O satisfy 67 + (7 =1 (i = 1,...,h3). Then,

D(Ryy, Z) =||C3R0Cy — Zy + Map|* + IS 3R0Cy + M|
+ |IC3R2S 4 + Mys|* + |IS 3RS 4 + Mss||* = min

if and only if
Ry = We % (C3Mp5S 4 + S3Ms5yCy + S3Ms5S 4),

(2.15)
Zyy = Moy + We % (C3Ma5S 4Cy + C3S 3M5,C5 + C3S 3 M558 4Cy),

6 . 6 . .
where Wg = [wl(.j)]hth3 with ng) = K.2512.—1 (i=1,....h;j=1,...,h3).
i

3. The solution of Problem 1

Let Vi, € R™) and Q,, € R™®) be column orthogonal matrices, and assume that n — s; =
rank(Vy,) > rank(Q,,) = n — t;. Let the CCD [37] of the matrix pair [Vi,, Q1] be

Vio = FZ4, N, QO = FXc,N,, (3.1)
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in which F € R™", N; € R=0X(=sD) and N, € R~ are orthogonal matrices, and

(] 0 0] r1 (1 0 0] r
0 Cy O h 01 0 I
s |0 00 fi s _|0 01 fi
ATL0 0 0|l t—h—-k , 7100 O ty—h -k |,
0 S, 0 I 000 I
0 0 1| ki |0 0 0] k
rnoh ok rn h fi

rank(Vyy) = ry+hy +ki, by = rank([Vi2, Q12]) +rank(Q/, Vi2) —rank(Vy2) —rank(Q12), r1 = rank(Vy,) +
rank(Q) — rank([Vy2, Q12]), ki = rank(V12) — rank(QlTZVn), Sfi=n—t;—r —hy, and

CA = diag(al, e ,ahl), SA = diag(ﬁl, e ,ﬁhl)
with
I>a; 2 2a,>0, 0<B, < <B, <1, af+Bi=1(@=1,...,h).
It follows from (2.1) and (3.1) that for any X € L; and Y € L,, we have
IX = Yl = |FZa, Ny XiuN 24 F' = FE¢, N, YiuNo 26 F7 + (X = 1)l
= |24, N{ XiuN1 2}, — Z¢, N, YuN.Z5 + FT(X, = Y)F|.

Write
[ F11 Fio Fi3 Fuu Fis Fig |

Fl, Fyn Fy Fu Fys Fy
F'. FI, F F F F

FT(X] _ Y])F — 1|—3 %—3 :?'—3 34 35 36 , (3.2)
F14 F24 F34 Fay Fus Fug

T T T T
Fls Fzs F35 F45 Fss  Fse
T T T T T
—Fl6 F26 F36 F46 F56 Fe |
Ty Ty Tis Ju Jio Ji
N{XuNi = | T, Ty T3 |, NJYuNo =| J, Jn Jo |. (3.3)
T T T T
T13 T23 T3 J13 J23 J33
Then,
d(Li,L;) = _min [ X-Y]|
XeL,Yely
Ty —Ju+Fn T2Cy—Jip+Fio  Fi3—Jiz Fiu TpSa+Fis T3 + Fie
CaT, —=J, +F|, CuTnCpa—Jn+Fyn Fp—Jp Fyu CaTypSs+Fys CaTys+ Fa
_ Fl =T} Fl. -, Fy3—Jsz F3y Fss F36
FT, Fl, FI,  Fu Fus Fus
SATIT2+F1T5 SATZZCA"‘F;S F3T5 F4TS SATZZSA+F55 SAT23+F5(,
T;F3+F1r6 T{,)CA+F;6 F;G F4-|1—6 T;SA+F;—6 T33+F66
= min. (3.4)
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It follows from (3.2)—(3.4) that d(L;, L,) = minye;, yer, ||X — Y| if and only if

711 — Ju1 + Frill = min, (3.5)
IT13 + Fi6ll = min, [|T53 + Feel| = min, (3.6)
IF13 = Jiall = min, ||Fa3 — J2s|l = min, [|F33 — J33]| = min, (3.7)
ICaT23 + Fagll® +1IS 4T23 + Fsoll” = min, (3.8)
IT12Ca = Ji2 + Fioll* + [IT128 4 + Fis> = min, (3.9)
ICaT2Ca = Jop + Faoll* + 2lICaT2S 4 + Fosl* + IS aT22S 4 + Fss||*> = min . (3.10)

From (3.5), we obtain
Ty =Jn - Fu, (3.11)

where J;; € SR™™" is an arbitrary matrix. By (3.6) and (3.7), we can find that
T3 =—-Fi6, T33=—Fes, J13=F13, Joz = Fa3, J33=Fs. (3.12)
By applying Lemma 2.3, from (3.8) we have
Ty = =(CaFas + SaFse). (3.13)
Solving the minimization problem (3.9) by using Lemma 2.4, we obtain
Tin=-Fi55;', Jin=Fi—Fi58;'Ca. (3.14)

Applying Lemma 2.5, we can obtain (2.14) from (3.10). Inserting (2.14) and (3.11)—(3.14) into (3.3)
and (3.4), we obtain

Ji—Fu —F5S ;! —Fig
X4 =N —SlelTS T —~(CpFas + SaFss) | N,
_Fir6 _(F;—(gCA + F;—6SA) _F66
Ji Fi,—Fi58,'Cs Fi3
Yu=N, F;—Z_CAS,ZIF;—S J F; N;,
F1T3 F2T3 F33
0 0 0 Fuu 0 0
0 0 0 Fo  CaTnSa+Fys  SiFx —CaSaFse
AL Ly =1l M O T s Fe . (3.15)
Fy Fyy by, Fa Fus Fas
0 SaTwCa+Fl, FL FL SaTuSa+Fss C2Fss—SsCaFag
0 FszSi - FSTﬁSACA FsTe FI& F5T6Cf21 - F;6CASA 0

The relation of (3.15) can be equivalently written as

3 6 6
d(Ly, Lo) =(2 Y IFalP +2 ) IF3,1P +2 ) IFull? + IFaalP + 1S 4TS 4 + Fssl
- — = (3.16)

+ 2/|CaT xS 4 + Fos|* + 2/1S 5 Fas — CaS aFsgll* + 2||C5 Fs6 — SACAF26||2) .

D=

As a summary of the above discussion, we have proved the following result.
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Theorem 3.1. Given the matrices Ay, By, Cy, and D, € R™", the explicit expression for d(L, L,) of
Problem 1 can be expressed as (3.16), and the matrices X and Y are given by

X = X+ V12)214V1T2, Y= Y, + Q12Y14Q1T2, (3.17)
where

A [ Ji1 - Fy —Flsszl —Fi6
Xiu=Ny| =S;'FJ; Ty —(CaFy + SaFss) | Ny,

~F —(FJCa + FS4) —Fes
. Ji Flz—Flssgch Fi3
Yiu=N, Firz - CASZIFI—S Ja Fs N;—,

F F3, Fs3

Jin € SR™" is an arbitrary matrix, and X,,Y|, T, J», are given by (2.2),(2.3), and (2.14),
respectively.

4. The solution of Problem 2

Suppose that Vy, € R™>0=2) vy, e R™=s3) Py, ¢ R™02) and P3, € R™®%) are column
orthogonal matrices, and assume that n — s, = rank(V,,) > rank(V3,) = n— s3 and n — t, = rank(Py;) >
rank(Ps3;) = n — t3. Let the CCDs of the matrix pairs [V, V3,] and [Py, P3;] be

V22 = MZAZN;—, V32 = MZEzNI’ (4 1)

Py = WZ¢e,NJ, Py = WZg, N/, ’
in which M € R™, W € R™" N, € R-sxms) N ¢ RO=s)x(imss) N @ RO-X(0) and N, €
R=13)%(n=13) are all orthogonal matrices, and

i 0 ] r [ 1 0 O] r
0 C3 0 hy 0171 0 hy
270 0 0 ss—h—k , BP0 0 0| s5-h—k ,
0 §3 0 h, 000 h,
| 0 0 [ | k> | 0 0 O | ky
rn hz k2 r ]’lz fz

rank(sz) =71+ ]’lz + kz, h2 = rank([sz, V32]) + rank(VJZVZZ) - rank(sz) - rank(V32), ry, = rank(sz) +
rank(V3,) — rank([Va,, V321), ky = rank(Va,) — rank(V,Va)), fo = n—s3 —r, — hy, and

C3 = diag(Kl,...,Khz), S3 = diag(0'1,...,0'hz)

with
1>K226,>0, 0<oy < <o, <1, K+or=1(@G=1,...,h).

AIMS Mathematics Volume 9, Issue 8, 20939-20955.
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(1 0 0] r
0 C, O hs
s _|0 00 f
Q710 0 0| 5-hy—ky
0S4 0 hs
0 0 1| ks
r3 ]’l3 k3

S, =

S OO OO~

r3

0 0]
I 0
0 I
00
00
0 0]
hs f

r3
h;
VE
3 —h3 — ks
h;
ks

9

I‘ank(Pzz) =r+h3+ks, hy = rank([sz, P+ rank(P3T2P22) —rank(Py;) — rank(P32), r3 = rank(Py) +

rank(P3;) — rank([ Py, P3,]), k3 = rank(Py,) — rank(P3,P»), f3 = n—t3 — r3 — hs, and

C4 = diag(él,. . .,5;,3), S4 = diag(g“l,. . ,§h3)

with

1>6,228,>0, 0< < <Gy <1, G+ =13G=1,...,h).
It follows from (2.5) and (4.1) that, for any X € L; and Y € L4, we have

IX = Y| = IMZ4,N5 X4 N5, W' = MZp, N YyuNeZi, W' + (X, = Vo)l
= ||EA2N;—X24N5EEZ - ZEZNIY24N622—;2 + MT(XZ — Yz)W”

If we set
[ My, My, Mz My Ms
My My My My Mo
My, My, Mszs My M
MT(XZ _ Yz)W — 31 32 33 34 35
My My My My Mys
Ms;, Ms; Msy Msy Mss
| Msi Mgy, Mgz Moy Mes
Rii Rz Ri3 Zi
Ny XuNs =| Ry Ry Ry |, NjYuNeg=| Zyn
R31 Rz R3 231
then
d(ls,Ly) = min |[|X-Y
(Luly =  min [X-¥]
Ry =7y + My, RoCo—Zpp+Mp Mpiz—Ziz My
C3Ry1 —Zp1 + My1 C3RpCy —Zpp + My My —Zy3 My
_ M3, - Z5 M3y —Z3 M3z —Z33 Mz
My My My3 My,
S3Ry + Ms, S3R»Cy + Msp Ms; Ms,
R31 + Me; R3Cy + Mg Mg M4

= min.

Mg |
M
M3
My |’
Mse
M |

Ziy Zis
Ly 21 |,
Zy I3y

R12S4 + M5
C3R2S 4 + Mys
M35
Mys
S3R2S 4 + Mss
R3S 4 + Megs

It follows from (4.2)—(4.4) that d(L3, Ls) = minyey, yer, ||X — Y| if and only if

IR11 — Zi; + M|l = min,

AIMS Mathematics

Ri3 + Mg

C3Ro3 + Mg

M3
My

S3Ry3 + Msg

R33 + Mg

4.2)

4.3)

4.4)

(4.5)

Volume 9, Issue 8, 20939-20955.
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M3 — Zi3|| = min, [[Ma3 — Zas]| = min, ||M33 — Zs3|| = min, [|M3; — Z3|| = min,
IM3; — Zs|| = min, [|[Ry3 + Mig|| = min, [|[R3; + Me|| = min, [|R33 + Mes|| = min,
IC3Rs + Mog|* + IS 3Ro3 + Msg||* = min,

IR3:Cs + Meo|” + [IR32S 4 + Mis||* = min,

IR12Cs = Zio + Mual* + [IR12S 4 + Mis|> = min,

IC3Ro1 — Zoy + Moy * + 1IS 3R21 + Msi||* = min,

IC3R%Cs = Zoy + Ml* + IS 3RCy + M|

+IC3R2S 4 + Mos|* + IS 3RS 4 + Mss||” = min.

From (4.5), we obtain
Ry =2y — My,

where Z;; € R?*" is an arbitrary matrix. By (4.6) and (4.7), we get

Ziz =Mz, Zoz =My, Zsz =Mz, Z3 = Msy,
Z3p = M3, Ri3=-Mis, R31 = —Ms, Rz = —Mqgs.

It follows from (4.8), (4.9), and Lemma 2.3 that
Ry3 = —(C3Ma6 + S3Ms6), Rzp = —(Me2Cy + MgsS 4).
By using Lemma 2.4, solving minimization problems (4.10) and (4.11) yields

R, = —M15SZI, Ziy = My - MISSZIC%
Ry = —SglMSI, 2y = My, _C3S§1M51'

(4.6)
4.7)
(4.8)
(4.9)
(4.10)
(4.11)
(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

The relation of (2.15) follows from Lemma 2.6 and (4.12). Substituting (2.15) and (4.13)—(4.16)

into (4.3) and (4.4) leads to

Zy — My, _MISSZI —M;s
Xos = N3 | =S3'Ms, Ry —(C3Mp6 + S3Mse) | N,
Mg —(MegCy + MgsS 4) —Mes
Zi My, — MsS;'Cy M3
Y24 :N4 Mz] —C3S§1M51 ZZZ M23 NﬁT,
M31 M32 M33
0 0 0 My 0 0
0 0 My  C3RnSis+Mys  S3Mys — C3S3Mse
0 0 M34 M35 M36
d(Ls, Ly) =
My, My Myz My Mys Mys
0 S3R»nCs+ Msy  Msy Msy  S3RpSs+Mss  CiMse — S3C3Mag
0 MpS;—MesSsCs Mgz Moy MesCh — MerCaS4 0

(4.17)
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The relation of (4.17) can be equivalently written as

d(Ls, Ly)

6 6 6 6

2 2 2 2 2

=( D IMull? + > IMyy P = IMaall? + > IMslP + ) M
i=1 j=1 k=5 n=>5

+ 1S3 Mag — C3S 3Ms6l|* + [|Ms2S ; — MgsS 4Call* + [|C3 Msg — S 3C3 Mgl

(4.18)

1
+ |MesC3 — MgzCuS oll* + [|C3R2S 4 + Mos|* + |IS3R02Cy + Mso|* + [IS 3RS 4 + M55||2)2-

By now, we have proved the following theorem.

Theorem 4.1. Given A,, By, E», F, € R™" and C,,D,,G,, H, € R™?, d(L3, Ly) can be expressed
by (4.18) and the matrices X and Y are given by

X =X+ V22X24P3—2, Y =Y+ V32Y24P;—2, (419)
where
3 Zyy — My, —M;sS ]! —M;s
Xou = N3 | -83'Ms, R —(C3My6 + S3Mse) |Ns, (4.20)
M1  —(MgCy + MesS 4) —Mes
) Zyy My, — MisS;'Cy M3
Yos = Ny | My — G385 Ms, Zy My; [Ny, 4.21)
M3, M3, Ms;

Zy1 € R™3 §s an arbitrary matrix, and X, Y, Ry, Zoy are given by (2.6), (2.7), and (2.15), respectively.
5. Numerical algorithm and numerical example
According to Theorem 4.1, we have the following algorithm to solve Problem 2.

Algorithm 1.

1) Input matrices A,, By, C», D,, E», F», G,, and H,.

2) Compute the SVDs of the matrices A,, C;, E», and G, according to (2.4).

3) Compute the CCDs of the matrix pairs [V2,, Va3] and [Po,, Po3] by (4.1).

4) Calculate the matrices M;j,i, j = 1,...,6 following (4.2).

5) Randomly choose the matrix Z;;.

6) Calculate the matrices R;j, i, j = 1,2,3; Z,,, m,n = 2,3; Z;, and Z;3 by (2.15) and (4.13)—(4.16).

7) Compute d(Ls, L), Xo4, and Yo, by (4.18), (4.20), and (4.21), respectively.

8) Compute matrices X and ¥ by (4.19).
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Example 5.1. Letm =9, n =8, p =7, and the matrices A,, B, C», D, E;, F», G, and H; be given by

0.0108
—-0.0081
—-0.0005
—-0.0004
A, =1 -0.0023

0.0049
—-0.0044
—-0.0042

0.0135

[ 0.0532
0.0129
0.9298
0.4425
B, =| 0.7017
0.9423
0.0165
0.2601
| 0.4770

[ —0.0000
-0.1759
0.0123
0.0499
0.4614
0.2170
-0.2272
| -0.3750

[ 0.3101
0.8763
0.0841
0.4781
0.1173
0.7110
0.5470
| 0.9489

AIMS Mathematics

-0.0027
0.0307
0.0786

—-0.0655

—-0.0688

-0.0563
0.1064

—-0.0849
0.0302

0.5681
0.7590
0.2514
0.4036
0.0773
0.2019
0.8895
0.6580
0.6348

—-0.0805
0.1462
0.1782

—-0.1696
0.1417

-0.0272

-0.1740

-0.0817

0.6758
0.2769
0.4658
0.6627
0.6215
0.0966
0.7411
0.8545

0.0157
0.1846
0.0249
0.7946
0.3014
0.4865
0.4931
0.0603
0.7141

0.6771
0.7085
0.0967
0.3859
0.0542
0.7896
0.1857
0.3430

0.0004 0.0160
0.7179 0.8347
0.4608 0.0692
0.7032 0.1901
0.7888 0.0771
0.0087 0.7508
0.2505 0.1460
0.0932 0.3902
0.7846 0.4591

0.0803 0.8809
0.8187 0.4956
0.1608 0.1558
0.7805 0.6804
0.9701 0.6157
0.3762 0.6068
0.8037 0.7711
0.1492 0.2734

-0.0064 -0.0067 -0.0012
0.0208  0.0652 -0.0081
-0.2736  0.1436
0.1064  0.0393 -0.0948
0.1772 -0.0304 -0.0782
0.1564 -0.2363
-0.2607  0.0795
0.2096 -0.2453
—-0.0541  0.0603

0.0529

0.0333
0.1052
0.0060
0.0025

0.1990
0.3237
0.9583
0.1580
0.7160
0.2349
0.8112
0.7843
0.7429

0.0352 -0.1027 -0.0855
0.3348 -0.0477 -0.0999
0.2681 -0.0759 -0.3082
-0.3077  0.0798
-0.2276 ~ 0.0424 -0.3935
-0.3974  0.1836
-0.0035 -0.0161
0.2230 -0.0368

0.2626

0.1722
0.3051
0.2828

0.9752
0.4534
0.4297
0.4992
0.0577
0.4427
0.2363
0.1988

-0.0016
—-0.2083
0.1079
-0.2018
—-0.1758
0.2868
0.1970
0.2716
—-0.1140

0.7426
0.0864
0.3043
0.4579
0.5443
0.4249
0.2247
0.3564
0.0878

0.1902
-0.2107
—-0.1380

0.1524

0.0007
—-0.0373

0.1199
—-0.0384

0.5119 |

0.6392
0.1369
0.2636
0.7184
0.5008
0.1614

0.3628 |

-0.0021
0.1079
-0.1713
0.2075
0.1999
-0.1181
—-0.2556
-0.0695
0.0312

0.4204 |
0.0545
0.9984
0.1898
0.2690
0.1090
0.9505
0.6575
0.8769

0.0583 |

—-0.0952
—-0.0847
0.0874
-0.0244
0.0165
0.0681

0.0020 |

0.0079 |

0.0530
-0.0905
0.0974
0.0966
-0.0524
-0.1294
—-0.0384

0.0295 |
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E2:

Gzz

[ —0.0000
-0.0201
0.0180
—-0.0013
—-0.0356
—-0.0301
0.0215
0.0380
0.0237

[ 0.9122
0.0289
0.4573
0.4250
0.4875
0.9081
0.9027
0.6292
| 0.8653

[ —0.0000
0.1108
—-0.0429
—-0.0444
—-0.0482
-0.0612
—-0.0633
0.1740

[ 0.1207
0.7193
0.2726
0.6791
0.6768
0.2611
0.4829

| 0.4825

AIMS Mathematics

—-0.1050
—-0.0467
-0.0012
0.1083
0.0959
0.0022
—-0.0004
-0.0180
0.0367

0.6673
0.3513
0.2242
0.1710
0.0040
0.4887
0.4806
0.2774
0.7670

0.0001
-0.0970
0.0256
0.1511
0.1376
-0.2212
—-0.1386
0.1614

0.4066
0.8691
0.8748
0.3647
0.5848
0.8055
0.7472
0.2034

0.7554
0.2998
0.4836
0.3992
0.3787
0.5079
0.7677
0.3868
0.6426

0.1842
0.2463
0.8731
0.4329
0.2961
0.4341
0.5875
0.7149

0.0648
-0.0623
-0.0350

0.0180
-0.0512

0.0372

0.0052
-0.0262

0.0571

-0.0389
0.1646
—-0.0328
—-0.1401
-0.1571
0.1033
0.0463
0.0636

0.3068
0.4126
0.1212
0.7180
0.5228
0.3866
0.5034
0.0710
0.5960

0.1781
0.8898
0.3545
0.9014
0.5733
0.4515
0.4787
0.7367

0.5265
0.1041
-0.1734
—-0.0455
—-0.3490
0.0451
—-0.0316
—-0.1668
-0.0051

0.0260
—-0.1058
0.0263
0.0763
0.0864
-0.0319
0.0026
-0.0941

0.6356
0.3406
0.2281
0.3658
0.0370
0.1795
0.1183
0.6928
0.7242

0.5861
0.7267
0.3923
0.8862
0.9603
0.5780
0.3247
0.0422

-0.2047
-0.0245
0.0834
0.0105
0.1167
-0.0492
0.0224
0.0901
—-0.0045

0.0003
0.6659
0.9499
0.6640
0.0245
0.0502
0.4226
0.1443
0.3325

0.0293
0.0241
-0.0180
-0.0706
-0.0471
0.1272
0.0871
—-0.1495

0.3966
0.7302
0.6070
0.7190
0.2510
0.0533
0.7591
0.7859

—-0.1511
—-0.0919
0.0341
—-0.0459
0.1187
0.0759
—-0.0046
0.0279
0.0202

0.2779
0.9696
0.2658
0.4039
0.2682
0.7804
0.7104
0.7576
0.2346

0.0064
0.0816
—-0.0330
—-0.0955
—-0.0817
0.1054
0.0510
—-0.0349

0.0846 |

0.7662
0.7799
0.7917
0.8145
0.5921
0.4995

0.5803 |

-0.0259
0.0901
0.0225
0.0235
0.0211

-0.0707

—-0.0021
0.0138

-0.0572

0.4272
0.1547
0.0178
0.5602
0.3987
0.1791
0.7852
0.3096
0.5268

—0.1110 |

—-0.1040
0.0953
0.0666
0.0087
0.0301
0.0343

-0.0310 |

-0.1679 |

0.0313
0.0621
-0.0169
0.1290
-0.0240
—-0.0049
0.0480

~0.0543 |
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By using Algorithm 1, the matrices X and ¥ can be calculated as

10.3125 1.6856 11.5768 2.9404 5.8608 10.0334 5.6616 10.2796 |
3.1558 09953 3.4535 2.8974 24965 3.0032 -0.6049  4.8444

-1.4733 -0.3261 -1.7530 -0.0089 0.4039 -2.1998 0.0685 -1.0581

-3.5213 -2.8300 -1.5642 -1.5348 -2.5738 -2.0156 -1.0689 —-2.5506

X= -10.9338 -1.0780 -6.9596 -0.2293 -2.0804 -8.1569 -0.4377 -6.7851 |’
-0.6373 -2.9051 1.4927 -1.7029 -2.0441 0.8884 -0.4478 -0.4140
-2.6335 -2.8486 -0.2289 -0.3784 -3.8493 -0.8503 -2.6912 -2.7217
-1.3059 -0.8998 3.7576  0.6759 2.5416 04244 39367 0.5737 |
11.4671 09183 10.6494 0.8231 8.1120 12.1095 2.8832  9.8136 |

22225 0.8241 3.2230 4.2523  0.3029 3.5958 19810 3.4372
-5.1358 -0.7684 -0.8481 -0.6715 -0.8387 —0.0539 -1.1688 0.8117
7= -3.9963 0.2281 0.0877 -0.4146 -2.2147 -3.4810 1.3341 -1.6580

-11.6730  1.0370 -5.1128 -1.6334 —-4.8345 -10.7077 0.3348 -7.9691
-0.6932 -2.1950 1.5918 -1.3304 -4.3691 -3.4050 -1.2438 -1.3081
-3.1939 -3.0659 -0.6151 -0.2020 -3.1712 1.4496 -2.2899  1.2293
-1.4378 -1.0018 1.9367 -0.5103 1.7462 3.3388 3.4293  4.0501 |

and the distance between L; and L, is d(L3, Ly) = 13.7969, which implies that there is no common
element between linear manifolds L; and L,.

6. Conclusions

In this paper, by utilizing the singular value decompositions and the canonical correlation
decompositions of matrices, we have achieved the explicit representation for the optimal approximation
distance d(Li,L,) of linear manifolds L, and L, and the matrices X € L, Y € L, satisfying
IX = ¥|| = d(L,, L) in Problem 1 (see Theorem 3.1), and the explicit representation for the optimal
approximation distance d(L3, L4) of linear manifolds L; and L, and the matrices X e L,Y € L,
satisfying ||X — ¥|| = d(Ls, L4) in Problem 2 (see Theorem 4.1). Also, we have provided a simple recipe
for constructing the optimal approximation solution of Problem 2, which can serve as the basis for
numerical computation.The approach is demonstrated by a simple numerical example and reasonable
results are produced.
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