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Abstract: In this paper, we will deal with the following two classes of best approximation
problems about the linear manifolds: Problem 1. Given matrices A1, B1,C1, and D1 ∈ R

m×n,
find d(L1, L2) = minX∈L1,Y∈L2 ∥X − Y∥, and find X̂ ∈ L1, Ŷ ∈ L2 such that ∥X̂ − Ŷ∥ =
d(L1, L2), where L1 =

{
X ∈ SRn×n

| ∥A1X − B1∥ = min
}

and L2 =
{
Y ∈ SRn×n

| ∥C1Y − D1∥ = min
}
.

Problem 2. Given matrices A2, B2, E2, F2 ∈ Rm×n and C2,D2,G2,H2 ∈ Rn×p, find
d(L3, L4) = minX∈L3,Y∈L4 ∥X − Y∥, and find X̃ ∈ L3, Ỹ ∈ L4 such that ∥X̃ −

Ỹ∥ = d(L3, L4), where L3 =
{
X ∈ Rn×n

∣∣∣ ∥A2X − B2∥
2 + ||XC2 − D2∥

2 = min
}

and L4 ={
Y ∈ Rn×n

∣∣∣ ∥E2Y − F2∥
2 + ||YG2 − H2∥

2 = min
}
. We obtain explicit formulas for d(L1, L2) and

d(L3, L4), and all the matrices in question by using the singular value decompositions and the canonical
correlation decompositions of matrices.
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1. Introduction

Matrix equationsplay important roles in structural vibration systems [1, 2], automatic control [3],
and other fields [4, 5]. Observe that the linear matrix equation

AX = B (1.1)

and the linear matrix equations
AX = B, XC = D (1.2)

have been extensively studied, and some profound results were established. The various special
solutions of Eq (1.1) have been studied in [6–9]. The various special solutions of Eq (1.2) have been
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considered in [10–14]. Don [15] studied the general symmetric solution to Eq (1.1) by applying
a formula for the partitioned minimum-norm reflexive generalized inverse. Dai [16] derived the
symmetric solution of Eq (1.1) by utilizing the singular value decomposition (SVD). Sun [17] provided
the least-squares symmetric solution for Eq (1.1) by using the SVD. Rao and Mitra [18] studied the
common solutionof Eq (1.2). Yuan [19] considered the least-squares solution and the least-squares
symmetric solution with the minimum-normof Eq (1.2) by applying the SVD. Obviously, the least-
squares solution of the matrix equations form a linear manifold. It is known thatthe manifold distance
is widely used in many aspects, such asin pattern recognition [20], image recognition [21–23], and
Riemannian manifolds [24–27]. There are some results about the distance between linear manifolds.
For example, Kass [28] obtained the expression of the distance from a point y to an affine subspace
(linear manifold) L = {x|Ax = b}. Dupré and Kass [29] and Yuan [30] further proposed the specific
formulas for the distance between two affine subspaces. Grover [31] derived an expression for the
distance of a matrix A from any unital C∗-subalgebra ofCn×n by the SVD. In addition, Du and Deng [32]
established a new characterization of gaps between two subspaces of a Hilbert space. Baksalary and
Trenkler [33] investigated the angles and distances between two given subspaces of Cn. Scheffer and
Vahrenhold [34, 35] proposed an algorithm to approximate the geodesic distances and approximate
weighted geodesic distances on a 2-manifold in R3, respectively. Inspired by the works of Kass [28]
and Yuan [30], in this paper we will discuss the best approximation problem between two least-squares
symmetric solution manifolds of Eq (1.1) and the best approximation problem between two least-
squares solution manifolds of Eq (1.2). Namely, we consider the following two problems:
Problem 1. Given A1, B1,C1, and D1 ∈ R

m×n, find d(L1, L2) = minX∈L1,Y∈L2 ∥X − Y∥, and find
X̂ ∈ L1, Ŷ ∈ L2 such that ∥X̂ − Ŷ∥ = d(L1, L2), where

L1 =
{
X ∈ SRn×n

| ∥A1X − B1∥ = min
}
,

L2 =
{
Y ∈ SRn×n

| ∥C1Y − D1∥ = min
}
,

SRn×n stands for the set of all n × n symmetric matrices, and ∥ · ∥ is the Frobenius norm.
Problem 2. Given matrices A2, B2, E2, F2 ∈ R

m×n and C2,D2,G2,H2 ∈ R
n×p, find d(L3, L4) =

minX∈L3,Y∈L4 ∥X − Y∥, and find X̃ ∈ L3, Ỹ ∈ L4 such that ∥X̃ − Ỹ∥ = d(L3, L4), where

L3 =
{
X ∈ Rn×n

∣∣∣ ∥A2X − B2∥
2 + ||XC2 − D2∥

2 = min
}
,

L4 =
{
Y ∈ Rn×n

∣∣∣ ∥E2Y − F2∥
2 + ||YG2 − H2∥

2 = min
}
.

The paper is organized as follows. In Section 2, we introduce some important lemmas. In Sections 3
and 4, we derive the expressions of the matrices X̂, Ŷ , X̃, Ỹ and present the explicit expressions for
d(L1, L2) and d(L3, L4) of Problems 1 and 2 by utilizing the singular value decomposition and the
canonical correlation decomposition (CCD). Finally, in Section 5, we provide a simple recipe for
numerical computation to solve Problem 2.

2. Preliminaries

In order to solve Problems 1 and 2, we need the following lemmas.

Lemma 2.1. [19] Given A1, B1,C1, and D1 ∈ R
m×n, let the SVDs of the matrices A1 and C1 be

A1 = U1

[
Σ1 0
0 0

]
V⊤1 , C1 = P1

[
Σ2 0
0 0

]
Q⊤1 ,
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where Σ1 = diag(γ1, . . . , γs1) > 0 (that is, Σ1 > 0 means that Σ1 is a symmetric positive definite matrix),
s1 = rank(A1), Σ2 = diag(θ1, . . . , θt1) > 0, t1 = rank(C1), and U1 = [U11,U12], V1 = [V11,V12], P1 =

[P11, P12], Q1 = [Q11,Q12] are orthogonal matrices with U11 ∈ R
m×s1 , V11 ∈ R

n×s1 , P11 ∈ R
m×t1 , Q11 ∈

Rn×t1 . Let

U⊤1 B1V1 =

[
B11 B12

B13 B14

]
, P⊤1 D1Q1 =

[
D11 D12

D13 D14

]
.

Then, the solution sets L1 and L2 can be expressed as

L1 =
{
X ∈ SRn×n

| X = X1 + V12X14V⊤12
}
,

L2 =
{
Y ∈ SRn×n

| Y = Y1 + Q12Y14Q⊤12
}
,

(2.1)

where

X1 = V1

[
W1 ∗ (Σ1B11 + B⊤11Σ1) Σ−1

1 B12

B⊤12Σ
−1
1 0

]
V⊤1 , (2.2)

Y1 = Q1

[
W2 ∗ (Σ2D11 + D⊤11Σ2) Σ−1

2 D12

D⊤12Σ
−1
2 0

]
Q⊤1 , (2.3)

and W1 ∗ (Σ1B11 + B⊤11Σ1) represents the Hadamard product of W1 and Σ1B11 + B⊤11Σ1, W1 = [w(1)
i j ]s1×s1

with w(1)
i j =

1
γ2

i +γ
2
j

(i, j = 1, . . . , s1), W2 = [w(2)
i j ]t1×t1 with w(2)

i j =
1
θ2i +θ

2
j

(i, j = 1, . . . , t1), and X14 ∈

SR(n−s1)×(n−s1), Y14 ∈ SR
(n−t1)×(n−t1) are arbitrary symmetric matrices.

Lemma 2.2. [19] Suppose that A2, B2, E2, F2 ∈ R
m×n and C2,D2,G2,H2 ∈ R

n×p. Assume that the
SVDs of the matrices A2,C2, E2, and G2 are

A2 = U2

[
Σ3 0
0 0

]
V⊤2 , C2 = P2

[
Σ4 0
0 0

]
Q⊤2 ,

E2 = U3

[
Σ5 0
0 0

]
V⊤3 , G2 = P3

[
Σ6 0
0 0

]
Q⊤3 ,

(2.4)

where Σ3 = diag(λ1, . . . , λs2) > 0, s2 = rank(A2), Σ4 = diag(ρ1, . . . , ρt2) > 0, t2 = rank(C2), Σ5 =

diag(ϵ1, . . . , ϵs3) > 0, s3 = rank(E2), Σ6 = diag(η1, . . . , ηt3) > 0, t3 = rank(G2), and U2 =

[U21,U22], V2 = [V21,V22], P2 = [P21, P22], Q2 = [Q21,Q22], U3 = [U31,U32], V3 = [V31,V32], P3 =

[P31, P32], Q3 = [Q31,Q32] are orthogonal matrices with U21 ∈ R
m×s2 , V21 ∈ R

n×s2 , P21 ∈ R
n×t2 , Q21 ∈

Rp×t2 , U31 ∈ R
m×s3 , V31 ∈ R

n×s3 , P31 ∈ R
n×t3 , and Q31 ∈ R

p×t3 . Let

U⊤2 B2P2 =

[
B21 B22

B23 B24

]
, V⊤2 D2Q2 =

[
D21 D22

D23 D24

]
,

U⊤3 F2P3 =

[
K21 K22

K23 K24

]
, V⊤3 H2Q3 =

[
H21 H22

H23 H24

]
.

Then, the solution sets L3 and L4 can be expressed as

L3 =
{
X ∈ Rn×n| X = X2 + V22X24P⊤22

}
,

L4 =
{
Y ∈ Rn×n| Y = Y2 + V32Y24P⊤32

}
,

(2.5)
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where

X2 = V2

[
W3 ∗ (Σ3B21 + D21Σ4) Σ−1

3 B22

D23Σ
−1
4 0

]
P⊤2 , (2.6)

Y2 = V3

[
W4 ∗ (Σ5K21 + H21Σ6) Σ−1

5 K22

H23Σ
−1
6 0

]
P⊤3 , (2.7)

and W3 = [w(3)
i j ]s2×t2 with w(3)

i j =
1

λ2
i +ρ

2
j

(i = 1, . . . , s2; j = 1, . . . , t2), W4 = [w(4)
i j ]s3×t3 with w(4)

i j =
1
ϵ2i +η

2
j

(i =

1, . . . , s3; j = 1, . . . , t3), and X24 ∈ R
(n−s2)×(n−t2), Y24 ∈ R

(n−s3)×(n−t3) are arbitrary matrices.

Lemma 2.3. Let F26, F56 ∈ R
h1×k1 , and CA = diag(α1, . . . , αh1) > 0, S A = diag (β1, . . . , βh1) > 0 satisfy

α2
i + β

2
i = 1 (i = 1, . . . , h1). Then,

Φ(T23) = ∥CAT23 + F26∥
2 + ∥S AT23 + F56∥

2 = min

if and only if
T23 = −(CAF26 + S AF56). (2.8)

Proof. Let F26 = [ fi j], F56 = [gi j] ∈ Rh1×k1 , and T23 = [ti j] ∈ Rh1×k1 . Then,

Φ(T23) =
h1∑
i=1

k1∑
j=1

(
(αiti j + fi j)2 + (βiti j + gi j)2

)
.

Now, we minimize the quantities

φ1 = (αiti j + fi j)2 + (βiti j + gi j)2 (i = 1, . . . , h1; j = 1, . . . , k1).

It is easy to obtain the minimizers

ti j = −
αi fi j + βigi j

α2
i + β

2
i

= −(αi fi j + βigi j) (i = 1, . . . , h1; j = 1, . . . , k1). (2.9)

(2.8) follows from (2.9) straightforwardly. □

Lemma 2.4. Suppose that the matrices F12, F15 ∈ R
r1×h1 . Let CA = diag(α1, . . . , αh1) > 0, S A =

diag(β1, . . . , βh1) > 0 satisfy α2
i + β

2
i = 1 (i = 1, . . . , h1). Then,

Φ(T12, J12) = ∥T12CA − J12 + F12∥
2 + ∥T12S A + F15∥

2 = min (2.10)

if and only if
T12 = −F15S −1

A , J12 = F12 − F15S −1
A CA. (2.11)

Proof. Let F12 = [ fi j], F15 = [ki j], T12 = [ti j], J12 = [qi j] ∈ Rr1×h1 . Then, the minimization problem
of (2.10) is equivalent to

Φ(T12, J12) =
r1∑

i=1

h1∑
j=1

(
(ti jα j − qi j + fi j)2 + (ti jβ j + ki j)2

)
. (2.12)
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Clearly, the function of concerning variables ti j and qi j in (2.12) is

φ2 = (ti jα j − qi j + fi j)2 + (ti jβ j + ki j)2 (i = 1, . . . , r1; j = 1, . . . , h1).

It is easy to verify that the function φ2 attains the smallest value at

∂φ2

∂ti j
= 0,

∂φ2

∂qi j
= 0 (i = 1, . . . , r1; j = 1, . . . , h1),

which yields
ti j = −ki jβ

−1
j , qi j = fi j − ki jβ

−1
j α j (i = 1, . . . , r1; j = 1, . . . , h1). (2.13)

By rewriting (2.13) in matrix forms, we immediately obtain (2.11). □

Lemma 2.5. [36] Assume that CA = diag(α1, . . . , αh1) > 0, S A = diag(β1, . . . , βh1) > 0 with α2
i + β

2
i =

1 (i = 1, . . . , h1), and F22, F25, F55 ∈ R
h1×h1 . Then, the problem

Φ(T22, J22) = ∥CAT22CA − J22 + F22∥
2 + 2∥CAT22S A + F25∥

2 + ∥S AT22S A + F55∥
2 = min

has unique symmetric solutions T22, J22 ∈ R
h1×h1 with the forms

T22 = W5 ∗ (CAF25S A + S AF⊤25CA + S AF55S A),
J22 = F22 +W5 ∗ (C2

AF25S ACA +CAS AF⊤25C
2
A +CAS AF55S ACA),

(2.14)

where W5 = [w(5)
i j ]h1×h1 , w(5)

i j =
1

α2
i α

2
j−1 (i, j = 1, . . . , h1).

Lemma 2.6. [36] Let M22, M25, M52, M55 ∈ R
h2×h3 , and let C3 = diag(κ1, . . . , κh2) > 0, S 3 =

diag(σ1, . . . , σh2) > 0 satisfy κ2i + σ
2
i = 1 (i = 1, . . . , h2), C4 = diag(δ1, . . . , δh3) > 0, and S 4 =

diag(ζ1, . . . , ζh3) > 0 satisfy δ2
i + ζ

2
i = 1 (i = 1, . . . , h3). Then,

Φ(R22,Z22) =∥C3R22C4 − Z22 + M22∥
2 + ∥S 3R22C4 + M52∥

2

+ ∥C3R22S 4 + M25∥
2 + ∥S 3R22S 4 + M55∥

2 = min

if and only if
R22 = W6 ∗ (C3M25S 4 + S 3M52C4 + S 3M55S 4),
Z22 = M22 +W6 ∗ (C2

3 M25S 4C4 +C3S 3M52C2
4 +C3S 3M55S 4C4),

(2.15)

where W6 = [w(6)
i j ]h2×h3 with w(6)

i j =
1

κ2i δ
2
j−1 (i = 1, . . . , h2; j = 1, . . . , h3).

3. The solution of Problem 1

Let V12 ∈ R
n×(n−s1) and Q12 ∈ R

n×(n−t1) be column orthogonal matrices, and assume that n − s1 =

rank(V12) ≥ rank(Q12) = n − t1. Let the CCD [37] of the matrix pair [V12,Q12] be

V12 = FΣA1 N⊤1 , Q12 = FΣC1 N⊤2 , (3.1)
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in which F ∈ Rn×n, N1 ∈ R
(n−s1)×(n−s1), and N2 ∈ R

(n−t1)×(n−t1) are orthogonal matrices, and

ΣA1 =



I 0 0
0 CA 0
0 0 0
0 0 0
0 S A 0
0 0 I



r1

h1

f1

t1 − h1 − k1

h1

k1

r1 h1 k1

,
ΣC1 =



I 0 0
0 I 0
0 0 I
0 0 0
0 0 0
0 0 0



r1

h1

f1

t1 − h1 − k1

h1

k1

r1 h1 f1

,

rank(V12) = r1+h1+k1, h1 = rank([V12,Q12])+ rank(Q⊤12V12)− rank(V12)− rank(Q12), r1 = rank(V12)+
rank(Q12) − rank([V12,Q12]), k1 = rank(V12) − rank(Q⊤12V12), f1 = n − t1 − r1 − h1, and

CA = diag(α1, . . . , αh1), S A = diag(β1, . . . , βh1)

with
1 > α1 ≥ · · · ≥ αh1 > 0, 0 < β1 ≤ · · · ≤ βh1 < 1, α2

i + β
2
i = 1 (i = 1, . . . , h1).

It follows from (2.1) and (3.1) that for any X ∈ L1 and Y ∈ L2, we have

∥X − Y∥ = ∥FΣA1 N⊤1 X14N1Σ
⊤
A1

F⊤ − FΣC1 N⊤2 Y14N2Σ
⊤
C1

F⊤ + (X1 − Y1)∥
= ∥ΣA1 N⊤1 X14N1Σ

⊤
A1
− ΣC1 N⊤2 Y14N2Σ

⊤
C1
+ F⊤(X1 − Y1)F∥.

Write

F⊤(X1 − Y1)F =



F11 F12 F13 F14 F15 F16

F⊤12 F22 F23 F24 F25 F26

F⊤13 F⊤23 F33 F34 F35 F36

F⊤14 F⊤24 F⊤34 F44 F45 F46

F⊤15 F⊤25 F⊤35 F⊤45 F55 F56

F⊤16 F⊤26 F⊤36 F⊤46 F⊤56 F66


, (3.2)

N⊤1 X14N1 =


T11 T12 T13

T⊤12 T22 T23

T⊤13 T⊤23 T33

 , N⊤2 Y14N2 =


J11 J12 J13

J⊤12 J22 J23

J⊤13 J⊤23 J33

 . (3.3)

Then,

d(L1, L2) = min
X∈L1,Y∈L2

∥X − Y∥

=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



T11 − J11 + F11 T12CA − J12 + F12 F13 − J13 F14 T12S A + F15 T13 + F16

CAT⊤12 − J⊤12 + F⊤12 CAT22CA − J22 + F22 F23 − J23 F24 CAT22S A + F25 CAT23 + F26

F⊤13 − J⊤13 F⊤23 − J⊤23 F33 − J33 F34 F35 F36

F⊤14 F⊤24 F⊤34 F44 F45 F46

S AT⊤12 + F⊤15 S AT22CA + F⊤25 F⊤35 F⊤45 S AT22S A + F55 S AT23 + F56

T⊤13 + F⊤16 T⊤23CA + F⊤26 F⊤36 F⊤46 T⊤23S A + F⊤56 T33 + F66



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
= min . (3.4)
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It follows from (3.2)–(3.4) that d(L1, L2) = minX∈L1,Y∈L2 ∥X − Y∥ if and only if

∥T11 − J11 + F11∥ = min, (3.5)
∥T13 + F16∥ = min, ∥T33 + F66∥ = min, (3.6)
∥F13 − J13∥ = min, ∥F23 − J23∥ = min, ∥F33 − J33∥ = min, (3.7)
∥CAT23 + F26∥

2 + ∥S AT23 + F56∥
2 = min, (3.8)

∥T12CA − J12 + F12∥
2 + ∥T12S A + F15∥

2 = min, (3.9)
∥CAT22CA − J22 + F22∥

2 + 2∥CAT22S A + F25∥
2 + ∥S AT22S A + F55∥

2 = min . (3.10)

From (3.5), we obtain
T11 = J11 − F11, (3.11)

where J11 ∈ SR
r1×r1 is an arbitrary matrix. By (3.6) and (3.7), we can find that

T13 = −F16, T33 = −F66, J13 = F13, J23 = F23, J33 = F33. (3.12)

By applying Lemma 2.3, from (3.8) we have

T23 = −(CAF26 + S AF56). (3.13)

Solving the minimization problem (3.9) by using Lemma 2.4, we obtain

T12 = −F15S −1
A , J12 = F12 − F15S −1

A CA. (3.14)

Applying Lemma 2.5, we can obtain (2.14) from (3.10). Inserting (2.14) and (3.11)–(3.14) into (3.3)
and (3.4), we obtain

X14 = N1


J11 − F11 −F15S −1

A −F16

−S −1
A F⊤15 T22 −(CAF26 + S AF56)
−F⊤16 −(F⊤26CA + F⊤56S A) −F66

N⊤1 ,
Y14 = N2


J11 F12 − F15S −1

A CA F13

F⊤12 −CAS −1
A F⊤15 J22 F23

F⊤13 F⊤23 F33

N⊤2 ,

d(L1, L2) =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



0 0 0 F14 0 0
0 0 0 F24 CAT22S A + F25 S 2

AF26 −CAS AF56

0 0 0 F34 F35 F36

F⊤14 F⊤24 F⊤34 F44 F45 F46

0 S AT22CA + F⊤25 F⊤35 F⊤45 S AT22S A + F55 C2
AF56 − S ACAF26

0 F⊤26S 2
A − F⊤56S ACA F⊤36 F⊤46 F⊤56C2

A − F⊤26CAS A 0



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
. (3.15)

The relation of (3.15) can be equivalently written as

d(L1, L2) =
(
2

3∑
i=1

∥Fi4∥
2 + 2

6∑
j=5

∥F3 j∥
2 + 2

6∑
k=5

∥F4k∥
2 + ∥F44∥

2 + ∥S AT22S A + F55∥
2

+ 2∥CAT22S A + F25∥
2 + 2∥S 2

AF26 −CAS AF56∥
2 + 2∥C2

AF56 − S ACAF26∥
2
) 1

2
.

(3.16)

As a summary of the above discussion, we have proved the following result.
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Theorem 3.1. Given the matrices A1, B1,C1, and D1 ∈ R
m×n, the explicit expression for d(L1, L2) of

Problem 1 can be expressed as (3.16), and the matrices X̂ and Ŷ are given by

X̂ = X1 + V12X̂14V⊤12, Ŷ = Y1 + Q12Ŷ14Q⊤12, (3.17)

where

X̂14 = N1


J11 − F11 −F15S −1

A −F16

−S −1
A F⊤15 T22 −(CAF26 + S AF56)
−F⊤16 −(F⊤26CA + F⊤56S A) −F66

N⊤1 ,
Ŷ14 = N2


J11 F12 − F15S −1

A CA F13

F⊤12 −CAS −1
A F⊤15 J22 F23

F⊤13 F⊤23 F33

N⊤2 ,
J11 ∈ SR

r1×r1 is an arbitrary matrix, and X1,Y1,T22, J22 are given by (2.2), (2.3), and (2.14),
respectively.

4. The solution of Problem 2

Suppose that V22 ∈ R
n×(n−s2), V32 ∈ R

n×(n−s3), P22 ∈ R
n×(n−t2), and P32 ∈ R

n×(n−t3) are column
orthogonal matrices, and assume that n− s2 = rank(V22) ≥ rank(V32) = n− s3 and n− t2 = rank(P22) ≥
rank(P32) = n − t3. Let the CCDs of the matrix pairs [V22,V32] and [P22, P32] be

V22 = MΣA2 N⊤3 , V32 = MΣE2 N⊤4 ,
P22 = WΣC2 N⊤5 , P32 = WΣG2 N⊤6 ,

(4.1)

in which M ∈ Rn×n, W ∈ Rn×n, N3 ∈ R
(n−s2)×(n−s2), N4 ∈ R

(n−s3)×(n−s3), N5 ∈ R
(n−t2)×(n−t2), and N6 ∈

R(n−t3)×(n−t3) are all orthogonal matrices, and

ΣA2 =



I 0 0
0 C3 0
0 0 0
0 0 0
0 S 3 0
0 0 I



r2

h2

f2

s3 − h2 − k2

h2

k2

r2 h2 k2

,
ΣE2 =



I 0 0
0 I 0
0 0 I
0 0 0
0 0 0
0 0 0



r2

h2

f2

s3 − h2 − k2

h2

k2

r2 h2 f2

,

rank(V22) = r2 + h2 + k2, h2 = rank([V22,V32])+ rank(V⊤32V22)− rank(V22)− rank(V32), r2 = rank(V22)+
rank(V32) − rank([V22,V32]), k2 = rank(V22) − rank(V⊤32V22), f2 = n − s3 − r2 − h2, and

C3 = diag(κ1, . . . , κh2), S 3 = diag(σ1, . . . , σh2)

with
1 > κ1 ≥ · · · ≥ κh2 > 0, 0 < σ1 ≤ · · · ≤ σh2 < 1, κ2i + σ

2
i = 1 (i = 1, . . . , h2).
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ΣC2 =



I 0 0
0 C4 0
0 0 0
0 0 0
0 S 4 0
0 0 I



r3

h3

f3

t3 − h3 − k3

h3

k3

r3 h3 k3

,
ΣG2 =



I 0 0
0 I 0
0 0 I
0 0 0
0 0 0
0 0 0



r3

h3

f3

t3 − h3 − k3

h3

k3

r3 h3 f3

,

rank(P22) = r3+h3+ k3, h3 = rank([P22, P32])+ rank(P⊤32P22)− rank(P22)− rank(P32), r3 = rank(P22)+
rank(P32) − rank([P22, P32]), k3 = rank(P22) − rank(P⊤32P22), f3 = n − t3 − r3 − h3, and

C4 = diag(δ1, . . . , δh3), S 4 = diag(ζ1, . . . , ζh3)

with
1 > δ1 ≥ · · · ≥ δh3 > 0, 0 < ζ1 ≤ · · · ≤ ζh3 < 1, δ2

i + ζ
2
i = 1 (i = 1, . . . , h3).

It follows from (2.5) and (4.1) that, for any X ∈ L3 and Y ∈ L4, we have

∥X − Y∥ = ∥MΣA2 N⊤3 X24N5Σ
⊤
C2

W⊤ − MΣE2 N⊤4 Y24N6Σ
⊤
G2

W⊤ + (X2 − Y2)∥
= ∥ΣA2 N⊤3 X24N5Σ

⊤
C2
− ΣE2 N⊤4 Y24N6Σ

⊤
G2
+ M⊤(X2 − Y2)W∥.

If we set

M⊤(X2 − Y2)W =



M11 M12 M13 M14 M15 M16

M21 M22 M23 M24 M25 M26

M31 M32 M33 M34 M35 M36

M41 M42 M43 M44 M45 M46

M51 M52 M53 M54 M55 M56

M61 M62 M63 M64 M65 M66


, (4.2)

N⊤3 X24N5 =


R11 R12 R13

R21 R22 R23

R31 R32 R33

 , N⊤4 Y24N6 =


Z11 Z12 Z13

Z21 Z22 Z23

Z31 Z32 Z33

 , (4.3)

then

d(L3, L4) = min
X∈L3,Y∈L4

∥X − Y∥

=

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



R11 − Z11 + M11 R12C4 − Z12 + M12 M13 − Z13 M14 R12S 4 + M15 R13 + M16

C3R21 − Z21 + M21 C3R22C4 − Z22 + M22 M23 − Z23 M24 C3R22S 4 + M25 C3R23 + M26

M31 − Z31 M32 − Z32 M33 − Z33 M34 M35 M36

M41 M42 M43 M44 M45 M46

S 3R21 + M51 S 3R22C4 + M52 M53 M54 S 3R22S 4 + M55 S 3R23 + M56

R31 + M61 R32C4 + M62 M63 M64 R32S 4 + M65 R33 + M66



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
= min . (4.4)

It follows from (4.2)–(4.4) that d(L3, L4) = minX∈L3,Y∈L4 ∥X − Y∥ if and only if

∥R11 − Z11 + M11∥ = min, (4.5)
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∥M13 − Z13∥ = min, ∥M23 − Z23∥ = min, ∥M33 − Z33∥ = min, ∥M31 − Z31∥ = min, (4.6)
∥M32 − Z32∥ = min, ∥R13 + M16∥ = min, ∥R31 + M61∥ = min, ∥R33 + M66∥ = min, (4.7)
∥C3R23 + M26∥

2 + ∥S 3R23 + M56∥
2 = min, (4.8)

∥R32C4 + M62∥
2 + ∥R32S 4 + M65∥

2 = min, (4.9)
∥R12C4 − Z12 + M12∥

2 + ∥R12S 4 + M15∥
2 = min, (4.10)

∥C3R21 − Z21 + M21∥
2 + ∥S 3R21 + M51∥

2 = min, (4.11)
∥C3R22C4 − Z22 + M22∥

2 + ∥S 3R22C4 + M52∥
2 (4.12)

+∥C3R22S 4 + M25∥
2 + ∥S 3R22S 4 + M55∥

2 = min .

From (4.5), we obtain
R11 = Z11 − M11, (4.13)

where Z11 ∈ R
r2×r3 is an arbitrary matrix. By (4.6) and (4.7), we get

Z13 = M13, Z23 = M23, Z33 = M33, Z31 = M31,

Z32 = M32, R13 = −M16, R31 = −M61, R33 = −M66.
(4.14)

It follows from (4.8), (4.9), and Lemma 2.3 that

R23 = −(C3M26 + S 3M56), R32 = −(M62C4 + M65S 4). (4.15)

By using Lemma 2.4, solving minimization problems (4.10) and (4.11) yields

R12 = −M15S −1
4 , Z12 = M12 − M15S −1

4 C4,

R21 = −S −1
3 M51, Z21 = M21 −C3S −1

3 M51.
(4.16)

The relation of (2.15) follows from Lemma 2.6 and (4.12). Substituting (2.15) and (4.13)–(4.16)
into (4.3) and (4.4) leads to

X24 = N3


Z11 − M11 −M15S −1

4 −M16

−S −1
3 M51 R22 −(C3M26 + S 3M56)
−M61 −(M62C4 + M65S 4) −M66

N⊤5 ,

Y24 = N4


Z11 M12 − M15S −1

4 C4 M13

M21 −C3S −1
3 M51 Z22 M23

M31 M32 M33

N⊤6 ,

d(L3, L4) =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥



0 0 0 M14 0 0
0 0 0 M24 C3R22S 4 + M25 S 2

3 M26 −C3S 3M56

0 0 0 M34 M35 M36

M41 M42 M43 M44 M45 M46

0 S 3R22C4 + M52 M53 M54 S 3R22S 4 + M55 C2
3 M56 − S 3C3M26

0 M62S 2
4 − M65S 4C4 M63 M64 M65C2

4 − M62C4S 4 0



∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥
. (4.17)
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The relation of (4.17) can be equivalently written as

d(L3, L4)

=
( 6∑

i=1

∥Mi4∥
2 +

6∑
j=1

∥M4 j∥
2 − ∥M44∥

2 +

6∑
k=5

∥M3k∥
2 +

6∑
n=5

∥Mn3∥
2

+ ∥S 2
3M26 −C3S 3M56∥

2 + ∥M62S 2
4 − M65S 4C4∥

2 + ∥C2
3 M56 − S 3C3M26∥

2

+ ∥M65C2
4 − M62C4S 4∥

2 + ∥C3R22S 4 + M25∥
2 + ∥S 3R22C4 + M52∥

2 + ∥S 3R22S 4 + M55∥
2
) 1

2
.

(4.18)

By now, we have proved the following theorem.

Theorem 4.1. Given A2, B2, E2, F2 ∈ R
m×n and C2,D2,G2,H2 ∈ R

n×p, d(L3, L4) can be expressed
by (4.18) and the matrices X̃ and Ỹ are given by

X̃ = X2 + V22X̃24P⊤22, Ỹ = Y2 + V32Ỹ24P⊤32, (4.19)

where

X̃24 = N3


Z11 − M11 −M15S −1

4 −M16

−S −1
3 M51 R22 −(C3M26 + S 3M56)
−M61 −(M62C4 + M65S 4) −M66

N⊤5 , (4.20)

Ỹ24 = N4


Z11 M12 − M15S −1

4 C4 M13

M21 −C3S −1
3 M51 Z22 M23

M31 M32 M33

N⊤6 , (4.21)

Z11 ∈ R
r2×r3 is an arbitrary matrix, and X2,Y2,R22,Z22 are given by (2.6), (2.7), and (2.15), respectively.

5. Numerical algorithm and numerical example

According to Theorem 4.1, we have the following algorithm to solve Problem 2.

Algorithm 1.

1) Input matrices A2, B2,C2,D2, E2, F2,G2, and H2.

2) Compute the SVDs of the matrices A2,C2, E2, and G2 according to (2.4).

3) Compute the CCDs of the matrix pairs [V22,V23] and [P22, P23] by (4.1).

4) Calculate the matrices Mi j, i, j = 1, . . . , 6 following (4.2).

5) Randomly choose the matrix Z11.

6) Calculate the matrices Ri j, i, j = 1, 2, 3; Zmn, m, n = 2, 3; Z12 and Z13 by (2.15) and (4.13)–(4.16).

7) Compute d(L3, L4), X̃24, and Ỹ24 by (4.18), (4.20), and (4.21), respectively.

8) Compute matrices X̃ and Ỹ by (4.19).
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Example 5.1. Let m = 9, n = 8, p = 7, and the matrices A2, B2,C2,D2, E2, F2,G2 and H2 be given by

A2 =



0.0108 −0.0027 −0.0064 −0.0067 −0.0012 −0.0016 −0.0021 0.0079
−0.0081 0.0307 0.0208 0.0652 −0.0081 −0.2083 0.1079 0.0530
−0.0005 0.0786 −0.2736 0.1436 0.0529 0.1079 −0.1713 −0.0905
−0.0004 −0.0655 0.1064 0.0393 −0.0948 −0.2018 0.2075 0.0974
−0.0023 −0.0688 0.1772 −0.0304 −0.0782 −0.1758 0.1999 0.0966

0.0049 −0.0563 0.1564 −0.2363 0.0333 0.2868 −0.1181 −0.0524
−0.0044 0.1064 −0.2607 0.0795 0.1052 0.1970 −0.2556 −0.1294
−0.0042 −0.0849 0.2096 −0.2453 0.0060 0.2716 −0.0695 −0.0384

0.0135 0.0302 −0.0541 0.0603 0.0025 −0.1140 0.0312 0.0295


,

B2 =



0.0532 0.5681 0.0157 0.0004 0.0160 0.1990 0.7426 0.4204
0.0129 0.7590 0.1846 0.7179 0.8347 0.3237 0.0864 0.0545
0.9298 0.2514 0.0249 0.4608 0.0692 0.9583 0.3043 0.9984
0.4425 0.4036 0.7946 0.7032 0.1901 0.1580 0.4579 0.1898
0.7017 0.0773 0.3014 0.7888 0.0771 0.7160 0.5443 0.2690
0.9423 0.2019 0.4865 0.0087 0.7508 0.2349 0.4249 0.1090
0.0165 0.8895 0.4931 0.2505 0.1460 0.8112 0.2247 0.9505
0.2601 0.6580 0.0603 0.0932 0.3902 0.7843 0.3564 0.6575
0.4770 0.6348 0.7141 0.7846 0.4591 0.7429 0.0878 0.8769


,

C2 =



−0.0000 −0.0805 0.0352 −0.1027 −0.0855 0.1902 0.0583
−0.1759 0.1462 0.3348 −0.0477 −0.0999 −0.2107 −0.0952

0.0123 0.1782 0.2681 −0.0759 −0.3082 −0.1380 −0.0847
0.0499 −0.1696 −0.3077 0.0798 0.2626 0.1524 0.0874
0.4614 0.1417 −0.2276 0.0424 −0.3935 0.0007 −0.0244
0.2170 −0.0272 −0.3974 0.1836 0.1722 −0.0373 0.0165
−0.2272 −0.1740 −0.0035 −0.0161 0.3051 0.1199 0.0681
−0.3750 −0.0817 0.2230 −0.0368 0.2828 −0.0384 0.0020


,

D2 =



0.3101 0.6758 0.6771 0.0803 0.8809 0.9752 0.5119
0.8763 0.2769 0.7085 0.8187 0.4956 0.4534 0.6392
0.0841 0.4658 0.0967 0.1608 0.1558 0.4297 0.1369
0.4781 0.6627 0.3859 0.7805 0.6804 0.4992 0.2636
0.1173 0.6215 0.0542 0.9701 0.6157 0.0577 0.7184
0.7110 0.0966 0.7896 0.3762 0.6068 0.4427 0.5008
0.5470 0.7411 0.1857 0.8037 0.7711 0.2363 0.1614
0.9489 0.8545 0.3430 0.1492 0.2734 0.1988 0.3628


,
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E2 =



−0.0000 −0.1050 0.0648 0.5265 −0.2047 −0.1511 −0.0259 −0.1679
−0.0201 −0.0467 −0.0623 0.1041 −0.0245 −0.0919 0.0901 0.0313

0.0180 −0.0012 −0.0350 −0.1734 0.0834 0.0341 0.0225 0.0621
−0.0013 0.1083 0.0180 −0.0455 0.0105 −0.0459 0.0235 −0.0169
−0.0356 0.0959 −0.0512 −0.3490 0.1167 0.1187 0.0211 0.1290
−0.0301 0.0022 0.0372 0.0451 −0.0492 0.0759 −0.0707 −0.0240

0.0215 −0.0004 0.0052 −0.0316 0.0224 −0.0046 −0.0021 −0.0049
0.0380 −0.0180 −0.0262 −0.1668 0.0901 0.0279 0.0138 0.0480
0.0237 0.0367 0.0571 −0.0051 −0.0045 0.0202 −0.0572 −0.0543


,

F2 =



0.9122 0.6673 0.7554 0.3068 0.6356 0.0003 0.2779 0.4272
0.0289 0.3513 0.2998 0.4126 0.3406 0.6659 0.9696 0.1547
0.4573 0.2242 0.4836 0.1212 0.2281 0.9499 0.2658 0.0178
0.4250 0.1710 0.3992 0.7180 0.3658 0.6640 0.4039 0.5602
0.4875 0.0040 0.3787 0.5228 0.0370 0.0245 0.2682 0.3987
0.9081 0.4887 0.5079 0.3866 0.1795 0.0502 0.7804 0.1791
0.9027 0.4806 0.7677 0.5034 0.1183 0.4226 0.7104 0.7852
0.6292 0.2774 0.3868 0.0710 0.6928 0.1443 0.7576 0.3096
0.8653 0.7670 0.6426 0.5960 0.7242 0.3325 0.2346 0.5268


,

G2 =



−0.0000 0.0001 −0.0389 0.0260 0.0293 0.0064 −0.1110
0.1108 −0.0970 0.1646 −0.1058 0.0241 0.0816 −0.1040
−0.0429 0.0256 −0.0328 0.0263 −0.0180 −0.0330 0.0953
−0.0444 0.1511 −0.1401 0.0763 −0.0706 −0.0955 0.0666
−0.0482 0.1376 −0.1571 0.0864 −0.0471 −0.0817 0.0087
−0.0612 −0.2212 0.1033 −0.0319 0.1272 0.1054 0.0301
−0.0633 −0.1386 0.0463 0.0026 0.0871 0.0510 0.0343

0.1740 0.1614 0.0636 −0.0941 −0.1495 −0.0349 −0.0310


,

H2 =



0.1207 0.4066 0.1842 0.1781 0.5861 0.3966 0.0846
0.7193 0.8691 0.2463 0.8898 0.7267 0.7302 0.7662
0.2726 0.8748 0.8731 0.3545 0.3923 0.6070 0.7799
0.6791 0.3647 0.4329 0.9014 0.8862 0.7190 0.7917
0.6768 0.5848 0.2961 0.5733 0.9603 0.2510 0.8145
0.2611 0.8055 0.4341 0.4515 0.5780 0.0533 0.5921
0.4829 0.7472 0.5875 0.4787 0.3247 0.7591 0.4995
0.4825 0.2034 0.7149 0.7367 0.0422 0.7859 0.5803


.
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By using Algorithm 1, the matrices X̃ and Ỹ can be calculated as

X̃ =



10.3125 1.6856 11.5768 2.9404 5.8608 10.0334 5.6616 10.2796
3.1558 0.9953 3.4535 2.8974 2.4965 3.0032 −0.6049 4.8444
−1.4733 −0.3261 −1.7530 −0.0089 0.4039 −2.1998 0.0685 −1.0581
−3.5213 −2.8300 −1.5642 −1.5348 −2.5738 −2.0156 −1.0689 −2.5506
−10.9338 −1.0780 −6.9596 −0.2293 −2.0804 −8.1569 −0.4377 −6.7851
−0.6373 −2.9051 1.4927 −1.7029 −2.0441 0.8884 −0.4478 −0.4140
−2.6335 −2.8486 −0.2289 −0.3784 −3.8493 −0.8503 −2.6912 −2.7217
−1.3059 −0.8998 3.7576 0.6759 2.5416 0.4244 3.9367 0.5737


,

Ỹ =



11.4671 0.9183 10.6494 0.8231 8.1120 12.1095 2.8832 9.8136
2.2225 0.8241 3.2230 4.2523 0.3029 3.5958 1.9810 3.4372
−5.1358 −0.7684 −0.8481 −0.6715 −0.8387 −0.0539 −1.1688 0.8117
−3.9963 0.2281 0.0877 −0.4146 −2.2147 −3.4810 1.3341 −1.6580
−11.6730 1.0370 −5.1128 −1.6334 −4.8345 −10.7077 0.3348 −7.9691
−0.6932 −2.1950 1.5918 −1.3304 −4.3691 −3.4050 −1.2438 −1.3081
−3.1939 −3.0659 −0.6151 −0.2020 −3.1712 1.4496 −2.2899 1.2293
−1.4378 −1.0018 1.9367 −0.5103 1.7462 3.3388 3.4293 4.0501


,

and the distance between L3 and L4 is d(L3, L4) = 13.7969, which implies that there is no common
element between linear manifolds L3 and L4.

6. Conclusions

In this paper, by utilizing the singular value decompositions and the canonical correlation
decompositions of matrices, we have achieved the explicit representation for the optimal approximation
distance d(L1, L2) of linear manifolds L1 and L2 and the matrices X̂ ∈ L1, Ŷ ∈ L2 satisfying
∥X̂ − Ŷ∥ = d(L1, L2) in Problem 1 (see Theorem 3.1), and the explicit representation for the optimal
approximation distance d(L3, L4) of linear manifolds L3 and L4 and the matrices X̃ ∈ L3, Ỹ ∈ L4

satisfying ∥X̃− Ỹ∥ = d(L3, L4) in Problem 2 (see Theorem 4.1). Also, we have provided a simple recipe
for constructing the optimal approximation solution of Problem 2, which can serve as the basis for
numerical computation.The approach is demonstrated by a simple numerical example and reasonable
results are produced.
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